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Abstract

We study a nonlinear oscillatory system with two degrees of freedom. By using the
continuation theorem of coincidence degree theory, some sufficient conditions are obtained
to establish the existence of periodic solutions of the system.

1. Introduction

In nonlinear oscillatory systems, periodic motion is very important. But establishing
the existence of periodic solutions can be very difficult. Luckily there exist some
kinds of periodic solutions in actual physical systems. Consequently, considerable
research has been focussed on the development of approximate analytical methods and
applications for these specific models. These methods however, have the disadvantage
of being computationally intensive. For example, we refer to [1]in which the Lindsted-
Poincare method is presented, as well as methods of averaging, the method of multiples
scales efc. Generally these methods are effective for weakly nonlinear systems with a
single degree of freedom. For systems with multiple degrees of freedom, researchers
usually resort to numerical methods. These however have large errors for systems
with nonlinearities. Hence it is very important to study the existence and uniqueness
of periodic solutions for nonlinear systems.

Jun Liu [11] investigated periodic motion and stability for a class of nonlinear
oscillating systems with two degrees of freedom. This model can be expressed by two
mutual coupling second-order nonlinear differential equations, and these systems are
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usually governed by the differential equations

. . o\ . (1.1
y+&@.x,x,y, )y+H(@, x,y)y =g(x, y)coswt,

[Jf + P(t,x, %, y, y)x+ Q(t, x, y)x = f(x,y)coswt,
where P(t,x,x,y,y)x and ®(t, x, x,y, y)y represent resistance, Q{t, x, y)x and
H(1, x, y)y represent potential, f(x, y)coswt and g(x, y) coswt are periodical stiff
external forces. and w is horn-frequency.

Equations (1.1) can describe many physical phenomena and are very important in
both theory and applications. This nonlinear system has been extensively applied to
engineering systems, such as machine vibrations, dynamically buckled motions of
elastic structures, the rolling motion of ships and the motion of rockets and satellites
[2]. Investigations of this system are of importance in engineering. In[1,2,5, 8,9, 13],
the authors obtained approximate periodic solutions by using a numerical method for
a specific system. In [11}, Liu, using a Lyapunov function, studied the existence,
uniqueness and stability of a periodic solution for system (1.1) and obtained sufficient
conditions which guarantee the existence, uniqueness and asymptotic stability of a
periodic solution.

To simplify computation, in this paper we pay attention to a special and very
important oscillatory system called the damping oscillation. The damping oscillation
of two oscillators is usually governed by the following two mutual coupling second-
order nonlinear differential equations:

[mlx;’ + (c] + 3)x; —c3xy + [ (x1, x2) = pi (1), (12)

myx;y — c3xy + (¢; + ¢xy + £ (x1, x2) = p3(8),

where m, and m, are the masses of two oscillators, x, and x, are the displacements
leaving the equipoise of two masses m; and m,, f;* and f;' are the external exciting
forces based on the two masses m, and m,, c}, ¢; and cj are linear coefficients of
damping, and p; and p; are the nonlinear elastic forces caused by springs.

A time delay effect is very important in damping oscillations and can often impact
on or change the status of a damping oscillatory system. For this physical reason, we
take into account the time delay effect in system (1.2). Hence (1.2) can be rewritten
as follows:

myx;(t) + (c; + ¢c3)xi(t) — c;x5(2)

+ £ (), x2(8), x,(t — 1)), x2(t — 2)) = p;(0),
myx; (1) + (5 + c3)x3(t) — c;x, (1)

+ £ 1 (0), x2(8), x2(t — 13), x2(t — ) = p;(8).

