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1. Classically, there has been, for obvious reasons, an
intimate relation between the concepts ''rings of quotients'' and
""divisible modules'. Recently, however, their generalizatibns
have appeared to diverge.

For example, Hattori ([9]) and Levy ([15]) have generalized
the concept of '"divisibility' as follows: Hattori (respectively
Levy) defines a left R-module M over a ring R to be divisible
if and only if Ext;(R/I, M) =0 for every principal left ideal

IC R (respectively, every principal left ideal I C R which is
generated by a regular element of R).

On the other hand, a series of results by Johnson ([12]),
Utumi ([16]), and Gabriel ([2]), which culminate in the beautiful
paper of Lambek ([14]), have generalized the concept of ''ring
of quotients'' in terms of the injective envelope, as developed
by Eckman and Schopf ([5]), and suitable inverse limits.

This paper may be considered to be a preliminary step
toward the unification of these ideas.

2. Let Z be a set of left ideals in a ri.ng* R. We
define:

(i) A left R-module M is ZXZ-divisible if and only if
Ext;(R/I, M) =0, foreach Ie€ Z ;

We shall assume all rings have a multiplicative identity.
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(ii) If M is a submodule of a left R-module N, then M
is a Z-essential submodule of N (N is a Z-essential exten-
sion of M) if and only if for every 0 # x € N, the left ideal

IM(x) ={re R|rxe M} € T and IM(x)x $0;

(1ii) If M 1is a submodule of a left R-module N, then M

is a T-pure submodule of N (N 1is a Z-pure extension of M)

if and only if whenever 1€ ¥ and f is a homomorphism from

I into M, if f is extendable to a homomorphism from R into
N, it is extendable to a homomorphism from R into M,
(Kertesz [13] and Butler and Horrocks [3], page 210-211).

One may easily verify that these definitions generalize
the customary definitions for abelian groups. In view of the
1
properties of ExtR, one may also verify that many classical

results, as well as those of Hattori, are easily generalized in
this context. However, we shall concentrate on applications
of these ideas to generalized rings of quotients.

1
Note that ExtR(R/I, M) =0 if and only if every homo-

morphism from I to M may be extended to a homomorphism
from R to M, (Cartan-Eilenberg [4]). Thus, by Baer's
theorem ([1]), the term "Z-injectivity" might have been substi-
tuted for "Z-divisibility".

We only remark that the above is dualizable: If Z is a
set of right ideals in R, a left R-module M is Z-torsion free

if Tori{(R/I, M) =0 for all Ie€ Z. This has been noted for

principal right ideals by Hattori ([9]). Also, some global
dimension theoretic potential exists in these concepts and will
be studied in a later paper (cf. Butler and Horrocks [3]).

3. Let us now list three properties which Z may satisfy:

(Pi) If Te Z and J is a left ideal which contains I,

then J € Z ;

-1
(PZ) If 1¢Z and reR, then Ir ={xeR|xrel}eX;
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(P,) If I isaleftidealin R, Je¢Z, and Ij-ie z,

for each jeJ, then® Ie .

We note that if E is an essential extension of the module
M and Z = {IM(x) |x € E}, then I satisfies PZ' since

-1
IM(rx) = IM(x)r .

THEOREM 1. Assume X satisfies property Pi.
A left R-module M is Z-divisible if and only if
1
ExtR(R/I, M) =0, for every large left ideal 1€ =. (I is large

if it is an essential sub-module of RR. )

COROLLARY. M is injective if and only if
Ext;(R/I, M) =0, for every large left ideal T in R.

This result was, in essence, noted by Johnson ([12]).
Proof. (Only if) This is clear.

(If) Suppose that 1€ =, and f is a hormmomorphism
from I to M. Let S be the set {(J,g)|J is a left ideal in
R which contains I and g is a homomorphism from J into
M which extends f.]. By a simple use of Zorn's lemma we
determine that S has a maximal element, say (J,g). If J is
not large, then there is a left ideal 0 # KT R such that
KN J={0}. Define g from J+ K to M by g(j+ K) =g(j)-
g clearly extends g, and hence f, and we contradict the
maximality of (J,g). Thus J is large and the result follows.

