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1. Introduction

In the theory of semigroups of linear operators in Banach spaces, the Laplace trans-
form plays an important role. Although the original proofs by Hille and Yosida (see, for
example, [3]) of the generation theorem for strongly continuous semigroups were oper-
ator theoretic and did not involve the inversion of the Laplace transform explicitly, the
importance of the latter soon became evident. The first attempt at the generation of
semigroups using the inversion of the Laplace transform is due to Phillips [6]. The clas-
sical reference on the inversion of the Laplace transform is [8]. This reference deals with
scalar-valued functions and it was already remarked in [3] that it does not carry over to
arbitrary Banach space-valued functions (although it does hold for resolvents of densely
defined linear operators). A breakthrough came about in 1987 with the publication of
Arendt’s paper [1] (see also the systematic account given in the monograph [2]). In this
paper, the following characterization of Banach space-valued Laplace—Stieltjes transforms
is proved, using well-known results of Widder in the scalar case.

Theorem 1.1. Let r : (0,00) — X be a C* function. The following assertions are
equivalent.

(1) supj>oSupP,en, AT M () /nl]| < M.
(ii) There exists a function F' : [0,00) — X such that F'(0) = 0 with ||F(t+h)—F(t)| <

Mh,t>0,h>0,and r(\) = [;° Ae™F(t)dt, A > 0.
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This result was applied to the abstract Cauchy problem leading to the introduction of
the concept of exponentially bounded n-times integrated semigroups. The Schrodinger
equation in LP(R™N), p # 2, is one example in which the classical semigroup theory fails
completely. Arendt’s result is by now the most general generation theorem that depends
solely on the behaviour of the resolvent on the real line.

Our main goal is to establish a real variable characterization of the local Laplace
transform. The concept of local Laplace transform was introduced and studied in Ljubich
[4] (see also [5]) in connection with the abstract Cauchy problem. A function F' : (0, 00) —
C is a local Laplace transform on [0, 7] if there exist ¢ : [0,7] — C and € : (0,00) = C
such that

T 1
F(\) = / e Mo(t)dt +e()\)  with limsup Xln le(V)| < —7.
0

A—00

If £ vanishes identically, F' is called the finite Laplace transform on [0, 7].

Given a function F, we obtain conditions for such a representation to be possible
for some ¢ € L,[0,7]. The result is then lifted to the Banach space setting to give a
analogue of Theorem 1.1. In the scalar case and for 1 < p < oo the necessary and
sufficient conditions on F' to be a finite Laplace transforms read as follows,

lim F(\) =0,

A—00

and there exist constants M, and L, such that for all k¥ € Nt

ILk[FlL, 0, < My and  sup |7~ *e™ F®) (1) < L. (1.1)
O<pu<k/T

nry = S (i)kHF “(5)

are the Widder operators. Application of the vector-valued version of this result is less

Here,

easy, since in this case, the relationship between the resolvent and the local Laplace
transform is less simple. We achieve the result by using the Phragmén—Doetsch inver-
sion formula. Details of applications to the abstract Cauchy problem will be given in a
subsequent paper.

The plan of the paper is as follows. In §2, we give a characterization of local Laplace
transforms first for scalar-valued functions and then for Banach space-valued functions.
This result seems to be new even in the scalar case. We also obtain a characterization of
vector-valued finite Laplace transforms in terms of vector-valued moment sequences. As
a consequence, we obtain a new characterization of nilpotent semigroups.

2. The finite and local Laplace transforms

In this section we investigate finite and local Laplace transforms, which are the main tools
for the proof of the Hille-Yoshida Theorem for local convoluted semigroups. We provide
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characterizations of functions which are finite Laplace transforms of scalar-valued L,-
functions. From this we derive the characterization of functions which are finite or local
Laplace—Stieltjes transforms of vector-valued Lipschitz-continuous functions. This result
is needed in subsequent sections. As an easy corollary we also obtain a characterization
of nilpotent semigroups.

Let us first recall the definitions of local and finite Laplace transforms, which are taken
from [4].

Definition 2.1. Let 7 > 0, w € R. A function F : (w,00) — X is called a finite
Laplace transform on [0, 7] if there exists an integrable function f : [0, 7] — X with

F(\) = /OTe”f(t) dt, \>w.

