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1. Let m be a positive square-free integer. Euclid's Algorithm is said to hold 
in the field k(y/m) if, given any non-integral element a in the field, an integer 
£ can be found so that 

I « - a) ( r - a') | < 1, 

where accents denote conjugates. The validity or invalidity of the Euclidean 
Algorithm in real quadratic fields has been investigated by many writers,1 and 
it was established some years ago that the Algorithm can only be valid in a 
finite number of fields. A new approach to the question was made in a recent 
paper by H. Davenport [1]. Theorem 2 of [1] asserts that if f(x, y) is an in
definite quadratic form with integral coefficients whose discriminant d is not 
a perfect square, then rational numbers p, q exist such that 

\f(x + p,y + q)\ > 2-*<J* 

for all integers x, y. On taking/(x, y) to be the form which represents the norm 
of the general integer of k(y/m)J it follows that Euclid's Algorithm cannot hold 
if d > 214. Here d is m or 4ra according as m = 1 (mod 4) or not. Thus the 
enumeration of all the fields with an Euclidean Algorithm was brought within 
the bounds of possibility. 

The fields with d < 214 were investigated by H. Chatland [2]. Those not 
already settled by earlier investigations were treated by the method of Erdôs 
and Ko [3], and in all but six cases it was shown that Euclid's Algorithm does 
not hold. These six cases are: 

(1) m = 193, 241, 313, 337, 457, 601. 

We shall now prove that Euclid's Algorithm does not hold in any of these 
fields, and so (in virtue of the existing results) we shall have established that 
Euclid's Algorithm holds in k(\/m) if 

m = 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73, 97 

and in no other case. 

Another proof that the algorithm does not hold in the six cases (1) has been 
given independently by K. Inkeri [4], using a method based on that of Erdôs 
and Ko [3]. 
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2. We investigate the six cases (1) by a modification of Davenport's method. 
In order to make this intelligible, we must first summarize the necessary 
definitions and results of [1] with such modifications as are appropriate. 

Let/(#, y) be the norm-form for k(y/m), which is in fact 

/(x, y) = x2 + xy - £ (m — \)y% 

since m s 1 (mod 4). Let 0 = \ (1 + \fm). Let 0O = i (« + V ^ ) » 
0'o=s \ (w — \ / w ) , where w is an odd integer so chosen that 

- 0 . 6 1 8 . . . < 0 ' o < 0.382 

The numbers in the last inequality are (1 — y/b)/2 and (3 — \ / 5 ) / 2 . Plainly 
0o > 2. 

Let/o(#, y) = (x + 60y)(x + Q\y). From/o(#, y) we can derive (Lemma 2)2 

a chain of equivalent forms 

fn(x, y) = an(x + Bny)(x + 6'ny), 

which all satisfy 0 n > 2 and 

- 0.618. . . < 0 'n< 0.382 

By comparison of discriminants we have 

(2) a n ( 0 n - 0 ' n ) = db-v/w. 

These forms are connected by recurrence relations: 

P — * _L_ ^ n + 1 / ) ' — / _ ! _ ^ n + l 
t 7 n ~ tn T , V n— *nT" - . 

071+1 0 w+1 

Here /n is the integer nearest to 0n, and \in is plus or minus one with sign opposite 
to that of 0'n. The numbers ani 0n, 0'n, /n, \i.n exist for all integers n (positive, 
negative and zero) and are periodic (Lemma 9) with a certain period N. 

To prove that Euclid's Algorithm does not hold, it suffices to construct an 
element £0 of k(y/m) such that 

(3) | (* + e0y + |8o)(x + 6'oy + j8'0)| Ï 1 

for all integers x, y. The construction of /So is based on a choice of a set of 
integers un, also periodic with period N. In [1] the choice was made by taking 
vn = [^ 0n], but this would not lead to the desired result in the six cases 
now under consideration. The choices of vn will be made separately in each 
case in § 4. In terms of the vni we define pn for all n by 

/Q - „ J - M n + 1 „ J_ Mn+lMn+2 , 
Pn= Vn"T ~ Vn+1 + — *>n+2 + . . . . 

