J. Aust. Math. Soc. 106 (2019), 235-273
doi:10.1017/S1446788718000083

AN ARITHMETIC EQUIVALENCE OF THE
RIEMANN HYPOTHESIS

MARC DELEGLISE™ and JEAN-LOUIS NICOLAS

(Received 14 April 2017; accepted 24 February 2018; first published online 18 June 2018)

Communicated by I. Shparlinksi

Abstract

Let h(n) denote the largest product of distinct primes whose sum does not exceed n. The main result of

this paper is that the property for all n > 1, we have log i(n) < +/li"'(n) (where li”' denotes the inverse
function of the logarithmic integral) is equivalent to the Riemann hypothesis.
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1. Introduction

If n > 1 is an integer, let us define /i(n) as the greatest product of a family of primes
q1 < q2 < -+ < gq; the sum of which does not exceed n. Let £ be the additive function
such that £(p®) = p® for p prime and @ > 1. In other words, if the standard factorization
of M into primes is M = q"q5’ ---q?’ we have (M) =q{' +q3* + -+ + q;” and
£(1) = 0. If i denotes the Mdbius function, A(n) can also be defined by

h(n) = max M. (1.1)
U(M)<n
(M0

The above equality implies /#(1) = 1. Note that
{(h(n)) < n.

Landau [16, pages 222-229] introduced the function g(n) as the maximal order of
an element in the symmetric group S,; he proved that

= M. 1.2
g(n) [{1%1; (1.2)
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From (1.1) and (1.2), it follows that
h(n) < gn), n=1.

The sequences (h(n)),»; and (g(n)),>1 are sequences A159685 and A000793 in the
On-line Encyclopedia of Integer Sequences. One can find results about A(n) in [7, 8]
and about g(n) in [6, 9, 18, 19]. In the introductions to [6, 9] other references are given.
A fast algorithm to compute /(n) and g(n) is described in [7, Section 8] and [9], while
in [8, (4.13)] it is proved that

log h(n) < log g(n) < log h(n) + 5.68(nlogm)'/*, n>1. (1.3)

Let li denote the logarithmic integral and 1i ™! its inverse function (see Section 2.2).
In [18, Theorem 1(iv)] it is stated that, under the Riemann hypothesis, the inequality

log g(n) < A/li”'(n)

holds for n large enough. It is also proved (see [18, Theorem 1(i) and (ii)]) that under
the Riemann hypothesis we have

log g(n) = /li”'(n) + O((nlog n)'"*), (1.4)

while if the Riemann hypothesis is not true, there exists & > 0 such that

log g(n) = li"'(n) + (nlogn)"/* Q. ((nlog n)¥). (1.5)
With (1.3), (1.4) implies
log h(n) = Jli”'(n) + O((nlogm)'/*), (1.6)
while (1.5) yields
log h(n) = li"'(n) + (nlogn)/* Q. ((nlog n)t). (1.7)

From the expansion of li(x) given below in (2.6), the asymptotic expansion of - lli_l(n)
can be obtained by classical methods in asymptotic theory. A nicer method is given in
[23]. From (1.4) and (1.6), it turns out that the asymptotic expansions of log g(n) and

log h(n) do coincide with that of wlli‘l(n) (see [18, Corollaire, page 225]):

log h(n) 5
log g(n) b = W(l N loglogn — 1 B (loglogn) —610g10gn+9+0(1))'

2logn 8log* n
Vi)

(1.8)
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Let us introduce the sequence (b,) defined by

V1™ (n) — log h(n)
log h(n) = \Jli"'(n) — by(nlogm)'/*, ie.b, = LT e n, n>2, (1.9)

(nlogn)l/4

and the constant

1
c= ——— =0.046117644421509... 1.10
2T (10

where p runs over the nontrivial roots of the Riemann ¢ function. The computation of
the above numerical value is explained below in Section 2.4.2.

The aim of this paper is to make more precise the estimate (1.6) and to prove

TueoreM 1.1. Under the Riemann hypothesis, we have the following.

(1) logh(n) < \/li"'(n) forn > 1.
(11) b17 =0.49795--- < bn < b1137 =1.04414.. .fOI"I’l > 2.

(i) b, > % —c¢—(0.22 loglogn/logn) forn > 18.

@iv) b, < % + ¢+ (0.77 loglogn/logn) for n > 157933 210.

(v) %#-¢=0.620---<liminfb, <limsupb, <3 +c=0.712....

(vi) For n tending to infinity,
(% 3 c)(l N loglogn +O(1)) <b, < (g N c)(l . loglogn +O(1)).
4logn 3 4logn
Under the Riemann hypothesis, Theorem 1.1(iv) shows that, for n large enough,
b, > 2/3 — c. We prove (see (5.43) below) that b, >2/3 — ¢ holds for 78 < n <
m(10'%) = ¥ 00 p, and it is reasonnable to think that it holds for all n > 78. In (iii),
we have tried to replace the constant —0.22 by a positive one, but without success.

CoroLLARY 1.2. Each of the six statements of Theorem 1.1 is equivalent to the Riemann
hypothesis.

Proor. If the Riemann hypothesis fails, (1.7) and (1.9) contradict each statement of
Theorem 1.1. o

CoroLLARY 1.3. Under the Riemann hypothesis,

n>2 = 1i™'(n) — 1.045(nlog m)"/* < log g(n) < /li'(n) + 5.19 (nlogn)"/*
(1.11)
and (1.11) is equivalent to the Riemann hypothesis.

Proor. From (1.9) and Theorem 1.1(i1), for n > 2,

VI ) - 1.045(nlog )'* < log h(n) < 1i™'(n) — 0.49 (nlogn)'/*

which, with (1.3), proves (1.11). If the Riemann hypothesis is not true, (1.5)
contradicts (1.11). O
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1.1. Notation.

m(x) = X p<x PT- Forr = 0, mo(x) = m(x) = 3 ,<, 1 is the prime counting function.
IL(x) = X per (P 1K) = Ti) (ma(x'9)/k) with « = [log x/ log 2].
0(x) = ¥ < log p and Y(x) = ¥ e, log p = 5, 0(x'/%) are the Chebyshev

functions.
1 if x = pk,
e Ax)= ogp 1A p is the von Mangoldt function,
0 otherwise.

(pn)n=1 s the sequence of prime numbers, where p; = 2.
li(x) denotes the logarithmic integral of x (see Section 2.2), and 1i”! the inverse
function.

e y,=0.57721566...is the Euler constant. The coefficients y,, and ¢,, are defined
in Section 2.4.

o 2, f(p)=limr_e X g(p<r S(p) where f: C — C is a complex function and p
runs over the nontrivial roots of the Riemann ¢ function.

o Iflim,_ u, = +00, v, = Q.(u,) is equivalent to

limsup 2 >0 and liminf 2 <0.

n—o0 un n—oo u}’l

e  We use the following constants:
xo = 10'° + 19 is the smallest prime exceeding 10';
ny = m(xp) = 2220822442581 729257
Ly =logng = 42.244409270801490...;
Ao =log Ly =3.743472020096 020. .., vo = Ao/Lop = 0.088614. ...

e Letuswriteog=0,Ny=1,and, for j>1,

Nij=pipr---p; and o;=pi+py+---+p;==LN)). (1.12)
e Forn >0, let k = k(n) denote the integer k > O such that
Tr=p1+prt-+ppSn<pr+prtecct prg =0 (1.13)
In [7, Proposition 3.1], for j > 1, it is proved that
h(cj) = N;,. (1.14)
We often implicitly use the following result: for u# and v positive and w real, the
function

o (logt—w)

. . u
pr is decreasing for ¢ > exp(w + —).

\%

1.2. Plan of the paper. In Section 2 we recall several results and state some
lemmas that are used in the proof of Theorem 1.1. Section 2.1 is devoted to effective
estimates in prime number theory, Section 2.2 deals with the logarithmic integral,
while Section 2.3 give effective estimates for ,(x) = 3., p" and especially for 7 (x).
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Section 2.4 recalls two explicit formulas (see (2.37) and (2.38)) of prime number
theory, some results about the roots of the Riemann ¢ function, and explains the
computation of the constant ¢ (see (1.10)).

The computation of h(n) plays an important role in the proof of our results. The
algorithm described in [7] is briefly recorded in Section 3.

In Section 4, in preparation for the proof of Theorem 1.1, four lemmas about b,
(defined in (1.9)) are given.

The proof of Theorem 1.1 is given in Section 5. It follows the lines of the proof
of [18, Theorem 1] about the asymptotic estimate, under the Riemann hypothesis, of
log g(n), starting from the explicit formula for IT;(x). But here we deal with effective
estimates. The positive integers are split into three classes: the small ones (up to and
including ny = 71 (10'° + 19)) that are mainly treated by computation, the large ones
(greater than ng) and, to prove statement (vi), those tending to infinity. In each class, the
ns belonging to the interval [0, 0k+1] (Where o is defined by (1.13)) are considered
globally because, from (1.14), k(o) is easy to evaluate, and, for n € [0y, Ok+1], h(n)
remains close to h(o).

Effective estimates are more technical to get than asymptotic ones. This was
why Landau introduced his famous ‘O’ and ‘o’ notation. But fortunately nowadays
computer algebra systems can help us.

