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ON MODULES OF FINITE PROJECTIVE DIMENSION

S. P. DUTTA

Abstract. We address two aspects of finitely generated modules of finite pro-
jective dimension over local rings and their connection in between: embeddabil-
ity and grade of order ideals of minimal generators of syzygies. We provide a
solution of the embeddability problem and prove important reductions and
special cases of the order ideal conjecture. In particular, we derive that, in any
local ring R of mixed characteristic p > 0, where p is a nonzero divisor, if
is an ideal of finite projective dimension over R and p € I or p is a nonzero
divisor on R/I, then every minimal generator of I is a nonzero divisor. Hence,
if P is a prime ideal of finite projective dimension in a local ring R, then every
minimal generator of P is a nonzero divisor in R.

In this note we consider two aspects of finitely generated modules of finite
projective dimension over any local ring: embeddability and grade of order
ideals of minimal generators of its syzygies (minimal). In regard to embed-
dability, Auslander and Buchweitz [1] proved that any finitely generated
module on a Gorenstein local ring can be embedded in a module of finite
projective dimension such that the cokernel is Cohen—Macaulay. This result
has several applications in solving homological questions and conjectures
in commutative algebra, including Serre’s y;-conjectures and their general-
izations on intersection multiplicity (see [5]). For all these conjectures, one
is usually concerned with finitely generated modules M which are of finite
projective dimension over a local ring R but are not so over R/xR, x being
a nonzero divisor in the annihilator of M in R. However, a similar result has
been absent for non-Gorenstein local rings until now. In this note we prove
the following with respect to embeddability for modules of finite projective
dimension.

THEOREM 1. Let (R,m) be a local ring, and let M be a finitely gen-
erated module of finite projective dimension with positive grade over R.
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Let x ={x1,...,2:} be any R-sequence contained in the annihilator of M
(henceforth anng M ), and let R= R/(x1,...,x;). Then there exists a short
exact sequence of finitely generated R-modules

0-M-—->Q—T—0,

where pd @ < oo and pdg T =t.

From the construction of @, it would follow that support of ) over
R = Spec(R) and Q satisfies the strong intersection conjecture due to Pesk-
ine and Szpiro [15]. Since T is perfect, T also possesses the above prop-
erty. The effect of this theorem on generalizations of Serre’s conjectures on
intersection multiplicities for arbitrary local rings, in particular for Cohen—
Macaulay rings, will be the subject of a future paper. This paper focuses on
its effect on the order ideal conjecture, which is our next topic.

The order ideal conjecture stems from Evans and Griffith’s work [7] on
grade of order ideals of minimal generators of syzygies in equicharacteristic.
The statement of the conjecture is the following.

ORDER IDEAL CONJECTURE. Let (R,m) be a local ring. Let M be a
finitely generated module of finite projective dimension over R, and let S;
denote its ith syzygy for ¢ > 0. If B8 is a minimal generator of S;, then the
order ideal Og, () has grade at least i.

Let us recall that Og, (8) ={f(8) | f € Hompg(S;,R)}.

We say that a module M satisfies the order ideal conjecture if order
ideals of minimal generators of all its syzygies satisfy the respective grade
inequalities mentioned above.

Evans and Griffith [7], [9] proved the above conjecture for equicharacter-
istic local rings in order to solve the syzygy problem over the above class
of rings. The existence of big Cohen—Macaulay modules, due to Hochster
[12], played an important role in their proof. Later in [10] they proved a
graded version of the above conjecture for a certain class of graded rings
in mixed characteristic. We also refer the reader to [3, Theorem 9.5.2] for
a more general version of the order ideal theorem in the equicharacteristic
case. Actually, for their proof of the syzygy theorem in equicharacteristic,
Evans and Griffith needed to prove the above conjecture only for modules
which are locally free on the punctured spectrum of spec(R), R being reg-
ular local. And they reduced the proof of this case to what is now known
as the improved new intersection conjecture. Later Hochster [13] showed

https://doi.org/10.1215/00277630-3140702 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-3140702

ON MODULES OF FINITE PROJECTIVE DIMENSION 89

that the canonical element conjecture implies the improved new intersec-
tion conjecture. The equivalence of these two conjectures was established in
[4]. In our most recent work [6], we have shown that a particular case of the
order ideal conjecture implies the monomial conjecture and therefore also
implies all its equivalent forms—for example, the direct summand conjec-
ture, the canonical element conjecture, and the improved new intersection
conjecture. Thus, the order ideal conjecture now occupies a central position
among several homological conjectures in commutative algebra.

First, let us mention that in order to prove the order ideal conjecture
on arbitrary local rings R, it is enough to concentrate on first syzygies of
modules of finite projective dimension (see Lemma 2.1). Theorem 2.3 shows
that for the validity of the order ideal conjecture it is enough to prove that
every minimal generator of ideals of height 2, grade 2, and of finite pro-
jective dimension over R is a monzero divisor. In Theorem 2.5, we prove
the following: Given a module of finite projective dimension M on a local

ring R, there exists an R-sequence x1,...,xn, h=pdr M, such that for any
R-module N for which x1,...,xp form an N -sequence, Torﬁ(M, N)=0 for
j>0.

This theorem leads us to the following (see Corollary 2.7).

Let (R,m) be a local ring, and let M be a finitely generated module of
finite projective dimension over R. Let x1,...,x, be an R-sequence as men-
tioned above. If R has mized characteristic p > 0, we assume that p,x1,...,xp
form a part of a system of parameters of R. Then for every minimal gen-
erator 3 of S1 = Syzk(M), the grade of Og,(B) > 1.

The statement of our main theorem in Section 2 is the following.

THEOREM 2.11. Let (R,m) be a local ring of mized characteristic p > 0.
Let M be a finitely generated module of finite projective dimension over R,
and let B be a minimal generator of S;, the ith syzygy (minimal) of M, for
1> 0. We assume that either p is a nonzero divisor in R or p s nilpotent.
We have the following.

(a) If p is nilpotent, then the order ideal conjecture is valid on R.

(b) If pM =0, then the grade of Og, () > 1.

(¢) Suppose that balanced or complete almost Cohen—Macaulay algebras
exist over complete local domains. If pM =0 and p € m — m?, then
the grade of Og,(B) >1, Vi > 1.
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2 s a nonzero divisor and that the

(d) Assume that every element in m —m
order ideal conjecture is valid over R/xR for x € m —m?. If anngp M N

(m —m?) # ¢ or depthy M > 0, then grade Og, () > i, Vi > 1.
As a consequence of the above theorem, we have the following corollaries.

