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1. A p a r t i c l e i s in i t i a l ly at the o r ig in in the (X, Y) plane 
and each s u c c e s s i v e s tep it t a k e s i s of unit length and p a r a l l e l 
e i t h e r to the X - a x i s or to the Y - a x i s . Its path of n s t e p s i s 
ca l l ed a s p i r a l if (i) the p a r t i c l e n e v e r occup ies the s a m e p o s i 
t ion tw ice , (ii) any t u r n s the path m a k e s a r e a l l c o u n t e r - c l o c k w i s e 
or a l l c lockwise and (iii) for e v e r y m > n, the path can be con
t inued to m s t eps without v io la t ing (i) or (ii). The condi t ion 
(iii) is de signed to exclude a path s u c h a s (0 ,0) - (1 ,0 ) « (1 ,1) 
- (1 ,2) - (0 ,2) » (0 ,1 ) . 

Let s n be the n u m b e r of n- s tep s p i r a l s and p(n) be the 

n u m b e r of u n r e s t r i c t e d p a r t i t i o n s of n. In [2] Me lzak used 
g e n e r a t i n g funct ions to p rove tha t 

n -1 
(1) s = 4{ 1 + 2 2 p(m)} . 

n 
m = l 

H e r e we give a d i r e c t " g e o m e t r i c a l " proof of t h i s r e s u l t which 
m a k e s (1) f a i r ly t r a n s p a r e n t . We add a proof by gene ra t i ng 
funct ions , a l t e r n a t i v e to Melzak ' s, us ing a we l l -known identity-
due to J a c o b i , and sugges t an unsolved p r o b l e m , which s e e m s 
m o r e difficult. 

We ca l l e ach s u c c e s s i v e s t r a i g h t pa r t of the s p i r a l a 
s t r a i g h t i. e. the set of s t e p s in the s a m e d i r e c t i o n be tween the 

The r e s e a r c h r e p o r t e d h e r e i n ha s been s p o n s o r e d by the Office, 
Chief of R e s e a r c h and Deve lopmen t , U. S. D e p a r t m e n t of the 
A r m y , t h r o u g h i t s E u r o p e a n R e s e a r c h Office under c o n t r a c t 
D A - 9 1 - 5 9 1 - E U C - 3 2 5 6 . 

Canad . Math. Bul l . vo l . 8, no. 1, F e b r u a r y 1965 

1 

https://doi.org/10.4153/CMB-1965-001-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-001-0


or ig in and the f i r s t t u r n , be tween one t u r n and the next , be tween 
the las t t u r n and the end, or be tween the o r ig in and the end (the 
Last in the c a s e in which the s p i r a l h a s no t u r n s ) . A s p i r a l i s 
c h a r a c t e r i s e d (i) by the d i r e c t i o n in which i t s t a i l , i. e. i t s l a s t 
s t r a i g h t , po in t s , (ii) if it i s not s imply a s ingle s t r a i g h t , by 
w h e t h e r i t s t u r n s a r e a l l c o u n t e r - c l o c k w i s e or a l l c l o c k w i s e and 
(iii) by the f ini te s equence b , b , . . . of the n u m b e r of s t e p s in 

0 1 r 

each of i t s k -f 1 s t r a i g h t s , s t a r t i n g wi th the t a i l of b s t e p s . 

The b m u s t sa t i s fy 

(2) 1 < b < n , 
- 0 -

(3) n = b Q + b i + . . . , 

(4) b > b > . . . > b > 1 ; b > b > . . . > b > 1 , x 1 3 2 v - l - 2 4 2V -

1 . 1 
w h e r e V =v - —k if k i s even and V = v « i ~ — (k - 1) if k i s 

odd. Of t h e s e , (2) and (3) a r e obv ious , whi le (4) e x p r e s s e s the 
e s s e n t i a l s p i r a l p r o p e r t y , v iz . tha t e a c h s t r a i g h t ( excep t the ta i l ) 
m u s t be longer than the next p a r a l l e l s t r a i g h t . 

We ca l l a s p i r a l whose t a i l po in ts d o w n w a r d s (i. e. in the 
nega t ive Y - a x i s d i r e c t i o n ) an S' . An S' which h a s a t l e a s t 
one c o u n t e r - c iockwise t u r n is calLed an S". Le t s' and s , ! 

n n 
be the n u m b e r of n - s tep S' and S u r e s p e c t i v e l y . 

T h e r e is an equa l p robab i l i t y of the t a i l of a s p i r a l point ing 
in any one of the four d i r e c t i o n s and so s = 4 s ' . Aga in , s' 

n n n 
e n u m e r a t e s one s t r a i g h t s p i r a l and o t h e r w i s e equal n u m b e r s of 
c o u n t e r - c l o c k w i s e and c l o c k w i s e s p i r a l s . Hence 

(5) s = 4 s ' = 4(1 + 2 s " ) . 
n n n 

The s p i r a l which we can obta in by r e m o v i n g the t a i l f r om 
an S" we ca l l a T. The s u c c e s s i v e s t r a i g h t s of a T (going 
i n w a r d s ) conta in b , b , . . , s t e p s , w h e r e (4) i s s a t i s f i ed , Let 

t(n) be the n u m b e r of d i f ferent n- s t ep T. Since e v e r y n- s t e p Sf 

h a s at l e a s t one t u r n , i t s t a i l has b s t e p s , w h e r e 
0 
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and so 

1 < b Q < n - 1 , 

n - 1 n - 1 
(6) s " = 2 t(n - h ) = S t (m) 

11 b = l ° m=l 
0 

H e n c e , by (5) and (6). we have only to p rove that 

(7) t(n) - p(n) 

to have (1). 

