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Spectral Estimates for Towers of Noncompact
Quotients

Anton Deitmar and Werner Hoffman

Abstract. We prove a uniform upper estimate on the number of cuspidal eigenvalues of the I"-automorphic
Laplacian below a given bound when T" varies in a family of congruence subgroups of a given reductive linear
algebraic group. Each I in the family is assumed to contain a principal congruence subgroup whose index in
T does not exceed a fixed number. The bound we prove depends linearly on the covolume of I" and is deduced
from the analogous result about the cut-off Laplacian. The proof generalizes the heat-kernel method which
has been applied by Donnelly in the case of a fixed lattice I.

Introduction

If A is a self-adjoint operator with discrete spectrum bounded from below and N(2) is
the number of its eigenvalues (counted with multiplicity) not exceeding A, we call N the
spectral counting function of A. Let X be a symmetric space of the noncompact type and
T'o an arithmetic lattice in the isometry group G of X. For each torsion-free subgroup I'
of finite index in Ty, let AL, be the restriction of the Laplacian on T\ X to the cuspidal
subspace of L2(T" \ X). In this paper we derive an upper bound for the spectral counting
function of AL which is uniform in T. In fact, we consider the slightly more general case
L2(T'\ X, T\ E), where E is a homogeneous hermitian vector bundle over X. The emphasis
is on noncompact quotients I" \ X. For a single lattice I", the result has been proved by
Donnelly [6], and we will use his approach.

Our spectral estimate for the cuspidal Laplacian will be an immediate consequence of an
analogous estimate for the cut-off Laplacian (also called pseudo-Laplacian) AL introduced
in [10, p. 489]. For a fixed lattice T, the estimate for AT was proved in [10] by an easy
adaption of the method of [6] and played a significant role in the proof of the trace-class
conjecture. Our generalization of this result is a prerequisite for a forthcoming paper, where
we study limit multiplicities of subsets of the unitary dual of G when I \ X goes up in a
tower.

Actually, our estimates apply to more general families than just towers. However, we
cannot consider arbitrary families of lattices and not even arbitrary towers. So we have
to be more precise. Recall that the principal congruence subgroup of level N in GL,(2)
is defined as the kernel I',(N) of the residue map GL(n,Z) — GLn(Z/NZ). Let G be a
connected reductive linear algebraic Q-group.

Definition A family T of subgroups of S(Q) will be called a family of bounded depth in
5(Q) (with respect to a faithful Q-rational representation n: § — GL,) if there exists a
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natural number D with the following property: For each I € T there is a natural number
N such that T'n(N) N (S(Q)) is a subgroup of n(I") of index at most D.

It is easy to see that this notion is independent of the choice of . Now assume that G is
semisimple (this assumption will be weakened below) and put G = G(R), X = G/K, where
K is a fixed maximal compact subgroup of G. We fix a unitary representation 7 of K on
a finite-dimensional Hilbert space V.. Then E, := G xk V, is a homogeneous hermitian
vector bundle over X endowed with a canonical G-invariant connection V and a Bochner-
Laplace operator A = V*V. If " is torsion-free, then EL := T'\ E, is a hermitian vector
bundle over the locally-symmetric space T' \ X inheriting a Laplacian AL, Let AL be the
corresponding cut-off Laplacian with coefficients in the bundle EL. Its definition will be
recalled in the first section. We shall prove (see Corollary 17 in Section 6) that for a family
T of bounded depth in Ty the spectral counting function N (\) of AL satisfies the estimate

NT(A) < C[To: TI(1 +A)*2,

whered = dim X and C > Ois independentof I' € Tand A > 0. In a final section, we give
an adelic version, which is slightly more general if G does not have the strong approximation
property.

An inspection of our proof shows that the bounded depth assumption is unnecessary
for Ty \ X compact. We do not know whether in the general case some restriction of this
kind is necessary or whether this is only a drawback of our method.

Following [6], we shall derive our result by von Neumann bracketing from analogous
spectral estimates for cuspidal Laplacians with von Neumann boundary conditions on cer-
tain submanifolds of I"\ X. However, the method does not immediately carry over. Starting
from the heat kernel on the symmetric space X, Donnelly obtains the heat kernel F(t, x, y)
of the quotient I' NP\ X for a parabolic P by averaging. Next he produces a kernel F(t, x, y)
by projecting F on the cuspidal subspace. Lastly he modifies F by adding a single-layer po-
tential to end up with the kernel E(t, x, y) satisfying the boundary conditions. Actually, the
kernel F does not have the short-range asymptotic of a heat kernel because of the averaging
over horospheres implicit in its construction, and Propositions 5.6 and 5.7 of [6] become
valid only after replacing the distance in X by the distance in N \ X. However, the method
of [13] Donnelly refers to relies on the jump relations for single-layer potentials which have
only been proved for the undisturbed heat kernel. Moreover, it would not be easy to carry
out the proof of Proposition 6.1 in [6] because the boundary does not have the asserted
simple description outside a compact set. Thus, the proof of the main result of [6] is in-
complete. Our present paper fills this gap in the prerequisites of [10], because any single
lattice in G constitutes a family of bounded depth.

Since we are going to let I" vary, we would face the additional problem of keeping track
of the growing boundary in doing the necessary estimates. Therfore we proceed differently
in that we incorporate the boundary conditions already on the universal covering and then
follow the other steps. The method of single-layer potentials seems to become unman-
ageable for such noncompact manifolds with boundary, and we construct the heat kernel
by a new method, which may also be useful in other situations. Namely, we construct a
parametrix which already satisfies the boundary conditions.

As in [6], a majorant for the heat kernel on the universal cover yields an estimate for
the heat kernel on the quotient by averaging over I' N P. However, instead of bounds
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obtained from the compactness of ' 1 N \ N and of other quotients we have to include
additional arguments to see how the bounds vary if the quotient changes. It is for this
reason that we can only admit families of bounded depth. A key step in [6] consists in
expressing a difference of heat kernel values as a path integral. For fixed T', the length
of this path is uniformly bounded and can therefore be estimated by the distance of its
endpoints. However, the subdomains we consider are not geodesically closed in general,
and for varying I' the minimal length of a path connecting two points is not bounded
by a fixed multiple of their distance in X. Since the heat kernel majorant is expressed in
terms of that latter distance, we have to compare various metrics. Finally, the proof of
Proposition 5.6 in [6] uses the boundedness of the averaging operator over horospheres, but
the norm of this operator varies with I". In effect, we have to rewrite the whole argument.

Following [10], we use a decomposition of I" \ X into pieces indexed by all I"-conjugacy
classes of parabolic Q-subgroups, as this seems most natural and admits the easiest de-
scription of the boundaries. If the truncation parameter grows, however, only the pieces
associated to the minimal parabolics will shrink. Thus, if one wanted to recover the results
of [6] concerning the upper limit of the spectral counting function, one would have to use,
as in that paper, another covering of I" \ X consisting of a compact part and its comple-
ments in the Siegel domains for the minimal parabolics. One should also be able to make
the estimates uniform in the K-type and to handle the Laplacian on T \ G using the ideas
of [11] and [8].

Acknowledgement The second author would like to express his gratitude to the Institute
for Advanced Study in Princeton for hospitality and financial support during the fall term
1997, when this paper was completed.

1 A Parametrix Construction

In this section we will construct a parametrix for the heat equation on certain noncompact
manifolds with boundary. Our purpose is to obtain uniform estimates. The new feature
is that the parametrix will already satisfy the boundary conditions. Certainly, our method
would work under some general assumptions on bounded geometry, but we did not explore
what their exact formulation should be. Instead, we require a certain group invariance,
which will be granted in our applications (cf. Prop. 2), albeit in a non-straightforward way.

We consider a hermitian vector bundle E endowed with a metric connection over a pos-
sibly noncompact Riemannian manifold 2 with boundary. We assume that 2 is given as a
subdomain with smooth boundary in a complete Riemannian manifold X and that E ex-
tends over X. Then, by imposing Dirichlet or von Neumann boundary conditions, we ob-
tain a self-adjoint extension Ag, of the Bochner-Laplace operator A = V*V in the Hilbert
space of square-integrable sections. This can be proved by adapting the method of [4].
Indeed, Proposition 1.1 in [4] remains true if one replaces the truncated cone considered
there by its intersection with R x €. In the proof, this produces new boundary terms in
Green’s formula, which vanish, however, due to the boundary conditions. In this way one
proves propagation speed one with respect to the distance in the surrounding manifold X.
By subdividing a given time interval finer and finer, one gets the same with respect to the
distance inside 2. Having proved the existence of the self-adjoint extension Ag, it is easy
to deduce from the spectral theorem and Sobolev’s embedding theorem that the Schwartz
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kernel of the heat operator exp (—tAg),t > 0, on the interior of 2 x € is a smooth section
Eq(t, x, y) of E X E*. This heat kernel is clearly determined by the property that, for fixed
y, it is a solution of the Cauchy problem for the heat equation with initial value equal to
the delta distribution at y.

In order to obtain bounds on the heat kernel, we will now construct a right parametrix.
This is a smooth section Hq(t, X, y) of E X E* depending smoothly ont > 0 and such that

0
BQ(taX7 y) = (AX + E) HQ(t7X7 y)

is smooth, too. We also require that Hq(t, X, y) as a function of x satisfy the boundary
conditions for each fixed y and t, be compactly supported and tend to the delta distribution
atyast — 0.

