Bull. Aust. Math. Soc. 88 (2013), 113122
doi:10.1017/S0004972712000949

POROSITY OF CERTAIN SUBSETS OF LEBESGUE SPACES
ON LOCALLY COMPACT GROUPS

I. AKBARBAGLU™ and S. MAGHSOUDI

(Received 14 June 2012; accepted 11 October 2012; first published online 12 December 2012)

Abstract

Let G be a locally compact group. In this paper, we show that if G is a nondiscrete locally compact group,
p€(0,1)and g € (0, +c0], then {(f, g) € L’(G) X L4(G) : f = g is finite A-a.e.} is a set of first category in
LP(G) x L1(G). We also show that if G is a nondiscrete locally compact group and p, g, r € [1, +o0]
such that 1/p+1/g> 1+ 1/r, then {(f, g) € L’(G) X LY(G) : f = g€ L'(G)}, is a set of first category in
LP(G) x L1(G). Consequently, for p, g € [1 + c0) and r € [1, +0o] with 1/p + 1/g> 1+ 1/r, G is discrete
if and only if LP(G) = LY(G) C L"(G); this answers a question raised by Saeki [“The L?-conjecture and
Young’s inequality’, Illinois J. Math. 34 (1990), 615-627].
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1. Introduction and preliminaries

Throughout this work, let G denote a locally compact group with a fixed left Haar
measure 4. The modular function on the locally compact group G is denoted by A.
It is well known that A is a continuous homomorphism on G. Moreover, for every
measurable subset A of G,

AAH = f A" dAx);
A

for more details see [2] or [5].
For 1 < p < oo, the Lebesgue space L”(G) with respect to A is defined as the Banach
space of all (equivalence classes of) Borel measurable functions f on G with

I/p
A1l =(L [f ()P d/l(x)) < co.

If 0 < p < 1, it is known that L”(G) is a complete metric space with the metric

d(f.g) = fG f-gPdl (f.geL?(G)).
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In this case, for convenience, we put

fl, = d(f,0) = fG P da.

If p = o0, LP(G) is the Banach space of all (equivalence classes of) essentially bounded
measurable functions f on G with the norm || f||, = esssup|f].
For measurable functions f and g on G, the convolution

(f * () = fG FOIg0 0 dAw)

is defined at each point x € G for which the function y f(y)g(y~'x) is Haar

integrable. For re[1, co], we write f * g€ L'(G) to mean that |f * g(x)| < oo for

A-almost every x € G, f * g is A measurable on the set of all such x, and || f * g||, < co.
Quek and Yap [6] proved the following interesting theorem.

THeorREM 1.1. Let G be an infinite locally compact abelian group. Let p, q > 1 be real
numbers such that 1 <p <oo, | <g<ooand 1/p+1/q> 1, and let r be defined by
1/r=1/p+1/q— 1. Then:
(i) if G is compact, then

LG) « LYG) 2| JIL'G) < r < s);

(1) if G is discrete, then

LG)+ LG & | JL'(G): s <r;

(iii) if G is neither compact nor discrete, then

L’(G) * LY(G) ¢ U{LS(G) s 7).
Motivated by this result, Saeki [8] posed the following question.

QuesTioN. Let G be a locally compact group and let p, g, r € [1, oo]. If

I 1 1
—<—+--1 and L°(G)=*LYG)CL(G),
r-p q

does it follow that G is discrete?

Recently, Glab and Strobin [4], using the notion of porosity, generalised and
considerably extended some interesting results on the convolution of functions
essentially due to Rickert [7] and Zelazko [10]. See also [1, 3, 8] for some related
results.

Let us recall the notion of porosity. Let X be a metric space. The open ball with
centre x € X and radius r > 0 is denoted by B(x, r). For a given number 0 <c<1, a
subset M of X is called c-lower porous if

M. R
lim inf YR 5 €
R—0+ R 2
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for all x € M, where
v(x, M,R) =sup{r>0:3z€X, B(z,r) C B(x,R) \ M}.
It is clear that M is c-lower porous if and only if
VYxeM,VYae(0,c/2),aARy>0,YRe(0,Ry),z€ X, B(z, aR) C B(x, R) \ M.