0n+l 0n+i0n+2 

Since 0 n> 2 and the tfn are periodic, this series is absolutely convergent. It is 

*The lemmas referred to are to be found in [1]. 

https://doi.org/10.4153/CJM-1950-026-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1950-026-7


EUCLID'S ALGORITHM IN REAL QUADRATIC FIELDS 291 

proved (Lemma 10) that j8n is an element of k(\/m) and that its conjugate 
P'n is given by 

j3'n= Vn-i I 0'»| — Vn-2 I 6'rfi'n-i \ + Vn~z | 0'n0'n_i0'n_2 | ~ . . . . 

We prove the following general theorem, and later apply it to each of our 
six cases. 

THEOREM. Suppose the integers vn can be chosen in such a way that for all n 

(4) l < 0 n < 0 n , 0 < £ ' n < l , 0'n < ffn < 1, ffn- tTn< l9 

(5) flnjS'nl an\ > 1, 

(6) QJn-l){l-pn)\an\ > 1, 

(7) (en-PnWn-e'n) \an\ > i, 

(8) (1 + 0„~ £n)(l + 0 'n - Pn) \ dn\ > 1. 

rAen Euclid's Algorithm does not hold in the field. 

3. Proof of the theorem. We suppose there exist integers Xo, y0 which 
contradict (3), so that 

(9) | (x0+ e0y0+ ft>)(*o+ e'oy<>+ Po) I < i. 
Let 

Ln(x, y) = x + 6ny + ft,, !/«(*, y) = x + 0'ny + P'n. 

The recurrence relations satisfied by 0n and /?n give 

Ln(x, y)= x + (tn+ £±î) y + vn+ £±! pn+1 
\ #71+1/ 0n-fl 

= J=±i XB+1(y, juB+1(x + <„y + »,))• 
0n+l 

A similar relation holds with accented symbols. Hence, if we start from Xo, yo 
and define integers xn, yn for n > 0 and n < 0 by the recurrence relations 

*n+l = ^n, ^ n + l ^ Mn+l(#n+ ^ n + *>n), 

we then have 

(10) | Ln(xnf yn)\ = | Ln + i (^n + i , yn+{) \ 
0n+l 

for all n. It is also easily verified, from the recurrence relations and (2), that 

| anLn(xn, yn) L'(xn, yn)\ 

is independent of «, so that, by (9), 
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(11) | anLn(xn, yn) L'n(xn, y»)| < 1 

for ail w. 

Suppose first that LQ(XQ, y0) ^ 0. Then, by (10)#, \Ln(xn, yn)\ increases steadily 
from 0 to + °° as n increases from — « to + °°. There will be exactly one 
value of n for which 

(12) | Ln_i(#n_i, yn_i) | < WT1 < | Ln(xn, y») |. 

Then, by (10), 

(13) | Ln(xn, yn) | = 0n\ L»_i(x»_i, yn-i) I < W"*0». 

Also, by (11) and (2), 

(14) | L'n(xn, yn)\<\ anLn(xn, y») | ^ < m* | an\~
l= mrk{Bn - 0'n). 

Suppose next that Lo(#o, yo) = 0. Then Z/o(#o, yo) = 0, and moreover, by 
the above recurrence relations, Ln(xn, yn) and L'n{xn, yn) are 0 for all n. In 
this case, the inequalities (11), (13), (14) are satisfied trivially for any n. Only 
these will be used in the rest of the proof. We now drop the suffix n on x and y, 
and rewrite the inequalities as 

(15) | an(x + 6ny + fin)(x + 6'ny + jS'.)| < 1, 

(16) \x + 6ny + j8n| < nr*0n ; 

(17) | x + 6'ny + P'n\ < nr\en- S'n). 

If y > 1 or y < — 2, we combine (16) and (17) by subtraction, and obtain 

| (0«- e'n)y + ( f t , - |8'»)| < nr\2dn- 6f
n). 

Now, by (4), 0 < &n - £ '«< « n - 0'n. Hence, if y > 1 or y < - 2, we obtain 

0 n - 0 ' n < m - * ( 2 0 n - 0 ' n ) . 