COROLLARY 2.12. For any ideal I of finite projective dimension over R
of mixed characteristic p > 0, where p is a nonzero divisor in R, if p€ I
or p is a nonzero divisor on R/I, then every minimal generator of I is
a nonzero divisor. In particular, if P is a prime ideal of finite projective
dimension over R, then every minimal generator of P is a nonzero divisor

n R.

COROLLARY 2.13. Let (R,m) be a regular local ring of dimension n,
and assume that the order ideal conjecture is valid for reqular local rings of
dimension (n —1). If M is a finitely generated R-module such that either
M is annihilated by a reqular parameter or depthp M > 0, then M satisfies
the order ideal conjecture.

The two main ingredients of our proof of Theorem 2.11 are Theorem 1.2
and Shimomoto’s theorem (Theorem 2.10) on the existence of almost Cohen—
Macaulay algebras (see [17, Theorem 5.3]).

Throughout this note, local means Noetherian local, pdp M denotes pro-
jective dimension of M over R, and Syz% (M) denotes the ith syzygy in a
minimal free resolution of M. (For definitions of standard notions and their
basic properties, see [3].)

§1.

First we would like to mention the following proposition.

PROPOSITION 1.1 ([4, Proposition 1.1]). Let A be a local ring, and let
Fy:— A% — A%t — ... 5 A% — 0 be a free complex with Ho(Fs) = M.
Let N C M be a submodule of M. Then we can construct a free complex
Ge:— A% 5 Adi-1 5 ... 5 Ado 5 () with Hy(G) =N and a map ¢e: Ge —
F, such that ¢¢ induces the inclusion N — M and such that the mapping
cone of ¢e is a free resolution of M /N ; that is, ¢e induces an isomorphism
Hi(Ge¢) = H;(F,) fori>0. Moreover, by our construction, Ge is minimal.

For a proof we refer the reader to [4, Proposition 1.1].
Next we prove the main theorem of this section.

https://doi.org/10.1215/00277630-3140702 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-3140702

ON MODULES OF FINITE PROJECTIVE DIMENSION 91

THEOREM 1.2. Let (R, m) be a local ring, and let M be a finitely generated
module of finite projective dimension over R. Assume that gradep M > 0.
Let x denote the ideal generated by an R-sequence of length t contained in
anng M, and let R = R/xR. Then there exists a short eract sequence of
finitely generated R-modules

0-M—-Q—-T—=0

such that pdg @ < oo and pdgT =t.

Proof. First suppose that pdp M = 1. Let us recall that gradep M <
pdr M. Since gradep M > 0, it follows that gradezr M =1. Let « € anng M
be a nonzero divisor. Consider a minimal free resolution: 0 — Rt i> Rto —
M — 0 of M over R. Tensoring this resolution with R/xR, we obtain an

exact sequence: 0 — Torl'(M, R/aR) — (R/xR)" —Ls (R/zR)" — M — 0.
Since x € anng M, Tor®(M,R/xR) = M. Let T = im f. Hence, we obtain
the short exact sequence 0 — M — (R/xR)"* — T — 0, and our assertion
follows. So we can assume that pdz M > 2.

Let (Fu,de):0— R 9 Rra—1t 5 ... 5 Rt %4 R0 5 0 be a minimal
projective resolution of M over R, and let (Ls,¢s) :— R S R
— T %o, R™ — 0 be a minimal projective resolution of M over R.
Since pdp M = n, grade Ext'y (M, R) > for 1 <i <n, Ext’t(M, R) # 0, and
Ext% (M, R) =0 for i > n. Hence, gradeExt’E(M,E) >qfor 1<i<n-—t,
Ext%_t(M, R) #0 (~Ext(M, R)), and Ext(M, R) =0 for i > (n —1).

Applying Homp(—, R) to Lo, we obtain the following free complex L;:
L0 RISRI 5. 5B 0.

(For any R(R) module V, V* = Hompg(M, R)(Homg(V, R)).)
Let G = Coker ¢;,_,. We have a short exact sequence

(1) 0 — Ext”~(M,R) < G =5 Tm g}, — 0.

By the above proposition, there exists a minimal free complex (P, o) :—
R MR o O RO 50 with Ho(Pl) = Ext™ (M, R) and a
map V¥, : P, — L} such that ¥, induces the injection ¢ in (1) and the map-
ping cone of W, is a free resolution of Im¢y,_,,,. We have the following
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commutative diagram:

(2)

bn—t n—t —bn— Sbn—t— —b b
P — R LR LR .. R — R —0
L2 |w | %o
P P s P e
Li: 0 — R —R™ i s ROt LR 50

Applying Hom(—, R) to (2), we obtain the following commutative dia-
gram of exact complexes:

N Rsn—t SN ﬁsn—t—l N Fsl N FSO N M N 0
3) o |w | e, v
0—RY " e s Rt SR 0 0

where @ = Cokera;,_;, and ¥ : M — @ is induced by W¥;_,. Since
grade EXt%(M, R)>i,1<i<n—t, the bottom row of (3) provides a mini-
mal free resolution of @, and hence pdz Q) =n —t. Moreover, by construc-
tion, Ext'>(Q, R) — Ext%(M, R) for i > 0.

Next we want to prove that ¥: M — @ in (3) is injective.

Let Fo=F,®R, S; = Syz%(M), and let S; = S;/xS;, for i > 0. Since x is
generated by an R-sequence of length t in annp M, we have
Tor®(M,R) <~ M and Torf(M,R) =0 for i > t. Tensoring the exact
sequence 0 — Sy — R™1 — S;_1 — 0 by R, we obtain an exact sequence

0= M-35, 5B 55, ;0.

Let 0, : Ly — F, be a lift of j : M < S;. We have the following commutative
diagram:

t HSn—t—1

Le: — R™"'"—R — . — R —0

(4) len,t lon,H l‘%

- H'n H'n— T —=Tri_
Fo: 0 — R —R"" — .. —R'"—R""— ..