A set is called o-c-lower porous if it is a countable union of c-lower porous sets with
the same constant ¢ > 0. It is easy to see that a o-c-lower porous set is meagre, and the
notion of o-porosity is stronger than that of meagreness. For more details, see [4, 9].

In this work, we present a generalisation of the interesting result due to Zelazko
in [11]. We also answer the question asked by Saeki.

2. Results

Let us remark that we equip here the space L”(G) x L(G) with the complete metric
d defined by

max{d(ﬁ s f2)9 d(gl 5 gZ)} for p € (Oa 1)’ q € (09 1),

d((f1. 1) (/2 82)) 1= {max{d(fl, ) lgr - gally) for pe (0, 1), g [1, +ool,

for all (f;, g;) € LP(G) X LY(G) and i =1, 2.
We begin with the following theorem in which we use a technique from [4].

Tueorem 2.1. Let G be a nondiscrete locally compact group and let p € (0, 1) and
q € (0, +c0]. Then for any symmetric compact neighbourhood V of the identity element
of G, the set

Eyv ={(f, g) € L(G) X LY(G) : Vx € V with |f * g(x)| < c0 a.e.}

is a o-c-lower porous set for some ¢ > (.

Proor. Let V be a symmetric compact neighbourhood of the identity element of G.
For a natural number #n, put

E, = {(f, 8) € LP(G) x LY(G) : Vx € V with f FOlgh" 0] dAG) < n a.e.},
G

So, Ey = U,en En- Hence we only need to show that for each n €N, E, is c-lower
porous for some ¢ > 0. For this end we consider three cases.

Case 1. pe(0,1)and g €[1, +c0).
Let sup,.y A(x) =75 and c € (0, 1) be such that

c nA(V3) [ c 7
T—c ' AW (1—c) =1
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Then, clearly, for 0 < @ <,

« +n/1(V2)( « )q<1
l-a AV) \1-«a '

By continuity of the map x — a/x + (7A(V?)/A(V))(a/x)? on (0, 1), we infer that there
exist0 <8 <1 —aand d > 1 such that

a(dd )P_n/l(vz)( ad )‘1>0

:1——
P27 8\a=1) T aw) \pa-1n

Fix a natural number n and suppose that (f, g) € E,,. Since G is not discrete, inf{A(U) :
AU) >0} =0, and for R >0, we can choose compact symmetric neighbourhoods L
and K contained in V such that K C L, A(LK)A(V) < A(L)A(V?),

flfl”d/l<(1—a—ﬁ)R
L

and NV
A(L)l—l/p>n(d—2ﬂ1+l/pRl+l/pnl—]/p(m) ,0) . @.1)
Let s, ¢ be such that
sA(L)y=BR and t(A(LK))"9 =pR. (2.2)
Define functions fandg on G by setting

— AP ifxelL,
fx) = { f(x) otherwise

and

gx)+t ifxe LK, Re(g(x)) >0,

g(x) if x¢ LK,
8(x) =
g(x)—t ifxe LK, Re(g(x)) <0.

Hence

If = flp = fL IsYPAGHYP — f(x)IP dA(x)

< f sA(x7Y) dA(x) + f IfIP dA
L L

< sz(x’l)d/l(x)+(1 —a-pB)R
L

<BR+(1—-a-BR

=R —-aR.

Moreover,
g - gll, = lltyrkll, = HA(LK))4 = BR <R — aR.
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Hence B((f, 8), aR) C B((f, ), R). It remains only to prove that B((f, g), «R) N E,, = @.
Fix any (h, k) € B((, 2), R) and let

A ={xeL:|h(x)| <d ' (sAGNP),  Ay=L\ A, (2.3)

and
By ={xe LK :|k(x)|<d't}, B,=LK\B,. (2.4)

Then

aR=h—fl,> | Ihx) = s"PAGHYPP da(x)
Ay

> f s(d; ! )pA(x_l) dA(x)
Ay

:s(d;I)pfA Ay dAx)