F is called a finite Laplace—Stieltjes transform if there exists a function ¢ : [0, 7] = X of
bounded variation with

F(\) = /Te_’\t dé(t), > w.

0
If there exists a finite Laplace or Laplace—Stieltjes transform @ such that F' can be written

as
F(A) =d(N) +e(N), A>w,
with | \
lim sup 7HH€( )i < -7,
A—o0 A

then F is called a local Laplace transform or local Laplace—Stieltjes transform, respec-
tively.

A function F : [0,T) — X is called a local Laplace or Laplace-Stieltjes transform on
[0,T) if F is a local Laplace or Laplace—Stieltjes transform on [0, 7] for each 0 < 7 < T

We note that

/ "e M dg(t) = eV H(r) — 6(0) + A /O T Mg() e

0
also exists if ¢ is continuous.

Let us clarify some notation before we start with the characterization of finite Laplace—
Stieltjes transforms of scalar-valued functions.

By C*°[0, 7] and C>°([0, 7], X) we denote the space of infinitely differentiable functions
on [0, 7] with values in C or X, respectively. The Widder operators Li[F] of a function
F € C*>([0,7],X) are given by

Li[FI(\) = (7k1!)k (i)kHF(’“) <§> A 0.

A function ¢ : [0,7] — X of bounded variation is called normalized if ¢(0) = 0 and
o(t) = (¢t )+o(th))/2 for all t € (0,7). By N we denote the natural numbers excluding
zero and we write Ny instead of NU {0}.
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Proposition 2.2. Let F' € C*°(0,00). Then the following two statements are equiva-
lent.

(i) There exists a function ¢ : [0, 7] — C of bounded variation such that
PO = / e M dp(t), A> 0.
0
(ii) There exist constants M, and L, so that for all k € N

/ ILe[FIN)|dA < M, and  sup [r*e™ /AP0 (k/))] < L.
0

A>T

For the proof of this proposition we need some lemmas.
Lemma 2.3. Let k € Ny. If 0 < 7 < )\, then

sup the th/A — phe=Th/A,

o<t

Proof. There is nothing to prove if k = 0. Let k € N. Then

d
a(tlceftk/)\) _ ktkflefkt/)\(l _ t/)\) >0

for 0 <t < A. Hence, t — the=th/A ig increasing in [0, A]. Therefore, if 7 < A, it is also
increasing in [0, 7], and the conclusion follows. O

Below we assume that 7 is a fixed positive number.

Lemma 2.4. Let F € C*(0,00). If there exists L, > 0 such that

supsup |7 Fe™AF®) (k/\)| < L,

keN A>T
then
sup/ |Lg[F](A)]dA < L.
keN Jr
Proof.

/TOO |Li[F](\)] dX = /TOO ;(i)kﬂ F®) <i) ‘ dA

< LT;(IW)’“ /OO ATElemkT/A g\

1 1
<Lfm/o pFte ™ dp = L,.
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Lemma 2.5. Let F € C*°(0,00). If there exists L, > 0 such that

supsup |7 k™ AFP®) (1 /\)| < L,
keEN A>T

then, for all o > T,
o0

lim [ |Le[F](\)|dA = 0.

k—o0 To

Proof. Let o = 77! and 0¢ = Tgl. Then the substitution A = 1/p yields

o0 IS A k
|Lk[F]()\)|d)\:—/ () F<k><>’dA
/m R/ )
k41l o
b el
“\0 0 K

IV AN
=Lros () / e T (1) dp,
. g 0

with ¥(1) = X[0,00] (1) - o/ Hence [8, Theorem VII.3c] gives

lim [ LFIO)| A < (o) =0,
k—o0 To
since og < 0. O

Now we are in the position to prove Proposition 2.2.

Proof of Proposition 2.2. (i) = (ii). If we assume (i), then it follows from [8, The-
orem VII.12a] that

sup / e [FI(V)|dA < sup / L[]V dA < Var(g).
keNJo keNJo

Here, Var(¢) denotes the total variation of ¢. Moreover, by Lemma 2.3,

sup
A>T

A

=k okT/X (k) (’f)’ < 7 heh/A

/ " preht/A d(b(t)’ < Var(¢).