The mapping cone of {fs} in (4) is a free resolution of Imd; over R, and
6o induces the isomorphism 6 : M — Torf (M, R) via j : M < S;.
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Applying Hom(—,R) to (4), the following commutative diagram is
obtained:
(5) )
) —E LR LR S E L BB — 0
[z o |

[
LRSS BT SR G0

(L3) : 0

Since the mapping cone of (4) is a free resolution of Imd; over R and
Ext%(M ,R) =0 for i >n—t, 0}_, induces an isomorphism Ext (M, R) —
Ext%_t(M , R). Hence, the inclusion Ext’ (M, R) <= G in (5) can be identified
with c: Ext%ft(M,E) — G in (1).

Let (H,,0s) denote the mapping cone of ¥, in (2). By construction this is
a free resolution of Im ¢y, ;. Let ne : Ly — Ho (7; : R LR @Rsf),
Yo : He = Po(—1) (Y5 R eR S T%b"_j) denote the corresponding
inclusion and projection maps, respectively. Then 1, - 05 : F f — H, lifts
the composite 7 - c: Ext%*t(M, R 5 G L 1Im @ _¢41- Since - c=0 and
(H,,0d) is a free resolution of Im ¢y, ,, ne - 05 is homotopic to 0. Hence,
there exist homotopy maps he : Fy — Ha, h; R SR 69}_38;‘“1, for
t <j <mn, such that

(6) Ong - Pyt Bjr - djy =121 65y

Let Be =Ye - he, {8 =Yn—j-hj}. Then B, = {(=1)7*15;} : F, — P, is a map
of complexes. Consider U, - 3, : Fi — L.

For 1 <j<mn, let kj =m - h; :RT; — Rs;’t’l, where 9 : Rbn*j D
R+ 5 R is the projection on the second component. It can be
checked that, for t < j <mn,

(7) O = (F1)" T Wy By = 95y kK- i

that is, 6% and ¥,/3, are homotopic.
The following commutative diagrams are provided to clarify (6) and (7)
for t=1:
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(8) )
- ek dr e " o
F, .— R L R - — R —R"—0
hj *  hy hn
Je]l Y J J J
HSj—2 *5;71 *5; S5n—t/1 B5n—1
L; - — R R R — o — R — R — 0

br—j st P — —bo s, st
H. SRR S R o R — s SRR R
g
’Yan Jf)/njl [
Hbn—j Qn—j Hbn—j-1 —bo
Po(—1): -— R —_— R — - — R —0

_ —r¥ =T
F,: e R’ — R’™
k;
B; 1Bt
—=bp— —=bp_j—
P, : R’ R !
e;—l \I’n—j 6; \I/n—j—l

—s7 . —s%_ —s*
i — R — B R

Hence, {0} and {¥,S.} define identical maps (modulo + sign) on homo-
logies of F} and L, and, consequently, for the homologies of their respective
duals. If W : M — H" Y (P}), §: H" Y(P}) — Tor®(M,R), and 6y : M —
Torl*(M, R) denote the maps induced by ¥ _,, 3f, and (63)* = 6y, respec-
tively, then 6y =5 - ¥ (modulo a sign). Since 0y is an isomorphism, ¥ =
(inclusion of H"t(P¥) < Q) - ¥ : M — Q is injective.

Let Cokery =T then 0 — M LN @ — T — is exact. Since the map-
ping cones of W3, W, are free resolutions of T', Im ¢y, _,,,, respectively, and
Ext%(M, R) — Ext'+(Q, R) for i >0, it follows that Ext’-(T,R) =0 for
i>0; that is, Extz(T,R) =0 for ¢ > t. Since pdrM < oo, we have
pdrT < oo, and hence pdp 1" =t. This completes our proof. U

COROLLARY 1.3. Let R be a local ring, and let M be a finitely gener-
ated module of finite projective dimension with pdgr M > 1 and grade R > 0.

Given any nonzero divisor x € anng M, M can be embedded in a finitely
generated module Q) of finite projective dimension over R/xR in such a
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way that, if (Ge,7e), (Fe,de) are minimal free resolutions of M and Q
over R, respectively, and ¢o : Go — Fo is a lift of i : M — Q, then ¢e
induces our isomorphism between (Ge,%Ve)i>2 and (Fe,de)i>2, ¢1(G1) is
either a summand of or isomorphic to Fi, and ¢g is an injection. More-
over, syzp(M) & R ~syzL(Q) for some t > 0.

Proof. By Theorem 1.2 we have an exact sequence of R/xR modules
0— M- Q-5T -0,

where pdp/,rp @ < o0 and pdpT' = 1.

The proof of the corollary now follows directly either by constructing a
minimal free resolution of ) from minimal free resolutions of M and T
or by extracting a minimal free resolution of M from the mapping cone
of ne : e — Lo, where F,, L, are minimal free resolutions of () and T,
respectively. (For details of such basic constructions, the reader is referred

to [3].) 0

REMARK. Since graderT' = pdrT =17, T is perfect. It can be easily
checked from the above construction that gradez Q) = 0, and since pdz Q <
00, supportz @ = Spec(R). Moreover, the strong intersection conjecture (see
[12], [15]) is valid for both @ and T'. For details on this observation we refer

the reader to [15, Section 4, Chapitre II].

§2.

LEMMA 2.1. Let (R,m) be a local ring of dimension of n. Assume that
the order ideal congjecture is valid for local rings of dimension (n—1). Then,
for the validity of the order ideal conjecture on R, it is enough to prove the
validity of the assertion for the first syzygies of modules of finite projection.
In particular, for cyclic modules of finite projective dimension over R, it
s enough to prove that every minimal generator of any ideal in R of finite
projective dimension over R is a nonzero divisor in R.

Proof. Let (F,,ds) be a minimal free resolution of M where F; = R" for
1> 0. Let S; denote the ith syzygy of M for ¢ > 1, and let 5 be a minimal
generator of S; for i > 1. Then [ = d;(e) for some free generator e of Fj,

al
and we have g = ( : ) € R"-1. Let J denote the ideal generated by

Ar;_4q
ai,...,ar, ,.Let x be a nonzero divisor on R; then x is a nonzero divisor on
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S1. Let R= R/zR, and let S; = S;/x5;, i > 1. We have that S; is of finite
projective dimension over R, and S; = Syzi_l(gl) for ¢ > 1. By induction
hypothesis, gradeg(J +2R) /xR > (i — 1); thls implies that gradep J > (i —

1). Let y € J be a nonzero divisor on R. Let R = R/yR, and let S; = S;/yS;
for 4 > 1. Then, again by arguing as above, gradey J/(y) > (i — 1). Hence,
gradep J > 4. The second assertion now follows readily. U

LEMMA 2.2. Let M be a finitely generated module of finite projective
dimension over a local ring (R, m). Suppose that rankgr M = s. Then there
erists a free submodule F' = R®, generated by a part of a minimal set of
generators of M, such that M/F has positive grade.