(1.3)
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When x;(t) = x,(), system (1.3) reduces to the following second-order delayed
differential equation:

ax"(t) + bx'(t) + f(x(t), x(t — 1)) = p(1). (1.4)

When b = 0, Huang [7] discussed the Duffing equation (1.4) and proved the existence
of a 2m-periodic solution of (1.4) under the condition that | f(0,x)] < M (M > Qis
a constant) and other conditions on f (0, x). In the case when b = 0,

Fx@), x(t — 1)) =m’x(t) + g(x(t — 1))

(m is a nonzero integer), Ma [12] also investigated (1.4) and established the existence
of a 2x-periodic solution of this equation under the condition [g(x)| < M as well as
other conditions on g(x). When f(x(t), x(t — 7)) = abx(t)— f(x(z — 1)), p(t) =0,
an der Heiden [6] obtained an existence theorem for a nonconstant periodic solution
of (1.4). In the case when f(x(¢),x(t — 1)) = cx(t) + g(x(¢t — 7)), Zhang [16]
investigated (1.4) and established the existence of a 2w-periodic solution of (1.4)
under the condition that |g(x)] < M* + ¢*|x(t)| (M* > 0 and ¢* > 0 are two
constants) as well as other conditions on a, b, ¢ and c*.
Liu [10] established the existence of a 2 -periodic solution for the equation

K@)y = fx't —1),x(t — 7))

under the condition that | f (x|, x2)| < p1 + p2|xi| + psix2l £ f (x4, x2), (here p; > O,
p2 > 0 and p; > 0 are three constants). Hence it is natural to consider the existence
of a 2w -periodic solution of (1.4) under the condition that

[ f(x1, x2)| < pr + palxil + pslxal £ f(x, x2).

Thus we will also consider the existence of a 2m-periodic solution of system (1.3)
under this condition since (1.3) is a very important damping oscillatory system. Denote

*

¢ +c; c /]
1 2 2 1 1
_— =, — =y, _=flv _=p|!
m, m, m my
c# ct+C* * pt
2 2 3 2 2 _
— =Cy, = C3, = =f, — = D2
m; m; m; m;

Then system (1.3) can be rewritten as follows:

xy () +exy () — caxy () + fi(xa (1), x2(0), X1 (¢ — 1), x2(t — 1)) = pi (),

: (1.5
X3 () —coxi (1) + c3x; (1) + f2(x1 (1), X2(2), 21 (1 — T3), X2(t — T4)) = pa(2), )

https://doi.org/10.1017/51446181100010014 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100010014

252 Zhengqiu Zhang, Yusen Zhu and Biwen Li 4]

where 1; (i = 1,2, 3, 4) are nonnegative constants, ¢; (i = 1,2, 3) are positive
constants, f; : R* - R (i = 1,2) are continuous functions, and p; : R — R
(i = 1, 2) are continuous 2 -periodic functions.

On the existence of a periodic solution of system (1.5), fewer results are available
in the present literature. In this paper, our purpose is to establish existence results
for periodic solutions for system (1.5) using mathematical methods and techniques.
For the above delayed system (1.5), approaches related to monotonicity fail, and
the bifurcation technique cannot be applied to this system because p;(¢) (i = 1, 2)
are time-dependent functions. Thus it seems quite natural and reasonable to pursue
an alternative approach. We will apply a continuation theorem [3] in coincidence
degree theory to establish the existence of periodic solutions for system (1.5). For
work concerning the existence of periodic solutions of delay differential equations
using coincidence degree theory, we refer to [4,7, 12, 14-16] and the references cited
therein.

To make use of the continuation theorem of coincidence degree theory, we need to
introduce some notation.

Let X, Y be real Banach spaces, let L : Dom L € X — Y be a Fredholm mapping
of index zero, andlet P : X — X, @ : Y — Y be continuous projectors such that
ImP =KerL,KerQ=ImLand X = KerL®KerP,Y =ImL @ Im Q. Denote
by L, the restriction of L to Dom L NKer P, denote by K, : ImL — Ker P NDom L
the inverse of L,, and denote by J : Im @ — Ker L an isomorphism of Im Q onto
Ker L.

For convenience, we also cite the continuation theorem [3, page 40] below.

LEMMA 1.1. Let Q C X be an open bounded setandlet N : X — Y be a continuous
operator which is L-compact on Q (thatis, ON : Q@ > Y and K PI=—QN:Q—>Y
are compact). Assume

(@) foreach A € (0,1), x € 32 NDomL, Lx # ANx;
(b) foreachx € 3QNKerL, QNx £ 0;
(c) deg(JON,QNKerL,0) # O (here deg is Brouwer degree).