0

(ii) = (i). From Lemma 2.4 it follows that (ii) implies

oo
[ ra < Lo, ke
Consequently,

/ ILL[FIN)|dA < Ly + M,
0
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Therefore, it follows from [8, Theorem VII.12a] that there exists a normalized function
1 1 [0,00) = C of bounded variation such that

F(\) = /OOO e Mdi(t), A>0.

Now, [8, Theorem VII.7a] implies
t

() —p(0) = lim [ Lp[F]J(A)d\, t>0.

k—o0 Jq

Consequently, if 7 <ty < t1, we obtain from Lemma 2.5

B(t) — b(to) = lim [ LyFI\)dr=0,

k—o0 to

i.e. ¢ is constant on (7, 00). Hence, letting

o) = {w(t) fo<t<r,

W(rT) ift=r,
we obtain .
FO\) = M dgp(t).
) / e do (1)
0

We can now prove the following characterization of finite Laplace transforms of scalar-
valued Lp-functions, where p > 1. Below, L,[0,7] stands for the usual L,-space of
complex-valued functions. We also introduce the notation e (t) := e~ = exp(—At).

Proposition 2.6. Let 1 < p < oo, M > 0. For any F € C*(0,00) the following two
statements are equivalent.

(i) F is the finite Laplace transform of some function f € Ly[0, 7] with || f||Lj0,-] = M.

(i) Hmx—oo F'(A) = 0, supgey | Lk [Fl| 1, 0,7 = M, and

supsup |7 Fe™/AFR®) (/)] < .
keEN A>T

Proof. If I is the finite Laplace transform of a function f € L,[0, 7], then

f@t), 0<t<m,
0, t>T.

F(\) = /000 e Mg(t)dt, where g(t) = {

Since ||gl|z,0,00) = lfllz,[0,r] it follows from [8, Theorem VII.15a] that F' vanishes at
infinity, and

sup || L [F|| L, 0,7 < sup [ Lx[F]llz,[0,00) < I fllz,10,,1 = M.
keN keN
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The second condition

sup sup |T*ke7k/’\F(k)(k//\)| < 00

kEN A>T
follows from Proposition 2.2, since F' is the finite Laplace transform of the L;-function f.

Conversely, if F' fulfils (ii), then it follows from Proposition 2.2 that F' is the finite

Laplace—Stieltjes transform of a function of bounded variation. Consequently, F' is the
Laplace—Stieltjes transform of a normalized function ¢ : [0,00) — C of bounded variation,
and ¢ is constant on (7,00). Furthermore, ¢(07) = limy_ 0o F(A) = 0. Therefore, [8,
Theorem VII.7a] implies

t
lim Li[F](s)ds = ¢(t), 0<t<oo.

k—oo Jq

On the other hand, the family (Si[F]) given by

Sk[F(t) = /Oth[F](s) ds. 0<t<r

is bounded and equicontinuous on [0, 7]. This follows from the estimate

SelF)(t) = SulFl(e)| < [ ILF)o)]ds

ty
< (tr — t2) Y9 Li[F|| 0, < M (1 — t2)"/7.

Consequently, by the Theorem of Arzela—Ascoli, (S, [F]) has a subsequence (S, [F]) which
is uniformly convergent on [0, 7]. Without loss of generality we assume that (Sg[F]) itself
converges uniformly. Since the pointwise limit ¢ is the uniform limit of this sequence, we
conclude that ¢ is continuous on [0, 7]. But then ¢ must be continuous on [0, c0), since
¢ is normalized and constant on (7, 00). Hence, for A > 0 we obtain

T T

lim [ e MLy[F)(t)dt = lim [ e MdASL[F|(t) = / Te*”dgz)(t):F(A). (2.1)

k—oo Jo k—oo fo 0

Now we define linear functionals T), € L4[0, 7]* by

Thg — /0 " o LA[FI(t) dt.

By assumption, ||Tx|| = ||Lx[F]||z,0,) < M. Moreover, lim Ty g exists for each g in the
set {ex : A > 0}, which is a total subset of L,[0,7]. Consequently, the sequence (T})
converges pointwise to a linear functional T € Lg[0,7]* with ||T| < supgey ||Tk]] < M.
Hence there exists f € L,[0,7] with |[f|[z,j0,- = [IT]| < M and Tg = Jo 9()f(t)dt for
all g € Ly[0, 7]. In particular,

0 k—o0

and the proof is complete. O
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From the characterization of finite Laplace transforms of scalar-valued L..-functions
we now deduce a characterization of finite Laplace—Stieltjes transforms of Banach space-
valued functions. If ¢ : [0,7] — X is Lipschitz continuous, then

¢(s) = o@D

:0<t<8<7}
s—t

H¢||Lip[0,7] = Sllp{

denotes the Lipschitz norm of ¢.