4. LEMMA 1. If T satisfies property P3, if P isa

>-essential extension of N, and N is a Z-essential extension
of M, then P 1is a Z-essential extension of M.

%
As has been indicated in a private communication, K. L. Chew

has proved that Gabriel' s fourth property ([2]; see also [14]).
"If I, JeZ, then IN Je Z'", is a consequence of the other
three.
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Procf. I xe¢ P, then IN(x)i T and IN(x)x# 0. If
ie IN(x). then ixe¢ N and thus IM(ix)le(x)i' € =. Since

this is true for all i€ IN(X), IM(x) € ©. By the definition of
&

, 1 =0 <} = .
IM(X) if IM(x)x then IM(x)(rx) 0 forall re R But

there is an 1€ IN(x) and a j¢ IM(ix) such that 1ij e IM(x) and

ijx # 0 and we have a contradiction.

THEOREM 2. Suppose X satisfies properties Pi' PZ,
and P3. and let M be an arbitrary left R-module. Then
there is a unique, up to isomorphism, extension E to M
which satisfies the following equivalent conditions:

(i} E is a maximal T-essential extension of M ;
(ii) E 1is a minimal Z-divisible extension of M ;
(iii) E 1is a Z-essential, Z-divisible extension of M.

This generalizes Eckmann and Schopf' s injective envelope.
Also, Maranda ([18], page 121) has proved a similar, although
less explicit, result.

Proof. Clearly every module has both Z-essential and
Z-divisible extensions, since it isa Z-essential extension of
itself and every injective module is Z-divisible.

Let N be a Z-essential extension of the R-module M
and let P bea X-divisible module. Suppose that g is an
R-homomorphism from M to P. Define S={(N,g)|N isa
sub-module of N which contains M, and g extends g from
N into P.}. Llet (ﬁ,g) be a maximal element in S, which
exists by Zorn's lemma, assume N +# N, andlet xe¢ N - N.
Since N 1is a Z-essential extension of M, IM(x) € Z, and

since IM(x)CIﬁ(x), we have Iﬁ(x)e 2. Define f from

Iﬁ(x) to P by {(y)=glyx) for ye Iﬁ(x). Clearly f is a
homomorphism, and since P is Z-divisible, f{ is extendable
to f from R into P. Define h from N+ Rx to P by

hin + rs) = g(n) + f(r). h is an extension of g and we contra-
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dict maximality unless N=N.

Note that if the kernel of g is {0}, then, since N is
an essential extension of M, necessarily the kernel of g
must be {0}. In particular, every Z-essential extension of
M is embeddable in every Z-divisible extension of M.

Now let T be the set of all Z-essential extensions of M
which are contained in the injective envelope% E of M, i.e.,
by Zorn' s lemma again, we find a maximal Z-essential
extension in E, say N.

Now suppose 1€ Z, and f is a non-zero homomorphism
from I to N. £ may be extended to a homomorphism { from
R to E. Let y=f(1). Since ICI (y), we have IN(y)r'1 €=

for each re€ R. Further, if x¢e N and re€¢ R, then
-1
IN(x + ry) = IN(y)r eXx. If IN(x + ry)(x+ ry) =0, then

Rix+ry) N N={0} and x+ ry=0, since Ry+ NC P and is
thus an essential extension of M. Hence N + Ry is a
Z-essential extension of N. But this contradicts the maxi-
mality of N unless ye N. Butthen N is a Z-pure submodule
of the Z-divisible module and thus must be Z-divisible. The .
equivalence of the three properties and the uniqueness of this
maximum X-essential extension now follow easily from the first
part of the proof.

Perhaps it is appropriate to call this extension the
Z-divisible envelope of M, - in symbols EZ,‘(M)'

5. Now let £ be a set of left ideals in R, E = EZ(R)’
H=Hom (E,E), and Q =QE =Hom (E,E). We embed R in
Q in the customary way. Q}: may be called the ring of

juotients with respect to Z.