Proof. We induct on s. Since pdg M is finite, if s =0, then for every asso-
ciated prime P of R, Mp =0, and hence gradep M > 0. Now suppose that
s> 0. Since pdp M is finite, by basic element method (see [8, Lemma 2.1])
there exists a minimal generator o of M such that the image of « is a part
of a basis of Mp for every associate prime P of R. Hence, we have a short
exact sequence

0= R—M-2 M —0 (1—a).

Then pdp M’ < oo and rankp M’ =rankp M —1 = s—1. By induction, there
exists a free submodule F' = R°~! of M, generated by a part of a minimal
set of generators of M’, such that M” M '/ F' has positive grade. We have
the following short exact sequence:

0 F' 55 M 25 M” 0.

Since F” is free, we can lift i : F/ — M’ ton : F' — M such that ¢-n =1i. Let
0 = - ¢. It can be easily checked that 6 is surjective and that Ker = R® F".
Hence the lemma follows. []

Our next theorem reduces the order ideal conjecture to the assertion
that every minimal generator of a certain class of ideals of finite projective
dimension must be a nonzero divisor.

THEOREM 2.3. Let (R,m) be a local ring of dimension n. Assume that
the order ideal conjecture is valid for local rings of dimension (n—1). Then,
for the validity of the order ideal conjecture over R, it is enough to prove
that every minimal generator of any ideal of grade 2, height 2, and of finite
projective dimension over R is a nonzero divisor in R.
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Proof. Let M be a finitely generated module of finite projective dimension
over R. Due to Lemma 2.1, for the validity of the order ideal conjecture it
is enough to consider minimal generators of S = Syz}%(M ). If gradep M =0,
then anng M = 0. Let sy =rankg M. By Lemma 2.2, there exists a free
submodule F' = R®*® generated by a part of a minimal set of generators of
M such that M’ = M/F has positive grade. From the commutative diagram

0 0
{ {
R R
1
(1) 0 - S = R° 5 M — 0
{ { {
0 - S — Rro=so 5 M — 0
{ {
0 0

it follows that, without any loss of generality, we can assume that
grader M > 0. Let = be a nonzero divisor in anng M. By Corollary 1.3
we can assume that M has finite projective dimension over R/xR and that
support(M) = support(R/xR). Let R= R/zR, and let S = S/xS. By ten-
soring 0 — S — R™ — M — 0 with R, we obtain the short exact sequences

(2) 0-M-55-T-0, 0-5T—R°—M-0,

where T = Syzlﬁ(M ). If v is a minimal generator of M, and if e € R™, a
free generator of R", is such that n(e) =+, then 6(vy) = Im(xe) in S. Let
«; € S denote the lifts of a minimal set of generators @;, 1 <i < h, of T
By induction, grade O (@) > 1; hence, gradeOg(o;) > 1 for 1 <i < h.
Due to the exact sequehces in (2) we obtain a minimal set of generators

xTei,...,Teq,Q1,...,ap of S where e, ..., e, form a part of a basis of R". If
(Fe,ds) (F; = R") denote a minimal free resolution of M over R, then there
exist €1,...,€q,...,€q+4j,... a basis of R such that di(é;) =ze;, 1 <i<a,

and di(€q+5) = oj, 1 <j < h. Any minimal generator of S is of the form
Yo cive; + Z?:1 djaj, where at least one of ¢;’s or d;’s is a unit. If any
d; in the above expression is a unit, then we are done by induction. Thus,
it is easy to check that, in order to show that for any minimal generator
B of S, grade Og(B) > 1, it is enough to consider § = xe — > A\, where
ec{er,...,eqa}, > A@; #0 in T. Due to the second exact sequence in (2),
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if any A; is a unit, then we are done by induction. Hence, we can assume
that all \; € m in the above expression of 3. Let ¢t = ranky M. By arguing
as in (1) we obtain the following commutative diagram:

0 0 0
1 3 1
0 > R &% R 5 R
Ly L ¢o )
(3) 0O - S —= R° — M — 0
1 \ \
0O - S = Ro' - M — 0
1 3 1
0 0 0

Let {€;},1 < j <t, denote a basis of R' such that v =¢(€),1 <j<t,
in (3) is a part of a minimal set of generators of M (see Lemma 2.2). By
commutativity of (3), ¥(e;) = xze;, 1 < j <t. Note that none of ze; may be
a part of {zeq,...,xe, }—part of a minimal basis of S mentioned above. We
want to prove the following.

CLAIM. For any j, 1 < j <t, the grade of the ideal generated by the
entries of (xe; — Y Aiy) is greater than or equal to 1 (here xe; =1)(ej)).

Proof. Let v1,...,%,Yt+1,---,7r, be a minimal set of generators of M
where v; = ¢(€;), 1 < j <t as above, and t = ranky M. Then gradez(M') >
1; that is, grader(M’) > 2. Let y € anng M’ be a nonzero divisor in R;
then Vk > t, and yy, = Z;Zl ai;7;; hence, ye — > agje; € S for k> t. Let
P € Assg(R), and let ¢ € Assp(R) containing P. By construction, ¢ is an
associated prime of M (recall that annz M = 0); then M, and T, are free
Eq modules of rankt and ry — ¢, respectively. Since pd R, M, =1, 5, is also

a free R4-module. We have the following short exact sequences:
(4) 0= My—Sq—T,—0, 0T, =R, — M;—0.

