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Symmetrisation and the Feigin—Frenkel centre

Oksana Yakimova

ABSTRACT

For complex simple Lie algebras of types B, C, and D, we provide new explicit formulas
for the generators of the commutative subalgebra 5( ) C U(t~'g[t™!]) known as the
Feigin—Frenkel centre. These formulas make use of the symmetrisation map as well as
of some well-chosen symmetric invariants of g. There are some general results on the
role of the symmetrisation map in the explicit description of the Feigin—Frenkel centre.
Our method reduces questions about elements of 3(g) to questions on the structure of
the symmetric invariants in a type-free way. As an illustration, we deal with type Go
by hand. One of our technical tools is the map m: 8*(g) — A%g ® 8¥—3(g) introduced
here. As the results show, a better understanding of this map will lead to a better
understanding of 3(§).

Introduction

Let G be a complex reductive group. Set g = LieG. As is well known, the algebra 8(g)? of
symmetric g-invariants and the centre Z(g) of the enveloping algebra U(g) are polynomial alge-
bras with rk g generators. Therefore there are several isomorphisms between them. Two of these
isomorphisms can be distinguished, the one given by the symmetrisation map, which is a homo-
morphism of g-modules, and the Duflo isomorphism, which is a homomorphism of algebras. Both
of them exist for any finite-dimensional complex Lie algebra.

The symmetrisation map is defined in the infinite-dimensional case as well. However, no
analogue of the Duflo isomorphism for Lie algebras q with dim g = oo is known. Furthermore,
one may need to complete U(q) in order to replace Z(q) with an interesting related object, see
e.g. [Kac84]. In this paper, we are dealing with the most notable class of infinite-dimensional Lie
algebras, namely affine Kac-Moody algebras g, and the related centres at the critical level.

The Feigin—Frenkel centre 3(g) is a remarkable commutative subalgebra of the envelop-
ing algebra U(t~'g[t~!]). The central elements of the completed enveloping algebra U, (9) at
the critical level K = —h" can be obtained from the elements of 3(§) by employing the vertex
algebra structure [Fre07, §4.3.2]. The structure of 3(g) is described by a theorem of Feigin and
Frenkel [FF92], hence the name. This algebra provides a quantisation of the local Hitchin sys-
tem [BD, §2|. Elements S € 3(g) give rise to higher Hamiltonians of the Gaudin model, which
describes a completely integrable quantum spin chain [FFR94].
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The classical counterpart of 3(g) is the Poisson-commutative subalgebra of g[t]-invariants
in 8(g[t,t71])/(a[t]) = 8(t~1g[t™!]), which is a polynomial ring with infinitely many generators
according to a direct generalisation of a Rals—Tauvel theorem [RT92]. Explicit formulas for the
elements of 3(g) appeared first in type A [CT06, CM09] following Talalaev’s discovery [Tal06] of
explicit higher Gaudin Hamiltonians. Then they were extended to all classical types in [Mol13].
The construction of [Mol13] relies on the Schur—Weyl duality involving the Brauer algebra. Type
Ga is covered by [MRR16]. The subject is beautifully summarised in [Mol18].

Unlike the finite-dimensional case, no natural isomorphism between the algebras
S(t~1g[t1])9 and 3(g) is known. Also, generally speaking, an element of 3(§) cannot be obtained
by the symmetrisation w from a homogeneous g[t]-invariant in $(¢~g[t~!]). At the same time,
some of the elements do come in this way, see Example 5.2, which is dealing with the Pfaffians of
$09,. In this paper, we show that for all classical Lie algebras, @ can produce generators of 3(g).
The symmetrisation map is not a homomorphism of algebras. However, it is a homomorphism
of g[t~1]-modules and it behaves well with respect to taking various limits.

According to a striking result of Rybnikov [Ryb08], 3(§) is the centraliser in U(t~!g[t~!]) of
a single quadratic element H[—1], see §1.1. This fact is crucial for our considerations.

Any Y € U(t'g[t™']) can be expressed as a sum

w(Vi) +w(Yi1) +--+ Y1+ Yy with Y; € 8/ (¢t g[t™ ). (0.1)

Here Y}, = gr(Y) if Yy # 0. Note that > o, @(Y;) is a g-invariant if and only if each Yj is a
g-invariant. In the following, we consider only elements with Yy = 0.

A polarisation of a g-invariant F € §(g) is a g-invariant in $(¢~'g[t~!]), see §1.5 for the
definition of a polarisation. However, §(t~'g[t!])? is not generated by elements of this sort,
see (3.7) for an example.