A Maple sheet on the website [27] explains the algebraic and numerical
computations. The extensive computations described in Section 3.2 have been done
in C**,

2. Useful results

2.1. Effective estimates. Platt and Trudgian [21] have shown by computation that
0(x)<(1+€e)x forx>2, withe=75x10", .1
thus improving on results of Schoenfeld [24].
Without any hypothesis, we know that
ax

og® x

[6(x) — x] < " for x > x1 = x1(@), 2.2)

with
1 and x; = 89967803 (see [12, Theorem 4.2]),
=105 and x; =767135587 (see [12, Theorem 4.2]),

0.15 and x; = 19035709 163 (see [3, Theorem 1.1]).

Under the Riemann hypothesis, for x > 599, we shall use the upper bounds (see
[24, (6.3)])

l(x) — x| < si Vxlog’x and |6(x) - x| < Si Vxlog? x. (2.3)
T JT
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Lemma 2.1. Under the Riemann hypothesis, for x > 1,

P(x) — Vx - 517 < 000) < y(x) — Vi +2.14.

Proor. In [20, Lemma 2.4] or in [22, Lemma 3], the above lower bound is given and
6(x) < ¥(x) — /x is proved for x > 121. It remains to check that, for 1 < x < 121,
0(x) —y(x) + Vx < \/§—10g2=2.1352...h01ds. O

2.2. The logarithmic integral. For real x greater than 1, we define li(x) as
(see [1, page 228])

X l-¢ X X
li(x):)( dt _ lim(f +f ﬂ):f dr. +1i(2).
ologt -0\ Jy 14¢ lOgt , logt

We have the following values:

x|| 1 |1.45136...]1.96904 ... 2 e?
li(x)||—o0 0 1 1.04516.../14.95423. ..

From the definition of li(x), it follows that

d 1 d?
Zli)= — and —1li(x) = -
dx 1) log x e e 1)

- 10g2 = 2.4
The function ¢ — li(¢) is an increasing bijection from (1, +c0) onto (—oo, +00). We
denote by 1i"!(y) its inverse function, which is defined and increasing for all y € R.
Note that 1i™'(y) > 1 holds for all y € R.

To compute numerical values of li(x), we used the following formula, due to
Ramanujan (see [4, pages 126-131]):

o iyt
li(x) = y0 + loglogx + Vx ) ay(logx)"  witha, = n 2 L o1

n=1 m=

Let N be a positive integer and s > 1 a real number. Then

! 1 & k= DIV E g
di = (sN*‘ () - —) 25
flogNt (N -D! ") ; logkt )

and, for x — oo,

N
k- x
9 = 35 g +0((10gx)N+l). 2.6)

We shall need the following lemmas that give bounds for the logarithmic integral.
Lemma 2.2. Fort > 4,

. 1
li(t) > oar 2.7)
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Fort>1,
li(r) <t—0.82<t, (2.8)
() < 1.49@. 2.9)
Fort>10'°,
li(r) < tht #1101 (2.10)
Proor.

e For t>1, the function ¢+ li(f) — ¢t/ logt is increasing and vanishes for
t=3.846....
The function ¢ +— ¢ — li(¢) is minimal for 7 = e and e — li(e) = 0.823.....
The maximum of ¢ — li(f) — 1.49 t/ log t, obtained for ¢ = exp(1.49/0.49), is

-0.04....
e  The function ¢ — li(#) — #/logt—1.1011¢/ log2 t is decreasing for t > 2.95 x 10°
and its value for r = 10'° is —5015.15--- < 0. O

Lemma 2.3. Fort> 77,

t 2t (4
li(z) > t—t —t+ —, 2.11)
logt  logt log’t log*t
fort>4.96x10'2,
t 2t Tt
li(r) < t—t—t —, (2.12)
logr  log®t log’t log*t
and fort > 1,
t 2t 40 ¢
li(r) < (2.13)

+ + +— )
logt  log?r log’r 3 log*t
Proor. For u € {6,7,40/3}, we set

t 2t t

=1i(r) - - - -u .
! logt log’t log’t log*t

From (2.4), we obtain
df (6-u)logt+4u
dt log’ '
For u = 6, f is increasing and vanishes for ¢ = 76.54 ... which proves (2.11).
For u = 7, f is increasing for f < fy = exp(28) = 1.446--- x 10'? and decreasing
for ¢ > ty. One computes f(4.96 x 10'?) = —=259.07 ... < 0 and (2.12) follows.
o Foru=40/3, fisincreasing for ¢ < t; = exp(80/11) = 1440.47 - - - and decreasing
for ¢ > t;. Therefore, (2.13) results from the negativity of f(¢;) = —0.0033.... O
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Lemma 2.4, Fort > 3.28,

1i™'(r) < t(log t + log log 1), (2.14)
fort>41,
1i~'(r) > tlogt, (2.15)
and fort > 12218,
1i™'(r) > r(log 1 + loglog ¢ — 1). (2.16)

ProoF.

e Fort > e, letus consider the function f = li(t(log(¢?) + loglog¢)) — . Denoting log ¢

by L, we have
d_f _logzr+1+loglogr+1/logt 1= L+1-Llog(1+ (logL)/L)
dt — log(t(logt + loglog 1)) L2+ Llog(L+1logL)

The denominator is greater than or equal to 1 and the numerator is greater than or
equaltoL+1—-logL>L+1—-(L—-1)=2>0. So f is increasing and its value
for t = 3.28 is 0.0073 - - - > 0, which completes the proof of (2.14).

e  Now, let us consider f(z) = li(tlogt) — . We have

) = 110gt+ 1 1= 1 —loglogt

og(tlogt) logt + loglogt
for t > e =15.15..., which shows that f is decreasing for 7 > ¢ and, from
f(41) =-0.048 --- < 0, we get (2.15).

e Finally, for t > 1, we set f(¢) = t(logt + loglogt — 1). We have f'(¢) =logt +
loglogt + 1/logt which is positive for ¢ > e so that f is increasing for ¢ > e. As
f(ty) =1 for tp =3.1973 ..., we assume ¢ > fy so that f(r) > 1, L =logt > 1 and
log L > 0 hold. We set

y=t-1i(f(r)) =t - li(¢(logt + loglogt — 1))
and, using the inequality log(1 + u) > u/(1 + u) (for u > —1), we obtain

logL -1 1
og 0= log(1 + 2E=1) - 1
Y log f(¢) =log| 1 + 7 I
logL—1 1 _@-DlogL-2)-1

ZL(1+(1ogL—1)/L) L LL+logL-1)

For 1> ¢” =1618.17 ..., the denominator is positive. The numerator is
increasing, and positive for ¢ = 4678. Therefore, y is increasing for ¢ > 4678. It
remains to calculate y(12218) = 0.00106 - - - > 0 to prove (2.16). O

Levma 2.5. The function t — J1li"\(¢) is defined and increasing for t € R.

e [Itis concave fort > li(e*) = 4.954 .. ..

o Leta <1 bea real number. For t > 31, the function t i) - a(t(log 1)/
is concave.
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Proor.

e Letusset fi = Jli"'(t), o =tlog))/*, F=fi —af and u =1i"'(¢), that is,
t = li(u). We have

dfi _logu dfi _ logu(logu—2) dzfg__3logzt+210gt+3
dt — 2+u’ dit 432 Tode 16(tlog 1)7/4

Let us assume ¢ > li(e?). We have u > €%, logu > 2 and (d*f;/ df*) < 0, so that f;
is concave.

e Further, (d*f>/ dt*) < 0 so that if a < 0 then F = f; — af; is concave. Moreover,
from (2.8) and (2.7), we have u/logu <t =liu < u and

d2f2< 3log’u +2logu + 3

0<- .
=72 = 16(u(1 = (loglog u)/ log )/

If 0 < a < 1 holds, it suffices to show that |(d> f»/ dt*)/(d*fi/ d*)| < 1. Writing L
for log u leads to

a’f, /d2 fi 1 (1 1ogL)—7/4(3L2 +2L + 3)
dez | de2 |~ 4yl L L(L-2)
1 log L\~ 8 19
=—(1- = . 2.1
4u1/4( L ) (3+L+L(L—2)) @17

The three factors on the right-hand side of (2.17) are positive and decreasing on u
so that their product is decreasing, and for u = 103, r = 30.77. .. it is less than 1. |

Remark 2.6. By using more accurate inequalities, it would be possible to replace the
boundt>31bytr>842....

2.3. Study of m,(x) = 3, p*- Without any hypothesis, improving on results of
Massias and Robin about the bounds of 7,(x) = X<, p" (see [17, Théoreme D]),
by using recent improvements on effective estimates of 6(x), we prove the following
proposition.

Prorosition 2.7. Let «, x; = x1(@) be two real numbers such that 0 < a <1,
x1 = 89967803 and |60(x) — x| < a x/ log3 x for x > x1. Then, for r > 0.6 and x > xi,

r+1 xr+ 1 2 xr+ 1

m.(x)<Co + + +
(0= Co (r+Dlogx  (r+1)2log’x (r+1)3log’ x

N (Slar* + 176ar’ + 222ar? + 120ar + 23a + 168)x™*!
24(r + 1)*log* x

(2.18)
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with
Co= () x10(x1)  3art + 8ar’ +6ar’ +24 — @ liH)
log x; 24
QBar? + 5ar* + ar +24 - a)x?” aBr? +2r — l)xq+1
24log x, T 2dlog x,
a(3r - l)xfrl aoc{H

— . 2.19
1210g> x; 4log* x, ( )

Let ro(@) be the unique positive root of the equation 3r* + 81> + 6r> —24a — 1 = 0.
We have ro(a) > ro(1) = 1.1445.... For 0.06 < r < ro(@) and x > xi(a),

r+1 xr+ 1 2 xr+ 1

T(x Z’C\+ + +
(0= Co (r+Dlogx  (r+1)2log’x (r+1)31og’x

Qar* + Tar’ + 9ar* + Sar + a — 6)x’*!