Let B, =& — Z;Zl %EJ’. Then {B,},t+1<k<rg, is a basis of T,. Let
BrL=ep — Zk %ej,t + 1<k <rg. Then it follows from (4) that {ze; ...,

=1y
xet, Bi41,-- ., B} form a basis of S;. In S, we have
t e T0 dk
5 Aoy = = i — Dk, b .
(5) Z « ;berrk;rlbﬁk ¢q
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If > Nia; & qSg, then Y A\ ¢ ¢T;,, which implies that some d, ¢ q. Hence,
Im(ze; — > A\joy;) is a minimal generator of T which is free, and thus ze; —
Y- Aoy ¢ PR™. Now suppose that > \ja; € ¢Sy; then all ¢;, d; € g and z 1 dj,
for at least one k in (5). Hence, ze; — 3 Aoy = (1 — F)ze; — Dz FTE —

> d;’)’“ Bi. Since 1 — { is a unit in Ry, xe; — Y Aja; is a minimal generator
of Sy. Since S is a free R, module, xe; — > Aja; ¢ PR}, and hence ze; —
> Aia; ¢ PR™. This completes the proof of our claim. 0

Due to the commutative diagram (3) and Lemma 2.2, we can assume,
without any loss of generality, that gradep M > 2. Now we appeal to the
following result due to Smoke [18, Lemma 4.1, Theorem 4.2]. Given a finitely
generated R-module M of grade greater than or equal to 2, we can construct
an exact sequence

(6) 0—-M-—R/I—-R/J—DO0,

where R/J has a filtration whose successive quotients are isomorphic to
cyclic modules of the form R/(u,v), where {u,v} form an R-sequence. The
proof in [18] shows that, by choosing the R-sequences of length 2 in m
(annihilator of the corresponding module over R), this exact sequence can
be constructed in such a way that, if § : S — I denotes the corresponding
map on first syzygies via (6), then § is surjective and 6 : S/mS — I/mlI is an
isomorphism. Since pdp M < 0o, pdp R/I < o0, and from the construction
it follows that height of I = grade of I = 2. Thus, the proof of our theorem
is complete. 0

Now let us state the following lemma.

LEMMA 2.4. Let (R,m) be a local ring, and let M be a finitely generated
module of projective dimension n < oo. Let N be an R-module such that
anng M contains an N -sequence of length r. Then Torﬁ_i(M, N)=0 for
0<i<r.

We leave the proof of this lemma to the reader.
In our next theorem we indicate the vanishing of Tor from an altogether
different perspective.

THEOREM 2.5. Let (R, m) be a local ring, and let M be a finitely generated
module of finite projective dimension over R. Let pdr M = h. Then there
exists an R-sequence x1,...,xp of length h such that for any R-module N
for which x1,...,xy form an N -sequence, TorlR(M, N)=0 fori>D0.
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Proof. If rankgr M = sg > 0, by Lemma 2.2 there exists a free submodule
F = R® generated by a part of a minimal set of generators of M such that
M’ = M/F has positive grade. From the commutative diagram

0 0
1 4
Reo R#o
I {
(1) 0 - S — R - M — 0
4 1 \
0 - S — Rro %0 —» M — 0
4 4
0 0

it follows that S = Syzk(M) = Syzk(M'). If rankg M = 0, then M’ = M.
Let 21 € anng M’ be a nonzero divisor on R, let R; = R/xR, and let
S1=S/xS. By Theorem 1.2, we have an exact sequence of Rj-modules

(2) 0—M — M —V;—0

such that pdr, M1 < oo (=pdgM —1) and pdp Vi =1. It is also clear
from Corollary 1.3 that S(M;) = Syzh(M;) =S @ R = Syzh(M') ® R =
Syzk(M) @ Rh for some t; > 0. Tensoring the short exact sequence 0 —
S(My) = R — M; — 0 with Ry, we obtain the following short exact
sequences:

(3) 0— M —SM)® R — T —0, 0—>T1—>Rf1—>M1—>0.

Here Ty = Syzp, (Mi). Recall that pdg, My < oo and that support(M;) =
Spec R;. Now we start with M; over R; and repeat the process described in
(1), (2), and (3). We continue this process (h — 2) times and obtain an R-

sequence x1,...,T;, 1 <i<h—1, modules M; of finite projective dimension
over R; = R/(x1,...,x;), and short exact sequences

(2i) 0— M | — M; —V; =0,

(1i) 0— F; — M; — M — 0,

where pdg M; = pdg M — i, support(M;) = support(R;), pdg,_, Vi =1,
M! =M, 1/F;,_1, F;_1 a free R;_;-module as constructed in (1), and M/
is a module over R;+1. We also have short exact sequences of R;-modules

(3i) 0— M; — S(M;)® Ry —» T; — 0, 0—>TZ-—>Rfi—>MZ-—>O.
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We note that grade M; = ¢ and that pdp M; = h. Let z; € m be such
that im(xp,) in Rp_; is a nonzero divisor contained in anng, , M; ;. Then
x1,...,xp form an R-sequence, and this is our required sequence.

Since projective dimension pdzr M} ; = h, if N is an R-module such
that x1,...,z, form an N-sequence, then it follows from Lemma 2.4 that
Tor®(M] _|,N) =0 for i > 0. Now it follows from the above short exact
sequences starting from M; ;| and tracing back to M that Torf(M ,N)=0
for j > 1. If gradeg M =r >0 and zy,...,2, is an R-sequence contained
in anng M, we start with Q—an R(= R/(z1,...,7,))-module as in Theo-
rem 1.2—and construct an R-sequence ,1,...,o; by the above method.
Then z1, ...,z form an R-sequence satisfying the required vanishing prop-
erty of Tor. Since pdr M < oo, if gradep M = 0, then anng M = 0, and
hence rankp M > 0. Thus we are back to diagram (1). 0

COROLLARY 2.6. Let (R,m) be a local ring, and let M be a finitely gen-
erated module of finite projective dimension h over R. Let x1,...,xp be
an R-sequence as mentioned in the above proposition. Suppose that for
every P € Assp(R) there exists an R/P-module N such that x1,...,xp
form an N-sequence and N #mN. Then, for every minimal generator B of

Sy = Syzh(M), grade Og, (8) > 1.

Proof. Let (Fe,ds) be a minimal resolution of M over R. If possible,
let grade Og, () =0. Then there exists an associated prime P such that
Os,(B) C P. Let R=R/P, and let Fy = F, ® R/P. Consider the sequence

-2 S E o

Since Og,(8) C P, di(B) = 0. This implies that, for any R-module N,
Torf'(M, N) # 0. However, by hypothesis, there exists an R-module N such
that x1,...,x, form an N-sequence. Then, by Theorem 2.5, we have
Torf(M, N) =0 for j > 0, which leads to a contradiction. Hence,
grade Og, (8) > 1. U

COROLLARY 2.7. Let (R,m) be a local ring, and let M be a finitely gen-
erated module of finite projective dimension h over R. Let x1,...,xp be
an R-sequence as mentioned in Theorem 2.5. If R has mized characteris-
tic p > 0, we assume that p,x1,...,zy form a part of a system of parameters
of R. Then for every minimal generator B of Si1 = Syzh(M),
grade Og, () > 1.
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Proof. If possible, let grade Og, (8) = 0. Then there exists an associated
prime P of R such that Og, (8) C P. If R is equicharacteristic, then there
exists a big Cohen-Macaulay R/P-module N such that zi,...,z, form a
regular N-sequence. If R has mixed characteristic p > 0, then there exists
a big Cohen-Macaulay R/(P + pR)-module N such that z1,...,z) form a
regular N-sequence. Hence, we are done by Corollary 2.6. 0

REMARK. Due to the existence of Cohen—Macaulay algebras over local
domains of dimension less than or equal to 3 (see [14]), it can be checked
from the above arguments that finitely generated modules of projective
dimension less than or equal to 3 satisfy the order ideal conjecture.