Then Lx = Nx has at least one solution in § N Dom L.

2. Existence of periodic solutions

Before stating our results, we denote the Euclidean norm by | - | in R. Now we are
in a position to state and prove our main results.

THEOREM 2.1. Assume that the following conditions hold:
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(i) There exist eight nonnegative constants a;, B;, r;, p; and two positive constants
q: (i = 1,2) such that, forall (x,, x3,x3,xs) € R*andi =1, 2,

1 fiCx1, X2, x3, x3)| < ai|xi| + Bilxal + rilxsl + pilxal + i + fi(x1, x2, X3, X4),
or

1fiGxr, x2, x3, x3)| < a;lxy] + Bilxa| + rilxsl + pilxal + g — fi(xy, X2, X3, X4);

(ii) There exists a constant h > 0 such that when min{x,, x3} > h,

. 1 2n l 2
Silxy, x2, x3, x4) > E/; pit)de,  fi(~x;, x2, —x3,x4) < E/o‘ pi() dt

and that when min{x,, xs} > h

1 2 1 %
’ ’ 9 ~_ t dty y T A2y s T - t dt;
Sfa(xy, x2, X3, X4) > 2”/0 p2(t) Sa(x1, —xa, X3, ~x4) < 2”/(; p2(t)

(lll) A]B] > C|D| with Al > 0, or
(iv) A;B; > CyD; with Ay > 0, where

A =[1-27(c;+2nBy+2npy)], Ar=[1—4n(ar+r)) —21*(Bo+ p2) —7cal,
B =[1-2n(c;+2ma;+2rr)], By=[l—4n*(a;+r) 2128+ p1)—ncal,
Ci=4n’[c; + 2n (a2 + 1)), C, =278 + p1) + 7c2),
Dy=[c; +27(B1 + p1)], D,=[21*(B2 + p2) + 7ca).

Then system (1.5) has at least one 25 -periodic solution.

In the remainder of this section, we give the proof of Theorem 2.1. In order to apply
Lemma 1.1, it is crucial to find the'required open and bounded subset in a properly
chosen space. This can be achieved by establishing some a priori estimates, which
are, as will be seen, quite technical. In what follows, we will always let

m 172
li déf max lpl(t)lv l = ly 2, "x"2 “'j_if (/ lx(t)lzdt> ’ V’x € R'
0

1€[0.27)

PROOF OF THEOREM 2.1. First we prove Theorem 2.1 in the case when conditions
(i), (ii) and (iii) hold. Without loss of generality, we assume that the first inequality
in condition (i) holds. In order to apply Lemma 1.1 to system (1.5), we consider the
spaces

X ={(x0), ()" € C'(R, R : x;(t +21) = x;(¢t),i = 1,2} and
Y = {0 (0), x2()7 € C(R, R?) : x,(t +2m) = x;(0),i = 1, 2)
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respectively equipped with the norms

T ’ ’
X1, X = max |x;(’ max (x;(¢ max |x, (¢ max |x,({¢
I )l = max [xi@)] + max x|+ max |x©]+ max 5]
and

T
X, X = max |x;(¢ max |xa(t)|.
I %) lly = max 5@+ max Lxa()]

With the above norms, X and Y are Banach spaces. Define the operators L and N by

N [xl] — [—Clx; &) + x5 (2) — fi(xi (1), x2(8), X1 (t — ), X%t — T2)) +.P1(t):|
X2 cxi(t) — c3xy(t) — fa(xi(2), x2(2), X, (¢ — T3), x2(t — T4)) + pa(2)

e[a]=[E)
X7 Xy
Define two project operators as follows:
1 2r
" P:X—> X, P ["‘] = |2 Jo Ml [x’] €X,
X2 ;j; x(t) dt X2
1 27
Xy Pyl Xy (!) dt Xy
Y > Y, = |70 , ev.
Q Q [X2] [%’- 02 x2(1) dt] [Xz]
Since Ker L = R? and

2
ImL = [[Xl] EX:/ x;(t)dt =0, i=1,2],
xz 0

Im L is closed and dimKerL = dimY/ImL = 2. Therefore L is a Fredholm
mapping of index zero.
For the above L and N, Lx = ANx reads

and

(2.1)

x{ (@) +Arex;(8) —Aeyxy () + A fi(xi (2), x2(2), X, (¢ —T1), Xx2(t —T2)) = Apy (D),
x5 (8) = heax  (8) +Acsxy () + A fo(x (2), x2(t), x,(t —T3), x2(2 —74)) = Apa(2).