Lemmal Suppose that there exists a subgroup S of the isometry group of X leaving €2 in-
variant. Suppose further that S\ € is compact and that the action of S lifts to an action on
E by automorphisms. Then, givenc > 4, 6 > 0and ty > 0, there exists a right parametrix
Ha(t, x, y) for the heat equation on €2 with von Neumann boundary conditions and coeffi-
cients in E satisfying the estimates

[Ha(t,x, )| < Ct=9/%e 00/,
|VXHQ(t, X, y)| S th(d+1)/ze—p(x,y)2/ct’
‘BSZ(LX? y)| < C

forall0 <t < tyandsomeC > 0, whered = dim X and p denotes the geodesic distance in
X. Moreover, the value Hq(t, X, y) depends only on the geometry of the 2§-neighborhood of y
in X and vanishes for p(x,y) > 4.

Proof As a preparation for our later construction, let us consider the case when Q is a
compact domain in X with smooth boundary. The results of [7] easily extend to the
bundle case and show that Eq(t, X, y) exists and satisfies the estimates we require of the
parametrix. (The case of the differential form bundle with different boundary conditions
is done in [13].) Let us denote the smallest possible constant in the estimates by C(€2). If
w; is an embedding of a d-dimensional ball B into X preserving the interior unit normal
and depending smoothly on z € Z for some manifold Z, then C (wZ(B)) is locally bounded
on Z. In fact, pulling back everything under w, and trivializing the bundle, one reduces the
proof to the case of a fixed domain and a differential operator with coefficients depending
smoothly on z, which can be handled by the methods of [7]. Moreover, the pulled-back
heat kernel depends smoothly on z.

Before proceeding to the actual construction for an unbounded domain €, let us out-
line the basic idea. We manufacture the parametrix, considered as a function of the first
variable x, from the heat kernel of a bounded subdomain by means of a cut-off function.
For this subdomain we take a neighborhood 2(y) of the varying point y, which is simply
a ball with center y if y is far from the boundary of €, but which nestles to that boundary
when y comes close to it. The deformation of the ball into Q(y) is done by a retraction ..
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of some neighborhood of ©2 onto Q. We use the heat kernel with von Neumann boundary
conditions on the boundary of 2(y), which coincides with the boundary of Q in a small
neighborhood of y. To obtain the parametrix, we multiply by a cut-off function  sup-
ported in that neighborhood. The boundary conditions are not affected because we make
sure that the normal derivative of x vanishes on the boundary. For this purpose, we use a
retraction ¢_ of  onto some subdomain.

We will now carry out the construction under certain assumptions on €2 which we will
formulate in due course. Afterwards we will see that they are justified in the situation
of the lemma. At first, we assume that there exists €; > 0 such that the map ¢: 09 x
]—€1,e1[ = X given by ¢(x, r) = exp,(rvy) is an embedding and that the distance of any
@(x, r) from 9 equals |r|. Here vy denotes the inner unit normal vector of  at x and exp,
the exponential map of X at the point x. Let Q. be the union of Q with the range of ¢.

We choose two functions 7., n— € C>(R) such that ny.(r) = r forr > ey, where
0 < e+ < &1. We require that n,(r) = 0 for r < —e,, and ni(r) > 0 forr > —e, while
n—(r) =e_/2forr <0andn’(r) > 0forr > 0. Now we define smooth maps ¢+ : Q4+ —
Qandy_: Q — Qasfollows. We put ¢4 (p(X, 1)) = ¢ (X, 7+ (r)) and 1 (x) = xifx € Q
is not in the range of .

For each y € Q, let 2(y) be the image under v, of the ball around y with radius &,
where 4+ < g, < £1. We assume that e, can be chosen as close to . as to ensure that, for
any y € €, no normal vector to p(0Q2 x {—e+}) is tangent to that ball. Then Q(y) has a
smooth boundary, and each point in € has a neighborhood Z in X such that Q2(y) = wy(B)
for y € Z, where wy is some smooth family of embeddings. Thus the remarks made at the
beginning of the proof apply to Q(y). It is clear that Q(y) contains a neighborhood of y
in Q.

Now we want to multiply Eqy(t, X, y) by a cut-off function. Thus, let n € C§°(R+)
be such that n(r) = 1forr < ez and n(r) = 0 forr > 23, where g3 > ¢_, and put

x(X,y) = n(p(q/z_ 0, y)) This is a smooth function satisfying von Neumann boundary

conditions in x and being equal to 1 in a neighborhood of the diagonal. We assume that
e_ and hence €3 can be chosen so small that supp, x(x,y) C Q(y) forall y € Q. Then
Eaq)(t, X, y) is smooth on the support of x(x, y), and x(x, y) vanishes for p(x, y) > d. If we
now define Ho(t, X, y) = x(X, Y)Eqgy)(t, X, ¥), this is a smooth section of the pull-back of
E X E* to R4+ x Q2 x Q) satisfying the required support condition. If (x, y) € supp xNoN2 x €2,
then x € 99Q(y) by our assumption. Hence Hy, satisfies von Neumann boundary conditions
in x at 9. Since x equals one in a neighborhood of the diagonal, we see that H, is the
required parametrix.

It is clear that the assumptions made during the construction are satisfied locally. Since
by hypothesis the whole structure is S-invariant, the same ¢,’s work for all points in one
S-orbit. The compactness of S\ 2 guarantees that they can be chosen globally. Moreover,
since C(Q(sy)) = C(Q(y)) foralls € S, y € €, we see that H, satisfies the required
estimates with a constant C independent of y. ]

2 Heat Kernels on the Universal Cover

In the present section we first recall a partition of the symmetric space X into domains X(P)
indexed by the parabolic Q-subgroups of G. Actually, we are after their projections on the
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quotient "\ X. Among those projections, only "\ X(G) is compact, and the other ones are
sometimes simply called cusps. For the time being, however, we stay with X. We smooth
out the edges of X(P) and prove estimates for the heat kernel with von Neumann boundary
conditions on the resulting domain X(P).

First we fix some notation, which will be used in the rest of the paper. We shall gener-
ally denote linear algebraic Q-groups by calligraphic letters, their sets of R-rational points
by the corresponding roman letters and the Lie algebras by the corresponding lower-case
gothic letters. For any linear algebraic Q-group 7, let H! be the common kernel in H =
H(R) of the absolute values of all Q-rational characters of H and put Ay = H/H™. If M s
a Levi subgroup of G, we can identify Ay with Ay (R)°, where Ay is the maximal Q-split
torus in the center of M, and then M = M! x Ay.

For our fixed connected reductive Q-group G, we set X = G!/K. Let P be a parabolic
Q-subgroup of G with unipotent radical N and M any Levi component of P defined over
Q. Then Ay is also called a Q-split component of P. Let XP be the M*-orbit of the trivial
cosetin N\ X. This is a symmetric space isomorphic to M /KP, where K is the projection
of KNP to M. One has P! = MIN, hence Ay = Ap. If P’ C P, we define A5, = Ap, NM™.
Then ap: = ab, @ ap, and we write the projection ap, — ap as H ~— Hp. Let ab} be the
subset of aE, where all the roots of Ay, in n” N 'm are positive, and define

*ab, ={Heab |(HH)>0 VH cab’},

where we have chosen Euclidean structures on all the ap compatible with G(Q)-conjugation
and with the decompositions ap, = aE, @ ap.

Now we describe the decomposition of X connected with the truncation operator AT
(cf. [1] or [12] for details). Given K and an arithmetic subgroup I'g of G(Q), one can think
of the truncation parameter T as of a family of points Tp € a$ indexed by the parabolic
Q-subgroups such that

e v -Plexp(Tp)K = P exp(Tp/)K fory € Ty and P’ = yP~ 71,
o Tp = (Tp:)p for P’ C P.

Any such T is determined by the values Tp for P in a set of representatives of I'g-conjugacy
classes of maximal parabolic Q-subgroups. Thereby the set of truncation parameters be-
comes an affine space with the partial ordering given by T < T iff T} — Tp € a$* for all .
For P = MN defined over Q, the projection of Ty N P on M is an arithmetic subgroup I'§
of M, and we get a truncation parameter T for I'f by setting T6y, = Tq foreach Q c .

Let X(G, T) be the set of all x € X with the property that for any proper (equivalently:
any maximal) parabolic Q-subgroup P of G the image of x in N \ X does not belong to
the set exp(*a$ + Tp)XP. Then X(G, T) is [p-invariant, and T' \ X(G, T) is compact for
any arithmetic subgroup I" C I'g. More generally, define X(P, T) to be the set of all x € X
whose image in N \ X belongs to

exp(aSt + Tp)XP (M, TP).
For T large enough, X is the disjoint union of the subsets X(P, T), where P runs through

the parabolic Q-subgroups of G including G itself (see [1, Lemma 6.4], [12, Theorem 3.4]).
We shall usually fix such T and simply write X(P) for X(P, T).
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Since we now have the necessary notation, let us recall the definition of the cut-off Lapla-
cian. As E, is ahomogeneous bundle, there is a (right) action r of G* on its sections. We can
view sections of EL as T-invariant sections of E,, thereby making the Laplacian AT mean-
ingful even for T" with torsion (cf. [5]). Let L3(T" \ X, EL) be the set of all f € L%(T"\ X,EX
which have the following property for all proper (equivalently: all maximal) parabolic Q-
subgroups P of G: Whenever the image of x in N \ X belongs to exp(*a$ + Tp)XP, then the
constant term

/ (r(n)f)(x)dn
TANAN

of f along P vanishes. Note that, for T large enough, the restriction of AT to L%(T" \ X, EL
is the orthoprojector onto L2(T" \ X, EL) (as follows from [2, Lemma 1.1], or [12, p. 39])
and AT (1) is the characteristic function of '\ X(G, T). Now AL is defined as the selfadjoint
operator in L2(T" \ X, EL) associated to the quadratic form ||V f||2 on the intersection of
the Sobolev space HY(T" \ X, EL) with L2(T" \ X, EL). This cut-off Laplacian differs from
that defined in [10] by an additive constant depending on .