LEMMA 2.8. Let (R,m,K = R/m) be an equicharacteristic complete local
ring of dimension d, and let x1,...,24 be a system of parameters of R. Let

M be a big Cohen—Macaulay R-module such that xM # M and x1,...,24
form a maximal M -sequence. Then M = the m-adic completion of M is a

flat K[[z1,...,x4]]-module.
Proof. Let S = K|[[z1,...,24]]. Then S is a complete power series ring in
d variables, R is a module-finite extension of S, and x = {z1,...,24} form a

regular system of parameters of S. Moreover, x is M-regular (see [3, Theo-
rem 8.5.1]), and M is a balanced big Cohen-Macaulay module (see [3, Corol-

lary 8.5.3]). Hence, v : %[Xl, L Xd = B0, % is an isomorphism.
xS

Since x is a regular system of parameters of S, K[X1,...,Xq| ~ @, *nFig

x"S AT /o AT~ XM M . :
Hence, Z+7g ®x M JxM ~ Ly and 7 sa nonnull vector spacing over

K = S/xS. Thus, it follows, by [2, Theorem 1, Section 5.2], that M is
S-flat. 0

THEOREM 2.9 ([11, Theorem 6.9]). Let (R,m,K) be an equicharacter-
istic complete local ring, and let N be a finitely generated module of finite
projective dimension over R. Let I be an ideal of height h, and let M be
a big Cohen—Macaulay module over R/I. Let M be the m-adic completion
of M. Then TorEB(M,N)=0 fori> h.

Proof. For a proof, we refer the reader to [8, Theorem 1.11] or [11],
where the existence of a big Cohen-Macaulay R/I-module ) such that
Tor®(Q, N) =0, for i > h, has been demonstrated. (It was first proved by
Foxby [11].) In these proofs, it was required that such a @ be free over a
certain complete regular local ring S contained in R/I such that R/I is a
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module-finite extension of S. By Lemma 2.8, the completion M of any big
Cohen—Macaulay R/I module is flat over certain complete regular subrings
of R/I. This flatness is enough to ensure the validity of arguments provided
in [8, Theorem 1.11] or in [11, Theorem 6.9] for proving our assertion.  []

Next we recall Shimomoto’s theorem.

THEOREM 2.10 ([17, Theorem 5.3]). Let (R, m) be a complete local domain
of mized characteristic p > 0. Then there exists some system of parameters
D, x2,...,xq of R and an almost Cohen—Macaulay quasilocal algebra B over
R* in the sense that
(1) (p,x2,...,24)B# B,

(2) x2,...,x4 form a reqular sequence on B/pB, and
(3) p is not nilpotent in B and the ideal (0:p) is annihilated by p€ for
any rational € > 0.

Actually, Shimomoto’s construction shows that such a B can be con-
structed for any system of parameters of the form p,xo,..., x4 of R.

DEFINITION. An almost Cohen—Macaulay algebra B as above is called
balanced if B/pB is a balanced Cohen—Macaulay algebra.

Now we are ready to prove our final theorem.

THEOREM 2.11. Let (R, m) be a local ring of mized characteristic p > 0.
We assume that either p is nilpotent or that p is a monzero divisor in R.
Let M be a finitely generated module of finite projective dimension over R,
and let B be a minimal generator of S, the ith syzygy of M (minimal), for
1> 0. We have the following.

(a) If p is nilpotent, the order ideal conjecture is valid on R.

(b) If pM =0, then the grade of Og, () > 1.

(c) Suppose that balanced or complete almost Cohen—Macaulay algebras
exist over complete local domains. If pM =0 and p € m — m?, then
the grade of Og,(B) >, Yi > 1.

(d) Assume that every element in m —m
the order ideal conjecture is valid over R/zR for any x € m —m?. If
annp M N (m—m?) # ¢ or depthy M > 0, then grade O, (8) > i, Vi > 1.

2 s a nonzero divisor and that

Proof. (a) If p is nilpotent, the proof follows immediately by similar argu-
ments as in [9, Theorem 2.4] due to the existence of big Cohen—Macaulay
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modules on equicharacteristic local domains R/P for every prime ideal P
in Spec R. One may also use [3, Lemma 9.1.8] to prove the assertion.

(b) Since p is a nonzero divisor on R, by Corollary 1.3 we can assume that
pdp/,r M < oco. We write R = R/pR. Consider the short exact sequence

(1) 051 - R M —0.
Tensoring this sequence with R, we obtain the exact sequences
(2) O—>Mi>§1i>T1—>O,
(3) O-17 LR 1Mo,

where 1) = Syzlﬁ(M ) and S; =51 ®r R. For any minimal generator 9 of
M we have ¥ =n(e), e being a minimal generator of R and j(J) = class
of pe in S. Recall that if I is an ideal of R such that gradep I =0, then
for any nonzero divisor x in R, gradeg(I + xR)/xR is also 0. Hence, for
any minimal generator 3 of Si, if b(3) is a minimal generator of 77, then
our assertion follows due to the validity of the order ideal conjecture on
equicharacteristic local rings. If b(5) = 0, then 8 € j(M); that is, 8 = j(¥),
where ¥ is a minimal generator of M. Let {@;}i<j<¢ be a minimal set of
generators of 77, and let {c;} denote a lift of {@;} in S;. Then there exists
a basis e1,...,€;,...,e, of R™ such that {peq,...,pe;,a;s} form a minimal
set of generators of S;. Moreover, to show that, for any minimal generator
B of Sy, grade Og, () > 1, it is enough to take 5 = pe — Z;’:l Ajoj, where
ee{er,...,ei}, Ajsem, and Y A\ja; #0 in 1.