{45 s

whence

AATH < %(%)p @ A(L)(%)(%)p. 2.5)

In the same way, by noting that [g(x)| > ¢, for x € LK,

o
R > [k =Tl > 11k = Byl = r”(— A

8| 2 sy

q

Noting that L C V, it follows that

adR ),, @ /l(LK)( ad 2.6)

/l(Vz)( ad )‘1
(d—1) Bd—1) '

/l(Bl)S( A \B@-1n

)q <AL)

The above inequalities show that A, and B, are of positive measure and so
nonempty. Now let z € K be an arbitrary element, and define the set F = (A;'z) N B,
and H = zF~'. Since Lz C LK, A;'z C LK. Hence

AH Y= AF7 ") = AAY) - A4\ (Baz ™))
> AUAY) = ALK\ Bz ") = AAY) — ABi1z7h)
= AL) - AATH — A HAB))
(2.5);2.6)

2.7)

L)p.
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Also, HCA,, FCB,and H'z=F. Finally, we conclude that
fH O e RA T R fH AP dAy)
_ a2y fH AGTHIAGT) dAy)
>d2s!ry fH ' YPAGTY dAy)

2.7
=d s PV A(HTY (2) d72 5P =P A(L)p

22)

1
2. d—2ﬂ1+1/pRl+l/pp( ) /qnl—l/p/l(L)l—l/p

ALK)

1
Zd—2ﬁ1+1/pRl+1/pp( /qnl—l/p/l(L)l—l/p

/l(Vz))
@.1)
> n.

Case2. pe(0,1)and0<g< 1.
The proof is similar to the proof of Case 1 with g = 1.

Case 3. p€(0,1)and g = +co.

Let c=1, so that ¢/(1-¢)=1. Fix 0<a<1/2, so that &/(1-a@)<1. By

continuity of the map x+— a/x on (0, 1), there exist 0 < <1 —a and d > 1 such
that @/B(d/(d — 1))? < 1. Similarly to Case 1, we can choose a compact symmetric

neighbourhood L contained in V such that
f IfFOPP dA(x) <1 —a—-B and ALY >nR™VP(1 - 2a)d pB/Pyt=1P)1,
L

where sup .y A(x) =npand p =1 - (¢/B)(d/(d — 1))’. Define

(sA(x"")VP ifxelL,
f(x) otherwise,

f(x)z{

and
300 = g(x)+R(1 —a) if Re(g(x)) =0,
EY =60 - R(1 - ) if Re(g(x)) <0,

in which sA(L) = BR. By these definitions,
If = fl,<R—aR and |g-gllo=R-aR.

Hence B((]TL@, aR) C B((f, g), R). But B((f, 2), aR) N E,, = @. To show this, take any
(h, k) € B((f, ), @R) and let

Ly ={xeL:|h(x)|>d ' (sAx"D)/P}, L,=L\L,.
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Then

ALY < A(L)(%)(%)p and k()| = R(1 — 20).

Now let z€ L be an arbitrary element. Define the sets F =L;'z and E=zF~'. It
follows that
AE™N=AFz Y = ALY = AL) — ALy = pA(L).

Consequently,

f OO DI dAG) = R(1 — 2a)d ™ s7n' =P p (L)
E
— R(1+1/p)(1 _ 2a')d_Ipﬂl/pnl_l/p/l(L)l_l/p
>n.
Thus (h, k) ¢ E,,, as required. O

As an immediate consequence of this theorem we obtain a result that generalises a
well-known theorem of Zelazko [11] which states that L(G), 0 < p < 1, is an algebra
under convolution if and only if G is discrete.

CoroLLARY 2.2. Let G be a locally compact group and let p € (0, 1) and g € (0, +o0].
Then f = g exists for all f € LP(G) and g € LY(G) if and only if G is discrete.