The domains X(P) have non-smooth boundary, and it is difficult to study the heat ker-
nels for boundary value problems on them. Therefore we shall now define modified do-
mains X(P). If we are given a Euclidean space V, there is a standard procedure to smooth
out any convex polytope C, say, with nonempty interior in V. Namely, we choose ¢ > 0
and n € C>(R) with n(x) > 0, n’(x) > 0forx < 0and n(x) = 1 forx > 0. Thereisa
unigue minimal set ® of affine functionals onV with slope one such that

C={veV|pl) >0 Vypecd}.

Now we put

C= {V eV [ ] n(e) = n(—e)}.

ped

Then C has a smooth boundary,andC c € c {veV | o(v) > —¢ Vg € &}. We fixy
and = once and for all. Then € is determined by C and will be called its smooth hull.

To apply this to X(P), recall that there is a synthetic description of these domains.
Choose Ty small enough such that X is the union of the sets X(Po, To) over all mini-
mal parabolic Q-subgroups Py. A special case of Langlands’ Combinatorial Lemma
([1, Lemma 6.3], [12, p. 321]) states that, for each Pg, the vector space aSO is the disjoint
union of the cones

G . —aP G+

over all P containing Py, where —aEO = —+a50. We denote by Xp, 1,(P, T) the set of all
X € X(Po, To) whose image in No \ X belongs to exp(a§ (P, T))X™. If T is large enough
depending on Ty, then X(P, T) is the disjoint union of the sets Xp, 1,(P, T) over all minimal
Po contained in P. If we now replace each aSO(P, T) by its smooth hull ESO(P, T), we get
sets Xp, 1,(P, T), whose union over Py C P we denote by X(P, T) and call the smooth
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hull of X(P, T). One can check that, for T large enough, X(P, T) is a domain in X with
smooth boundary and that X(P, T) ¢ X(P, T) C X(P, T(P)), where T —T(P) can be made
arbitrarily small by the choice of . Moreover, yX(P, T) = X(yPy~%, T) for each v € T.

Let us fix a unitary representation 7 of K and consider the Bochner-Laplace operator A
in the bundle E over X. For each P, let Ap be the self-adjoint extension of A|>z(p) with
respect to the von Neumann boundary conditions. These boundary conditions amount to
the vanishing of the covariant derivative in the normal direction.

Proposition 2 Let Ep(t, X, y) be the heat kernel on X(P) with von Neumann boundary con-
ditions and coefficients in E,.. Then for any ¢ > 4 and t, > 0 there is a constant C with

[Ep(t, X, y)| < Ct-9/Ze=rtn)et,
IVEp(t, X, y)| < Ct~@*D/2g—plcy)’/t

for 0 < t < tg, where p denotes the geodesic distance in X.

Since Ap is self-adjoint, we have Ep(t, y,X) = Ep(t, X, y)* for each x, y € €, so actually
it does not matter to which argument the covariant derivation applies. Using the bounded-
ness of xXNe= on [0, co[ for N > 0, one may deduce a bound for the derivative in the form
Ct=9/2p(x, y)~Le=Pt¥)*/t First we prove:

Lemma3 Given d > 0, there exists a right parametrix Hp(t, X, y) for the heat equation on
X(P) with von Neumann boundary conditions and coefficients in E, vanishing for p(x, y) > ¢
and satisfying the estimates in Lemma 1.

Proof In general, there exists no subgroup S of G leaving X(P, T) invariant and such that
S\ X(P,T) is compact, so Lemma 1 is not immediately applicable. We shall decompose
X(P, T) into pieces such that each piece is part of a domain to which Lemma 1 applies. The
restrictions of the parametrices provided by that lemma will match together and form the
parametrix for X(P, T).

To get an idea, consider first the analogous case of a convex polytope C in a Euclidean
space V. If @ is the set of affine functionals defining C, any v € C determines ®(v) = {y €
® | p(v) = 0}, and the set of all v for which ®(v) equals a given subset of ® is called a
face of C. Each face F of C determines a piece CF of the smooth hull consisting of all v € ¢
whose closest point in C belongs to F. Now C is the disjoint union of the pieces Cr over
all faces (including the interior of C). This decomposition is not yet good enough, because
Cg N 9C need not be parallel to F. Therefore one has to decompose C with respect to a
polytope smaller than C obtained by subtracting a constant from each ¢ € ®.

To understand the boundary of the domain X (P), recall that it is fibered by horospheres
over adomain in N \ X which is isomorphic to the direct product of the simplicial cone aS*
and the manifold with corners XP(M). The faces of aS* are parametrized by the parabolic
Q-subgroups P’ containing P, while the faces of XP (M) are parametrized by the parabolic
Q-subgroups P’ contained in P. Thus the faces of X(P) are parametrized by pairs (?’, P'’)
sandwiching P.

Now let us define the pieces of X (P, T) precisely. For parabollc Q-subgroups P’ C P C

P’ and truncation parameters T’ < T < T/ we let XE, TT, (P, T) be the set of all elements
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of X(P, T) whose projection on N\ X liesin exp(a§(P", T'"))XP(P’ "M, T"). If T' is large
enough, then X(P, T) is the disjoint union of the pieces )?ETT (P, T) over all P’ contained

in P and all P’/ containing P. Clearly, for each v € T'y, the y-translate of )?ﬁ,”T’T,”(P, T)is
obtained by replacing P/, P and P'’ by their respective ~y-conjugates. 7

We can give a synthetic description of these pieces as we did for X(P, T). In explicit
terms, )ZPO,TO(P, T) was defined as the set of all x € X whose image in Ny \ X belongs to

exp(ag, (Po, To) N 5 (P, T))X™.

Here we may replace a$ (Po,To) by ap (Po,To) + af, because both sets have
the same intersection with ESO(P,T) for T > T, Now one sees that
)?E,/}T,”(P, T) is the union over all minimal Py contained in P’ of the preimages of
the sets exp(C(Po, To,P’,T/,P,T,P”, T"))X" under the map X — Ng \ X, where
C(Po, To,P’, T/,P, T,P”’, T'") stands for

((a8,(Po, To) &, (P', T)) +aE(P",T")) NE,(P.T).

For T’ < T < T’ this set has a decomposition compatible with a§ = af, @ ap,” @ a$,,.
Firstly, the set a5 (P’, T') has the same intersection with ap (P, To) as with aEO' (Po, To) +
ab,, and secondly, the set aEO/(P’, T’)+ad, +aS, (P, T") has the same intersection with
a¢ (P, T) aswith af, +ap, (P, T) +a$,,. Therefore C(Po, To, P/, T',P, T,P", T"’) equals

(ab. (Po, To) Nah, (P', T"))

12

+ ((aS,(P’,T') +ab (P, T NE (P, T)) +aS, (P, T").

The component in a,'iﬁ' is a partially smoothed-out compact polytope. Let us denote by
D(Pg, To, P/, T',P, T,P’', T'") the following larger set obtained by smoothing out this com-
ponent completely and enlarging the other components:

a5, (Po, To) + (a6 (P, T +a5 P, T) Naf (P.T)) +a.,

Taking the union over all minimal Py in P’ of the preimages under the map X — Np \ X
of the sets exp(D(Po, To, P/, T/, P, T,P”, T"")) X", we get the domain

Xo, (P, T) = P1AS, exp((ag,(P’, Ty +al (P, T")) N (P, T)) "KJK.

This domain in X is invariant under P"*AS,,, compact modulo this action, and has a smooth
boundary. Thus Lemma 1 applies to it and yields a parametrix satisfying uniform estimates.

Thesubsetal, (P’, T")+ah" (P", T") of &b, intersects the boundary of &5, (P, T) in the
same set in which it intersects the boundary of

(@, T)+a" (", T") &k (. T))
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Thus
S TNk T =X P Ty naxs T (e, T).