, 2.20
(r+ D)*log* x (220
while if r > ro(@) and x > x;(a), we have
. r+1 r+1 2 r+1
. (x) > Co + + al 5+ al 3
(r+Dlogx (r+1)2logx (r+1)3log’ x
(5lar* + 176ar® + 222ar? + 120ar + 23« — 168)x"*! 221)
24(r + 1)* log* x ' '
with
— x|6(x 3art + 8ar® + 6ar? —a - 24
Comm(n) - 0 ( 1)+ ar* + 8ar® + 6ar? — « lie )
log x; 24
Bar’ +5ar? +ar —a — 24))chrl a(B3r? + 2r — l)xf’l
241log x, 2410g” x|
a(3r - l)xfr] cwc{+1
- 3 + — (2.22)
121log” x; 4log” x;
Proor. It is convenient to set
s=r+1.
By Stieltjes integral, we have
X s—1
()= P =i () = () + f 1og: 6]

P<X 1

and, by partial integration,

s-1g xs—lg X X -1 ts—2 ts—Z
Fo1 () = Tos (1) + S0 21 60D f ((S LA )e(z) dr. (2.23)
log x log x| x log ¢ log? ¢
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Since x > x;(@) holds, in (2.23), from our assumption, we have 6(x) < x + ax/ log3 X.
Under the integral sign, as s > 1 + 1/log x;(@) > 1 + 1/10g(89967 803) = 1.054 ...,
the expression in parentheses is positive and 6(¢) > ¢ — at/ log® ¢, which implies

7)) X axt

+ —_—
log x| L I*

Ts—1(x) S 7y (x1) — —(s=DhL+ L+ (s— Daly—als, (2.24)

with L =logx and, for i > 1, [; = fxf (ts‘l/logi 1) dt = fi(x) — fi(x;) with fi(f) =
f(t“l/ log' 7). By (2.5), we obtain

15 s st 15
=1i(¢*), = sli(#¥) — , = —1i(¢%) - - ,
H =),  for=sli) Tog? f3 > 1(°) 2logt  2logs
£ s 1i(#%) ~ §2t st 7
4 6 6logt  6log’sr 3log’t
. s*1i(r) ~ s ~ §2t st P
ST 24 24logr 2410t 12log’r  4logtt
Let us set
fO=-(-Dfi+ o+ (- Dafs—afs
_ 3ast —das’ + 24 i) — Bas’® — 4as? +24)¢
- 24 24 logt
3s — )’ 3s =4’ 1
_ as@s 2) _ aBs 3) T (2.25)
24 1log” t 121log’ ¢ 4log™t
From (2.24), we have
s s x*719(x
()< Cot S+ L ) with Co = ey — D )
L I* log x;

Now, we have s = 7 + 1 > 1.6, x° > x; (@) > 89967 803'® > 4.96 - 10'2, and we may
use the upper bound (2.12) of li(x*) in (2.25) to get

S

(1) < Co + X N x5 N 2x5 N (5las* — 28as® + 168)x*
me_1(x) < —

! OTSL T 22T S 245414

which, by substituting r + 1 for s, proves (2.18) and (2.19).

To get a lower bound for ,_;(x), in (2.23), we use the inequalities 6(x) > x — ax/L?
and 6(t) <t + at/ log3 t. We obtain

fO=—(s=Dfi + o= (s = Dafs+afs
—3as* +das® +24 s Bas® — das®> - 24)°
= Li(#*) +
24 24logt
. as(3s —Ht*  a(B3s—4)t° at’

+ —_
24log? t 121og®r  4log*t
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(note that f(t) is obtained by substituting —« for @ in (2.25)) and

-1g -
X0t - f(x1).

S S
0 S e
log x;

71(x) > Co + "f - “L—’j +F(x) with Co = 7y (x1) —

Let us set o(r) = 3r* + 87 + 6r° —24/a — 1. We have ¢’ (r) = 12r(r + 1)*; ¢ is minimal
and negative for r = 0 and has one negative and one positive root, ry(a). Note that
ro(@) is decreasing on a. We compute ro(1) = 1.1445...,ry(0.5) = 1.4377 ... and
r0(0.15) =2.1086.... _

The coefficient of li(x*) in f(x) is

“Bas* +4as’ +24  Bar' - 8ar’ —6ar’ + @ +24  ap(r)
24 N 24 T 24
and changes sign for r = ro(a). For 0.06 < r < ro(a) we have x* > x} > x]%° > 77 and
we use the lower bound (2.11) of li(x*) in ]?(x) to get (2.20), while for r > ry(a@),

x5 > xl(a')z'14 > 89967 80324 > 4.96 x 10'2 and we use (2.12) to get (2.21). O
CoroLLARY 2.8. For x > 110117910,
2 2 2 107 2
A1) € o b o b s (2.26)
2logx  4log®x 4log’x 160log”* x
and, for x > 905238 547,
2 2 2 3 2
() > al al il 2.27)

+ + + .
2logx  4log’x 4log’x 20log*x
Proor. We choose r =1, @ = 0.15, x; = 19035709 163 and, from (2.2), we apply
(2.18). By computation we get my(x;) = 7823414 443 039 054 263,

0(x1) = 19035493 858.482419137..., f(x;)=-7.485421258---% 10"8

and Cy, defined by (2.19) with r = 1, is equal to —1.586--- x 10'* < 0 so that (2.26)

follows from (2.18) for x > x; and, by computation, for 110 117909 < x < x;.
Similarly, Cy, defined by (2.22), is equal to 1.655---x 10'* > 0 which implies

(2.27) from (2.20) for x > x; and by computation for 905238 546 < x < x;. O

Remark 2.9. In [2, Theorem 6.7 and Proposition 6.9], Axler gives similar estimates
for 7y (x).

Lemma 2.10. Let us assume that x > xo = 10'° + 19 and n = r,(x) hold. Then x satisfies

Jog| logl
\/nlogn(l +0.365 —Oigog") <x< \/nlogn(l L8 Og"). (2.28)
n

2logn

Proor. When x — oo, from the formula n = 7;(x) = li(x?) + O(x? exp(—a log x)) with
a > 0 (see [18, Lemme B]), we can see that the asymptotic expansion of x is given by
(1.8). In particular, we have

loglogn — 1+ o1
x= \/nlogn(1+ o8 ngnlogn o )), 7 o0, (2.29)
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Now we have to prove the effective bounds (2.28) of x. For convenience, we write L for
logn and A for log log n. We suppose x > xo = 10! + 19. We have n > ng = 1(xg) =
2.22x---10'% L =logn > 42.24 and A = loglogn > 3.74.

The upper bound. Let us note f(n) = VnL(l + A/2L). Since (#*/2log)(1 +
(1/21og 1)) is increasing as a function of ¢ for ¢ > e, the inequality x < f(n) is equivalent

to
2

x fn)? 1
2log x (1 * Zlogx) = 2log f(n) (1 * 210gf(n))' (2.30)

From (2.27), for x > xo, we have (x*/21log x)(1 + (1/21og x)) < m;(x) = n. Note that
this result has been proved in [3, Corollary 6.10] for x > 302971. Thus to ensure
(2.30) it suffices to prove

f(n)? 1
= 2log f(n) (1 " 2log f(n))‘

As we have 2log f(n) = L+ A+ 2log(1 + 1/(2L)) < L + A + A/L, it suffices to show
that

2
nL(l + A/(2L)) (1 N 1 )> .
L+A+A/L L+A+A/L

or, equivalently, that
LA+ A/QLYX(L+A+A/L+1)=(L+ A+ A/L)*>0.

But the left-hand side above is equal to
2 34\ 2 1
L+—(1————)+—(1+—),
4 L 12] 4L L
which is positive for L > 4, that is, for n > et

The lower bound. First, from (2.26), for x > xy, we have

B < x2 X2 1 107 < x2 | a
n=m < 2log x * 410g2x( * log xp * 4010g2x0) ~ 2logx ( * 210gx)
(2.31)
with a = 1.049. This time, we set f(n) = VnL(1 + bA/L) with b = 0.365. We have
2log f(n) = L+ A+ 2log(1 + bA/L). Using the inequality log(1 + u) > u/(1 + ug) valid
for 0 < u < uy, we have

2log f(n) > L+ A+ cod/L withco=0.7 <2b/(1 + bAdy/Ly) =0.707.... (2.32)

We have to prove that x > f(n) holds for n > ng. From the increasingness of the
mapping ¢ — (t*/21log £)(1 + (a/2 log 1)), it suffices to show that
2

* f(n)2 a
2logx (1 " 2log x) z 2log f(n) (1 * 210gf(n))‘ (2.33)
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From (2.31) and (2.32), to prove (2.33), it suffices to prove

. nLd +b/l/L)2(1 . a )
T L+ A+ cd/L L+ A+ cod/L)
that is,
bA\? A A\
L(1+f)(L /l+%+a) (L+/l+c%) <0 (2.34)

and, equivalently, by expanding (2.34) and dividing by AL, that

(b2 +2b- DA+ 2ab b2 + ab*A

2b—1+
L L2
1 2Ab-1) b2\ ¢

+c0(—z+ 2 ) 2 <o. (2.35)