Theorem 2.7. Let M > 0. For any F' € C*°((0,0), X) the following two statements
are equivalent.

(i) F' is the Laplace-Stieltjes transform of some function ¢ € Lip([0,7],X) with

[¢llLipto,7) = M-
kA
(ii) sup  sup ‘ ' F(k)(u)H =M andsup sup | Rt F®E (1) < .
keNo pe(k/T,00) k! keN ue(0,k/7)

Proof. (i)=-(ii). The function z* o ¢ is for every z* € X* with ||2*|| <1 a scalar-
valued Lipschitz-continuous function with ||z* o @||rip0,-] < M. Therefore, z* o ¢ is dif-
ferentiable almost everywhere, [|(z* 0 ¢)'[|1_j0,-) < M and

(z* o F)(\) = /OT e M (x* 0 ¢)'(t) dt.

Consequently, [8, Theorem VII.16a] yields

sup sup  sup (@ o F)® (u)| < M,

lle*|I<1 keNo pe(k/7,00)

k+1
‘ !

and from Proposition 2.6 we obtain

sup sup sup |7 FetT(z* o )P (1)| < co.
llz*]I<1 kEN pe(0,k/T)

(ii) = (i). Let * € X*. Then (ii) implies that 2* o F' fulfils the conditions in Propo-
sition 2.6 (ii) with a constant M,~ = M]||z*|. Therefore, * o F' is the finite Laplace
transform of some function fy» € Loo[0, 7] with

[fa I Loctor) < Mllz™]]. (2.2)

Moreover, since the finite Laplace transform is one-to-one on Lo [0, 7], the function f,-
is unique. Therefore, we can define an operator

S X" — LOO[OaT] by Sz* = fr*

It is clear that S is linear, and (2.2) implies that S is bounded with ||S]| < M. Now we
consider the operator
T = S|*L1[077'] : Ll[O,T} — X,
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Applying the operator T' to the function ey gives

(Tex,z*) = (ex, Sz*) = /OTerr*(t) dt = (F(\), ).

In particular, Tex = F(\) belongs to X for every A > 0. Since the set {e) : A > 0} is
total in Lq[0, 7], it follows that the image of T belongs to X. Hence, by [7] there exists
a function ¢ € Lip([0, 7], X') with ||¢||Lipjo,-] = ||| such that

79— [ g)d00. el
In fact we have ¢(t) = T'(1j ).
Taking g = e, finally yields
F(s)=Tey = /OT e M do(t).
0

Remark. We proved Theorem 2.7 only for the case where ¢ is Lipschitz continuous,
although a similar theorem is true for a wider class of functions, i.e. the functions of
bounded p-variation.

Definition 2.8. Let I C R be a closed interval with left end point @ € R and non-
empty interior, and let ¢ : I — X be a function. For 1 < p < co we define the p-variation

of ¢ by
S [ o(trg) — ()P \”
I41lv, = sup {<kz_0 (to1 —tg)P ! )

and the oco-variation of ¢ by

neN }
a<tg <ty <--<tn t;el)’

[9(s) = o(®)l

s—t

wm—m{

a<s<t, s,tGI}.

For 1 < p < oo the normed linear space V,,(I, X) consists of all functions ¢ : I — X of
bounded p-variation with ¢(a) = 0.

Antiderivatives of L,-functions are of bounded p-variation. If X is reflexive and p > 1,
then V,-functions are exactly the antiderivatives of L,-functions.
For all p, a function ¢ € V,([0,00), X) satisfies

lim@ZO

t—oo 7t
for all 7 > 1. In particular, the Riemann—Stieltjes integral
oo o0
/ e Mdg(t) = )\/ e Map(t)dt
0 0

exists for all Re A > 0. (Here Re A denotes the real part of A.)
With the techniques used in [7] it is easy to deduce from Proposition 2.6 the following
theorem.
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Theorem 2.9. Let 1 < p < oo, M > 0. For any F € C*((0,0), X) the following two
statements are equivalent.