There are finite sets of elements {Si,...,S¢} C 3(g) with ¢ =rkg, called complete sets of
Segal-Sugawara vectors, see §1.6 for the definition, that are of vital importance for the under-
standing of 3(g). We prove that if g is either a classical Lie algebra or an exceptional Lie algebra
of type G, then there is a complete set {Si} of Segal-Sugawara vectors such that all the terms
Y; occurring in presentations (0.1) for Sj are polarisations of symmetric invariants of g. The
map m, defined in § 1.4, plays a crucial role in the selection of suitable g-invariants. In particu-
lar, if F[—1] € 8¥(gt™!) is obtained from F € 8¥(g)9 using the canonical isomorphism gt~ = g,
then w(F[—1]) € 3(g) if and only if m(F) = 0, see Theorem 3.5 and the remark after it. More
generally, if H € 8¥(g)® is such that

mi(H) = m(m?~Y(H)) € 8(g) forall 1 <d < k/2, (0.2)
then there is a way to produce an element of 3(g) corresponding to H, see Theorem 3.11

and (2.4).
First, for F =& ...&n € 8™(g) and a = (a1, ..., am) € 27, set

1
W(F)[(_l] = E Z ga(l)ta1 . 'ga(m)tam € u(t_lg[t_l])v (03)

oES,
then extend this notation to all elements F' € §™(g) by linearity. According to Lemma 2.1,
w(F)[a] = w(F|a]) for the a-polarisation F[a] € §™ (¢t 'g[t™!]) of F.
The expression w(7" F'[—1])-1 encodes a sum of (1/(m + r)!)e(r, a)w(F')[a], where the vectors
a € 27 are such that 37", a; = —m — r and ¢(r, @) € N are certain combinatorially defined coef-
ficients, which we do not compute explicitly. It is not clear whether any interesting combinatorial
identity can be produced in this context.
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For each classical Lie algebra g, there is a set of generators {Hi,..., Hy} C 8(g)? such that
m(Hj) € CH; for some j depending on k, see §§ 2, 4, 7 and in particular Propositions 2.3, 4.3, 7.5.
In types A and C, we are using the coefficients of the characteristic polynomial. In the orthogonal
case, one has to work with det(I, — ¢(F;;))"" instead. In type A,_1,

n—k+2)(n—k+1) %

m(Ag) =

A ot
k(k — 1) k—2;
in type C,,
(2n —2k+3)(2n — 2k +2)
Agg) = Aogg_9;
m( 2]43) 2k(2k:— 1) 2k—2,
and finally for g = so0,, we have
n+2k—3)(n+ 2k —2
m(®oy) = ( i )@Zk—2~

2k(2k — 1)

This leads to the following complete sets of Segal-Sugawara vectors:

{Skl =w( A1)+ ) (“ —k 2T>w(72%“r[—1})-1 |2<k< n} in type Ap_1;

2r
1<r<(k—1)/2

2n — 2k 4+ 2 1
{se=m@ut-m+ ¥ (7T e s a1 1<k a) inpe G
1<r<k

{Sk = w(Pox[-1]) + Z (n + gf B 2)w(7'27’<1>2k_2r[—1])-1 [1<k< E} for so0,, withn =2 —1
1<r<k
with the addition of Sy = w(Pf[—1]) for so,, with n = 2/.

The result in type A is not new. It follows via a careful rewriting from the formulas of [CT06,
CMO09]. We are not giving a new proof. Quite the contrary, we use the statement in type A in
order to extend the formula to other types.

Our formulas for so,, and sp,,, describe the same elements as [Mol13], for the case of the
Pfaffian-type Segal-Sugawara vector, see § 5; a more general result is recently obtained in [Mol21].

The advantage of our method is that it reduces questions about elements of 3(g) to questions
on the structure of 8§(g)? in a type-free way. For example, it is possible to deal with type Gy by
hand unlike [MRR16], see (6.3). It is quite probable that other exceptional types can be handled
on a computer. Conjecturally, each exceptional Lie algebra possesses a set {Hj} of generating
symmetric invariants such that each Hj, satisfies (0.2).

One of the significant applications of the Feigin—Frenkel centre is related to Vinberg’s quan-
tisation problem. The symmetric algebra 8(g) carries a Poisson structure extended from the Lie
bracket on g by the Leibniz rule. To each u € g* = g, one associates the Mishchenko—Fomenko
subalgebra A,, C 8(g), which is an extremely interesting Poisson-commutative subalgebra [MF78].
In [Vin91], Vinberg proposed to find a commutative subalgebra €, C U(g) such that gr(C,) =
(gr(Y)|Y € C,)c coincides with A,. Partial solutions to this problem are obtained in
[NO96, Tar00]. The breakthrough came in [Ryb06], where a certain commutative subalgebra
flu C U(g) is constructed as an image of 3(g), cf. (8.1).