The coeflicient of ¢g in (2.35) satisfies

_ 232
CO(__+2/l(b 1) b/l)S 62 /l(zb b* A ) co dA

12 B ~2
with d = 0.88 < ¢o(2 — 2b — b*Ay/Lo) = 0.8807 ... ., so that it suffices to show that

(b2 +2b—- DA+ Zab P22+ (ab*> —d)Ad ¢

B=2b-1+ - — <0,
L 12 L

for L = exp(4d) and A > Ay. For that, we write ¢y = c; + ¢ + ¢3 with ¢; = 0.44 and
¢y +¢c3 =0.26. We have

(b2 +2b—1)A +2ab - ¢, b*A% + (ab® — d)A — 3L

=lb-1+5-2
A L L 12

(2.36)

It is easy to see that a/Ad —c¢;/L =1.049/4 — 0.44e is decreasing for A > 0 and its

value for A = 4y is 0.2698. . ., so that the term in square brackets in (2.36) is negative.
For 1y < 1 £4.3 we choose ¢; = 0.26, ¢3 = 0, and we have

(b* +2b— DA+ 2ab —cy < (B> +2b— 1)y + 2ab — ¢ = —0.0062 - -- < 0

and b*A + (ab® — d) < 4.3b* + (ab*> — d) = —0.167 .. ., so that B is negative.
For 1 > 4.3, we choose ¢, = 0.18, ¢3 = 0.08, and we have

(b* +2b — 1)A + 2ab — ¢, < 4.3(b* +2b — 1) + 2ab — ¢; = —0.0023 - -- < 0.
The inequality A> <4e*?=4L/e* implies b*A%> — c3L < (4b%e™> — ¢3) L =

—0.0078 ...L < 0 and, as we also have ab* —d = —=0.74 - - - < 0, we conclude that B
is still negative, which completes the proof of Lemma 2.10. O
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2.4. The Riemann ¢ function and explicit formulas for ¢ and I1;.

2.4.1. Explicit formulas. We shall use the two explicit formulas

A » 1 1
W(x) = x + % - ; -~ log(m) ~ 5 log(l - ;) x>1, (237

(see [16, pages 334 and 353] with r = 0 and ¢’(0)/£(0) = log(2n)), and

. XA(x) f‘” X! f‘” dt
IT; (x) = li(x?) + - dt—logl2+ | ——o,
100 = i 2logx ; L p—t 8 . (#-1Dlogt

(2.38)
(see [16, pages 360 and 361], with R = 1 and {(-1) = -1/12).

In connection with (2.37) we shall use the following lemma (cf. [15, page 169
Théoreme 5.8(b)] or [14, page 162 Theorem 5.8(b)]):

Lemma 2.11. If a, b are fixed real numbers satisfying 1 < a < b < oo, and g any function
with a continuous derivative on the interval [a, b], then

b b 1 1 N
fa 2(W(t) di = f g(t)[t—log(Zn)—Elog(l—t—z)] dt—zp: f g0 di. (239

We also have (see [13, page 67] or [5, page 272])

1 1
Z—=1+§—zlogn—logz:0.023095708966121033...
P
P
and
1 11 1
D :Z(—+—):2Z—:0.0461914179322420.... (2.40)
—p(l-p) Zp 1-p ~p

The coefficients vy,, are defined by the Laurent expansion of {(s) around 1 (cf. [5,
Section 10.3.5]):

1 > Y "
§<s>:s_—l+;%(s_1) .

We have

m= 0 1 2 3 4
Ym =||0.57721...|-0.07281.../-0.00969. ../0.00205 .. .|0.00232....

The coeflicients 9, are defined by 6; = g, 9> =2y + y(z), and, form > 1,

m—1

Y Z :
Ome1 = (m+ 1)_W: + m
ml !

Yjém—j
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These coefficients allow us to compute the sums ., (1/0™) (see [5, pages 207 and

272)):
Z/% —1 +(5m—§(m)(1 —Zim) ms 2. (2.41)

P
For m = 2, we get

1 2

> :1—%+271 +92 = —0.046 154317295 8046. ...
0

P

2.4.2. Computation of 3., 1/|p(1 + p)| and 3, 1/19pl%. It is known (see [28]) that
every nontrivial root p of { satisfies

|3(p)| > 14.134725 141734693 79. (2.42)
LemmA 2.12. Under the Riemann hypothesis, for k > 2,
1 10
— < —. 243
2 F S (243)
P
Proor. Under the Riemann hypothesis, we have p = 1 — p, and from (2.40),
1 1 1
— = =0.04619141-.- < —. (2.44)
Zp: lol? Zp: p(1 = p) 20

Using (2.42), we may write
1 1 1 196
R G P
; ok~ 14k-2 Zp] o> ~ 20 x 14~

which proves (2.43). O

Lemma 2.13. Let t be a complex number satisfying |t| < 1/2. Then

o)

fO) =1 -1 =212 = ; cat” with0 < ¢, < g 2", (2.45)

and, if |t| < 1/6,
R(f@) >3 and |13(fD)<3.

Proor. We have (1 —7)~1/2 = om0 Ant" With

(=3)(=3)- (=) 1 (2n)S N

0<a,=(-1)"

n! Y
Therefore,
n/2 s 2
~ 1 on+
0<c,= Zam(zn 2markZm) <2" Z 47 = Ty
m=0 m=0
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which proves (2.45). If || < 1/6, then

n=1

whence
(o) [e'e] . l
R(f(1) = 1 +%(;cn )21 —’;Cnt SRER
and
(o) (o] ., 2
NUOE ‘S(Z A E D] <3
which completes the proof of Lemma 2.13. O

LemMaA 2.14. Under the Riemann hypothesis, in the notation of (2.45), we have

Z lo(1 +p)| Z Z o2 (2.46)

Proor. Let p =1/2 + 1y be a nontrivial root of ¢ (s) under the Riemann hypothesis.
First we observe that f defined by (2.45) satisfies

(_l f(l))z - ! - ! - (2.47)
P> \p Pt =1/p)(A =2/p)  p(l=p)p+D2-p) |o(l+p)
so that —f(1/p)/p? is real. Let us write

1
f(—) —a+h
Jo
As, by (2.42), [1/p| < 1/14, Lemma 2.13 gives a > 1/3, |b| < 2/3 and
3 1 f(l)—— at+br (y* = 1/4 + ry)(a + bi)
2\l A2ze? T A4+

Thus the sign of —f(1/p)/p? is the sign of a(y? — 1/4) — by. As

a0? =14~ by = 5(v = 7) - 2hi= 5 (b - 22 I)(| -2 2‘5) -0

we have —f(1/p)/p? > 0, which, with (2.47), shows that

1 3 1 ( 1 )
(1 +p)l > \p/)
Therefore, from Lemma 2.13, we get

1 1 [ ¢p
; p(+pl _; p? (Zg p_") (249

and, since from Lemmas 2.12 and 2.13 the sum },, (c,/ lo|"*?) is finite, we may
permute the summations in (2.48), which yields (2.46). O
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By using Lemmas 2.12-2.14 together with formula (2.41), it is possible to compute
c defined in (1.10) with great precision.

Lemma 2.15. Under the Riemann hypothesis, ., (1/8(p)*) < 0.046 249 3.
Proor. Let us set p = 1/2 + ry. From (2.42) we have |y| = 14.134, and from (2.44) we

have
Z Zl+1/(47) Z“m
1/4+y2 > 1/4 + 2
1 1
=1+ —— )Y = <0.0462493.
(+4X14.1342)Zp:|p|2_006 93

A more precise estimate can be obtained by writing y> = —(p — 1/2)*:
1 1-1/Cp)%  xm+1 1
;)7_;_ 02 __’;) m (;pmﬂ)'

To calculate the above series, choose some M > 0. For m < M, use (2.41), and for
m > M, use Lemma 2.12 to get an upper bound for the remainder. O

3. Computation of & (n)

For n small, a table of h(n) for n < 10° has been precomputed by the naive algorithm
described in [7, Section 1.4].

For the computation of A(n) for n large, the algorithm described in [7] is used. Let
us recall some points about it.

3.1. Computing an isolated value of h(n) or log h(n) for n possibly large.

e The factorization of h(n). Let k = k(n) be defined above by (1.13). The value A(n)
may be written as the product (see [7, Section 8])

h(n) = Ny - G(p, n — o), (3.1
where G(p, m) is defined in [9] by

G(p, m) — max =2 " xs Q Q2 Q\
q192 - {qs
the maximum being taken over the primes Qi, Oz, ..., 05, q1,92,---,qs, $ =0,

satisfying

N
22gs<q1 < <qEpp<Q1<@r<---<Q and Z(Qi—%')ﬁm-
P

Of course, h(n) is an integer, and equation (3.1) says that the prime factors of A(n)
are

(p1.p2.- - pid\ 91,92, - 4D U {01, Qo .., Qs (3.2)

https://doi.org/10.1017/51446788718000083 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000083

[19] An arithmetic equivalence of the Riemann hypothesis 253

Thus the computation of p; and G(py,n — o) gives the factorization of h(n). We
remark that, for large values of n, say n > 10, this factorization is not really
effective because we are not able to enumerate the primes py, ps, ..., pi.

e  Computing G(py,n — o). The execution of the algorithm described in
[9, Section 9] is relatively fast and shows that s is small and that, with the
exception of the smallest one, g, all primes of {g1, ¢, ...,qs} U{Q1,02,..., Oy}
are very close to p;. But we are unable to prove this fact, nor evaluate the
complexity of this algorithm, nor even its termination. The time for computing
1000 values G(py, n — o) for n close to 10® is about 4 seconds.

e  Computing py and oy. For small values of n, say n < 10'%, the trivial method
may be used: we add the first j primes until the sum o; exceeds n. If n
is very large, say n > 10**, this is impracticable. But the Lagarias—Miller—
Odlysko algorithm for computing 7(x), improved by Deléglise and Rivat to cost
O(x*/3/ log? x) operations (see [10]), may be adapted to compute at the same
cost sums of the form S;(x) = 3., f(p) where f is a completely multiplicative
function. Choosing f(x) = x, we are able to compute 71(x) = 3. ,<, p with the
same complexity, and also to compute p; and s; in time O(n'/?/(logn)’?)
(see [7, Section 8] for more details).

e Computing log(h(n)). Once py, s; and G(py, n — si) are computed, from the prime
factors (3.2) of h(n) we get

logh(n) = 6(pi) +  log(Q) = > log(g)).
1<j<s 1<j<s

The last two terms of this sum are obtained by computing a small number of log
values, the (log g;)i<i<s and (log Q;)i<i<s. It remains to compute 6(py). If p; is
small, say p; < 10'°, we may use the naive algorithm, enumerate the primes up to
pi and add their logarithms. If py is large, the naive algorithm is too slow.