If possible, let grade Og, (5) =0, that is, let Og, (5) C P, for some P €
Assgr(R). Let pdg M = h; then pdz M = (h — 1). By Theorem 2.5, corre-
sponding to M over R, there exists an R sequence Ty, ...,T,_; satisfying
the assertion mentioned in Theorem 2.5. Let R = R/PR, let p=1im(p) in é,
and let 7; = im(z;) in é, 1<i¢<h-—1.Then p, Z1,...,%_1 form a part of a
system of parameters of R. By Corollary 2.7 there exists an almost Cohen—
Macaulay E*—algebra B such that (p,...,Zp—1)B # B and Z1,...,Zp—1 form
a regular sequence on B/pB. Then, by Theorem 2.5 or by [11, Theorem 2.4],
we have Torf(M,B/pB) =0 for 7> 0.

We consider the following part of a minimal resolution F, of M over R:

d d
R % pno Ay g 0

Fy — Fi — Fo — 0
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Let E =FE® é, 0 < < 2. Tensoring the above sequence with ]?Z, we obtain
a sequence

ﬁg E) ﬁl ﬁ) ﬁg — 0,
where 3 = im(8) in Fy=0.
Tensoring the above sequence with B and writing F;p = F; ® B, we have
dap dip
(4) FQB—>F13—>FOB—)O,

where 8 =im 3 in Fyp = 0. Hence,

(5) pep = Z Ajap in B™ = Fyp,

where ajp =im(a; ®1p) in Fop, aj®1p € S1 ® B. Since TorjE(M7 B/pB) =
0, for j > 0, tensoring (2) and (3) with B/pB over R we obtain the following
short exact sequences

Q)1 _
(6) 0= Mo B/pB “212% 5@ B/pB Ty © B/pB -0
and
(7) O—-Ty®B/pB— (B/pB)"™ - M ® B/pB — 0.

Let ajp = the image of (@ ® 1g/,p in T1 ® B/pB) in (B/pB)™ =ima;p
in (B/pB)"™. Due to (5) and (7), we have ) A\ja;p =0 in (B/pB)™, and
hence ) \j(a; ® 15) =0 in 71 ® B/pB. Since \js € m, this implies, due to
the exact sequence (6) and the definition of j in (2), that

Z)\j(aj & 13) = Zai(pei X lB)
+p<z bi(pei ®1p) + Y _ iy ® 13))

in S1 ® B, a;s € mp, where mp is the maximal ideal of B.
Hence, we have from (5) and (8)

pep =Y (ai+pbi)peip+p Y _ picip

in B™; that is,

(%) p{eB - [Z(ai +pb;)eip + Zuz‘aw} } =0.
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Since a; € mp, entries of a;g € mp, ep — [>_(a; + pbi)e; + > pia;p| is a
free generator of B"; hence, p cannot annihilate it. Thus, (*) leads to a
contradiction. Hence, grade Og, () must be greater than or equal to 1.

(c) We assume that p € m —m? and that pM =0. Let Fy:0— R™ L,

Rm1—... 5 R L R™ — 0 be a minimal free resolution of M over R,
and let P, : 0 — R ... 5 R* 2R =0 be a minimal free resolution
of M over R(= R/pR). Shamash [16] has shown that P, can be obtained
from F, via the homotopy maps he : Fo — Fo(+1) induced by the 0-map on
M due to multiplication by p. Actually, each F;, for ¢ > 0, can be decom-
posed into two parts: F; = F! @ F/', where h;(F!") =0, every free gener-
ator € of F/_; is such that e = h;_1(€¢’) is a free generator of F}, and
d;(e) = pe’ — hi_ad;—1(€e’). Moreover, it follows from Shamash’s theorem

that (i) there exists ¢o : Po — Fo(+1) (Fo = Fy ®r R), where ¢y induces

the inclusion map M = Torf*(M, R/p) <8y, and (ii) ¢e induces a splitting
on each component of P, and P,(+1) can be extracted from the mapping
cone of ¢,. Let S; = Syzip(M), let T; = Syz%(M), and let S; = S; ® R. This
leads to the following short exact sequences for i > 1:

(1/) 0—>Tz;1i>§ii>Ti—>O,

(2) 0T, =R """ =T, —0,

where 1 is induced by ¢ and ¥(Ime') = pe — h;_od;_1(e’) is a minimal
generator of S; due to the splitting property of ¢,. Let v = pe/ — h; _od;_1(€'),

and let
(3/) 5 =pe' — hi_zdi_l(el).
Then v and 7 are minimal generators of S; and S;, respectively. 0

CLAIM. In the above situation, grade Og,(7y) > i.

Proof. If possible let P be a prime ideal of height (i — 1) containing
Og, (7). Since € € F!_; and h;_o(F;—2) = F!" ,, it follows that p € P. Let
D, T2,...,%;—1 be a maximal R-sequence contained in Og,(v)—we denote it
by x. Then Torf(M, R/x)=0for j >i.Let R = R/x, let S, =5, ® R, and
so forth. We have an exact sequence

0— S —R"1'—8 | —=0.
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Then S!/_; is a module of finite projective dimension over R’, and S] =
Syzk (S!_;) has a minimal generator 7' =1im+~ in S/ such that Og/(7') has
grade 0 in R'. This contradicts part (b) of our theorem, and hence the claim
is established.

Let {@;} form a minimal set of generators of T;, and let {c;} denote
their lifts in ;. Since characteristic of R =p > 0, by the theorem by Evans
and Griffith [9, Theorem 2.4], grade(Or,(@;)) > 4. Since (1")®@R/m is exact
due to the above claim, for the purpose of proving our theorem it would be
enough to establish that, for every minimal generator 8 of S; of the form
B=~v—> \aj, gradeOg, () > i, where 7 = ¢(ime’) for some free gener-
ator ¢ for F;_1 and Ajs € m. If possible, let Og,(8) C P — a prime ideal
of height (i —1). If p € P, there exists a maximal Cohen-Macaulay R/P-
algebra ((R/P)*-algebra) B. If p ¢ P, then by assumption there exists a
balanced almost Cohen-Macaulay R/P-algebra ((R/P)t-algebra) B such
that p is not nilpotent on B and such that B = B/pB is a maximal Cohen—
Macaulay algebra over R/(P + pR). Hence, in either case, by [11, Theo-
rem 2.4], Torf(M, B) =0 for j >i. Tensoring (1) and (2') with B, we get
the exact sequences

— 1 — — R
(6" 0—>1}71®B¢®¥§35i®3—>7}®B—>0
and
(7) O->T,eB—>B ' —>T,_10B—0.