In [MY19, §3.3], sets of generators {Hy | 1 < k < £} of 8(g)? such that flu is generated by
@ (0, H), cf. (8.3), are exhibited in types B, C, and D. For the symplectic Lie algebra, Hy, = Agy,
in the orthogonal case Hy = P9 with the exception of Hy = Pf in type Dy. Results of this paper
provide a different proof for [MY19, Theorem 3.2]. We have pushed the symmetrisation map to
the level of U(t~tg[t™!]).
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In §8.2, we briefly consider Gaudin algebras G. If g is a classical Lie algebra, then the
two-points Gaudin subalgebra § C U(g @ g) is generated by the symmetrisations of certain
bi-homogeneous g-invariants in 8(g @ g), see Theorem 8.4.

1. Preliminaries and notation

Let g = Lie G be a non-Abelian complex reductive Lie algebra. The Feigin—Frenkel centre 3(g) is
the centre of the universal affine vertex algebra associated with the affine Kac-Moody algebra §
at the critical level [FF92, Fre07]. There is an injective homomorphism 3(g) < U(¢~'g[t~!]) and
3(g) can be viewed as a commutative subalgebra of U(t~'g[t~!]) [Fre07, §3.3]. Each element of
3(g) is annihilated by the adjoint action of g, cf. [Moll8, §6.2.].

1.1 The Feigin—Frenkel centre as a centraliser
We set g[b] := gt® and z[b] := zt® for x € g. Furthermore, g~ := t~'g[t~!]. According to [Ryb0§],
3(g) is the centraliser in U(g™) of the following quadratic element

dim g
H[-1] = Y za[-1aa[-1],
a=1
where {Z1,...,%dimg} is any basis of g that is orthonormal with respect to a fixed g-invariant

non-degenerate scalar product ( , ). In this paper, a scalar product is a symmetric bilinear form.

1.2 The symmetrisation map

For any complex Lie algebra q, let @: 8¥(q) — q®* be the canonical symmetrisation map. Follow-
ing the usual convention, we let w stand also for the symmetrisation map from 8(q) to U(q). Let
gr(X) € 8(q) be the symbol of X € U(q). Then gr(w(Y)) =Y for Y € §¥(q) by the construction.

1.3 The antipode
Let us define the anti-involution w on U(g~) to be the C-linear map such that w(y[k]) = —y[k]
for each y € g and

w(yilk1lyalkal - - ym[km]) = (=ym[km]) - .- (=ya[ka]) (=y1[F1])-

Let also w be the analogues anti-involution on U(q) for any complex Lie algebra q.

Clearly, w(H[—1]) = H[—1]. Therefore w acts on 3(g). For Y; € 8/(g~), we have w(w(Y;)) =
(—1)7w(Y;). A non-zero element Y € U(§~) presented in the form (0.1) is an eigenvector of w if
and only if either all Y; with even j or all ¥; with odd j are zero.

1.4 The map m

For gly = gly(C) = End(C") and 1 < r < k, consider the linear map

N

m,: gly — g that sends & ® -+ ® & t0 1.6 ® & @ -+ ® &k

Note that clearly
M, OoMg = Myis_1. (1.1)

Via the adjoint representation of g, the map m, leads to a map g®* — End(g) ® g®* =" which
we denote by the same symbol. Explicitly, the map

m,: g°¥ — End(g) ® g®*~") sends y1 ® -+ ® yx to ad(y1)ad(y2) ... ad(y,) ® Yri1 © -+ @ Y.
Observe that

ad(y1)ad(ys) . .. ad(yar+1) + ad(yar41) - - . ad(y2)ad(y1) € so(g) = A’g,
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where so(g) = {¢€ € End(g) | (£(z),y) = —(x,&(y)) Vz,y € g}; the isomorphism A2g 2 so(g) is
given by

(y1 Ay2) () = (Y2, 2)y1 — (y1, 2)y2

for Y1,Y2, T € g.
We embed 8¥(g) in g®* via w. Set m = m3. Then m: 8§¥(g) — A?g ® §¥~3(g). For example,

if Y = y130y3 € 8°(g), then

m(Y) = g(ad(y1)ad(y2)ad(ys) + ad(y3)ad(y2)ad(y1) + ad(y1)ad(ys)ad(y2)

1
6
+ad(yz2)ad(ys)ad(y1) + ad(y2)ad(y1)ad(ys) + ad(ys)ad(y1)ad(y2)) € so(g).