Proor. Recall that L°(G) € L'(G) € L'(G) if s <t<1 and G is discrete. This proves
the ‘if” part. For the converse we only need to note that a o-c-lower porous set is of
first category, and (L?(G) x L1(G), d) is a complete metric space. ]

THeOREM 2.3. Let G be a locally compact group and let p,q€[l,+o0) and re
[1,+c0). If1/p+1/g > 1+ 1/r and G is nondiscrete, then for any symmetric compact
neighbourhood V of the identity element of G, the set

Ey={(f,8) e L"(G) X LY (G) : f x g € L'(V, A)}
is o-c-lower porous for some c > 0.

Proor. Let V be a symmetric compact neighbourhood of the identity element of G,
and let p, g € [1, +00) and r € [1, +o0] be such that 1/p + 1/g > 1 + 1/r. For a natural
number n > 0, put

E={(1.9) € L"G) x 1'(G): f ( f FWlge™ 01 dA)) dac) < nf
v\JG
if r = oo we instead consider the condition fG LfFD)llg(y~'x)| dA(y) < n for A-almost

every x € V in the above set. So, Ey = (J,«v E,. Hence we only need to show that
for each n € N, E,, is c-lower porous for some ¢ > 0. To prove this, let sup,., A(x) =7

and c € (0, 1) be such that
p q 2
(c)_H](c)/l(V):L
1-c¢ 1—c/ AV)
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Then, clearly, for 0 < @ <,

a a \AV?)

(A
-« 1—a/ AV)

By continuity of the map x > (a/x)? + n(a/x)2(A(V?)/A(V)) on (0, 1), we infer that

there exist 0 <8< 1 —a and d > 1 such that

2
p=1- (ﬁ(;il 1))p - n(ﬂ(;il 1))”4((‘;)) >0

Fix a natural number n and suppose that (f, g)€E,. Since G is not
discrete, inf{A(U) : A(U) > 0} =0, and for R > 0, we can choose compact symmetric
neighbourhoods K and L contained in V such that K C L, A(L) < 1, and A(LK)A(V) <

AL)A(V?) with
1/p 1/q
([uraa) " +([ teraa) " <a-a-pr
L LK
and AT\ ]
.
1+1/r-1/p-1/ —22p2.1/p-1
A(L) r ”>n(d B2R* /P (—A(Vz)) ) )

Let s, ¢ be such that
SQALY? =BR and #A(LK))"? = BR.
Define functions f and g on G by setting

= . sA(x P ifxelL, — .t if xe LK,
Jx)= { f(x) otherwise, and  g(x) = g(x) otherwise.

Then B((]T, 8), aR) € B((f, g), R). It remains only to prove that B((f, 2,aR)NE,=a2.
Fix any (h, k) € B((f, g), @R) and let

Ly ={xeL:|hx)|<d'sAxHYP), L,=L\L,,

and
B; ={xe LK :|k(x)|<d't}, B,=LK\B,.

Then

AL < (S(Zd_Rl))p - /l(L)(IB(:iZ 1)),,,

and similarly

ABy) < (t(g‘iRl))q - /l(LK)(ﬁ(;il 1))q < /l(L)i((“/,z)) (ﬂ(dail D )q-
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Now let z € K be an arbitrary element, and define the set F = (L; 2N B, and H =

zF~'. Since Lz C LK, L;'z C LK. Hence A(H™') > A(L)p. Also, HC Ly, F C B, and
H~'z = F. Finally, we conclude that

f |h()’)||k(y_lz)| di(y) = d_zs[f A(y—l)l/p dA(y)
H H
=d_2stf A(Y_I)I/F_IA(y_l)d/l(y)
H

> dzstf PP AT dAGy)
H
=d 2sm P IAHTYY > d7 2t P A(L)p

- AV 1/p—
S 42 sz( ) Up=1 p)1=1/p=1/9)
2d g ) ! (L) P
s
/l(L)l/’.
Thus (h, k) ¢ E,, as required. m|

The fact that a o--c-lower porous set is of first category, together with Theorem 2.3,
gives an answer to the question raised by Saeki.

CoroLLARY 2.4. Let G be a locally compact group and let p,q €[l + o) and re€
[1, +o0] be such that 1/p+1/q> 1+ 1/r. Then G is discrete if and only if L(G) *
L1(G) C L"(G).
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