(i) F is the Laplace-Stieltjes transform of some function ¢ : [0,7] — X of bounded
p-variation, where the p-variation of ¢ equals M.

(i) lima—oe F(A) =0,

sup ||L;€[F}||Lp([0,ﬂ,x) =M and sup sup ||T_kefk/)‘F(k)(k‘//\)|| < 00.
keN keN Xe(7,00)

By Lip,([0,7],X) we denote the space of functions ¢ : [0,7] — X which are repre-
sentable as

o= [ avts), v<i<r (23)

for some ¢ € Lip([0,7], X). We define, furthermore, [|¢[|Lip, = [/%[|Lip- Note that this
definition is not ambiguous since the representation (2.3) is unique.

The characterization of local Laplace—Stieltjes transforms which is needed in the sub-
sequent sections is now a straightforward corollary of Proposition 2.7.

Corollary 2.10. Let w € R and M > 0. For every F € C*°((w,o0), X) the following
two assertions are equivalent.

(i) F is the local LaplaceStieltjes transform of a function ¢ € Lip, ([0, 7], X) with
[#llLip,, 0,7 < M.

(ii) There exist functions ¢ € C*°((w,00), X) and € : (w,00) — X with

FO) =0\ +e()), A>w,

such that
| A
i sup Pl
A— o0 A
kL
sup  sup Mé(’“)(u)H < M, (2.4)
keNo p>w+k/T k!
and
sup  sup |7 Rt dM) (1) < . (2.5)

keNw<p<w+k/T

Before proving this corollary we give the following definition.

Definition 2.11. We say a function F' fulfils the local Widder conditions on [0, 7]
with constants M and w if F' fulfils (ii) of Corollary 2.10.
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Proof of Corollary 2.10. It is enough to show that a function @ is the finite Laplace—
Stieltjes transform of a Lipschitz-continuous function ¢ with ||¢||Li, = M if and only if
& fulfils the estimates in (2.4) and (2.5).

But this is an easy consequence of Proposition 2.7 together with the following obser-
vations. If @ is the Laplace—Stieltjes transform of a function ¢, where

t
ot) = / e du(s),  with [y < M,

then - -
D(p+w) = / e~ (ntw)t do(t) = / e Mt du(t).
0 0
On the other hand, if ¢ fulfils the estimates (2.4) and (2.5), then

k+1 )kJrl

(n= @)™
k!

sup sup

keNo u>k/r k!

é(k)(/i-i-w)H = sup sup @(k)(u)H =M

k€No p>w—+k/T

and

sup sup [T R (u4w)| =sup  sup e 7|7 Rt oM ()| < oc.
keENO<u<k/T keNw<pu<w+k/T

O

If F fulfils the local Widder conditions on [0, 7] for every 7 > 0 with constants M and
w independent of 7, then F is not necessarily a global Laplace—Stieltjes transform, as the
following lemma shows. The proof is straightforward from our previous considerations
and we therefore omit it.

Lemma 2.12. Let w € R and M > 0. For every F € C*((w,0), X) the following
assertions are equivalent.

(1) There is a ¢ € Lip,,([0,00), X) with ||¢[|Lip, < M and a function ¢ : (w,00) — X
with | \
Y EC .
A—00 A
such that

F(\) = /000 e Mdg(t) +e(\)  for all A > w.

(2) For all 7 > 0 the function F fulfils the local Widder conditions on [0,7] with
constants M and w (independent of T).

(3) For every T > 0 the function F' is the local Laplace-Stieltjes transform of a function
¢r € Lip, ([0, 7], X) with ||¢7|[Lip, 0] < M.

With the techniques used in the proofs of Theorem 2.7 and Corollary 2.10, one can
easily prove Theorem 1.1 in another way as Arendt [1] did (he only used the global
Widder result in the scalar case and the uniqueness theorem for Laplace transforms). We
will need this result below and therefore recall it in a slightly generalized version as the
following corollary.
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Corollary 2.13. Let w € R and M > 0. For every F € C*°((w,o0), X) the following
two assertions are equivalent.