If T/ < U’ < T < U” < T, then the 2§-neighborhood of X5, %' (P, T) in X(P, T) is
contained in )?E::T’T,”(P, T). Hence the parametrix construction is applicable to X(P, T) as
long as y remains in )?EJ:JJ,”(P, T), and on this subset the resulting function Hp(t, X, y) co-
incides with the parametrix on )?ETT (P, T). This means that the parametrix construction

works for X(P, T), because this domain is the union of the sets )?E,/‘/L’JU,”(P, T) over all the
(finitely many) P’/ containing P and all P’ contained in . Note that there are only finitely
many such P’ up to (I'y N P)-conjugacy, and since the construction is equivariant, one can
choose a uniform constant in the estimates for all of them. Hence we have these estimates
for Hp, too. [ |

Proof of the Proposition LetBp(t, X, y) := (A + %)Hp(t, X, y) and define recursively
Eg(tv X, y) = HP(t, X, y)a

t
el y) = [ [ B Vo dBet zy) det’
0 X(P)

Note that the inner integral is always over a compact subset. Thus we also get a recursive
formula for VEL(t, x, y) by differentiating under the integral sign. If we extend Hp, Bp
to X x X by setting them equal to zero if x or y is outside X(P), we may extend the inner
integral to all of X. Trivially, the estimates of the lemma remain valid on the open dense
subset X \ AX(P). Thus the method of estimating the convolutions used in [5] applies
literally and yields the asserted estimates for

EP(t7 X, y) = Z(_l)lEIID(t7 X, y)
i=0

and its covariant derivative. Since Hp satisfies von Neumann boundary conditions in x, so
does Ep. And since Hp is a parametrix, we obtain

<Ax + 3) 6 x) =0, lim [ En(txy)f)dy = (.
ot t—0 L(P)
These facts identify Ep as the heat kernel sought for. [ |
3 Lattices and Injectivity Radius
In this section we provide two prerequisites for the proof of majorants for heat kernels on

quotients. First we introduce a more restrictive notion of bounded depth than that defined
in the introduction and derive some consequences we shall need. In the proof of the main
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result, Theorem 16, it will then be easy to drop this restriction. Secondly, we will estimate
the injectivity radius on the quotient as a function of the lattice. To begin with the first
objective, remember that I',(N) € GL,(Q) denotes the principal congruence subgroup of
level N.

Definition A family T of subgroups of G(Q) will be called a family of strictly bounded depth
in §(Q) if there exists a faithful Q-rational representation n: § — GL,, a natural number
D and, for each I" € T, a natural number N(T") such that

I'n(DN(D)) N7(S(Q)) € n(I) C I'n(NM)) Nn(5(Q))

forallT" € 7.

It is easy to see that [I',(1) : T'n(N)] is a multiplicative arithmetic function of N,
which for a prime power p, k > 0, equals p*™ [, (1 — p~'). Consequently, [[n(N) :
I'»(DN)] < D™. This shows that any family of strictly bounded depth is a family of
bounded depth. Using the representation n, we identify G with a Q-subgroup of GL(n).
Note that all T" € T are contained in the lattice 'y := T'n(1) N G(Q).

Lemma4 Let T beafamily of strictly bounded depth in §(Q) and P a parabolic Q-subgroup
with unipotent radical N. Then there exist a lattice I', in the Lie algebra n of N and a natural
number Dy, such that, forallT" € T,

exp(DaN(I)Iy) € TN C exp(NI)y).

If M is a Levi component of P defined over Q, then the projections I'® of I' N P on M for all
I' € T make up a family of strictly bounded depth in M, for which one can choose N(I'?) =
N().

Proof The firstassertion can be easily shown using the following fact. There exists a hatural
number Dy, such that for all natural numbers N we have:

e Ifx € Mat,(D,NZ) is nilpotent, then expx € I'h(N),
e ifg € I'1(DyN) is unipotent, then logg € Mat,(NZ).

Indeed, expx — 1 and log g are given by universal polynomials in x resp. g — 1 of degree n
with coefficients in Q and vanishing constant term.

Let A be the maximal Q-split torus in the center of M, ® the set of roots of A in n and
1T the set of weights of A inV = Q". Then there exists an ordering on a* such that the
elements of ® are positive. Let wy, . . . , zo, be the elements of IT in increasing order, V; the
weight space corresponding to w; and W; = Zj>i Vj. Then the V; are M(Q)-stable, the
flag {W;} is P(Q)-stable, and N(Q) acts trivially in W; /Wi

To prove the second assertion, we use more abstract notation. Namely, if L is a lattice in
a Q-vector space V, we write I' L (N) = {x € GLo(V) | (x — 1)L C NL}. Take a family T
of strictly bounded depth in §(Q) and write L for the lattice Z" in the definition. Let Lp be
the direct sum of the lattices (L +Wi.1) NV;. Then there are natural numbers D4, D}’ such
that D)L C Lp, Dy/Lp C L, and we put Dp = DpD{'D.
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Let p € P(Q) and denote by m its projection on M(Q). Then mly, = plw, w,. If
p € I'nNPQ), then (p — 1)L ¢ N)L, hence (m — 1)Lp < N(I')Lp. Conversely, if
(m — 1)Lp C DpN(F)Lp, then

(m — 1)L c Dy~ H(m — 1)Lp € DYDN(I)Lp € DN(T)L.
We have proved
I, (DpN(I)) NM(Q) € I c T, (N(I)) N M(Q),

as desired. [ |

Now we come to the estimate of the injectivity radius. Sometimes it is convenient to
replace the distance function p on X by another function. Choose a K-invariant scalar
product b on R™ with respect to which G is self-adjoint in the sense of [9]. Let ||x||, denote
the Hilbert-Schmidt norm of x € Mat,(R) with respect to b and put, for g € GLn(R),
llgll = llgll2 + |lg~||2. Then we have ||gh|| < ||g]| |[h]| and ||g|| > 2. Therefore the function
(9,h) = log [lg~th|| on GL,(R) x GL,(R) is left-invariant under the diagonal subgroup
and satisfies the triangle inequality. If we pull p back to G, there exists C > 1 such that

C'(log [lg]l — 1) < p(1,9) < C(log||g|| +1)

forall g € G. It suffices to check this for b being the standard scalar product. By the K-
biinvariance of both sides we may also suppose that g = diag(e", . ..,e"). Now [|g]| =
2570 coshty < 2T (elil +1) < 2™lexp 31, [ti|. On the other hand, [T}, ell/2 <
(XL, elihym < 2n=1|jg||". Now note that the Cartan involution of GL,(R) determined by
the choice of b restricts to the Cartan involution corresponding to K, hence the two polar
decompositions are compatible.

Lemma5 Suppose that B is a subset of G/K invariant under I',(No) N G for some natural
number Ng and such that T'y(Ng) N G \ B is compact. Then there exist positive constants
¢, d such that for any N > N, any X € B and any nontrivial v € T'(N) N G we have
p(x,7x) > clog(N — d).

Proof Since Mat,(Z) \ {0} is discrete in Mat,(R), the set
{(x,x7tyx) | x € Th(Ng) NG \ B, y € Mat,(2) \ {0}}

is closed in (I'n(No)NG\ B) x (Mata(R)) by the continuity of multiplication. But I'n(Ng)N
G\ B is compact, so the projection of this subset on the second component is closed. As
it does not contain 0, there is some ¢; > 0 such that |x~tyx|, > ¢; for all x € B and
y € Matn(2) \ {0}. Thisimplies |1 + Nx~tyx|[; > ¢;N — y/nforall N € N. Thus, for
x € Band v € Th(N) we have ||x~1yx|| > ¢sN — /n. It remains to pass from ||. || to p.

[ |
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4 Metrics on Horospheres

The aim of this section is to provide estimates for the diameters and pinching constants of
horospheres in " \ X which will be needed in the next section. To begin with, we consider
metrics on horospheres in the universal covering X. The restriction of the Riemannian
metric of X to a smooth submanifold Y gives rise to some inner metric py, say. If some Lie
subgroup U of G acts freely on such submanifold, the latter has the structure of a principal
U-bundle. In this bundle we can define a standard connection by declaring the orthogonal
complements of the vertical subspaces to be the horizontal ones.

Lemma6 Let P be a parabolic subgroup of G with unipotent radical N. Let U C R be
normal subgroups of P, of which U is unipotent. Given x € X, the standard connection in
the principal U -bundle Rx has zero curvature tensor. If we denote the horizontal submanifold
through x by Y (x) = Y¥ (x), then for y1, y, € Y (x) and uy, u; € U we have

pre(U1Y1, U2Y2) > pre(Y1, Y2) = Py o (Y1, Y2)

with equality only for u; = u,. Moreover, if S is a unipotent subgroup of P withU C S C R,
then Y (x) is the union of all Y§ (y) with y running through Y §(x).

Thus we see that pry induces a metric p§, on U \ Rx such that the natural map Y (x) —
U \ Rx is an isometry. We have chosen our counterintuitive placement of sub- and super-
scripts in order to be in accordance with the usual notation a,?', etc., for objects labeled by
pairs P C P’ of parabolic subgroups. If N' > N’ are the corresponding unipotent radicals,
we can consider YN ' (x).

Proof If we show that the standard connection in the U -bundle Px has zero curvature, the
same is true for any Rx by restriction, and the remaining properties follow easily. We shall
prove the vanishing of the curvature in the U -bundle Px by simply exhibiting the horizontal
submanifolds Y (x). Due to the transitivity of P on X, it suffices to do so for x = eK, the
trivial coset in X = G /K.

Let 6 be the Cartan involution corresponding to K and M the #-stable Levi component
of P. The Riemannian metric on G/K is determined by the restriction of some Ad-invariant
f-invariant bilinear form to the orthogonal complement s of k in g. By definition, the
projections of n and m on s are orthogonal. Let v be that complement of u in n whose
projection is orthogonal to that of u. Let (X,Y) € u x vand m € M. From the nilpotency
of n we get (Ad(m)X,Y) = 0 and thus

(X — 6X,Ad(m)Y —  Ad(m)Y) = (Ad(m~H)X — # Ad(Om~H)X,Y — Y ) =0,

which shows that v is M-invariant.