2. We now d i s s e c t an n - s t e p T. The s u c c e s s i v e h o r i z o n t a l 
s t r a i g h t s (v in n u m b e r ) conta in ing b , b , b , . . . , b s t e p s 

r e s p e c t i v e l y , a r e p laced under one ano the r at unit d i s t a n c e , the 
le f t -hand end of each being one s t ep to the r igh t of the le f t -hand 
end of the one above . In v iew of the f i r s t p a r t of (4), the r i g h t -
hand end of any s t r a igh t does not p ro jec t beyond the r i g h t - h a n d 
end of the one above . The v e r t i c a l s t r a i g h t s (V in n u m b e r , 
w h e r e V = v or v - 1), conta in ing b , b , . . . , b s t eps 

r e s p e c t i v e l y , a r e a r r a n g e d a s shown in F i g u r e 1. Again the 
bo t t om end of one of t h e s e s t r a i g h t s cannot p ro j ec t below the 
b o t t o m end of the one to i t s left. The left hand d i a g r a m in 
F i g u r e 1 shows a c a s e in which V = v - 1, the r igh t hand 
d i a g r a m a c a s e in which V = v . 

Now r e p l a c e each h o r i z o n t a l s tep by i t s lef t -hand end-po in t 
and each v e r t i c a l s t ep by i t s lower end-po in t . The r e s u l t i s 
shown in F i g u r e 2 . We now have the usua l node d i a g r a m of a 
p a r t i t i o n of n. We o b s e r v e tha t , w h e t h e r V ~ v or v - 1, 

the Durfee s q u a r e of the p a r t i t i o n con ta in s v^ nodes . 

The above p r o c e s s i s unique and can obviously be r e v e r s e d 
uniquely. Thus we have e s t a b l i s h e d a (1 ,1) c o r r e s p o n d e n c e 
be tween the n - s t e p T and p a r t i t i o n s of n. Hence (7). 

Th i s me thod i s r e l a t e d to the i d e a s of [3] . 
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b b 
4 6 6 8 

b 2 b 4 

F i g u r e 1 

F i g u r e 2 
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3. As an a l t e r n a t i v e me thod , we w r i t e 

00 00 0C 

TÏ (1 + Z X r ) = Z 2 M(v ,n) ZV Xn , 
r = 1 v - 0 n = 0 

w h e r e M(v ,n) i s the n u m b e r of so lu t ions of 

n = b + b + . . . + b (b > b > . . . > b > 0) 
1 3 Zv-1 1 3 Zv-1 

for the p a r t i c u l a r v in ques t ion . Now t(n) i s the n u m b e r of 
so lu t ions of 

n = b + b + . . . + b 
1 Z v+V 

sa t i s fy ing (4), w h e r e v t a k e s any pos i t ive va lue and V =v - 1 
or v . Hence 

v 
t(n) = 2 2 2 M ( v , n )M(V,n ) 

1 Z 
v > l V = v - 1 n -hn =n 

- 1 Z 
0 n 

which i s the coeff ic ient of Z X in 

00 

A - A (z, x) = (i + z) n (14- zxr)(i + z"1 xr) . 
r = l 

0 Zn Z 
Hence t(n) i s the coeff ic ient of W Y in A(WY, Y ) . 
By J a c o b i ' s we l l -known ident i ty ( T h e o r e m 35Z of [1]), we see 
tha t 

00 

A ( W Y , Y ) = n {(1 + WY r " 1 ) ( l + W" 1 Y *"*)} 
r = l 

00 Z 00 

z w k y k n (i . Y 2 5 ) " 1 

k = -oo s = 1 

00 Z \ / 00 

2 W k Y k ( l + S p ( n ) Y 2 n 

k = -oo / \ n = l 
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and ( i ) follow s. 

4. The next s tage of c o m p l e x i t y is to c o n s i d e r r a n d o m 
wa lks on a l a t t i ce c o n s i s t i n g of c o n g r u e n t e q u i l a t e r a l t r i a n g l e s . 
It can be shown tha t , in t h i s c a s e , the n u m b e r s of n - s t e p 

n 
s p i r a l s i s 

n - 1 
s = 6 { 1 + 2 S t (m)} , 
n 

m = l 

w h e r e t(n) i s the n u m b e r of so lu t ions in n o n - n e g a t i v e i n t e g e r s 
of the equa t ion 

n = a + a + . . . + a 
1 2 k 

for any k such tha t 

0 < a < a - fa < a + a < . . . , 
1 3 4 6 7 

0 < a + a < a + a < a - f a < . . . , 
1 2 4 5 7 8 

0 < a + a < a -f a < a - f a < . . . . 
2 3 5 6 8 9 

But I cannot r e l a t e t h i s t(n) to any known p a r t i t i o n funct ion. 
It would be i n t e r e s t i n g if t h i s w e r e p o s s i b l e . 
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