Similarly one defines mo,.; 1 : 8¥(g) — A?g ® 8(-=2"=1)(g) for each odd 2r + 1 < k. Note that each
Mo, +1 is G-equivariant. It is convenient to put m(8¥(g)) = 0 for k < 2.

Suppose that g is simple. There is a G-stable decomposition A?g =g @® V. This V will be
called the Cartan component of A%g. If g is not of type A, then V is irreducible. For certain
elements H € 8¥(g), we have m(H) € g ® 873(g). Note that the embedding g < so(g) is canon-
ical: it is given by the adjoint action of g. If m(H) € 8¥~2(g), then mo,,1(H) = my,_1 o m(H),
because of (1.1). Since (A%g)% = 0, we have m(83(g)¢) = 0.

1.5 Polarisations and fully symmetrised elements

For elements y1, ..., ym € g and a vector a = (a1, ...,am) € Z%, set Y(a] = [[\"; vilai] € 8(§7).
If we consider the product Y =[],y € 8™(g), then there is no uniquely defined sequence of
factors y;. However, the a-polarisation Y(a] := (1/m!) > s Y[o(a)] of Y is well defined. We
extend this notion to all elements of 8" (g) by linearity. Linear combinations of the elements

@(Yal) € U(g™)

are said to be fully symmetrised. Note that w(H) is fully symmetrised if H € §™(gt~1). If a; = a
for all 7, then Y[a] = Y[a] and we denote it simply by Y[a].

The evaluation Ev; at ¢t =1 defines an isomorphism Ev;: 8(gla]) — 8(g) of g-modules.
For F € 8(g), let Fla] stand for Evi'(F) € 8(gla]). Then w(F)[a]:=w(Fla]) is fully
symmetrised.

1.6 Segal-Sugawara vectors
Set 7 = —d;. According to [FF92], 3(g) is a polynomial algebra in infinitely many variables with
a distinguished set of ‘generators’ {S,..., Sy} such that £ =rkg and

3(8) =C[r™(Sk) | 1< k< ,m 2 0].

We have gr(Sy) = Hy[—1] with Hy € 8(g)? and C[Hy, ..., Hy] = 8(g)®. The set {S} is said to be
a complete set of Segal-Sugawara vectors. The symbols of 77 (S},) generate $(§~)9) in accordance
with [RT92).

Suppose that we have Sy, € 3(§) with 1 < k < £ and gr(Sg) = Hy[—1], where Hy € 8$(g)?, for
each k. The structural properties of 3(§) imply that {S;} is a complete set of Segal-Sugawara
vectors if and only if the set {H}} generates $(g)®.
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1.7 Symmetric invariants
For a finite-dimensional Lie algebra q, we have 8(q) = C[q*]. For any reductive Lie algebra, there
is an isomorphism of g-modules g = g*. For ¢ € (gl,,)*, write

det(gln =€) = ¢" = Ar()g" '+ + (DPARE)G T+ + (1) AR(E). (12)

Then 8(gl,)% = C[Ay,...,A,].

Let f C g be a reductive subalgebra. Then there is an f-stable subspace m C g such that
g = f ®m, whereby also g* = {* @ m*. Identifying f with ¥, one defines the restriction H|s of
H € 8(g) to f. This is the image of H in 8(g)/m8(g) = 8(f).

In cases n = 2(, f = spyy and n = 2 + 1, §f = s0,,, the restrictions Agy|s with 1 < k < ¢ form
a generating set in $(f)!. In the case f = s0,, with n = 2¢, the restriction of the determinant Ay
is the square of the Pfaffian and has to be replaced by the Pfaffian in the generating set.

Explicit formulas for basic symmetric invariants of the exceptional Lie algebras are less
transparent.

Let g be simple. The inclusions g C 8(g) are ruled by the symmetric invariants. The key point
here is that 8(g) is a free module over 8(g)?® [Kos63]. If {H1,...,Hs} C 8(g)? is a generating set
consisting of homogeneous elements and deg H; = d; + 1, then to each i corresponds a primitive
copy of g in 8% (g). The non-primitive copies are obtained as linear combinations of the primitive
ones with coefficients from 8(g)®.