LetV = expv. The differential of the product mapU x V x M — G at (u, v, m) maps
the left translate of (X, Y, Z) € uxvxmto the left translate of Ad(vm) X +Ad(m)~Y +Z.
(Here, left translation on V is meant with respect to the identification V. = U \ N.) This
shows that the Jacobian determinant of the product map is nonzero, whence Y (eK) =
VMK/K is a submanifold, and that Y (eK) intersects each U -orbit orthogonally. [ |
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Lemma?7 ThereexistsaconstantC > 1 with the following property. If U C R are unipotent
subgroups of a parabolic subgroup P of G, then for all x € X and y € Y (x) we have

Ctp(x,y) <log(L1+ py(x,y)) < Cp(x,y).

Proof Since there are only finitely many parabolics P up to G-conjugacy, it suffices to
prove the lemma for fixed P. Due to the transitivity of P on X, we may again suppose that
X is the trivial coset. As we saw in the proof of Lemma 6, Y (eK) = exp(v)K /K, where v is a
complementary subspace of uin r. Since U \ R is abelian, the exponential mapv — U \ R
is an isomorphism. Thus

v ex) (eK, exp(X)K) = [X]

for X € v, where | . | is the Euclidean norm on n coming from the pull-back of the bilinear
form on s considered in the proof of Lemma 6. Since exp X for X € nand logx for x € N
are given by polynomials of degree at most n, we have

CLHXY™ < [lexpX|| < Co(L+]|X])"

for some C; > 1. Passing from || .|| to p, we obtain the assertion for p(eK,y) > C..
However, in a compact neighborhood of the trivial elementin n = N, the Euclidean metric
on n is equivalent to the restriction of p to N. ]

Corollary 8 In the same situation, we have

C1p%(x, y) < log(1+ pe(x,¥)) < Cp (X, Y)-
fory e U \ Rx.

Indeed, we may choose for y the representative in Y (x) = YY(x) C YY(x), and then
Prx(%, Y) = py (%, y) and pY (x, y) = p(x, y) by Lemma 6.

Before considering metrics on horospheres in I"\ X, we introduce some notation. If X is
a metric space and U, IT" are groups of isometries of X such that I" normalizes U, we define

pinch(U \ UTx) = inf{p(X,uyx) Jue U,y €T,y ¢ U}

This is the minimal distance between the I'-translates of the coset of x in U \ X. If p comes
from a Riemannian metric and U \ X — UT' \ X is a universal covering of a manifold,
then pinch(U \ UTx) is the minimal length of a non-contractible loop in UT" \ X with
basepoint x.

Let us return to our previous notation. If P is a parabolic Q-subgroup of G, we define, as
usual, Hp: X — a$ by requiring the equality exp Hp(pK) = P'p in Ap for all p € P. Due
to the definition of a truncation parameter, we have Hp (7x) — Tp: = Ad(y) (Hp(X) — Tp)
fory € Toand P’ = 4Py~ L.
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Lemma9 Given a family of strictly bounded depth in §(Q), there exists a constantC > 1
with the following property. Let P be any parabolic Q-subgoup of G with Q-split component A,
and let U C R be normal unipotent Q-subgroups of P such that A acts on u \ r by a root a.
Then forallT' € T and x € X(P) we have, with respect to the metric p,,

diamgx (U TNR)\ RX) < CN(D)eoH()=Te)
pinchig (U \ U (T NR)x) > C~IN(I)e—Hr(0=Te),

Proof First we consider fixed P only. Write x = pK with p € P. As we have seen in the
proof of Lemma 6, there is a complementary subspace v of u in r stable under some Levi
component M of P such that Y (x) = p exp(v)K /K. Since A acts on u \ r by scalars, U \ R is
abelian, and the map ¢: v — U \ Rx given by p(X) = p exp(X)K is an isometry for some
Euclidean metric on v. Moreover, exp(X1)¢(X2) = ¢(Ad(m™)X; + X;) for Xy, X; € v,
where m denotes the projection of p on M. By Lemma 4,

DaN(I) Ad(m™HIy € ¢~ H(U \U(T' NR)) C N(I') Ad(m~ )T,

where I'y = (I'y + u) N r. After conjugating M and v, if necessary, by an element of P, we
may suppose that M = M(R), where M is the centralizer of A and, in particular, defined
over Q. As A acts on v via «, it remains to show that

sup  diam(Ad(m I \ v) < oo, inf pinch(Ad(m~)I) > 0.
meM

meM?!
mKP exP (M) mKP” eX” (M)

with respect to our Euclidean metric on v. This metric is stable under K, so the functions
of which we take sup resp. inf really depend only on mK” € XP = M* /KP. These functions
are continuous, nonvanishing and invariant under the stabilizer of I, in M. Since Ty, lies
in the set of Q-rational points of n, it is easy to find an arithmetic subgroup I'y; of M(Q)
contained in T'§ and stabilizing T'y. Then Ty \ XP(M) is compact, and the assertion for
fixed P follows.

Note that the preceding argument could have been reduced to the case of I' = T';,(N) N
5(Q). This is a normal subgroup of I'y, for which both sides of the asserted inequalities are
unchanged if we replace P by one of its I'g-conjugates. Since there are only finitely many
T'p-conjugacy classes of parabolic Q-subgroups, C can be chosen independentlyof . ®

5 Majorants on Quotients

In this section we shall prove the main technical estimate, which will provide majorants for
the heat kernels on the quotient spaces I' N P \ X(P, T). For this one has, in particular, to
sum the inverse of the distance function from a fixed point x € X over the lattice points
in the intersection of the horosphere Nx with a ball B in X. Basically we follow the usual
method of bounding such a sum by the integral over the intersection of Nx with a larger
ball B’. Naively, one would replace the values in the lattice points by the integrals over
disjoint neighborhoods divided by their common volume. To make the estimates strong
enough, we would like to maximize the volume of these neighborhoods by setting them
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equal to the translates of a fundamental domain for the action of I' 1 N. However, such
fundamental domains depend on T, hence so does B’ in an uncontrollable way. We over-
come this difficulty (and other ones) by decomposing I' 1 N according to a filtration of N
depending on x and by adapting the fundamental domains to this filtration.

To begin with, we prepare the notation for defining the fundamental domains. Let P be
a parabolic Q-subgroup of G, N its unipotent radical and A a Q-split component. Given
x € X(P,T), we write the set ® of roots of A innas {a,...,} in such a way that
i (Hp(X) = Tp) < aiv1(Hp(X)—Tp). Since Hp(x) — Tp € af, the sum of the root subspaces
for the roots «, . . ., oy is @ normal Lie subalgebra for each i. Let N; be the corresponding
normal unipotent subgroup of P. For unification, we write Ng = P, N,y = {1}. The
restriction of the Riemannian metric of X to N;x defines some inner metric, which we
denote by p;. In particular, po = p. If y € Njxand j > i, let y;(x) be the element in
N;jy of minimal p;-distance from x. This element is unique by Lemma 6, because it is the
result of the horizontal transport of x from the fiber N;jx to the fiber N;y with respect to
the standard connection on the Nj-bundle Njx. The last assertion of Lemma 6 shows that,
if we replace i by any k < i, we get the same result. That is why we have not included i in
the notation y;(x). Another consequence is that y; (yi(x)) = y;(x) for j > i. The metric
pi induced by pi on N; \ Nix is characterized by p! (x, y) = pi (X, y;j(X)).

For each i, we set

FI (%) = {y € Nixe \ Nix | pl"™(y,%) < o™ (y,7x)
Vv € T'N N+ \ T N Nj with y # 1}

This is a fundamental domain for the action of I' N Nij+1 \ T' 1 N; on Nj4+1 \ Nijx. Now we
define recursively Ff,,(x) = {x},

FFoo= | Flha(yina).

yeFf (x)

for 1 <i <. Clearly, yFI'(x) = FI' (yx) for v € ' N N;. Finally, we put F§ (x) = FI (x). Of
course, this construction depends on the choice of the filtration {N;}, which is not unique
for some x.

Lemma 10 The set Ff (x) is a fundamental domain for the action of ' N N; on Njx. More-
over, there exists C > 0 with the following properties for all parabolic Q-subgroups P, all
xeX(P,T),i=1,....landT € T:

(i) Ify € Njs1 \ Nixisin the closure of lfir(x) and v € I'N N+ \ ' N;j is nontrivial, then
(%, 7y) = Clog (1 + N()e~ @ P®=Tr),

(ii) With respect to the metric p we have
diam (F} (x)) < Clog(1+ N(T)e“iHe)=To)),

(i) Any two elements of the closure of FF (x) can be connected in this set by a piecewise smooth
path whose length is at most CN (I")e~i(H-(=Te)

https://doi.org/10.4153/CJM-1999-014-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-014-3

282 A. Deitmar and W. Hoffman

Proof Ify € TNN;jandy € FI'(x)N~FF'(x), we see by projecting on Ni+; \ Nix that FT (x)N
YFL(x) # @, hence v € T N Nixz. Now yis1(yX) = 7Yir1(x), and we get F5, (yi(x)) N
FL1 (7Yi+1(x)) # @ by intersecting with Nj+1y. This shows by induction that the (I' N N;)-
translates of Ff (x) are disjoint.