Suppose that (x; (¢), x2())T € X is a solution of system (2.1) for a certain A € (0, 1).
Integrating (2.1) over [0, 2] gives

2r 2%
/ FG® 50, 1 — 1), X200 — 1)) dt = f pd  (22)
0 0

and
b3 4

2
L2 (1), x2(t), X, (8 — 13), X2(t — 14)) dt = / pa(t) dt. (2.3)
0

1]
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From condition (ii) in Theorem 2.1 and (2.2), it follows that there exist t € {0, 7;}, a
point ¢* € [0, 27r] and a constant M > O such that

@ —t)< M. (2.4)

If this is not true, then for all M > 0 and ¢t € [0, 27], we have x;(t) > M and
x;(t — ;) > M, which, in view of condition (ii) in Theorem 2.1, contradicts (2.2).
Thus (2.4) holds. Denoting t* — t = &, + 27k, where &, € [0, 2] and k is an integer,
then

xi(&) < M. (2.5)
Similarly, we can find a point &, € [0, 27r] and a constant N > 0 such that

x1(§2) = —N. (2.6)
Then from (2.5) and (2.6) we can obtain for all ¢ € [0, 2],

t 2n 2n
nm=n@01/ﬁmmsx@of[Lammsﬁ+f (1)) dt
0 0

&
and
t 2n
x1(t) = x1(&) —f x\(s)ds = =N —/ lxj(0)l dt.
& 0
Consequently

27

2n
[x1 (D) smax[M+f |x;(t)|dt,1v+f |x;(z)|dt.}
0 0

27 2r
<M+N +/ x| (1) dt £ 4, +/ x| (1)] dt. 2.7)
0 0

By condition (ii) in Theorem 2.1 and (2.3), using the same argument as for obtaining
(2.7) gives

2 2
[x2 ()| < max {M* +/ lx3 () dt, N* +/ Ix;(t)ldt}
0 0

27 2n
<M+ N* +/ [x,(0)| dt € d, +/ lx, ()] dt, (2.8)
0 0

where M* and N* are two positive constants.
From the first equation of system (2.1), we obtain

2 2n 2n 2n
/ [x] ()] dt 501/ Ix;(t)ldt+/ lp.(t)ldt+Cz/ |x3(2)| dt
0 [} 0 [

2n .
+/ [l O] + Bulxa(®)] + rlx(e — 1] + pilxatt — )|
0

+ g1+ fia @), 20, 1t — 1), 0 — ))]dt,
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which, together with (2.2), implies that

2n 27 n
/ lx/ ()] dt <c f [x; () dt +c, f x5 ()| dt + 212l + q1)
0 (1] 4]

+ 2 (o, +ry) max |x;(¢)| + 27 (By + p1) max |x;(¢)|. (2.9)
1€(0,21) t€[0.2n]

From the second equation of system (2.1), we obtain

2n 27 2 2n
[ Ixy (8)| dt 502/ IX§(I)ldt+63/ Ixé(l)ldt+/ |p2()| dt
1] 0 0 0
2n
+ [2lx1 (D] + Balx2 ()] + ralxi (¢ = )| + palxa(t — 7))
0

+ @2+ L0, 1), X1t — 1), X2t — 1)) d,

which, together with (2.3), implies that
2 ] 2 2n
/.uwanQflﬁmqu/ ()l dt + 21 (2h + 47)
[1] 0 0
+ 27 (a; + r2) max |x;(1)| + 27 (B2 + p2) max [x(#)]. (2.10)
1€[0,2) 1€[0,2n]
Substituting (2.7) and (2.8) into (2.9) and (2.10) gives
2n 2n 2T
/ lx; ()| dr < ¢ f |x; ()| dt + czf |, (t)| dt
1] 0 0
+ 271(211 + ql) +27T((X| + "|)d| + 27[(ﬂl + P|)d2