To compute 6(x) more efficiently, we first compute ¥(x) in O(x*/3*€), using the
algorithm given in [11], and then add the difference (x) — 6(x) which is easily
computed in time O(x!/?*€) by the naive algorithm (see [25]). Some values of 6(x)
for x up to 10'8 are given in [26]. Table 1 shows, for 2 < n < 18, the largest prime
pr < 10", 8(pr) = log (o) and by, .

3.2. The computations we did for this work.

Computation of all the b, for p; < 10000000 019. For the proof of (5.42) and
(5.43) in Proposition 5.11 we need to compute b, for all the primes p; < 10'° + 19.
The sophisticated method presented in [25] to compute 6(py) is useless because each
value 6(p;) we need is obtained at once from the previous one 6(p,_1) by adding log py.

We enumerate the 455052 512 primes up to p4ssos2712 = 10000000019, computing
for each of them oy, logh(ok) = 6(pr) and b,,. This was the most expensive
computation we did. It took about 7 hours.

Computation of isolated values of h(n). For the proof of (5.44) in Proposition 5.11
we compute isolated values of b, for n < n; = 305926 023. Here also, for these small
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TasLE 1. Values of py, 0(pk), by, , where py is the largest prime less than 10".

10" Di 0(10") = 0(px) = log(h(o)) bo,,

102 97 83.7283903990639229450269228 0.7971418778
103 997 956.245265120058867812401516 0.8664331562
104 9973 9895.99137915698731266894967 0.8251657523
10° 99 991 99685.3892686125508366238513 0.7737525640
106 999 983 998484.175025634292133973037 0.7367904834
107 9999991 | 9.99517931785631189684434575e6 | 0.7143942804
108 99 999 989 | 9.99877300180220043832124342e7 | 0.7140806334
109 999 999 937 | 9.99968978577566144799126238¢e8 | 0.7031135733
1010 9999 999 967 | 9.99993983065775738415922199€9 | 0.6775769607
101 99 999 999 977 | 9.99997376531074446948519125¢10 | 0.6722402061
1012 999 999 999 989 | 9.99999030333096224636996079¢11 | 0.6691580533
1013 9999 999 999 971 | 9.99999698829303419965318214e12 | 0.6701952673
1014 99 999 999 999 973 | 9.99999905732469785384070303e13 | 0.6750588408
1015 999 999 999 999 989 | 9.99999965752660939840767064e14 | 0.6751612720
1016 9999 999 999 999 937 | 9.99999988771710403489939845e15 | 0.6632601747
1017 99 999 999 999 999 997 | 9.99999997065823724523710638¢e16 | 0.6521858401
1018 | 999 999 999 999 999 989 | 9.99999999144115634512109067¢17 | 0.6693675714

[20]

values of n we do not need the method presented in [25] to speed up the computations
of the 8(py) values. We content ourselves with using a precomputed table of (o7, ;)
values. The essential cost of each computation of &(n) is then reduced to the cost of
computation of G(py, n — o).

4. Estimates of b,

In the proof of Theorem 1.1 we shall use Lemmas 4.1-4.4. The first of these

establishes a property of concavity (see Figure 1 which displays the graph of (n, b))
for 2 < n < 100).

Lemmva 4.1. Let b, be defined by (1.9) and k = k(n) by (1.13). For each n > 2, if
min(by,, by,,,) < 1, then

Ok+1
by > min(by,, by, ).

Proor. Computation shows that b, > min(b,,, bs,,,) is satisfied if n < 41 = 0. Thus
we may suppose n > 41. Let us set € = (1og pi+1)/pr+1. The function ¢(¢) = logt — et
is concave for > 1. For k > 2, we have ¢(2) = log?2 — 210g pi+1/pi+1 = log?2 —
21log5/5 > 0 and ¢(pr+1) = 0. Let g denote an arbitrary prime number. Thus ¢(g) is
greater than or equal to O for 2 < g < p; and less than or equal to O for g > py4;. Then,
for each squarefree integer N,

logN —stMN)=> 6@ < >, ¢@< ) ¢
qIN qlN, q<pr q=<p

=log Ny — €0 = l0g Niy1 — E07441- “4.1)
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o8

L]

04

FiGure 1. Graph of (n, b,)2<n<100- The black squares are the (o, b, ) points.

We write
n=ao;+Por; withO<a<landf=1-a. 4.2)

From (1.1), €£(h(n)) < n holds and applying (4.1) to N = h(n) yields

log h(n) < ef(h(n)) + log Ny, — g0y < en + log Ny — g0
= &(aoy + fois1) + a(log Ny — e0y) + flog Nyt — £07k41)
=alog Ny + Blog Ni41. “4.3)

Let us define ®(¢) on each interval [0, 0k+1] by

D(t) = i (1) — min(by,, by, )(tlog 1)/, (4.4)

Since min(by,, bs,,,) < 1 and o > 31 are assumed, from Lemma 2.5, ® is concave on
[0k, Ok+1]- Moreover, from the definition of b, and b, ,, we have log Ny = log h(oy) =

VI (0p) = bo (ok log o) * < ®(0y) and log Ny = log h(0ks1) < P(0y41), which,
from (4.3) and (4.2), implies

log h(n) < @log Ny + Blog Nt < a (o) + B O(0+1) < Olaoy + o) = O(n).

With (1.9) defining b, and (4.4), this gives b, > min(b,, bs,,,)- O

Lemma 4.2. Let ny, ny be integers such that 2 < ny < np. If lifl(nz) > log h(n)) then,

forn; <n <y,
Jli™ (n2) — log h(ny)

b, <
(my logny)'/*
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Proor. This results from formula (1.9), defining b,,, and from the nondecreasingness
of V1i™!, logh and nlogn. O

Lemma 4.3. Let u > 0, ny, ny be integers such that 16 < ny < ny and

i () = log h(my)

(ny logny)t/

loglogn,

2
S§+c+ 4.5)

log ny
Then 5 log1
b,<=+c+u 0g08n
3 logn

(4.6)

holds for each n € [ny, ny ).

Proor. We have b, < (/i (n2) — log h(ny)/(nlog m)'/*). If \Jli™" (n2) — log h(ny) < 0,

then b, < 0 and (4.6) holds. If \/h‘l(nz) —log h(ny) > 0, (4.6) results from (4.5) and
the decreasingness of ¢ + 2/3 + uloglogn/logn for n > 16. O

Levmma 4.4. Let py satisfy py > xo = 1019+ 19, o = Zpgpk p = ny = m(xp), and n be
an integer such that oy < n < 0y Then
1 1 1
> >
logo,  logn (1 +3x10719]ogoy

4.7)

and

\/11-1(;1) —~ \/11-1(ak) < 1.141log oy. 4.8)
Proor. First, from Bertrand’s postulate, we have py.; < 2p; and
n—0% <Okl — Ok = Pyl < 2Pi.

From Lemma 2.10, as o = m1(py) holds, we have

log1 logl
Pr < \/O'kloga-k(l + M) < (1 + M)\/a'k log o

2log oy 2logng
< 1.045 Tk 10g Tk,
so that

I
NS Tpat < 0%+ 2px < 0%+ 2.09 \Jog log o = ak(l +2.09 |28 U") 4.9)
Tk

holds. Furthermore, we obtain

1 2.09
logn <logoy +2.09 8Tk _ log o-k(l + —)
Ok Vo log oy

2.0
0 ) <(1+3%x107%log oy,

\no log ng

<log a-k(l +

which implies (4.7).
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Let us set f(¢) = \lli_l(t). From Lemma 2.5, we know that f'(¢) =

(log i'(0)/2 \lli_l(t)) is positive and decreasing for i) > 2. By the mean value

theorem, we have f(n) — f(ox) < (n — o) f' (o) and, from (4.9) and (2.15),

2 Jli N (o)

log
— 1.045log o-k(l ; M)
log o

log1
+ 0oglogny

< 1.045(1
log ng

which proves (4.8).

5. Proof of Theorem 1.1
Let x satisfy py < x < pgs1. Then, from (1.12) and (1.14),

oy =m(x), logh(oy) =log Ny =6(x)

VI G (x) - 6(x)

Pn = T logmo

and, from (1.9),

)logO'k =1.1376...log oy,

logli™! 1 1
Vi) = i o) < (1 - ) 22T <209 o Tog oy 281087

2\/0'k10g0-k

The aim of Sections 5.1-5.4 is to obtain, under the Riemann hypothesis, an effective

estimate of the numerator of b, .