Suppose we have already shown that the (I' N Nj.;)-translates of the closure of FL  (x)
cover Njs1Xx for any x. Let y € Nijx. Then it is easy to see that there exists y € T' N N;
such that vyi+1(X) = (7Y)i+1(X) is in the closure of Ifir(x) modulo Nj.;. By the induction
hypothesis there exists y' € T' N Nj+1 such that 4’y is in the closure of Ff,; (vyi+1(X)).
This means that /vy is in the closure of FI'(x).

(i) Fory and ~ as in the statement we have by definition

PG X) < X, vy) + ol X, 1Y) < 201X, Y).

The left-hand side is bounded from below by pinch!** (Ni+1 \ Ni+1 (' N Nj)x), for which we
have the lower bound from Lemma 9. It remains to use the resulting inequality together
with Corollary 8.

(i) It suffices to bound p(x, y) for y € FE(x). Itis clear that x = y;(x) and y = yj.1(X).
Since yj+1(x) € FI (yj(x)) for j =i,...,1, we have

pi (Y100, Yi () = 1 (yj1(x), y; ()

o 1/, .
= ,YEIIU(.TI:NJ- p] (y]+1(x)7 "}/y](X))

< diam!™ (Nj (T NN\ Njy;j ().

Lemma 9 provides a bound for this diameter, and Lemma 7 shows that

p(¥100,¥500) < Clog(1+ py(yjs2(9, ¥;9) )-

Now the assertion follows from the triangle inequality and the choice of our filtration.

(iii) It suffices to connect x with any y € Ff (x) by a path with the required properties.
For j > i, let ij+l(x) be the horizontal submanifold through x in the Nj.i-bundle N;x.
This is a Euclidean space projecting isometrically on Nj.1 \ N;x. By definition, y;.+1(x) lies
in the inverse image of FI (y;09) in ij+1 (yj(x)). Since this is an intersection of half-spaces
in Yj”l(yj(x)), it contains the straight line connecting y;(x) with y;j+1(x), whose length
equals p}”(yj(x), yj+1(x)). Applying the bound on diam}”(NH(F N Nj) \ Njyj(x)
from Lemma 9, we get the assertion. ]

Our next result contains an analogue of Lemma 4.2 in [5] adapted to our situation as
well as a generalization of Lemma 3.3 in [6] which takes care of the dependence on the
lattice.

Proposition 11 Given a family T of strictly bounded depth in G(Q) and a positive number
r’, there exist positive constants C, ¢ such that for all " € T with N(T") large enough, all proper
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parabolic Q-subgoup P, all x € X(P), y in the closure of Ff,(x) and r > 1 we have
#{y €T NP |y #1,p(x,7y) < r} < CN(D) a2 (He0-Tedgr

ST pxy) T SCNE) et Tap(0),
vy€I'NN
771
pxAy)<r’

Here we denote, as usual, by pp the half-sum of roots with multiplicities. Moreover, we set
ap(X) = MiNgco (1 + a(Hp(x) — Tp)), where @ is the set of roots of a in n. (This factor

may be omitted if the minimum is obtained at « with dimn, > 1.) If P = G, then the first
estimate is still true if one omits the factor N(I") 2.

Proof Let us fix a filtration {Ny,...,N;} adapted to x as above and let T'; be the set-
theoretic difference of I' N N; and T N Nj+;. We shall prove the estimates for each I'; and
for the remaining subset of I N P separately.

Fix1 <i < land lety be in the closure of Fr(X), v € Tj. We may apply Lemma 10(i)
to Njs1y, which is in the closure of F{ (yi(x)), concluding that there exists & > 0 such that

pi+1(yi(x),'YY) > €|0g(1 + N(I‘)e—ai(HP(X)—TP)) = plr(x)

In the case that p'** (X, yi(x)) > 2pF(x) we get

p0Y) > o (5 ¥i09) > 5PE0),

while in the case that o™ (x, yi(x)) < 3pl(x) we get

P00 = 07 (1100,95) — o (1109,%) > B — 2P,
Therefore, in any case we have
pi () < 29"H(x,7Y) < 2p(x, 7).
Now letz € Ff (vyi(x)) = ~F (yi(x)) = vFR(X) N Niy. Then
p(Yi(x),2) < p(Yi(x),x) + p(x,7y) + p(vY, 2).

The first term equals p'(vy, x) and is bounded by p(x, vy), while the last term is bounded
by diam (FiF (yyi (x))). It follows from Lemma 10(ii) that there is a constant C > 0 inde-
pendent of i > 1, x € X(P), the parabolic ? and I" € T such that

diam (F{ (x)) < Cp} (x).
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Applying this and the bound on p!'(x) just derived, we get

p(Yi(x),2) < 2(1+C)p(X,vY).

On the one hand this shows that

) U FFm00) € Bi(yi.er)
~v€ET;
p(Xy)<r

(disjoint union by Lemma 10), where ¢ = 2(1 + C) and B;j(y, r) denotes the ball of radius r
around y in N;y with respect to the restriction of p. On the other hand, it implies that

2 l I:ir i ) 1< i(X), _1d ,
2 (;e:r)i Vo ( (vy (X)))p(x Y) C/Bi(yi(x),cr)p(y ),2) " dz
p(XY)<r

where dz is the Riemannian measure on N;y coming from p; and vol; the corresponding
volume.

For fixed r = r’, one can prove more. Lemma 10(i) can be applied to the Nj.;-orbit of
z € FF (vyi(x)) for v € T and gives

p(¥i(¥),2) > o (yi(x),2) > pf(x).

If p(x,vYy) < r’, we may replace the logarithm in p} (x) by a linear function and get

p(%1(9,2) > e'N(Dye (=T
for some e’ > 0 independent of i, X, I and P. Indeed, by the above,

pL ) < p(yi(¥),2) < cp(x,yy) <cr’,

which was fixed. The upshot is that we may actually replace the domain of integration in (2)
by the set-theoretic difference of the balls B; (yi(x), cr’) and B (yi(x), e’N(I')e~iHe (D).
So we have to estimate integrals of the type

/ p(x,z)"tdz
Bi(x,r)\Bi(x,e’)

for fixed r’ and varying ¢’ > 0, i, x and P. Such an integral remains unchanged if we
replace x and N; by gx and gN;g 1, resp., for some g € G*. Thus we may fix P and suppose
that x = eK. If we pull p back under the embedding exp: ni — N; — N;K/K C X,
its restriction to a compact subset is equivalent to the Euclidean metric on n;. Hence the
integral is bounded independently of ¢’ for dimN; > 1. Now suppose that dimN; = 1.
After passing to the Euclidean metric, the integral evaluates as ¢’ max(1 + log(r’ /"), 0)
with ¢/ > 0. Using this and the fact that N(I') > 1, the right-hand side of (2) for fixed
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r = r’ can be estimated byC’(l + i (Hp(x) — Tp)) for some C’ > 0 independent of i, x
and P. If i > 1, this term will be absorbed by the terms with smaller i.

In the case i = 0, we lack a bound for the diameter of a fundamental domain for I'” in
XP(M). Therefore, we consider

= |J F(®)

yeBO(X,rp)

instead, where B°(x, o) denotes the ball of radius ro around x in N \ X. We may replace T
by the subset of those I" for which N(I") is greater than a given number. Then Lemmas 4
and 5 yield a constant ro > 0 such that pinch(I'"xg) > ro(1+logN(T')) for all X, € XP(M)
and all T" € 7. For this choice of ro, it is easy to show as in the proof of Lemma 10 that the
sets F§ (yx) for v € T'NP are pairwise disjoint. Moreover, it is clear that there exists Co > 0
such that diam (F§(x)) < Co(1 + logN(I')). Replacing I by I'y (N(T")) N §(Q) decreases
ro while replacing it by Fn(DN(F)) N §(Q) increases Cy. Since the principal congruence
subgroups are normal in T'y, we see as above that ry and Cy can be chosen independently
of P.

Ify e NP,y ¢ TNNandy € Nxwith p(x,yy) < r, thenr > ro(1+ logN(T)).
If, moreover, z € F{ (vy), then p(x,z) < p(X,~Y) + p(vy,z) < r +diam(F§ (y)) < cor for
¢o = 1+ Cqy/ro. Therefore

(3) U Fo (vY) C Bo(x, Cor),
ye'mP
~Y¢I'NN
p(xyy)<r

where Bg(x, r) denotes the ball of radius r around x in X with respect to p.

To obtain the asserted inequalities from (1), (2) and (3), it remains to calculate the
Riemannian volume of Ff (x) and B;(x, r) with respect to p;. The push-forward of the Haar
measure on N; under the map N; — N;x is proportional to this Riemannian measure, since
both are invariant. If we pull the Riemannian metric g back under P — G/K = X, we have
Upx = Ox-1px- The inner automorphism p — x~px of P scales the invariant measure on
Ni by e=2m () where py, (Hp(X) — Te) < pp(He(X) — Tp), and leaves that on N'\P
unchanged. Thus we get

voli (F(x)) = voI(T' N N; \ Njx) = C’vol(I" N N \ Nj)e =2 (He()=Te)
fori > 1. We see that vol (Ff (x)) is left Nj-invariant. Thus
vol (F§ (x)) = C¢vol(I' NN \ N) vol (B%(xo, ro)) e 2 (H-()=Te),
Note that by Lemma 4 the volume of " N N; \ N; grows at least linearly in N(I") (except
in the case P = §). The usual conjugacy argument shows that the lower bound we get
is uniform in P. Finally, we have to show that voI(Bi(x, r)) grows at most exponentially

in r. Using Lemma 6, one reduces this to the analogous assertions about balls in M /K" and
Ni+1 \ Ni, which are well known. [ |
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Corollary 12 Given a family T of strictly bounded depth in G(Q) and a constant ¢ > 0,
there exists a constant C > 0 such that for all ' € T with N(I") large enough, all parabolic
Q-subgoups P, all x € X(P) and y in the closure of F§ (x)

Z (p(X, 'YY)_l + ]_)e—CP(XvW)Z < CN(F)—leZpP(HP(X)_TP)aP(X)_

yel'nP
7#1

Indeed, by Lemmas 4 and 5 there exists ro > 0 such that pinch(N \ N(I' N P)x) > ro
forall I' € T with N(T") large enough. As we just remarked in the proof, ry can be chosen
independently of P. Now we follow [6], p. 246: In the terms with p(X, vy) < ro we replace
the exponential factor by 1 and apply the second estimate, while in the remaining terms we
replace p(x, vy)~* by rgl and apply the first estimate and the argument from [5], p. 491.