But if m*> 3, this is impossible, since it implies 3(0n — 0'n)< 20n — 0'n, or 
0 n < 20'n, whereas 0n> 2 and 0'„< ^. 

If y = 0, (15) becomes 

| an(x + Pn)(x + 0'n) | < 1. 

Now £'n lies between 0 and 1, and /?« lies between vn and vn+ Mn+i, since 
0n = v n + fin+i£n+i/0n+i. Hence, if the last inequality holds for an integer 
JC, it must hold when x is replaced by some one of the four values 

0, ~ 1, — Vn, ~ Vn ~ jUn+l. 

The first two values give us inequalities which contradict (5) and (6). The 
last two give 

1 an(Vn~ fin)(Vn~ £'n)l < 1 Of | an(vn+ /Zn+1~ £»)(»« + Mn+1~ Pn)\ < 1. 
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On using the recurrence relations satisfied by $n and /3'n, and the relation 

J an\ = | ^n+l^ nH-l^n-hl|» 

which follows from (2), we obtain 

I dn+lPn+lP'n+l\ < 1 Or | a n +i (0 n +i— 0 n + l ) (#'n+l— P'n+l\ < 1, 

which contradicts (5) and (7). 
If y = — l, the inequality (15) becomes 

| an(x - 6n+ fin)(x - 6'n+ P'n)\ < 1. 

Since 0 < 0'n — 0'n< 1 by (4), the values of x which are relevant to the second 
factor are x = 0 and x = — 1. These give contradictions to (7) and (8). As 
regards the first factor, we have 

On- 0»= tn- Vn- J=±! (0n+l - 1). 

Hence the values of x which are relevant are tn — vn and tn — vn — /xn+i. These 
give the inequalities 

| an(*«- Vn~ $n+ fin){*n- Vn - #'« + £'»)| < 1 

or 

| a n ( * n - V n - Mn-fl - *n + Pn)(tn- Vn- Mn+1~ #'« + £'«) | < 1. 

On using the recurrence relations as before, these become 

|an+l(/3n+l- 0(£'n+l- l ) | < 1 

or 

| <*n+l(l + 0n+l- AH-OU + ^'n+l- 0'«+l)| < L 

which contradict (6) and (8). This proves that the inequalities (15), (16), (17) 
cannot be satisfied by any pair x, y of integers, and so completes the proof of 
the Theorem. 

4. To show that Euclid's Algorithm is not valid in any of the cases (1) it 
is sufficient to give integers vn, for a complete period in each case, such that 
the hypotheses of the theorem are satisfied. Such values for vn, together with 
the resulting values (rounded off) of (3n and 0'n, are given in the following 
tables. We use Pn , Qn, Rm Sn to denote the products of the left of (5), (6), (7), 
(8). It will be seen that these are all greater than 1, and that the conditions (4) 
are satisfied throughout. 
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m = 337  

» On 8'n Vn ft, fi' n &n -in \ln - ^n ^n 

0 18.679 .321 9 8.233 .512 1 4.22 3.53 2.00 9.26 
1 3.113 .054 2 2.387 .454 6 6.51 4.54 1.75 6.20 
2 8.839 - .339 4 3.421 .525 2 3.59 2.30 9.36 1.75 
3 6.226 .107 3 3.602 .372 3 4.02 4.90 2.09 7.99 
4 4.420 - .170 2 2.660 .446 4 4.75 3.68 4.33 4.24 
5 2.383 - .240 1 1.574 .373 7 4.11 2.52 3.47 4.91 
6 2.613 - .446 2 1.499 .280 6 2.52 2.16 4.86 3.47 
7 2.585 .290 2 1.295 .499 8 5.17 1.18 2.16 14.49 
8 2.409 .369 1 1.697 .554 9 8.46 2.80 1.18 12.55 
9 2.446 - .613 1 1.706 .274 6 2.80 3.08 3.94 1.18 