(i) F is the Laplace-Stieltjes transform of a function ¢ € Lip,([0,00),X) with
PllLip[0,00) < M.

(i)

sup sup
keNg A>w

ie. F fulfils the (global) Widder conditions with constant M.

3. Laplace—Stieltjes transforms and moment sequences

Although we restricted ourselves to complex-valued functions and complex Banach
spaces, all the results obtained so far are equally valid also in the real case. In con-
trast, the following result requires the complex number system as the underlying scalar
field, since we are dealing with holomorphic functions.

A scalar- or vector-valued sequence (7, )n=0,1,... is called a moment sequence if there
exists a scalar- or vector-valued function ¢ of bounded variation on [0, 1] such that

1
- :/ M délt), n=0,1,....
0
If the function ¢ is not only of bounded variation, but is also Lipschitz continuous, then
we call (n,) an co-moment sequence. The function ¢ is called the representing function
of the moment sequence 7.
We now give a characterization of finite Laplace—Stieltjes transforms of vector-valued
Lipschitz-continuous functions via co-moment sequences.

Proposition 3.1. Let F : U — X, U C C a region. Let ;x € U. Then the following
three statements are equivalent.

(i) F is the Laplace-Stieltjes transform of some function ¢ € Lip([0, 7], X).
(ii) The sequence (M )n=0,1,... given by

= VPO

is an co-moment sequence.

k—m - (k—r)

k—r
r T
r=0

(iii) sup sup k<k+1)<7i)

k€Ng m=0,...,

We will see that the proof of the equivalence (i) < (ii) is very elementary, whereas the
proof of (ii) < (iii) requires the following result of Widder [8, Theorem III.6].
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Theorem 3.2. A (complex) sequence (1, )n=0,1,... IS an co-moment sequence if and
only if

sup  sup  (k+ 1)|Agm[n]| = M < oo,
k€N m=0,1,...,k

Aunlil = (-1 () kj(—l)f(’“ I

I

where

In this case, ||¢||Lip = M, where ¢ is the representing function of ().
Proof of Proposition 3.1. (i) = (ii). Statement (i) implies
T 1
FO0 = [ (1o do(s) = (1) [ e doen),
0 0

which gives

D" FO () _ /l £ dy(t),
0

7—77,
where 9 is given by
t
W(t) = / e HT (7).
0
Since ¢ is Lipschitz continuous it follows that ¢ is Lipschitz continuous. Therefore, (1,,)

given by 1, = (—1)"F(u)/7" is an co-moment sequence.
(ii) = (i). If (n,) is an co-moment sequence, then there exists a Lipschitz continuous

¥ :[0,1] = X with
(_1>nF(n)(M) - 1 N
= /0 t" dep(t).
Let
t/T
o(t) = / e T dy(s), 0<t<T,
0
and put
G\ = / e Mdp(t), AeC.
0

The function ¢ is Lipschitz continuous since ¥ is Lipschitz continuous. Moreover,
1
G (u) = (-1 / e T do(tT)
0

1
= (—1)”7’”/ e P dyp(t) = FM™ ().

0

Since both G and F are holomorphic in the region U it follows that F(A) = G(X) in U.
Consequently,

F(\) = /Ore” dé(t), NeU.
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(ii) = (iii). If (ii) holds, then it follows from Theorem 3.2 that

sup sup (k+1)|Agm[n]]l = sup sup sup (k4 1)|Axm[x* on]| < cc.
keNo 0<m<k llz* || <1 k€No 0<m<k

(iii) = (ii). Condition (iii) implies

sup sup sup (b+ D Amls” ol < M,
[Jz*||<1 k€N 0OSKm <k

where (7,,) is defined as in (ii). Hence, by Theorem 3.2, there exists for every z* € X* a
function fz« € Loo[0,1] with || fax||oe < M||z*| and (n,,z*) = fol t" fo= (t) dt. Moreover,
the function f,« is uniquely determined. This follows, for example, from the fact that

the monomials (¢") are a total subset in L4 [0, 1]. Therefore, we can define an operator
S: X" = Ly[0,1] by Sz* = fy-.