1.8 Miscellaneousness
Let h C g be a Cartan subalgebra, we let ¢ stand for dimh =rkg and W = W(g,h) stand
for the Weyl group of g. The fundamental weights of a simple Lie algebra g are m; with
1 < k < /Zand V()) stands for an irreducible finite-dimensional g-module with the highest weight
A= Z£:1 c,7g. Please keep in mind that the Vinberg—Onishchik numbering [VO88, Tables| of
simple roots (and fundamental weights) is used. If & € h* is a positive root, then {eq, hq, fa} C g
is an sly-triple associated with a.

An automorphism o € Aut(g) extends to g[t~!] by setting o(t~!) =¢~1. In this context,
o stands also for the corresponding automorphism of §(g[t~1]). If we take a o-invariant product
(,), then o(H[—-1]) = H[-1]. Therefore o acts on 3(g).

If o € Aut(g) is of finite order m, then it leads to a Z/mZ-grading g =go @ g1 D ... D gm—1-
In the case m = 2, we have g1 = {{ € g | o(§) = —¢}.

Throughout the paper:

{z;} is an orthonormal basis of g;

e in the sums ) , x; or Z” x;z;, the ranges are from 1 to dim g for ¢ and for j;

o b= (b1,bs) € Z%, and H][b] stands for Y, ;[b1]x;[b2] € U(g™) and also for the symbol of this
sum (in the sense of §1.2);

e (¢ stands for the stabiliser of { and it is always clear from the context, which G-action is
considered, g¢ = Lie G¢;

e ( stands for an arbitrary unspecified complex Lie algebra;

e if A C U(q) is a subalgebra, then gr(A) := (gr(x) | z € A)c C 8(q).

2. Explicit formulas in type A

In type A, there are several explicit formulas for the Segal-Sugawara vectors [CT06, CM09], see
also [Mol18, § 7.1]. One of them actually uses symmetrisation. One can form the matrix

E[—l] +7 = (Elj[—l]) + TIn
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with F;; € gl,, and calculate its column determinant and symmetrised determinant. Due to the
fact that this matrix is Manin, see [Moll8, Definition 3.1.1, p. 48, Lemma 7.1.2], the results
are the same. The symmetrised version is more suitable for our purpose. The elements S; are
coefficients of 7”7 in

det(E[-1] +7) = @(An[~1]) + w(TAn—1 [-1]) + - + @(T" 2 A [1]) + w (7" T A [-1]) + 7"

sym
Assume the conventions that
Tz(a] — zla]T = |1, z]a]] = T(x[a]) = —az]a — 1]

and 7-1 = 0. This leads for example to 7z[—1]-1 = z[—2]. Note that w acts on the summands of
7"k Ax[~1] as on products of n factors. It permutes 7 with elements of gl,,[—1].

Let 6 be a Weyl involution of g, i.e. there is a #-stable Cartan subalgebra h C g such that
Ol = —idy. As is well known, 0(Ay) = (—=1)*Ay if g = gl,,. In particular, §(H[—1]) = H[-1] and
0 acts on 3(g). Hence one can always modify the Segal-Sugawara vectors in such a way that they
become eigenvectors of 6. The resulting simplified forms are

Sn = W(An[_l]) + W(TQAn—2[_1])'1 +- ?D(TQTAn—Qr[_l])'l + -

+ (P A [-1])1 Withu:n—Q[ngl}, (2.1)

n—=k+2r
2r

si—w@a-+ ¥

>w(72rAk_2T[—1])-1. (2.2)
1<r<k/2

We will see that there is a direct connection with the symmetrisation and that one could
have used w instead of 8 in order to simplify the formulas. The following two lemmas are valid
for all Lie algebras.

LEMMA 2.1. TakeY =yi...ym € 8™(g) and a = (a1, ...,am) € Zy. Then in U(g™), we have

Y[al = Y voylar] - - Yomlam] = w( > yl[ag(l)]...ym[aa(m)]> = mlw(Y]a))

0ESm o€Sm

in the notation of § 1.5.

Proof. Tt suffices to show that Y[a] is invariant under all t; = (ii 4+ 1) € S,,, with 1 <i < m.
For each o € S,,,, both monomials

Yoylar] - Yoy [@ilVo(ivr)[@it1] - Yom)lam] and  yoylar]- - Yot [@ilYo@ylaivil - -Yom)lam)

appear in Y([a] with the same coefficient 1. Let s(o,4) stand for their sum. Then

S(Ja Z) - ti(s(07 Z)) = [ya(i) [ai]v ya(i-{—l)[aiJrl]] SR [ya(i+1)[ai]> Yo (d) [aiJrlH =0,
because [y (i) [ai], Yo(i+1) [@it1]] = [Yo(i) Yo(irr)llai + aiv1] = =[Yo@r1)lail, Yo(iylaiva]]. Since
Y([a) = 13, s(0,4) for each i, we are done. O

LEMMA 2.2. Take F € 8™(g) and r > 1. Then w(7"F[—1])-1 is fully symmetrised and therefore
is an eigenvector of w corresponding to the eigenvalue (—1)™.