10 2.240 - .383 1 1.582 .278 7 3.08 2.94 3.04 3.94 
11 4.170 - .420 2 2.427 .303 4 2.94 3.98 5.04 3.04 
12 5.893 - .226 3 2.515 .384 3 2.90 2.80 6.18 5.12 
13 9.339 .161 4 4.529 .420 2 3.81 4.09 2.50 8.60 
14 2.946 - .113 2 1.559 .405 6 3.79 2.00 4.31 6.90 

m = 457 

n en 6'n Vn fin fi'n |o» | Pn Qn Rn Sn 

0 21.189 - .189 10 10.711 .104 1 1.11 8.71 3.06 8.12 
1 5.297 - .047 3 3.765 .467 4 7.03 5.89 3.15 4.92 
2 3.365 - .198 2 2.573 .502 6 7.75 4.70 3.32 3.22 
3 2.741 - .313 2 1.572 .468 7 5.15 2.13 6.39 3.32 
4 3.865 .302 2 1.654 .462 6 4.59 2.11 2.13 16.17 
5 7.396 .270 2 2.559 .416 3 3.19 2.73 2.11 14.97 
6 2.524 - .149 2 1.410 .235 8 2.66 2.51 3.42 10.42 
7 2.099 .318 1 1.239 .560 12 8.33 1.26 2.51 16.90 
8 10.094 - .594 2 2.409 .261 2 1.26 2.08 13.15 2.51 
9 10.594 - .094 5 4.338 .164 2 1.42 5.58 3.23 10.76 

10 2.465 .090 1 1.632 .436 9 6.40 3.21 2.59 10.79 
11 2.149 - .524 1 1.358 .295 8 3.21 2.02 5.18 2.59 
12 6.730 - . 3 9 6 3 2.411 .279 3 2.02 3.05 8.75 5.18 
13 3.698 .135 3 2.179 .368 6 4.81 4.47 2.12 11.60 
14 3.313 .259 2 2.719 .681 7 12.96 3.84 1.76 6.45 
15 3.198 - .365 2 2.298 .481 6 6.63 4.04 4.57 1.76 
16 5.047 - .297 1 1.505 .451 4 2.72 1.11 10.60 4.57 
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m = 241  

A On $n Vn fin |3'n \an\ Pn Qn Rn Sn 

0 15.262 - .262 7 7.396 .396 1 2.93 3.86 5.18 3.03 
1 3.816 - .066 2 1.510 .433 4 2.61 1.16 4.60 6.64 
2 5.421 .246 2 2.658 .386 3 3.07 3.06 1.16 9.71 
3 2.377 - .210 1 1.564 .340 6 3.19 2.23 2.68 4.90 
4 2.652 - .452 2 1.495 .299 5 2.23 1.74 4.35 2.68 
5 2.877 .290 2 1.453 .493 6 4.29 1.38 1.74 11.59 
6 8.131 .369 4 4.451 .556 2 4.95 3.06 1.38 7.61 
7 7.631 - .131 4 3.442 .451 2 3.11 2.68 4.88 4.33 
8 2.710 .123 2 1.513 .436 6 3.96 1.74 2.25 9.05 
9 3.452 .348 1 1.680 .543 5 4.56 1.55 1.74 11.15 

10 2.210 - .377 1 1.502 .172 6 1.55 2.50 2.33 4.62 
11 4.754 - .421 3 2.389 .348 3 2.50 2.72 5.46 2.33 
12 4.066 .184 2 2.485 .489 4 4.86 3.03 1.93 7.18 

m = 601 

« »n e'n Vn fin ?u |«n| Pn Qn Rn Sn 

0 24.758 .242 12 12.802 .373 1 4.78 7.40 1.57 11.26 
1 4.126 .040 3 3.309 .470 6 9.32 7.35 2.10 6.22 
2 7.919 - .253 3 2.448 .639 3 4.69 1.57 14.64 2.10 
3 12.379 .121 6 6.838 .286 2 3.91 8.34 1.83 10.92 
4 2.640 - .084 3 2.213 .481 9 9.58 5.67 2.17 5.58 
5 2.776 .324 3 2.184 .817 10 17.84 2.17 2.91 8.08 
6 4.460 .374 3 3.639 .816 6 17.82 2.91 2.18 6.09 
7 2.176 - .276 1 1.391 .602 10 8.38 1.55 6.89 2.18 
8 5.689 - .439 3 2.222 .175 4 1.55 4.03 8.52 6.89 
9 3.220 .155 2 2.504 .439 8 8.79 6.75 1.62 9.84 