2 2n
-MMm+m/|mmm+nm+mV°mez
0 0
2
=[c|+27r(al+r|)]/ Ix;(t)ldt
0

2
+m+mm+md'mmm
0

+ 272l + qy + ady + nd, + Bidx + pidy) .11

and

2n 2n
f [x3(0)|dt < [c; + 27 (a2 + 1)) f x| (t)| dt
0 0

b3 4
+m+m%+mjlmmm
0

+ 27’!(212 + g2 + azdz + r2d2 + ﬂzdz + pzdz). (212)
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Since x;(0) = x;(2rr), i = 1, 2, then there exist two points & € (0,2n) (i = 1,2)
such that x/(§;) = 0,i = 1, 2. Thus for all ¢t € [0, 2x], we have x/(t) = f; x;(s)ds,
i =1,2. Hence

2
|x;(z)|5/ Ix'(t)dt, i=1,2. (2.13)
0

Substituting (2.13) into (2.11) and (2.12), we have

27 2
B, f Ix{ ()| dt < 2m[c; + 2 (B + Pl)]/ |x; ()] dt + M, (2.14)
0 0
and

2n 2
A, f I3 ()i dt < 2mlc; + 2m (e + rz)]f Ixy)ldt + M, . (2.15)
0 0

where M, and M, are two positive constants. From (2.14) and (2.15), we obtain
2n .
4B = CiD) [ I OIdr < M+ 2 Ml + 2B, + p)). (216)
0

from which, together with (2.15), it follows that there exist two positive constants d;
and d, such that

2 2n
/ |x/(t)|dt <ds and / Xy ()| dt < dy. (2.17)
0 0

From (2.13) and (2.17), it follows that there exist two positive constants R; and R,

such that |x;(¢)| < Rs and |x3(¢)| < R4. From (2.7), (2.8) and (2.17), it follows that

there exist two positive constants Ry and R, such that |x,(¢)| < R, and |x,(¢)| < R,.
Clearly, R; (i =1, 2, 3, 4) are independent of A. Denote

M=R|+R2+R3+R4+C,

where C > O is taken sufficiently large such that M > 2h. Now we take Q =
{(x1,x2)7 € X : I(x1, x2)Tllx < M}. By an easy computation, we find that the inverse
K, of L, has the form K, : Im L — Dom L N Ker P,

_ fo' ds [ xi(u)du — &= 02" dt fo' ds ] x\(u)ds x,] cE

X1
K - ! s T ! s 3 fOI‘
P [Xz] [fo ds [ x2(u)du — 5= 02 de [ ds [ xa(u) ds:I [Xz
It is easy to show that QN and K,(/ — Q)N are continuous by the Lebesgue theorem.

Moreover, QN Q), K »(I — Q)N (Q) are relatively compact for a bounded set 2 C X
by the Arzela-Ascoli theorem. Therefore N is L-compact on 2. Condition (a) in
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Lemma 1.1 is now satisfied. When (x;,x2)7 € 3QNKerL = 3Q N R%, (x,, x,) T isa
constant vector in R? with |x,| + |x,] = M. Then

QN [xl} _ -fl(xlvx2!xl’x2)+§l;j:” pl(t)dt
I 1 rem -
X2 Saxy, x2, X1, X2) + 5 _/;, p2(t) dt

Therefore, when (x,, x;) € 32 N Ker L, by condition (ii) in Theorem 2.1,

ON [Q] # [g] .

This satisfies condition (b) in Lemma 1.1. In order to show that condition (c) in
Lemma 1.1 is satisfied, we define the homotopy ¢ : Dom L x [0, 1] - X by

Silxy, x2, x1, x3) — zlﬂ ozﬂ pi(t)dt
falxy, x2, x1, x2) — % fon pa(t)de |’

Sxy, x2, 1) =t (x), x)T + (1 = p*) |:

where x|, x, € R, u* € [0, 1].