6 Heat Kernels on Quotients

We are now in a position to construct and estimate the heat kernels on the quotients I' N
P\ X(P), which will allow us to prove the main result, viz. the spectral estimates for the
cut-off Laplacian.

Since E, is a homogeneous bundle, G* also acts on its sections. However, we now prefer
to view sections of E, as functions f: G! — V., satisfying f(xk) = 7(k=1)f(x) for all
x € Gland k € K. Then the aforementioned action is simply given by left translation.
Let G(P) be the inverse image of )?N(P) in GL. Then we may view Ep(t, X, y) as an End(V)-
valued function on R+ x G(P) x G(P). Forx,y € G(P) andt > 0, put

Eg(t,X,y): Z Ep(t, X, 7Y)-

~yeI'mP

By Proposition 2 and the results of [5], this sum converges absolutely on compact subsets
of R+ x G(P) x G(P), and the same is true after termwise covariant differentiation. E} is
the heat kernelon ' N P \ X(P) with coefficients in the bundle EL™P and von Neumann
boundary conditions, since it has all its characteristic properties.

Lemma 13 For any family T of strictly bounded depth in G(Q) there exists a constantC > 0
with the following property. Let P C P’ be parabolic Q-subgoups, of which P’ is maximal,
with unipotent radicals N > N. Let A be a Q-split component of P. Then for all T € T with
N(T") large enough, all x € G(P), all y,z € N’xand 0 < t < 1 we have

[ER(t, X, y) — Ep(t, X, 2)| < Ct=2(1+eCrrm)Hr()=To) gp(x)),

where ap is as in Proposition 11 and « is the only fundamental root of A in n which does not
vanish on ap-.

Proof Choose an ordering {a, ..., o} of the roots of A in n adapted to xK, which gives

rise to a filtration {N;} of N and the fundamental domains Ff' (x) of ' N N;j in NixK /K. If
i is that number with a; = «, then the other roots of A in n’ are of the form «; with j > i,
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in other words, N’ C N;. Thus y, z € Nix, and since Ef (t, x, y) is (I' N Nj)-invariant, we
can choose yK, zK in the closure of FF (x). By Lemma 10(iii), we can connect them inside
this closure by a piecewise smooth path ¢ whose length is bounded by a constant times
N (I)e—He0)=To) | et § be the lift of this path which connects y and z in Njx C G(P). We
have

Eg(t,X, y) - Eg(t,X,Z) = Z (EP(taXa r}/y) - Ep(t,X, ’YZ))'

~yeI'mP

Due to the first estimate in Proposition 2, the term with v = 1 is bounded by C1t—9/2 for
some C; > 0. We write the other terms as

EP(LX,’Yy) - EP(LX”YZ) = /XUEP(t7X7’Yu) dU,
9

where the measure du is defined by the normal parametrization of the path ¢ C X trans-
ferred to C'and X, is the tangent vector of Cat the point u according to this parametrization.
For any smooth function f: G(P) — V, satisfying f (xk) = 7(k—%) f (x) we have

K, fU) = %f(exp(tx)u)‘ — ;'—tf (u exp(t Ad(u‘l)X))‘

t=0

for some X € n. If we decompose Ad(u=1)X =Y = Y¥ + Y according to the Cartan
decomposition g = k& s, then the component of X, corresponding to Y ° is just the tangent
vector X, of ¢, and

Xuf(u) = Vi, f(u) — 7(Y*)f(u),

where f is interpreted as a section of E; in the first term. Suppose for a moment that
u € P; thenY € n. Since the projection n — s is injective, there exists C, > 0 such
that [Y¥| < C,|YS|forall Y € nand a fixed K-invariant norm on g. By K-invariance, the
same is true for any u. Moreover, as there are only finitely many parabolic subgroups up to
K-conjugacy, C, is independent of P. Since X, is a unit vector for the Riemannian metric
on X, we get

Xuf W] < [V(U)] +Csf f (u)]
for some C3 > 0. Now it follows from Proposition 2 that the integrand is bounded by
Cqt~ 92 (p(x7 yu)~t+ 1) g PXAW’/e
for some C, > 0. Applying the preceding corollary, we obtain our assertion. ]
We again consider sections of E, as V.-valued functions on G*. Let L2, (T NP \ X(P),

EL™P) be the subspace of L?(I' NP\ X(P), EL™") consisting of all functions whose constant
terms along proper parabolic Q-subgroups containing P vanish. Since X(P) is invariant
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under N, this makes sense. Let AP be the orthoprojector of L2(T' N P \ X(P),EL™") onto
that subspace. Then

APEO) = ) (~p)ime / f (nx) dn,

PIHP FﬁN’\N’

where the sum is over all parabolic Q-subgroups P’ containing P and the Haar measures
on their unipotent radicals N’ are normalized so that the quotients appearing have total
mass one.

Let AL be the Laplacian with von Neumann boundary conditions on I' N P \ X(P) with
values in the bundle EX™P. Since AP commutes with both A and the normal covariant
derivation at the boundary, it reduces A} and defines a restriction Ap . Therefore the
heat kernel for the von Neumann problem in L2, (T' N P \ X(P), EL™P), i.e., the kernel of
exp(tAb ), equals

Eb(t,x,y) = APER(t, X, y),

where it is immaterial to which of the spatial variables A" applies because Ep is N’-invariant
and N’ is normalized by I" N P for each P’.

Proposition 14  Given a family T of strictly bounded depth in §(Q) and a parabolic Q-
subgoup P, there exist constants C > 0, ¢ > Osuch that for 0 <t < 1,allI" € T with N(I")
large enough and all x € X(P)

IEg(t, X, X)| < Ct—4/26@—2)pp(Hp()—Te)

Proof In the case P = G we have E§ = E§, ps = 0, and by the argument from [5, p. 491],
the assertion follows immediately from Proposition 2 and the first estimate in Proposi-
tion 11.

Now we consider the case P # G. Let A be a Q-split component of P and ¥ the set of
its fundamental roots in n. For each subset F of ¥, let ng be the sum of the root subspaces
in n corresponding to those roots which cannot be written as sums of elements of F alone.
By assigning to each such F the normalizer of Ng := exp ng in G, we put the subsets of ¥ in
bijection with the Q-parabolics containing P. For any locally integrable (I' N N)-invariant
function f on G(P) with values in a finite-dimensional Hilbert space V, we write

fe(x) = / f (nx) dn.
I'NNg\Ng

Letus fix @ € ¥ and write N® = Ny (o} Then Ng\ ;3 = NeN¢, and AP f(x) equals

SOt = Z(—1>#<F>(fF(x>— / - an)dn).

FC¥ ECW¥
Foa

The value of the integral is contained in the convex hull of the set {fe(nx) | n € T N N>\
N<}, andso is fr(x). Hence the difference is bounded by the diameter of this compact set in
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V, which is realized by two of its elements fr(x¢,,) and fr(x{/,), say, where x¢ ,, xt/, € N°x.
Thus '

APFOOI < Y 1 (xa) — Fr (X)) -

FCT
Foa

Let us apply this to E5(t, X, y) as a function of its last argument. We obtain a sum of in-
tegrals over I' N N \ Ng, and for each integrand the preceding lemma provides a bound
independent of the variable of integration. Hence there exists C > 0 such that

|E£(t’ X, X)| < Ct_d/z(l + e(ZPP—Q)(HP(X)—TP)aP(X)) .

Since o € W was arbitrary, we may now take the minimum over all « and use the fact that
maxX,cy a(H) > epp(H) for all H € a} and some e > 0. [ |

Lemmals IfA <X\ <---and Z,ﬁle—‘*" <Ct™™for0 <t <1, thenfor A\ > 0we
have N(A) := max{n | Ay < A} <Ce(1+ X)™.

Proof We have ne="» < S°F  e~t < Ct=™. If A > 0, we may putt = (1 + \)~%, which
is in the required interval. For A, < X we then obtain & < ne= /() < C(1+ \)™, as
claimed. [ |

Let ECFUS denote the direct sum of the operators AECUS over all parabolic Q-subgroups P
(including G itself) up to I'-conjugacy and NT(\) its spectral counting function.

Theorem 16  If T is a family of bounded depth in 'y, then there exists a constant C > 0 such
thatforallT" € T and all A > 0 we have

NT(\) < C[To: (1 + \)¥2.