This operator is linear and bounded, and its norm can be estimated by ||.S|| < M. Now,
consider the operator
T= Sl*Ll[O,l] : L1[07 1} — X**

If v, (t) = t™ is a monomial, then
1
(D) = (0 S5%) = [ 0Lor ()t = (0,7,
0

In particular, Ty, = n, belongs to X for every n € Ny. Since {v, : n € Ny} is total in
L[0,1], it follows that T'g belongs to X for each g € L0, 1]. By [7] we can now find a
Lipschitz-continuous function ¢ : [0,1] — X with

1
Tg = /0 g()dé(t), g€ Cl0,1),

and we obtain finally

1
nn:T'yn:/ t"de(t), n=0,1,....
0

4. Nilpotent semigroups

We want to use the results obtained for a characterization of the generators of nilpotent
semigroups. The following lemma is needed as a preparation.

Lemma 4.1. Let ) # R C U be open sets. Assume, furthermore, that U is connected
and R C p(A). If F : U — L(X) is a holomorphic function with F(\) = (A — A)~! for
all \ € R, then U C p(A) and F(\) = (A — A)~! forall A\ € U.
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Proof. Assume there exists z € U \ p(A4). Since R is non-empty we can pick A € R,
and since U is connected we can find a continuous path p : [0,1] — U with p(0) = X and
p(1) = z. We let

a =sup{g € [0,1] : p(8) € p(A)}.

Then o > 0 since p(A) is open, and o < 1 since z ¢ p(A). There is some open set
V C U such that p(t) € V for all ¢t € [0,1] and F(A) = R(\, A) for all A € V N p(A)
since F' and R(-, A) are both holomorphic and coincide on V' N R. Now, take a strictly
increasing sequence () C [0,1] with lim e, = . Then p(a,) € p(A) and F(p(ay,)) =
(p(an) — A)~1 for all n. Consequently, since F is continuous, we obtain for every z € X

lim F(p(an))z = F(p(a))z and lim (p(ayn) — A)F(p(an))z = x. (4.1)

n— oo n—0o0

Since A has non-empty resolvent set we know that A is closed. Equation (4.1) therefore
implies F(p(a))z € D(A) and (p(a) — A)F(p(a))x = . Moreover, if z € D(A), then

Fp(a))(p(e) — A)z = lim F(p(an))(plan) — A)x = .

n— 00

Consequently, p(a) € p(A), which contradicts the choice of «, since the resolvent set
is open. Hence U C p(A), and since both F' and the resolvent of A are holomorphic
functions on U we can conclude F(\) = (A — A)~! for all A € U. O

Proposition 4.2. Let A be a closed densely defined operator on X . Then the following
statements are equivalent.

(i) A generates a nilpotent Cy-semigroup T' with T'(t) = 0 for every t > .

(ii) (0,00) C p(A) and the resolvent fulfils the following estimates:

sup  sup [l (n—A)7F| < o0
keEN pe(k/T,00)

and

sup  sup |7 Ret R (p — A)TFHY || < 0.
keN pe(0,k/T)

(iii) There exists pu € p(A) such that
’fi” k—m\ (u— A)~ =D
s r kar

Proof. That (i) implies (ii) and (iii) is an immediate consequence of Propositions 2.7
and 3.1, using the Uniform Boundedness Principle, since

sup sup (k-+ 1)(k)
k m

keNg m=0,...,

‘<oo.

R\ A)x = / e MT(t)xdt for A >0 and z € X.
0
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If we assume (ii), then it follows from Proposition 2.7 that the resolvent R(\, A) is the
finite Laplace—Stieltjes transform of a Lipschitz-continuous function ¢ : [0,7] — L(X),
and therefore A fulfils the Hille-Yosida estimates. Since A is densely defined, it follows
that A generates a Cy-semigroup 7'. But then

/ e NT(B)zdt = RO\, A)z = / =M ddb(t)a,
0 0

and the uniqueness of the Laplace—Stieltjes transform implies that T is supported on
[0, T].
Now, assume (iii). Then, by Proposition 3.1, there exists ¢ € Lip([0, 7], £(X)) with

R\ A) = /OT e M de(t)

for all A in a ball with centre p. Since the right-hand side of this equation defines an entire
function, it follows from Lemma 4.1 that the spectrum of A is empty, and the resolvent is
the finite Laplace transform of ¢ on the whole complex plane. Therefore, we can conclude
as above that A generates a Cy-semigroup 7' which is supported on [0, 7]. (]
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