Proof. Notice that w(7"(F + F')[-1])-1 = w(r"F[-1])-1 + w(7"F'[-1])-1 for any F’' € 8™(g).
Hence we may assume that F' = y; ...y, with y; € g. By the construction, w(7"F[—1])-1 is the
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sum of terms

1
——c(r,a . ith ¢(r,a) € N,
@) 2 snler)sogfan] it (.0
taken over all vectors a = (ai,...,am) € Z7, such that > a; = —(m +r). The scalars c(r,a)
depend on (m,r,a) in an elementary combinatorial way. Each summand here is a fully
symmetrised element by Lemma 2.1. Hence the desired conclusion follows. O

Let z = (1/n)I, be a central element of g = gl,, and let A; € 8¥(sl,,) denote the restriction
of Ay to sl,. Then

_ _ _ A _9 ~
A=A+ (n—k+1)zAr 1+ (n ]; + )zQAk_z i <Z _ 2> Zk_2A2 + <Z> 2~ (2.3)

Fix h = (Ei; | 1 <i<n)c. Let g; € h* be a linear function such that €;(E;;) = d; ;. For Ej; € g,
set Eii = Ly; — Z.

PROPOSITION 2.3. In type A, we have

~ 2r\Wk =2r) m— Kk + 27\ ~
mar41(Ay) = ()(k')( 2 >Ak—2r

if k—2r > 1 and m(Az) = m(A3) = 0.

Proof. Notice that the centre of g plays a very specific role in m, since ad(z) = 0. In particular,
m(83(gl,,)) = m(83(sl,,)) C A?sl,,. Furthermore,

m(Ay) € m(Ag) + A%sl, ® 287 4(g),

where one can use the multiplication in either End(gl,,) or End(sl,) for the definition of m.
Therefore we can work either with sl,, or with gl,,, whichever is more convenient.
Suppose that Y = E;; EjE,, is a factor of a monomial of Aj. Then

i {lLu}, j&{sp}, I#u, ands#p.

The h-weight of Y cannot be equal to either 2¢1 — e, —e,_1 or €1 + 9 — 2¢;,. These are the
highest weights of the Cartan component of A2sl,,. Hence m(Ay) € (s, ® 8¥73(g))8. The image
in question is a polynomial function on (sl, ® g)* = sl,, ® g of degree 1 in sl,, and degree k — 3
in g. Note that m(A3) is a gl,-invariant in sl,, and is thereby zero. Suppose that n > k > 3.
Fortunately, G(sl, @ ) is a dense subset of sl,, @ g. We calculate the restriction

f=m(Ag)|st,@p

of m(Ay) to sl, ®h. Write f = 25:1 & ® H, with &, € sl,, and pairwise different monomials
H, € 8¥73(h) in {E;}. Since m(Ay) is an element of h-weight zero, &, € b for each v. Thus
one can say that f is an invariant of the Weyl group W(g, h) = S,,. Without loss of generality
assume that Hy = y4...yr with ys = Fg for all s > 4. In order to understand f, it suffices to
calculate &;. Let F' be the polynomial obtained from Ag by setting E;; = 0 for all (4, j) such that
i or j belongs to {4,...,k}. Then & = (3!(k — 3)!/k)m(F).

Now take Y as above with {i,l,u} = {j,s,p} = {1,2,3}. Then:

e m(Y)(Ey)=0ifi=jorl=soru=np;
o m(Y)(Ey4) = ¢E1 if Y = Ei3E3Eo;
o m(Y)(E4) = ¢Fw if Y = E12E23E3:.
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is an invari-

Besides, m(Y)(Eyy) = 0if v,w > 4. In the self-explanatory notation, n = m(Agl’Q’S))

ant of (gls @ gl,,_3) and 1 acts on gls = (Eyy, | 1 < v,w < 3)¢ as zero. Since Aél’z’?’) is a linear
combination of Y = E;; EjsEyy with {i,l,u} = {j,s,p} = {1,2,3}, the element 7 acts on g as
%(EH + Foo + E33). This implies that n = %(EH + Eoo + E33). By the construction of F', we

now have m(F) = ("_’§+2) D4, k) %Ell and hence

3k —3)11 (n—k+2 ~
£1®H1:]€!3< 9 >< Z Ell>®E44-~-Ekk-
1¢{4,....k}

From this one deduces that up to the scalar
k:—23!(k—3)!(n—k:+2>

3 k! 2

the restriction of m(Ay) to sl, @ b coincides with the restriction Ak,glg[n@h, where we regard
Aj_o as an element of sl, ® 8¥73(g). In particular, m(A;) is a symmetric invariant. More
explicitly,