When [;1] € 3Q NKer L, [ ] is a constant vector in R? with |x,| + |x;| = M.
We will show that when (x, x,)7 € 3Q NKerL, ¢(x, xz, u*) # [3]. In view of
the constant vector (x,, x,)7 satisfying |x;| + |x,] = M > 2h, we have |x;| > h
or |x;} > h. We assume that |x,| > h without loss of generality. When x, > h,
condition (ii) gives

1 2n
fl(xl’x21x|9x2)>2_/ pl(t)dt9
T Jo
thus
- 1 2” -
prxp+ (1 —u*) f.(xu,xz,xhxz)—-z-—f pi()dt| > 0.
L T Jo J

Similarly, when —x, > h, we have

-

r 1 21
u'x;+ (1 —p*) fl(xhxz,xhxz)—z—‘/ pi(t)de| <O.
L T Jo

Therefore when (x,, x;)7 € 32 N Ker L, ¢ (xy, x2, u*) # [§]. By topological degree
theory and by taking J =/ : Im Q@ — Ker L, (x, x;) — (x;, x2), we have

deg(QN (x1, x2)7, QNKer L, (0,0)7)
= deg((—x;, —x2)7, QN Ker L, (0,0)") #0.
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Hence condition (¢) in Lemma 1.1 is satisfied. Therefore system (1.5) has at least one
27 -periodic solution.

Next we prove Theorem 2.1 in the case when conditions (i), (ii) and (iv) hold. We
assume that the first inequality in condition (i) of Theorem 2.1 holds. In order to apply
Lemma 1.1 to system (1.5), we define the same Banach spaces X and Y, operators L
and N, project operators P and @ as those defined in the proof of Theorem 2.1. For
the above L and N, Lx = ANx reads

x{ (1) + Aeyx (8) — Aepxy (1)

+ Afi(x1 (1), x2(8), x, (¢ — 1), X2(t — T2)) = Api (1),
x5 (1) — Aeax () + Acaxy(2)

+ Af2(x1 (1), x2(8), X, (2 — T3), X2(t — T4)) = Apa(2).

(2.18)

Suppose that (x,(2), x2(¢))” € X is a solution of system (2.18) for a certain A € (0, 1).
From the proofs of (2.2), (2.3), (2.7) and (2.8) in the proof of Theorem 2.1, we have

2n
Ix;(¢)] < d; +/ |x;(t)|dt, i=1,2, (2.19)
0
2n 2
S0 (@), x2(8), x1(t — 1), x2(t — 1)) dt =/ pi(t)dt (2.20)
0 0
and
2n 2n
21 (0), x2(8), x1(t — 13), x2(t — 14)) dt =/ p2(t)dt. (2.21)
0 0

Multiplying the first equation of (2.18) by x,(¢) and integrating over [0, 2] gives

2r
x5 = A‘/Xl(t) [—szé(f)'i'fl(xl(t),Xz(f), x{t—1), xz(t—fz))—m(t)] dt,
0

which, together with (2.20), implies that

2n
I < f Ol + enln @] + Bulxa® + rlx @ - )]
0
+ il — )|+ fila (@), @), 11t — 1), 00 — 1) + g+ 1] dt

P2 4 2
< maxllxl(t)l [c:/ x5 () dt + (@ +r|)/ [x:i(8)| dt
0 0

~ tel0.2n

2
+ (B +P|)/ lx2(e) | dt + 27 (g, +l|)].' (2.22)
0
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Substituting (2.19) into (2.22) gives

27

llx; ||§ < (dl + le(t)ldt) [27{(011 +r)d, +2n (8 + p1)d, + 2n(q, + 1)
o
2 2n
+21 (B, + p1) f Ot +c; / Ix (1)) d
[} 0