5.1. Estimate of li(6%(x)).

Levma 5.1. Under the Riemann hypothesis, for x > xo = 1010 + 19,

(0 (x)) = i) + ——(0(x) — x) + K, (x)
log x

with 0 < K;(x) < 0.0008x log® x.

(5.1

Proor. Let us assume that x > xo holds. Applying Taylor’s formula to the function

t - 1i(£?) yields
(6% (x)) = li(x®) + X O(x) = x) + K1(x)
log x

with

1 1 )(0()6) - x)?

K = —
! (X) (IOg Vv 10g2 Vv 2 ’

where v satisfies v > min(x, 8(x)). From (2.3), we get
2 2
3 log” x 51 log” xo

0(x)
— 21 > — >0.9997
x 8 Vx 87 \/Xo
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and v > 0.9997x holds. Setting € = —1og 0.9997 yields logv > log x — & and

1 1 1 1 1 £
< - < < = 1
logv  log?v logv ™ logx—e logx
1 ( £ ) 1.000014
< 1+ < .
log x

+
logx—¢

logxo—&/~ logx

Finally, (2.3) and (5.2) imply 0 < K;(x) < (1.000014/2 log x)((1/87) v/x log® x)* <
0.000792 xlog® x, which completes the proof of (5.1). O

5.2. Estimate of IT;(x) — m1(x).

Lemma 5.2. Under the Riemann hypothesis, for x > xo = 1010 + 19,

p" X! xA(x)
I (x) = ;x = () - Z GeDloss  2losxt Ka(x) (5.3)

with |K>(x)| < 0.04625(x*/%/ log? x).
Proor. In view of (2.38), we first consider the integral f_ Of (x*~"/p — 1) dt where p is a
nontrivial zero of . Partial integration yields
00 ot K+l 00 p—tlogx
dt = +J ith J,(x) = dt,
Nt GG o

and, since R(p) = 1/2,

\/_ 00 —zlogx x3/2

J, di = '
0% g | 567 “= o o3

Let us set J(x) = 3, J,(x). Applying Lemma 2.15 yields

32
M=) J(x)| < <0.0462493
zp: ! log x Z 3(py? log” x
and (2.38) implies
. xXA(x) xP!
I, (x) = L - K 4
1) 1()C)Jr210gx Zp:(P+1)logx+ 2(x) (5.4)

with

K>(x) = —10g 12 - J(x) + f m

For ¢ > x > 2, we have (1/(> — 1)log ) < (4/3¢* log x) and

L4 fdt_ 4
(2 -1)logt ~ 3logx J, £ 3xlogx
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so that
3/2

a0 < (0.0462493 +
X

4log x N (log 12) logzx) (5.5)

355/2 32

In (5.5), the expression in parentheses is decreasing for x > xj and its value for x = xg

is less than 0.04625, which, together with (5.4), completes the proof of (5.3). O
LeEmma 5.3. For x > 2,
X X . log x
M) =m0 = S = 0) = Y B withx=| o], (5.6)
ogx — log?2
and
1 1
B, =-— f 5—(klogr — 1)0(r) dt. 5.7
kJx  log*t
Proor. From the definition of IT;,
K k K 1/k
_ oo m(x)
M@ -m@=) > ==
k=2 prl/k k=2
and, by Stieltjes integral,
vt 0(y)y* !
. )zf L 6y = _f “(klog? ~ (o) dr,
K0 - logt logy log® ¢ g
so that
0x'x 1 f"”" 7!
I1 - klogt— 1)0(t) dt
1) =) = Z HoE T kZ; T) fogKlogt = DA
X K
=— —-6(x))— > By
g x V) 60 ; ’ o

5.3. Bounding 3% Bj.

PrOPOSITION 5.4. Under the Riemann hypothesis, for x > xo = 101 + 19 and « =
log x/log 2], By defined by (5.7) satisﬁes
3/2

2 3/2
= _03 <Z By < +0.31 . (5.8)
310gx log X = logx log X

Proor. The proof of this proposition is rather technical. We begin by establishing some
lemmas. For k < k, we have x!'/* > xlog2/logx = 2 and for t > 2 and k > 2, we have
klogt > 1, so that By > 0 holds.

LEMMA 5.5. For x > xo, we have the bounds

413
0< By < 1.066
kz; log x

(5.9)
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Proor. Using (2.1) and (2.5), we have

1/k

1 Tkt

Bi<—= f ——dt = (1 + )(li(x"*) 12" < (1 + e Lix"*/%),
kK J, logt

with € = 7.5 x 1077, Now, by (2.10),

1+1/k 1.101 1. 1+1/k
Bi<(1+e)— ( 0 )< 05x 7 (5.10)
log x!+1/k logxo/ ~ (1+1/k)logx
The hypothesis x > xo implies k > 33. Furthermore,
K 26 -
S (S
= ogx \&1+ / og
26 1/k=1/3
< 1'05x4/3( Yo . log %o x(l)/27—1/3) < 1.066 s . o
log x e 1+1/k  log2 log x

The upper bound (5.10) is good for k > 3, but for kK = 2 we need a better one. For
a € C, let us define

1w 2t t
I, == f Fdt, with F(t)= — — -
2 ) logt log“t

LemMA 5.6. For a belonging to {0 1} and x > xoy = 100 + 19,

1 1
535790

2 x@+2)/2 2anx@+d2

(5.11)

a

Ta+2 log x - (a+2)2log’x * 0

with 1 <n < 1.101 and -3.15 < 6, < —2.88.

Proor. From (2.5), we have [ F()i® dt = —ali(***) + **/log t and
yx@t+2)/2 Da+2

2log?2’

I,= —g li(x@*212) 4 +6, witho, = gli(Z‘”z) -

log x

where 0, satisfies —3.15 < §, < —2.88. Further, by using inequalities (2.7) and (2.10),
for x > xy, we obtain

li(x(a+2)/2) _ 2 x(a+2)/2 . . 4 x(a+2)/2 ’
(@a+2)logx  (a+2)2log’x
with 1 < < 1.101, whence we get (5.11). O

In view of applying the explicit formula (2.37), we shall need an estimate of
S =2, I,/p where p is a nontrivial zero of .

Levma 5.7. Note that S = %, (I,/p). Under the Riemann hypothesis, for x > xo, we
have |S| < 0.148x/4/log x.
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Proor. Partial integration yields

1w 1 YV 2t t
I,=— FOdt = = (—— )tpdt
p 2]2‘ ® 2]; log ¢ lngt

A2 2 VN 1 Ve
_ (=)= (5= )_f F/(dt
p+1 \logx Jogx/ p+1\log2 Jog*2 > 2Ap+1)

and, since F’(¢) satisfies, for ¢ > 2,

2log?t—3logr+2 - 2log? ¢t _ 2
log® 1 ~ logdt logt’

we have, from (2.5) and R(p) = 1/2,

0<F'(H)=

o+ Dlpl < 3

2514 . 23/2(2 _ l/log 2) f\/} A2
log2 » logt
5/4 320, 51

= 2x_ + 1i(x5/4) _ 11(25/2) + 2 (2 1/ 10g 2) < 2x
log x log2 log x

Further, (5.12), (2.9) and (1.10) yield

2314
IST= ‘Z Z lo(po + 1)|)( l(fgx * ll(XS/4))

5/4 /4
Sc(2+—1‘49)—x <0.148%
5/4

We now return to the proof of Proposition 5.4. From Lemma 2.1, it follows that

+ (). (5.12)

148 —.
logx — log x

4 1 v
J=1p - 511/3 <B<J-1ip+2141 with J = Ef F(t)y(t) dt. (5.13)
2

Now, under the integral sign, we may replace (¢) by its value in the explicit formula
(2.37), and using equality (2.39) of Lemma 2.11, we obtain

1
J=h-S-J withs =) -,
)

and

Ji = % LﬁF(t)(log(Zn) + %log(l - tlz)) dt.

For ¢ > 2, we have F(f) > 0 and 0 < log 27 + 1 log 3 <log2m + 1 log(1 - (1/1)) <
log 2 < 1.84, whence
0 < J; <log(2m)ly < 1.84 I,

and, with the upper bound of B, given by (5.13),
B, <L+ |S| —11/2 +2.14 Iy.
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From Lemmas 5.6 and 5.7, we obtain

2 x3/2 2 X312 5/4 4514
Bo<s = 588+0.1480— — —
3logx 9log’x logx Slogx
4.404x5/4
F I 135+ 214 - 288
25 log? x log x
257 23 P 4 17.616  2.14
< - St 00484 20 —)
3logx  9logx | logx( 57 T T00logx |« X173

and, as the expression in parentheses above is decreasing for x > xo and its value for
X = Xy is negative, we get
2 32 2 32
B, <

2= 310gx B 9]og2x'

‘We now use (5.9) to obtain
- 2x3/2 x? 1 2 1.066logx
Z B, < + (—— + )
o 3logx  log*x\ 9 x1/6

2x3/? x3? ( 2 1.066log xo) 2532 0.31x32
< + -= < +
3logx  log®x 3logx  log’x

+ , (5.14)
1/6
9 Xy

which proves the upper bound of (5.8). Note that for x > 8.48 x 10! the expression in
parentheses in (5.14) is negative and that };_, By < 2x3%/(31og x).
Similarly, we have the lower bound

4 4
By>J -1 - 511/3 >0 = IS|=-Ji =1 — 511/3

4
211 —|S| - 1.84 10—11/2— 5]1/3

5/4

>( 2532 2202 x3/? 5) (4x5/4 4 x4
- 310gx 9]0g2x
4( 6x7/6 6 x'/6

- 2.88) - 0.1481x

510gx_£10g2x ogx

- 2.88) - 1.84(L - 2.88)
log x

3\7log x - 491log> x
2x32 2202 2 x4 8xT/6 x
> - -0. - -1
~3logx  9log®x logx 7logx log x
2x3/2 x3? (2.202 0.948logx 8logx 1.84 logx)
= - +
3logx  log?x\ 9 xl/4 Tx1/3 X2

and, as the expression in the final parentheses is decreasing on x for x > xy and its
value for x = xj is < 0.327, we obtain

ZK: 2,312 B2

By > B, > -

p) 3logx log2 X

which completes the proof of Proposition 5.4. O
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5.4. Estimate of li(6*(x)) — 71 (x).