N k—2)3l(k—3)! (n—k+2) « 20k =2)! (n—k+ 2\ «
R o et

TR
Iterating the map m, we obtain the result. O

Remark. Strictly speaking, m(Ay) is not an element of 8¥~2(gl,,). This is the reason for working
with sl,,.

Now we can exhibit formulas for Segal-Sugawara vectors of t-degree k that are independent of
n, i.e. these formulas are valid for all n > k. First of all notice that in view of (2.3), Formula (2.2)
produces an element of 3(5/[;) if we replace each Aj_o, with Ag_o,. (This statement can be
deduced from (2.1) as well.) Making use of Proposition 2.3, one obtains that for H = Ay,

S i R DI () EC ISR 2.4
1<r<(k—1)/2

is a Segal-Sugawara vector.

3. Commutators and Poisson brackets

In this section, we prove that Formula (2.4) is universal, i.e. that it is valid in all types, providing
moy+1(H) is a symmetric invariant for each r > 1.
For F' € 8™(g), set Xp[_y) := [H[-1],w(F)[-1]] . Note that
w(H[-w(F)[-1]) = (-1)" = (F)[-1]H[-1].

Hence w multiplies Xp_y) with (—1)™*!. This implies that the symbol of Xp[-1) has degree
m + 1 —2d with d > 0. Let H[—1] stand also for Y, z;[—1]z;[—1] € §%(g[—1]).

The symmetric algebra 8(q) of a Lie algebra q is equipped with the standard Poisson bracket
{, } such that {z,y} = [z,y] for z,y € q. Using the standard filtration on U(q), one can state
that

{er(X),gr(Y)} = [X, Y]+ Upm—2(q) if X € Wi(a)\W-1(q), Y € Up(a)\Um—1(a).

The fact that {H[—1], F[-1]} =0 for F € 8™ (g)? follows from [FF92]. For convenience, we
present a short proof here.
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LEMMA 3.1. Take two arbitrary g-invariants F, F’ in 8(g). Then {F[-1], F'[-1]} = 0.

Proof. The Poisson bracket of two polynomial functions can be calculated by

{f1, fo}(v) = [dy f1,dy fo] (y)  for v € (g7)" (3.1)

In the case of F[—1] and F'[—1], the differentials d,F[—1],d,F’'[—1] at v depend only on the
(—1)-part of 7. More explicitly, if y(x[—1]) = ¥(z) with ¥ € g*, then d,F[-1] = (d5F)[—1] and
the same identity hods for F’'. We have dyF,d5F' € (g,)%, since F' and F’ are g-invariants.
Hence [d5F, dsF'] = 0 and also [dF[—1],d,F'[-1]] = 0 for any v € (g7)*. O

If [g, g] is not simple, then the following assumption on the choice of the scalar product on g
is made in order to simplify the calculations.

(#) There is a constant C' € C such that Z?i:rrllgad(a;i)z(ﬁ) = C¢ for each £ € [g, g].

The constant C' depends on the scalar product in question.
From now on, assume that g is semisimple. As the next step we examine the difference

Xpoy = Xp) — w({H[-1], F[-1]})

and more general expressions, where the commutator is taken with J[b]. Our goal is to present
Xp(—1) in the form (0.1). For any F1,%> € U(g™), the symbol gr([F1, F2]) is equal to the Poisson
bracket {gr(%1),gr(F2)} if this Poisson bracket is non-zero.

3.1 Commutators, the first approximation
Fix m > 1. Then set j =m — j for 1 < j < m.

LEMMA 3.2. ForY =g ...9m € 8(g~) with g; = y;a;], set
Xy = Xyp = [H[br, bo], w(Y)] = w({H[br, b2], Y}).
Then

Xy = Z Z ZZ(m(yU(p) LY ya(j))(l“z‘)yxu)