2n
+ 27 (e, +r,)/ Ix;(t)ldt]
0
< (i + V275 1) [A + 20278, + POyl + V2R Ca g
+ 2m 2y + )l

where A > 0 is a constant. Thus by using the inequality
2

2
J_ﬁab < “? +eb’, 2ab<a’+ b, &> 0,
£

we obtain
[1 = 42 + r)]IxI2 < diA + [(27r)3’2d. (@ +r)+ «/EA] 1% 1l2
+ (@) (8, + po) + VEr s | I3
+ [472(B1 + p1) + 27 ca]llx) 2 llxs 2
<dA+ % [(2n)3/2d. (@ +r)+ «/EA]
+ % [(2n)3/2d. (@ + ) +v2r A] 1513
+ 5_-1; [(2n)3/2d. B + p)d: + ﬁ;czm]
+ 2 [@xy 8 + pdy + Vazerd | 131
+ [27%B1 + p) + 7] (I 12 + Ix313),
here ¢ is a chosen positive constant, which implies that
[B2 -% [(27r)3/2d.(a. +r.)+Jsz] ] IX12 < B+Celxy 3+ Callxy 2, (2.23)

where B and C are two positive constants.
Multiplying the second equation of (2.18) by x,(¢) and integrating over [0, 27]
gives

2n
—llxli3 = l/ x2()[—c2x (1) + f2(xi (1), x3(8), x, (¢t — 13), X2(t — W) — pa(t)]dt,
0
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from which a parallel argument to (2.23) shows that
8 7 * * ! ’
{4:-2 [@m)ds(as + r)+v2m & Ixy1 < B* + Cellxi I3+ Dallxi R, (2:24)

where B*, C* and A* are three positive constants. In view of condition (iv) in
Theorem 2.1, we can choose £ small enough such that

B, > = [@n)di(ai + 1) + V2 A
and
{4:=2 [@ry s+ r+Vor A’} | B - 5 [ @) Pdi (e +r) +V2r A |
> Ce[C*e + 2n (B2 + p2) + ol + C*eCy + Cy Ds. (2.25)
From (2.23)—(2.25), it follows that
{4: - Z[@ryPdrar + v+ Vam a7}
x {8, - -;- [@my2dian +r) + V2mal Ixi13
< D+ {Ce[C*e + 21(B: + p2) + o] + C*eCy + C: Do Jlxy I3, (2:26)

where D > 0 is a constant.
The rest of the proof is similar to that of Theorem 2.1 and we omit it. 0

3. Example

Now an example is given to illustrate our results.

EXAMPLE 1. Consider the following nonlinear oscillatory system of two degrees
of freedom:

x;’(t) + clx;(t) _ szé(t) + ex.(t)+x|(l—t|)+§sinzxz(l—rz)i-isinzxz(l) =1 +sint,

3.1
xé’(t) _ sz;(t) + ngé(l) + ex;(r)+xz(1—r‘)+§sinzx.(l—r;)-{—isin’xl(t) = 1 + sint, 3.1

wheret; (i = 1,2,3,4)and ¢; (i = 1, 2, 3) are seven positive constants.

Since p\(t) = 1 +sint, p,(t) = 1 + sin¢,

A, 1300, 11 = 1), Xt = 1)) = e Ot s a-wt il a0) 5 g
and

i 1. 1.
Fx1(0), X2(0), X1 (t — T3), Xa(t — Tp)) = @2OPxU—TOHisiPal-mtisil @) 5 o
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then there existo; = 8, = r;, = p; =0,q;: = 1, i = 1, 2, such that condition (i)
in Theorem 2.1 is satisfied, and if we take (1 — 2mc;)(1 — 2mcy) > 4m2c3, with
2mc, < 1, then condition (iii) is satisfied. When x;(¢) > l and x;(t — 7y) > 1,

[ (@), x2(0), x(t — 1), 2t — 02)) > €2 > 1,

fil=x1(1), x(0), —x,(t — 1), 2t — 1)) < e =¢7! < 1.
When x3(t) > 1, x;(t — 14) > 1,
HGx(), x2(t), xi (¢ — 1), x,(t — T4)) > 2 > 1,
HGx@), —x2(0), 51t — T3), —x2(t — 1)) <e =€l < 1.
However
1 27 1 2
—/ pit)dt = —— (I +sint)dt =1, i=1,2.
27{ 0 2” 0

Thus condition (ii) in Theorem 2.1 is satisfied. Therefore, by Theorem 2.1, system
(3.1) has at least one 2x -periodic solution.
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