PRrOPOSITION 5.8. Under the Riemann hypothesis, for x > xo = 10'0 + 19,

32 32

X
+0.36 ———, (5.15
IOgX logzx ( )

2 32 3/2 2
(- - c) X 0426 < () - () < (- + c) X
3 logx ]0g2 X 3

with ¢ defined in (1.10).

Proor. From (5.1) and (5.3) we deduce

o AW o X )
li(@*() =) - 3 oux * ; PESIITYT: K>(x) + —logx(a(x) x) + Ki (%)
xp+l
=m)+ ) O Dioax * K100 — Koo+ A, (5.16)
~ (p og x
with
A(x) =TI (x) - my(x) — ;A(x) +—(Ox) - X).
ogx logx

Further, from Equation (5.6) of Lemma 5.3 and from the explicit formula (2.37) of
(), we have

A K
AW = Z =W -9 -5 10(;1 ->'B
k=2

X xP 1 1 -
- o (_ ; ~ ~logm - 5 log(l - ;)) - ;Bk,
and (5.16) implies li(%(x)) = m1(x) — X, (1 [p(p + 1) log x) + K3(x) with
1 1 -
Ks(x) = K1 (x) — Ky(x) — éc (log(27r) +3 log(l - ;)) N
k=2

For x > xy, we have 0 < log(2r) + % log(1 — (1/x%)) < log(2r) < 1.84, and from (5.1),
(5.3) and (5.8), we obtain the upper bound

0.04625 X3 2x32 0327 x*?

K3(x) <0.0008xlog> x + - ¥
3( ) g logzx 310gx logzx
2 3/2 3/2 1 5
e (0.04625 +0.327 + 0.00085 x)
3logx  log®x X172

2x3/2 N 0.426 x3/2
-3 log X ]()g2 X
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for x > xj. In the same way, we obtain the lower bound for x > x:

0.04625x%%  1.84x 2x32  0.31x%?

K3(x) > — - - =
3 ]og2 x logx 3logx ]0g2 X
2x3/2 3/2 1.841
= - (031 + 0.04625 + ——2E%)
3 IOg X log X xl
2x%2 1.841 32
o~ (031 + 004625 + ~— B2
3logx X, log” x
2,32 3/2
> 03567,
3log x log” x
which completes the proof of Proposition 5.8. O

5.5. Bounds of b, for nlarge. For convenience, in this and the next section we will
use the following notation:

x=pk2x0=1010+19, o =0, =m(x),
L=logo>L),, A=logL>1), v=A1/L<v,. 5.17)

ProposiTION 5.9. Assume the Riemann hypothesis. Let n > ng, b, be defined by (1.9)
and ¢ by (1.10). Then
2 loglogn

——c-0.22 <bn<§+c+0.77

loglogn
3 logn logn

(5.18)

Proor. First, in Sections 5.5.1 and 5.5.2, we consider the case n = o, = m1(x).

5.5.1. Lower bound of by,. By (5.15), (5.17) and the fact that 0.69(2/3 —¢) >
0.426, we can write

e (1 0.69 ) (5.19)

2
l(6*(x) < m(x) =6 =0 -6 withd = (_ _ c)
3 log x

- log x
From (1.14), we have 0(x) = log Ny = logh(o). AsSo =3, p < x%, we have log o <
2logxand 1 —0.69/1logx>1-1.38/logo >1—-1.381/(4pL)=1-1.38v/1y> 1 -
0.37v so that

2\ PP
5> (— - c) (1-037v). (5.20)
3 log x

Further, since the function ¢ > ¢3/?/ log ¢ is increasing, from (2.28), we obtain

x3? S (o log o)¥*(1 + 0.365v)3/? S (o log o)*>4(1 + 0.365v)3/?
logx = L+ 3A+1log(1+0365v) L+ 314+0.365v

which, as the denominator satisfies

L 2 L 073y L 073\ L
S+ 5 +0365 = 5(1 + v(l + T)) < 5(1 + v(l + L_o)) <301+ 1.018v),
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yields

3/2 3.1/4 3/2
X >2(0'_) (1 +0.365v) 521)

logx = \ L 1+ 1.018v

For t > li(¢?) = 4.54 ..., the function f(f) = \lli_l(t) is increasing and concave
(see Lemma 2.5) and we have

log(li™' (1))
N ()

log(li”'())(2 — log(li”' (1))

and [0 = 41 (1)

(=

Inequality (5.19) with the increasingness of f gives f(li(6%(x))) < f(o — 6). Applying
Taylor’s formula, with the concavity of f we get
log h(c) = 0(x) = FU(E*(x)) < f(o = 6) < \li (o) = 6F/(0), (5.22)

and we need a lower bound for f’(o). From (2.14), we have li"' (o) < o(L + A). As the
function  — log(¢)/(2 V?) is decreasing on ¢, we obtain

log(li_l(O')) S log(c(L+4)) L+ A+log(l+v)
ity 2V D 2N

L+2 VLT +)

fo)=

_ , 5.3
VeI D | 2ve 25
and (5.20), (5.21) and (5.23) imply
, 2 e (1+0.3650)2(1 + v)12(1 = 0.37)
5f(0) > (§ - c)(alog o) T . (5.24)

We observe that

(1 +0.365v)°(1 + v)(1 — 0.37v)> = (1 + 1.018v)*(1 — 0.3405)*
=0.31552675 v* + 0.098 730 42y* — 0.198 647 103 641v*
+0.025 3884884125y + 0.006 657 053 412 5»°.

The above polynomial is positive for 0 < v < 1, which implies that in (5.24) the fraction
is >1 — 0.3405v and

5f(0) > (3 — o) (o loga)/*(1 - 0.3405).

Therefore, from the definition (1.9) of b, and (5.22), for p; > xy, we have

by, =by > M > (g — c)(l —0.3405 k)glﬂ)
(clogo)l/d —\3 log o
2 log I
> 2 c-02113 2808%% (5.25)
3 log oy
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5.5.2. Upper bound of by,. The proof is similar to that for the lower bound. Using
(5.15), we have

X2 0.51
(1 + )

2
K@) > o —n  withn= (g + c) oex
X

(5.26)
log x
Further, from the left-hand-side inequality of (2.28), with x = p; and with the notation
of (5.17), we obtain x > /o log o, which implies logx > (L + 2)/2 > L/2,

0.51 1.02 1.02 1

1+ <1+ <1+ <1+0.28v
log x L AoL

and, from the right-hand-side inequality of (2.28) with the increasingness of
(% log ),

2 2oLy +v/2)*?

logx ~ L+2A '

The third derivative of ¢ — (1 + 1)*/? is negative, so that
v\372 v 32 3 y 3 Yo
1 —) <1+ 242 g —(1 —)sl —(1 —)51 0.76
(+2 Tt g v U + v

and
(1+0.76v)(1 +0.28v) <1+ v(1.04+0.2128vy) <1+ 1.06v,

which implies

3/4
< (z + c)ﬂ(l +1.06v). (5.27)

3 L+24
From (5.26) and Taylor’s formula we get

2
log h(c) = 8(x) > f(o — 1) = i\ (@) = nf' (o) + %f”(g) witho—p<&<o
(5.28)
To estimate (>/2)f”'(£), we need a crude upper bound for 7. From (5.27), we have

2 2(cL)3* ot o
n< (— + C)T(l + 1.06v) < 156m < E

Asé> o —o0/2=0/2and|f”(t) is decreasing on ¢, we have

log*(li”' (¢7/2))
41i N (o /2))32

(5.29)

O <1f" o/ <

But, from (2.15),

[T\ T o _O'_L( _10g2)>0'_L( _logZ)
1i (2)>210g(2)— = > 75y > 0.49 oL

and
log?(0.49 o'L) (L + 1) (L+ 2)?

2049 oLy~ 049 oLy~ (oLplr

If" @l <
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Therefore, from (5.29),

(1.56)*> x 1.05

5 (1+v)? <1281 +v)? < 1.28(1 +vp)* < 1.52.  (5.30)

%zlf"@)l <

Inequality (2.15), with the decreasingness of log ¢/ v/, implies

log(li™! () _log(ologo) _ L+4
2 hl—l(o_) a 2 O'lOgO' 2V0'L,

nf () < (3 + o) log o) *(1 + 1.06v). (5.32)
From (5.28), (5.30) and (5.32), we obtain

a2 s w110 o 122 )

But the above fraction is maximal for o- = ng and, therefore, is less than 0.0003, so that

fio) = (5.31)

and from (5.27),

2 log1
log h(oe) = log(h(@)) = i (o) — (— i c)(O'k log o-k)1/4(1 +1.061 M)
3 log o
and, from (1.9) and (1.10),
2 log1 2 logl
b, S(—+c)(1 ; 1.061w)< 2 4c40757 88 (5.33)
3 log o 3 log oy

5.5.3. Bounds of b, for n > ny. Let us recall that oy, is defined by oy < n < og41.
From (5.33), it follows that by, <2/3 + ¢+ 0.757 vy < 0.78 < 1 and we may apply
Lemma 4.1 so that, from (5.25),

2 log1 2 log
by > min(— L 021132089k 2 _ . _ 0.2113w)
3 logoy 3 log 41
_2 o _ooprn3loeloedk 25y 5loglogn
3 log oy 3 log o

Now, from Lemma 4.4, 1/log oy < (1 +3 x 1071%)/1logn holds, which proves the
lower bound of (5.18).