In view of the injective envelope-like properties of E,

It is unfortunate that we must use the injective envelope.
However, the author sees no way to remove this difficulty
at the present time.
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one may easily verify many of Lambek's results, particularly
trose of sections 2, 6, 7, and 8 of [14], in this covtext, if we

sutebly generalize the definition of dense subm ..
Nocl i ois Z-dense i a moduale A il o

hesom_(E_(AM, T_IM)), RN = {0} implics

oW — o

The nroois zre ttentical to Lambek fwe rewiornrey the

satisfiez P, P_, and }.32 if the cerdizion

n fact, Ore's cond.iiorf is equivalernt in thl

v

La

in

Now assume g € Q. Then g is completely determined
{1), and q{1}#0 i g# 0. qg(1)e E and thus
1)) e £. Now there isa be S IR(q{i)), and we have

:

bg{i)€e R. Furtter, since b hzs an inverse in Q, bg{i} # 0.
Let bg{1)=a i.e., q(1)=b"'a. Clearly H{1)=E, so if
e € £, there is an he€ H such that h{i) =e. We have

ale) = g{k{1)) = h(q(1)) =h(b-ia) =b—1ah(1) b ae forall ceE

-1
and g=b a. We state our result in

THEOREM 3. Let the set of regular elements in R
satisfy Ore's condition. If Z 1is the set of left ideals in R
which contain regular elements, then X satisfies properties

Pi' LF’2 and P3. In this case Q is isomorphic to the classi-

cal ring of quotients of R([11]). (Note this is the left classical
ring of quotients.)

Condition of Ore: If a, be R, be S, there exist a, b€ R,
with b e S, suchthat ba =ab. (Jacobson [14], page 118.)
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COROLLARY. If every large left ideal in R contains
a regular element and if the regular elements in R satisfy
Ore's condition, then Utumi's ring of quotients {[14]) corres-
ponds to the classical ring of quotients.

Proof. By theorem 1, the injective envelope and the
Z-divisible envelope determined by the set of left ideals T
which intersect the set of regular elements correspond, and
thus so must the rings of quotients.

By a theorem of Goldie's ([7], theorem 4. 8), every semi-
prime ring with maximum condition on left ideals satisfies the
above criterion. We thus have an alternate proof cf Goldie's
theorem ([8]) which states that the two rings of quotients
cowncide in this case.

Clearly every commutative integral domain satisfies the
conditions of the corollary. However, as an example, let G
be the free semi-group generated by the symbols x and v,
and define R to be the semi-group ring of G over the integers
with the identity adjoined. Clearly R is a (non-commutative)
integrzl domain and every large left ideal in R contains
regular elements. But Rx N Ry ={ 0} and thus Ore's condition
is not satisfied. Hence, Utumi's ring of quotients of R 1is not
the classical ring of quotients, since the latter doesn't even
exist.

Conjecture: The hypotheses of the corollary are necessary
as well as sufficient.

6. Remark: It would appear that many of these ideas
could be carried over to the case where our ring does not have
an identity. Vehicles could be suitable generalizations of either
Kertesz's algebraically closed modules ({[13]) or Faith and
Utumi' s Baer modules ([6]. The definition of T-essential
extension would however necessarily have to be revised in the
more general context, since a module would need not be a
T-essential extension of itself (cf. Herstein and Small [10],
lemma 2).

As Lambek has noted in his case ([14]), the set of Z-dense

left ideals, associated with a particular ¥ which satisfies Pi'
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P2 and P3, is a suitable system: for Cabriel's construction

procedure {[2]). However, the exact relationships between the

Also, note a possible generalization of Jolus:sen® s singular
submodule: Let M be a left R-module and suppose Z is a set

of left ideals which satisfies Pi, PZ and further, if I, Je Z,

then 1N Je Z. The set SE(M) ={m ¢ MfAnnR(m) € =.} is

then a submodule of M, which we might call the Z-singuiar
submodule of M. 1Its possible usefulness is indiczted by the
following suggestive example: If R is a2 commutative integral
dernain and £ is the set of 3ll non-zero ideals in R, then
SZ(M) is the torsion suhmsdule of M {cf. Gentile [47] and

Maranda [18]). The implications of this definition will be dis-
cussed in a subsequent paper.
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