Proof Firstsuppose that T isa family of strictly bounded depth. Since there are only finitely
many I'p-conjugacy classes of parabolic Q-subgroups, we may fix one of them, say €, and
consider only the subsum AG ¢ of APCUS over P € € up to I'-conjugacy. Now Xe :=
Upce X(P) is a disjoint union, and T\ X¢ is isometric the disjoint union of the manifolds
rnpkP\ X(P) overall P € Cupto I'- -conjugacy. The cuspidal heat kernel EL e(t,x,y) of the
von Neumann problem on this union equals EF(t X, Y)ifx,y e I'nP\ X(P) and vanishes
if x, y are in different components. We have to estimate

/ tr E5(t, X, X) dx.
F\i(‘f

If N(T) is large enough, Proposition 14 provides a bound for the integrand, which is ob-
viously T'p-invariant. After inserting this bound, the integral becomes [I'o : I'] times the
corresponding integral over I'y \ Xe, i.e., a constant times

11y / e n(He(I—To) gy
b JTonP\X(P)
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where the sum is now taken over P € € up to I'p-conjugacy. It is well known that the latter
integral is finite. This shows that trexp(tAL ) < Ce[To : T]t=%/2 for some Ce > 0 and
all0 <t < 1,and it remains to apply the preceding lemma.

Now suppose that T is a family of bounded depth in I'y. Then there exists a family J”
of strictly bounded depth for which the theorem is already proved and such that for each
I e Tthereisal’ € T'withT’ c T'and [T : T'] < D. E.g., one may take the family of

principal congruence subgroups I',(N) N G(Q) with N large enough. It follows that
NT(A\) < NT'(M\) < C[To : T/](1 + \)¥2 < CD[Iy : T](1 + A)¥/2. ]

Corollary 17 Let AL be the cut-off Laplacian with coefficients in the bundle EL and NX ()
its spectral counting function. In the situation of the theorem there exists a constant C > 0
such that for all T" € T and all A > 0 we have

NE(N) < C[Ig: (L + N)9/2.

Indeed, there is T* > T (depending on the choice of ¢ in the definition of a smooth
hull) such that the image of X(P’, T') in N \ X is contained in exp(*a$ + Tp)X" for all pairs
P’ C P. Thus we get an embedding

20\ X D) — @)L (D1 P\ X, T, E),
':J)/

and the corollary can be proved just as Theorem 3.23 of [10] using von Neumann bracket-
ing. By restriction we immediately obtain

Corollary 18 Let N'(\) be the spectral counting function for the restriction of the Bochner-
Laplace operator A" to L2, (T \ X, EL). If T is a family of bounded depth in G(Q), then there
exists a constant C > 0 such that for all T' € T and all A > 0 we have

NF(\) < C[Ip : T + N2,

7 An Adelic Version

In this section we shall give an adelic version of our spectral estimate for the cut-off Lapla-
cian. We consider only groups defined over Q, since the general case of a number field can
be reduced to this one by restriction of scalars. Denote the ring of adeles of Q by A and
the subring of finite adeles by A;. The latter has the maximal compact subring Z = Hp Zp.
Recall that the principal congruence subgroup of level N in GLn(A¢) is defined as the ker-
nel K,(N) of the residue map GL(n,Z) — GL,(Z/NZ). Let G be, as before, a connected
reductive linear algebraic Q-group.

Definition A family X of subgroups of S(As) will be called a family of bounded depth in
G(As) (with respect to a faithful Q-rational representation n: G — GL,) if there exists a
natural number D with the following property: For each K € X there is a natural number
N such that K,(N) N n(S(Ar)) is a subgroup of 5(K) of index at most D.
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Again it is easy to see that this notion is independent of the choice of 7.

Now we define the bundles to be considered. Given any linear algebraic Q-group 3, we
write J((A)* for the subgroup of 3{(A) consisting of all elements on which every Q-rational
character of H takes a value of idele norm one. Note that we may identify Ay with FH(A)\
H(A). Again we fix a maximal compact subgroup of G = G(R), which we now denote by
Ko, and a unitary representation 7 of K., on a finite-dimensional Hilbert space V.. For
each open compact subgroup K of G(As), we consider the G(A)!-homogeneous hermitian
vector bundle EX := (G(A)! xk_ V;)/K over X¥ := G(A)'/KK. Since G(A)! is the
direct product of G* and G(A)* = (As x S(Ar)) N G(A)" = G(As), EX is a smooth
bundle isomorphic to E, x G(A¢)? /K, which carries a canonical G*-invariant connection V.
Embedding, as usual, §(Q) into G(A) diagonally, we get a hermitian bundle EX := G(Q) \
EX over XK := G(Q)\ XX, whose sections we usually identify with G(Q)-invariant sections
of EX. We define the constant term of a locally integrable section f along the parabolic
Q-subgroup P of G as

fo(x) = / (r(M)F) () dn,
N(Q)\N(A)

where N is the unipotent radical of P and r the right action of G(A)* on sections.

Next we turn to truncation. We fix a maximal open subgroup K; of G(A¢) each local
component of which is special. Writing Kmax = KooKy, we then have G(A) = P(A)Knax for
each parabolic Q-subgroup P of G. A truncation parameter T for G and Ky is a family of
points Tp € a$ indexed by the parabolic Q-subgroups such that

o v - P(A) exp(Tp)Kmax = P/ (A) exp(Tp:)Kmex for v € G(Q) and P’ = yPy~1,
o Tp = (Tp/)p for P’ c P.

Any such T is determined by the value Tp for a fixed minimal parabolic Q-subgroup. Given
an open subgroup K of Ky, let L2(XK,EK) be the subspace of L2(XK, EX) consisting of
all sections f with the following property for each proper (equivalently: each maximal)
parabolic Q-subgroup P: If x belongs to P(A)* exp(*a$ + Tp)Kmax /KooK, then fo(x) = 0.
Now AX is defined as the selfadjoint operator in L2(XK, EK) associated to the quadratic
form ||V || on the intersection of the Sobolev space H (XX, EX) with L2 (XK, EX).

Theorem 19 If K is a family of bounded depth in G(A¢) and T is a sufficiently large trunca-
tion parameter for G and Kmax, then there exists a constant C > 0 such that for all K € K
contained in K¢ and all A > 0 the spectral counting function NX()) of AX satisfies

NX(A) < Cvol(XK)(@ + \)¥/2,

This theorem has the obvious corollary concerning the spectral counting function of
the Laplacian in the cuspidal subspace of L2(XX, EX). We shall now deduce it from its non-
adelic counterpart. The group G acts on G(Q) \ G(A)!/K from the right, and each orbit
has a representative ¢ € G(Ar)®. The stabilizer of ¢ is that subgroup T ¢ of G(Q) which
is mapped on G(Q) N £K&1 under the diagonal embedding into S(A). Thus we have an
isomorphism of right G*-spaces

S@\SAW/K= || Tke\Gh,
EEG(QN\I(ADE/K
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where #(5(Q) \ §(Ar)?/K) < oo by [3]. Taking the fibered product with V. over K, we
get

EK

1

e

£€S(QN\S(A)Y/K

which yields the obvious isomorphism between the spaces of L2-sections.

Now we translate the adelic truncation to the non-adelic picture. Let P be a parabolic
Q-subgroup with unipotent radical N. If f € L2(XX,EK), the integral defining fp(x¢) for
x € Gland ¢ € G(As)? can be taken over N(Q) \ N(A)/N(As) N ¢KEL, which is N-
isomorphicto I'k « NN \ N by the additive approximation theorem. We can define a map
Hp: G(A) — ap by the requirement exp Hp(pk) = P(A)!p for p € P(A), k € Kmax, thus
extending the previously defined map Hp: X — ap pulled back to G*. Since Hp(x¢) =
Hp(x) + Hp (&) for x, £ as just before, one easily checks that

L2 (X", EX) = P L (ke E)
£ES@Q\S A /K

provided we define a truncation parameter T, for I'k, ¢ and Ko by Tep = Tp —Hp(€). This
isomorphism is, of course, compatible with the cut-off Laplacians, whence for A > 0 we
have

T
NFQY = D N
£€SQN\S(A)Y/K

Let us identify G via n with a subgroup of GL,, and put K, = K,(1) N §(A¢). Choose
a (finite) set Z C G(As) of representatives for G(Q) \ G(Ar)/Ko. Then there exist natural
numbers Dz, C such that K,(DzN) C ¢K,(N)¢™t and [¢Kn(N)¢ 1 Ky(DzN)] < Cz
for all ¢ € Z and all natural numbers N. Of course, K,(N) NGL(n, Q) =T'w(N). If ( € Z
and ¢ € (Ko, then ¢K,(N)E™L = ¢Kn(N)C 2. For Ko(N) N S(Af) C K this implies

[Tk : Tn(DzN) N G(Q)] < [€KE™ : Kn(DzN) N G(AY)]
< Cz[K 1 Ka(N) N S(AY)].

Thus, if X is a family of bounded depth in G(Ay), then the set of all I'x ¢ with K € X,
& € ZK, is afamily of bounded depth in §(Q). Since T, depends only on the right Ks-coset
of ¢, we can now deduce from Corollary 17 that there exists a constant C > 0 such that

NK() <C > vol(Tke \ X)L +A)%2 = Cvol(XF)(1 + A)*/?
E€S(QN\G (A /K

forall K € X with K C K.
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