Note that ¢ + 0.22loglogn/logn < ¢ + 0.22vy < 2/3, which implies that the lower
bound in (5.18) is positive so that, for n > ng, b, > 0 and \lli_l(n) — log h(n) > 0 hold.
Therefore, from the definition (1.9) of 5,,, we have

li'(n) — logh li'(n) — logh
b - VI (n) - log (n)< V1! (n) — log h(n)

(nlogn)t/4 T (oplogop)t/4

\lli_l (0k+1) — log h(oy)
<

(o log o)!/#

= 14+ by, (534)
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with, from (4.8),

i (o) = i o) 3/4
V@0 = IT@0 dogoyt

= 5.35
o (@ logap)TF o 53
Therefore, from (5.33) and (4.7), we obtain
2 logl 1 /4
by<=+c+ M(OJW + 1.14%)
3 log o o-k/ loglog oy
2 logl 1 /4
<Zic+ M(O]W + 1.14%)
3 log oy no/ loglogng
<24 cro763t08l08
3 log o
2 logl 2 logl
<2+ 07632828" 2 10.763(1 + 3 x 1071022 08"
3 log o 3 logn
which completes the proof of (5.18) and of Proposition 5.9. O

5.6. Asymptotic bounds of b,,.

Prorosition 5.10. Under the Riemann hypothesis, for k and o tending to infinity, we

have 2 logl o)
oglog oy + )
== (2= .
b (3 c)( T 4 logoy (5:36)
and 2 log| o
b, s(— +c)(1 4 Joglog oy + X )). (5.37)
3 4log oy

Proor. The proof follows the lines of the proof of Proposition 5.9, from which we
retain the notation.

Lower bound. First, from (2.29), with the notation of (5.17),

3(og L + O(1))
3/2 _ 3/4
x'“=(oL) (1 + — i )

logx= %(L +logL+0O(1)) = I—‘(l + M)

2 L

x3? _2(0'L)3/4(1 B 10gL+O(1))

logx L 4L ’

3/2 1)3/4

* =0((°'Z )
log” x L

whence, from (5.19),
2 2034 A+0()
o=~ 520,
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Further, from (5.22) and (5.23), we obtain

. Sf' (o) . SVL+v) 6L1/4(1+ /1+0(1))
TET (D) T 2o D)4 20304 2L

which, with (5.38), yields (5.37).

Upper bound. As for the lower bound, but using (5.26) instead of (5.19), we obtain
2 x3/? 2 2034 A1+0()
S (= 1 - . 5.39
7 (3+C)logx (3”) L1/4( 4L ) (5.39)
Further, (5.28) and (5.30) yield

log h(or) = \li™ (o) = nf"(c) + O(1),
_ V'@ —loght@) ypio + 011y

by, = =
k (0'L)1/4 (0'L)1/4

Here, for f’(0-), we need a sharper upper bound than that of (5.31). From (2.14) and
(2.16), for o tending to infinity, we have li”'(¢") = o/(L + A + O(1)), log(li" (o)) =

L+A+log(1+ A +00)/L) =L+ 1+0(), \Jli''(c) = VoL(1 + (1 + O(1))/(2L))

which implies

(5.40)

and
, log(li~! () L+ 21+0(1) VL A+0(1)
= = = 1 . (541

7@ 2 Jli' (o) 2VoL(1 + (1 + O(1))/(2L)) 2\/5( Y ) G4

Now, from (5.39) and (5.41), we obtain
. (2 14 A+0(1)
nf (0')—(§ +c)(0'L) (1 + 222 )

As (0 L) /L — o, with (5.40), this yields (5.37). o

5.7. Bounds of b,, for n small.
ProposiTion 5.11. Recall that ny = m1(10'° + 19) and that b, is defined by (1.9).
(1) Forn,2<n<ny,
b17=049795---<b, <b1137=104414.... (5.42)
(2) For78 < n < ny,
b, = bioo = by =0.62328--->2/3 —c. (5.43)
(3) For 157933210 <n < ny,

b, < % ey 07708108 (5.44)

logn
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Proor. First, we calculate b, for 2 < o < ng (see Section 3.2). For k > 9, we have
bioo = by, =0.62328 --- < by, < b31117 = by, =0.88447--- < 1.
Therefore, we may apply Lemma 4.1 which implies, for 100 < n < ny,
b, > bipp =0.62328--->2/3 —c.

The computation of b, for 2 < n < 100 completes the proof of (5.43) and of the lower
bound of (5.42).

To prove the upper bound of (5.42), for 053 = 186914 < 0 < ny, we compute
by, + 11 (with 7 defined by (5.35)) and observe that b, + 74 < 1.044 holds, which
implies (see (5.34)) that b, is smaller than 1.044 for 186914 < n < ny. It remains to
calculate b, for 2 < n < 186913 to complete the proof of (5.42).

The proof of (5.44) is more complicated. If the inequality

N 0.77 loglog oy+1

log o+

2
boy + < 3 +e (5.45)

holds, then, from (5.34),

b, < g s 0.77 loglog o+ 1 - g s 0.77loglogn

5.46
3 log o741 3 logn ( )

for o < n < o41. At the same time we compute all the b,, for 2 < oy < ng (see the
beginning of this proof), and we check that inequality (5.45) holds for 305926 023 <
o) < ny, so that we have (5.46) for 305926023 < n < ny.

It remains to compute the largest n < n; = 305926 023 such that inequality (5.44)
does not hold. This could be expensive because the computation of b, is not very fast.
Let us recall that for an n which is not of the form n = o, to compute i(n) we have
to compute G(py,n — o), and this costs about 0.004 seconds. If we used the trivial
method, computing h(n) forn = n; — 1,n, — 1,... until we find n not satisfying (5.44),
we should have to compute about 1.5 x 108 values of 4(n), requiring about a week of
computation.

Lemma 4.3 gives us a test, proving in O(1) time that all the ns in [n;, n,] satisfy
(5.44). Moreover, there are a lot of intervals [n}, ny] passing this test. The boolean
function good_interval(nl, n2) returns true if and only if [n;,n;] is such an
interval, that is, if (n, ny) satisfy inequality (4.5) with u = 0.77.

Now, using Python programming language, we define below, by a dichotomous
recursion, a boolean function ok_rec(nl, n2) which returns true if and only if every
n in [ny, ny] satisfies (5.44). Furthermore, when it returns false, it prints the largest n
in [n, np] which does not satisfy this inequality.
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def ok(n):
if bn(n) >= 2/3 + ¢ + 0.77 * log logn / log n :
print n, ‘ does not satisfy inequality (iv) of Theorem 1.1 °

return False
return True

def ok_rec(nl, n2):
if n2 — nl >= 2:
if good_interval(nl,n2):
return True
nmed = (nl + n2)//2
if not ok_rec(nmed,n2):
return False

return ok_rec(nl,nmed)

if nl==n2:
return ok(nl)

if n2 == nl + 1:
if ok(n2):
return ok(nl)
return False

The correctness of ok_rec(nl, n2) is proved by recursion about the size of
ny —ny. The largest n which does not satisfy (5.44), n = 157933 209, is given by the
call ok_rec(2,305926023). It computed four values of ok(n) and 11 395 values of
good_interval(nl,n2), and took 35.27 seconds. |

5.8. Completing the proof of Theorem 1.1. Proposition 5.9 implies that, for n >
no = m1(10'° + 19),

2 log1 2 log1
0,6010_,,:5_0_0.22w<bn<§+c+0'77 oglogny

=0.781...,
log ng log ng

which, together with inequality (5.42), proves statement (ii) of Theorem 1.1.

Point (i) is equivalent to b,, > 0 which follows from (ii).

From inequalities (5.18) and (5.43), one deduces b, > % —c—-022

(loglogn/logn) for n > 78, and the computation of b, for 2 < n < 78 proves (iii).
e  Similarly, inequalities (5.18) and (5.44) imply b, < % +¢+0.77 (loglogn/ logn)

forn > 157933 210.

Statement (v) follows from (iii) and (iv).

To prove (vi), we assume n — oo and o = 0 < n < 041 S0 that n = o + O(py)

holds. From Lemma 2.10, o = o = m1(py) yields

n=0o+0HKologo)=0c(+0HUogo)/o) ~ 0.
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This implies

logn =logo + O(/(logo)/o) = (logo)(1 + O(1/+/o log o)

loglogn =1loglogo + O(1)
loglogo+0O(1)  loglogn +O(1)

o1
logor (log n)(l + L)
loglogn
_loglogn + o) _ loglogoyy + o)
h logn a log oy 1 ’

From Lemma 4.1 and (5.36), we get

. 2 loglogn + O(1)
bn > mln(b(rwbo’kﬂ) 2 (§ - C)(l * W)

which proves the lower bound of (vi).
e From (5.34), (5.35) and (5.37), we obtain

loglog(rk+O(1))+O(10g3/4a')
4log oy ol
(g N c)(l N loglogn + O(l))

4logn

2
b,,sbak+rk:(§+c)(l+

which proves the upper bound of (vi) and concludes the proof of Theorem 1.1.
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