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The Properties of a new Orthogonal Function

Associated with the Confluent Hypergeometric Function.

BY GEORGE E. CHAPPELL, Univ. College, Swansea.

(Received lJfth May 1924. Read 14th June 1924.)

1. Introduction.

The function Mt(—\ whose properties are discussed in this

note, is a special form of Whittaker's Confluent Hypergeometric
Function, Wtm(z). I t is the general solution of the Differential
Equation

cPu / 1 1 1

and can be obtained in the form of a series, terminating only when
k is half a positive odd integer, viz.,

There is a second solution of this equation, obtained in the
usual way, viz.,

This series is absolutely convergent for all finite values of
2 and k.
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2. Relation to W^ (z).

Whittaker obtained two solutions of the Equation

k \-i 1

* z n a?

viz., J/fm(a) = z4+*e

It will be noted that Mt (£) = Mt. m (^~\ = ^ _,,,(y) when

»n = 0.

- ' - (T ) -

3. Orthogonal Properties.

Consider the two functions Mk (-j- j -^A.(^r-) where A=t=yfc,

satisfying the equations

Multiplying these equations by Mx(-r-j t Mt(~r) respectively,

subtracting and integrating the result we have
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When z = 0, it is clear that

and as J/t' (-r-) and ifx' (-«-) are finite for a = l, it follows that

provided A, X are any two zeros of the Function Jfk(—}.

Hence Mk (~r\ •&*(—) a r e orthogonal over the range 0 to 1

provided k, A. are two zeros of •^*("T") 5 **• °^

It may be noted that the orthogonal property can be extended

to the range 0 to OL, provided k, A. are two zeroes of Mk(~jr ) .

4. The Zeroes of the Function.

Mk (-T~) has a zero at z = 0 and at all the zeros of

The position of the zeroes of this function can be ascertained
by adopting tbe Methods of Sturm in connection with the equation
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The effect of reducing the coefficient of Jf/-^-j in this equation

(i.e. of increasing the value of | k | ), is to increase the frequency
of oscillation of the solutions. I t follows that there must be at

least one zero of MK( —) between each pair of consecutive zeroes

of Mk f — J provided | A | > | k | . Further, if A.-» oo , all zeroes

of Mk( — \ are separated by at least one zero of

l s "I" 1« 02 •" • \ /1- P 2 8 •" v ' n! w! "•

which is the Clifford Bessel Function Jo (2 J z). As «/„ (2 J~z)
obviously has no negative zeroes, it follows that all the zeroes

of Mk( — j positive and none of them can be less than

£i( = l-446...) the first positive zero ofJ0 (2 J z).
2s - 1

I t can further be shown that if \ k \ lies between —-— and

2s + 1
—-—, where s is a positive integer, there will be exactly s positive
zeroes of the Function. For values of the variable exceeding

1 2k s" \ / z \
—— , the series for Jk ( — I is positive or negative accord-

JiS — 1 ~~ -SrC I \ K /

ing as s is an even or an odd integer. I t thus appears that the

effect of increasing k by unity is to change the sign of •̂ t("T~
for sufficiently large values of z. An examination of this teries
shows that there cannot be more than s positive zeroes, and as the
frequency of the zeroes increases as k increases, it follows that
there will be exactly s zeroes when | k \ lies between the limits
stated.

If we regard Mk (-7-) as a function of k for any assigned value

of z, we find that if a lies between the na and (n+ I)"1 zeros of the
Clifford Bessel Function, J0(2jz), the function will vanish for
n positive values of k, and for n negative values equal and opposite
to these.
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5. Definite Integrals involving Mk I — j

Let C,t = (!-*)($-*)-(«-*-*)
n! n\

2;
Writing s = — , we have

in!

Jo
i ) «fe - S 2*.

/ »=o

where y (n, x) = I f~le~' dt is the Incomplete Gamma Function
Jo

which has been tabulated by Prof. Karl Pearson and others.
The integral is therefore available as an infinite series of these
functions. I t remains to examine the convergency of this series.

We have

•J1 dt.
o | 2 * | « + *

, where J/"= 1 -

In the series we have

<*n + 1

< I 2k-
M

n\ n\

<\ik\ * l ) ^_
n! n! (\k

1 . 3 . 5 . . . 2 n -

n! n!
M

where - + 2
|

0 as « -» 00 if G is finite.
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.-. Thus the series is absolutely convergent for all values of
| k | except k = 0.

Other integrals between the same limits can be determined in
similar form, e.g ,

n=0
<o fi

= 2 2'+B+3 /fc*+1 (?„* I2* <•+"+» e at
n=0 Jo

•where < = —7
•2k

n=0

where ^ = a;X, X = —

In the particular case where ^ = ——,

From this we develope
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Denoting by «7r t , I (-7-) « **-^»(—) dz we have

.1. .
y3+ ... +Cn»y,+ 2+ ...

-y- = C"o* 7r+, ••• +C«-,. *7«+2

where yP denotes y(r, — j .

.-. £ {Mt ( | - ) } 2 ^ = CM Jn + CnJlt + ... to oo

where An= 2 (Cri Cn_r. t).
r=0

As an example of different type we note

Let /i + 2i=A"

J " n! ., . .
z*e~udz = ; if A. is positive.

0 A"

n!
Bl'o X .n ! n ! "

y f1 - j ^ ) provided | *A. | > 1.

2k

provided /x > — and /* + r j > 0.
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6 . The following re'ations are obtained without difficulty

(2) . . * • „

(4) j ; (£)..*.,_ (-fj).

(5)

7. The orthogonal properties of this function can be used to

obtain expansions of simple functions in series of Mk (-7-)

functions, e.g.,

Expansion of J z. Jo(2 J z).

This satisfies the equation

eft* / 1 1
(

eft* / 1 1 \
ofs2 \4za s /

we derive without difficulty

and uj/i' \~r) = M ' -^*(T"

. •. J^ J^ Jo (2 ̂ 7 ) Jf, (-J-) efo - 4A*. Jo (2) if; ( 1 )

of Mk (~rj •if k is a zero
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Further, our recurrence relations show

M T ) - < * - * > * " (7)
Now let si .7, (2 JT)= 2 An Mtn

1

where AB(n=l, 2 ... ) are the zeros of Jfk(-j-J

Then j \ i 70(2 J7) M^ (£) dz~An

Ji(2)

which is determinate.
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T)GRAPHS OF Mt I — ) FKOM Z = 1 TO Z = 8
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GRAPHS OF Mt (-7-) AS A FCNCTION OF k FROM k = \ TO A; =10
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