10 4.552 - .352 3 2.293 .549 5 6.29 2.92 10.17 1.62 
11 2.230 .187 1 1.576 .458 12 8.66 3.74 2.13 14.47 
12 4.352 - . 552 2 2.505 .299 5 3.74 5.28 7.85 2.13 
13 2.845 - .220 2 1.437 .374 8 4.30 2.19 6.68 7.83 
14 6.439 .311 3 3.626 .505 4 7.33 5.20 2.19 12.29 
15 2.276 - .176 1 1.425 .439 10 6.25 2.39 5.23 7.14 
16 3.626 - . 460 2 1.540 .258 6 2.39 2.41 8.98 5.23 
17 2.676 .224 2 1.230 .391 10 4.80 1.40 2.41 2.04 
18 3.084 .360 2 2.376 .580 9 12.40 5.20 1.40 12.00 
19 11.879 - .379 5 4.470 .538 2 4.81 3.21 13.59 1.40 
20 8.253 .081 4 4.375 .360 3 4.73 6.47 3.25 10.54 
21 3.960 - .126 2 1.483 .460 6 4.09 1.57 8.71 8.64 
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m = 193 

M Bn e'n Vn 0« ?. kl Pn Qn R„ Sn 

0 13.446 - . 4 4 6 6 6.703 .271 i 1.82 4.16 4.84 2.19 
1 2.241 - .074 1 1.575 .426 6 4.03 1.98 2.00 4.99 
2 4.149 - . 482 2 2.385 .277 3 1.98 3.01 4.01 2.00 
3 6.723 - . 223 3 2.592 .384 2 1.99 1.96 5.02 4.03 
4 3.612 .138 2 1.475 .362 4 2.14 1.21 1.91 9.74 
5 2.574 .259 2 1.351 .424 6 3.44 1.21 1.21 11.14 
6 2.350 .365 1 1.524 .575 7 6.13 1.56 1.21 10.09 
7 2.862 - . 612 2 1.501 .260 4 1.56 1.48 4.74 1.21 
8 7.223 .277 3 3.607 .482 2 3.48 2.70 1.48 7.34 

9 4.482 - .149 2 2.722 .375 3 3.06 3.23 2.76 3.95 

10 2.074 - .241 1 1.498 .392 6 3.52 1.82 2.19 3.47 

m = 313 

» h e'n Vn Pn /3'n H Pn Qn Rn Sn 

0 17.346 - . 3 4 6 8 8.525 .520 1 4.44 3.61 7.64 1.31 
1 2.891 - . 058 2 1.517 .431 6 3.92 1.76 4.03 7.28 
2 9.173 .327 4 4.431 .513 2 4.55 3.34 1.76 9.35 
3 5.782 - .115 3 2.494 .402 3 3.01 2.68 5.10 6.21 
4 4.586 .164 3 2.319 .425 4 3.94 3.04 2.37 9.65 
5 2.418 .207 1 1.646 .532 8 7.01 2.42 2.01 9.56 
6 2.391 - .558 1 1.545 .261 6 2.42 2.42 4.16 2.01 
7 2.558 - .391 2 1.393 .289 6 2.42 1.68 4.75 4.16 
8 2.261 .295 1 1.373 .505 9 6.23 1.66 1.68 13.43 
9 3.836 - . 586 2 1.431 .291 4 1.66 1.22 8.44 1.68 

10 6.115 .218 3 3.483 .373 3 3.89 4.67 1.22 9.21 
11 8.673 - .173 5 4.185 .454 2 3.80 3.48 5.63 4.09 
12 3.058 .109 2 2.491 .496 6 7.41 4.51 1.31 5.76 
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