Let e be a free generator of F; such that d;(e) = 3.
From F,, we consider the exact sequence

ditq d;
Fip1— F,— Fi1.

Let R = R/P, and let E =F,®p R. Tensoring the above sequence with ﬁ,
we obtain a complex

~ iy~ 4~
™M B4 E
where Ji(é) =0. Let eg =e ® 1. Then in the complex Fj11 ® B — F; ®
B — F;_1 ® B, we have d;p(ep) =0. Let yp =im(y® 1), and let a;p =
im(a; ® 1) in B"-1 = F;_1 ® B. Then

(5/) dip(e) =0= B —Z)\j()éjB =0.

https://doi.org/10.1215/00277630-3140702 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-3140702

108 S. P. DUTTA
Let @jp =Ima;p in B Due to (5') and (6'), we have 3" \;@,;p =0 in

B hence, > )j(@;®1p)=0in T; ® B. Since \;s € m, this implies, due
to the exact sequence (6") and definition of ¢ in (1’), that

Z)\j(aj ®1p)= Zai(% ®1p)
+p<z bi(vi @1p) + Y pila; ® 13))

in S; ® B,a;s € mp. Hence, from (5') we have

vB =Y (ai+pb)(vip) +p Y 110

(8)

in B"~!. Since vg = pey — hi—2d;_1(€)z) and 7;p’s also have similar expres-
sions, comparing the e/zth coordinate in B™~1, we obtain from above

(%) p[eﬂg —> (i +phi)ep — Z%} =0,

where d; is the e’pth coordinate of pja;p. Since a;, 05 € mp, the term within
brackets in () is a free generator of B"~!, and hence p cannot annihilate
it. Thus, (+*) leads to a contradiction. Hence, gradeOg,(8) > i, and our
proof is complete.

2 is a nonzero divisor and
that for any such element x the order ideal conjecture is valid for R/xR.
Let M be a finitely generated module of finite projective dimension such
that either anng M N (m —m?) # ¢ or depthy M > 0.

First, let us assume that anng M N (m —m?) # ¢. Let & € anng M N (m —
m?), and let R = R/xzR. Since pdg M < oo and x € m —m?, pdg M < <.
By hypothesis, M satisfies the order ideal conjecture as an R-module. Let
(Fs,ds) and (Ps,Ss) denote minimal free resolutions of M over R and R,
respectively; let S; = Syz% (M), and let T; = Syz%(M). Arguing as in the
proof of part (b) of the theorem ((1), (2), (3), etc.), we construct a minimal
set of generators {xey,...,xe;, s} such that {eq,...,e;} form a part of a
basis of Fp, and @;(=ima; in T7) form a minimal set of generators of 717.
To show that, for any minimal generators 3 of Sp, grade Og, (5) > 1, due to
inductive hypothesis, it is enough to take f =xe — > Ny, e € {e1,...,e;},
and \; € m. Then (. = the eth coordinate of 8 =z —>_ A\;jae. Since \;s € m,
a;es €m, and x € m —m?, we have B, #0, B € m —m?, and hence by
assumption (. is a nonzero divisor in R. Thus, the conclusion follows for
i=1.

(d) We assume that every element in m —m
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Now consider i > 1. Arguing as in part (c) above we see from (1'), (2),
(3"), and so on, that it is enough to consider a minimal generator 3 of S; of
the form =~ — X\;«;, where v =xe' — h;_sh;—1(e') = d;(e),e = h;—1(€'),
¢/ a minimal generator of F_,, and @; (=ima; € T;) form a minimal set
of generators of T;. Similar arguments as in part (c) show that the grade
of Og,(y) > and, by hypothesis, that grade Or,(@;) > i. Let J denote the
ideal generated by entries of 5. Recall that F;_; =F/_, & F/" |, that ¢/ is a

minimal generator of F ,, and that h;_od;—_1(¢') € F!" ;. Let y = the €’th
2

coordinate of =1z — > A\jae; since A;s € m and agers € m, y € m — m*,
and hence, by assumption, y is a nonzero divisor in R. Let R = R/yR,
and let S; = S;/yS; for i > 1; then S; = Syz%l(gl). By hypothesis J/yR
has grade > (i — 1) in R. This implies that gradeg J > i, and our proof is
complete.

Now assume that depthp M > 0. We can find € m — m? such that =
is a nonzero divisor on M. Let R = R/xR, and let M = M/xM. Since
pdﬁH =pdp M < 0o, by hypothesis, M satisfies the order ideal conjecture

over R. Hence M satisfies the order ideal conjecture over R. [

COROLLARY 2.12. Let (R, m) be a local ring of mized characteristic p >0
such that p is a nonzero divisor in R. Let I be an ideal of finite projective
dimension over R. If p € I or p is a nonzero divisor on R/I, then every
minimal generator of I is a monzero divisor in R. In particular, if P is
a prime ideal of finite projective dimension over R, then every minimal
generator of P is a nonzero divisor.

Proof. If p € I, the proof follows from Theorem 2.11(b); if p is a nonzero
divisor on R/I, the result follows from the validity of the order ideal con-
jecture on R/pR (see [9]). 0

COROLLARY 2.13. Let (R,m) be a regular local ring of dimension n,
and assume that the order ideal conjecture is valid for reqular local rings of
dimension (n —1). If M is a finitely generated R-module such that either
M is annihilated by a regular parameter or depthp M > 0, then M satisfies
the order ideal conjecture.

The proof follows from Theorem 2.11(d). U

REMARK. After going through Theorem 1.2 of this paper, one of the refer-
ees pointed out that this theorem could be achieved by combining an embed-
ding theorem for modules of finite G-dimension due to Christensen and
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Iyengar (“Gorenstein dimension of modules over homomorphisms”) with
a couple of results from “complete intersection dimension” by Avramov,
Gasharov, and Peeva. This author was not aware of this observation. It is
also clear from the comments that the other referee and most of the experts
are also unaware of this observation. After taking a glance at the proposed
proof via this observation, it seems that this approach would require several
other notions and is rather technical and not constructive. In comparison,
our proof is much more direct and to the point, and it exploits only the Ext
characterization of modules of finite projective dimension.

Acknowledgments. I am thankful to the referees for their suggestions
toward improving the exposition in this paper.
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