I=1 g€§,n_1 J<P isu
% (€23(5,P)Uo1) - - Yo (i-1)Tilb1 + Ao ()| Jo(i11) - - - Yo(o-1)Tulb2 + a1 + Ao ()| To(pr1) - + - Yo (m—1)
+ 2300, P)Vo1) - - - Yo (=) Zi[b2 + Qo () To(41) - - Yop—1)Tu[b1 + @1 + o) |Uo(p41) - - - Yo (m—1)
+ (=1)es2(5,P)Foq1) - - - Yoi-1)Zilb1 + Aoy + @lTo41) - - - Joo-1)Tulb2 + Qo) To+1) - - - Jo(m—1)
+ (1320, )1y - - Go(i-1)Ti[b2F Aoy + @llo(+1) - - Gop-1)Zu[br14 Go@)]do@r1) - - Jom-1),
where S,,_1 stands for the set of bijective maps from {1,...,m — 1} to {1,...,m}\{l} and we

have 1 < j < p < m — 1. The constants ¢z 3(j,p), ¢3.2(J,p) € Q do not depend on'Y, they depend
only on m. Besides,

CZ,?)(jap) = C372(]5,]>,
ca3(j,p) <0 for all j < p, and c2,3(j,p) < 0 if in addition j > p.

Proof. Set Y = @1 ... Gm € Wt g[t™1]). Let 5:51) stand for x;[b;] and 5352) for x;[bs]. Then

j=m,i=dim g

Ao bl V1= Y @ gy @ V3, 900550 919y [

j=1,i=1

A 14(2) A ~
7?/j]1’§ )yj+1---ym)-
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Furthermore,

[H[b1, ba], m, > [FH[b1, bo], o (V)] (3.2)

O'ES'm

Each summand of [H[by, by], 0(Y)] we regard as a formal non-commutative product. The sym-

metrisation of Py = {H][b1, b2, Y} resembles (3.2), but with a rather significant difference: the
(v)

factor #;”/, which is not involved in [#; P ), Yo (j))> does not have to stay next to [i’l(.y),gjg(j)] (here we
have {v, v} = {1,2}). The idea behmd the computation of Xy is to modify each term of w(Py)

in such a way that the wayward factor @(v) gets back to its place as in [H[b1, ba], @ (Y)]. In this
(v)

process, other commutators £[Z; /,¢;] will appear. It is convenient to consider the differences

5(v)

z, 7 at different places

2
) o~ N N N
Z Yo(1)- - ya (G- 1)[ ( 7ya(j)]ya(j+1) < Yo(m—1)Yo(m)>
1

v=

Xy = BT, ba)s o (V) - —— Z
Jj=

(v)

where for each fixed j and v, we add m + 1 different formal products with Z,
different places. Then Xy = (1/m!) > s X,
While modifying w(Py ), one obtains products of the form

standing in m + 1

o(p— 1)[@@)

s Yo () o (p41) - - - Jo(m)

Qﬁ>

X(O',?:,U,V;j,p) = ga(l) ya(] 1)[ ( )’yG(j)]yU(j+1)

—

(v) ,Uj]. The total sum of the products
(v ) [A(V)

with some coefficients; one also has to commute ﬁ:g Y) with [@

s

H)

that correspond to Xy and contain a double commutator [ ,95]] as a factor is

)

2)

Xacom (id, 7,7) 1= 951G, 2,950 + (m— i+ D[1EP, 950, 2D 8551 - G

Observe that

’I?’L—I—lyl”

a7, 20 g0 + [, 550, 3] = [0, 30,9, = 0.
Applying o to all g, with 1 < p < m, we obtain Xqcom (0, j, ) from Xgeom(id, j, 7). Set Xgcom =
D71 2ges,, 2ui Xdeom(0 4, 4). We have gr(Xqcom) = 0, since
gr(Xdcom(id, 7,7)) + gr(Xdcom(d,m —j +1,i)) =0
for the transposition ¥ = (j(m — j + 1)).
(v) [ ~(v)

Y

> ad(a)ad(@ ) (yslas]) = 3 ad(@)ad(@;” ) (ysles]) = Cysla + 1,

)

Now consider expressions [[Z; . 3511, 9] In view of (#),

where b = by + by. This leads to
Sl #7950 1] = [Cysla +8,91] = Clyy, wilay + ar + b, (3.3)

Thus 3 Xacom(id, j, 1) — @(8r(3; Xacom(id, 5,))) = C Xys; €.y X fropa (id), where

X([lj,l] (id) = {Z}l =1y wlla; +ag F 04 - YU - Om L
com

010 alyg wllag + o+ blgisy - gm 1 L>
furthermore c(;;) € Q. Set o = (j1). The difference

Eij Xdcom(0,,1) — @ (gr <Z Xdcom (0, J, z)))
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has a summand

dcom dcom

Ce (]Z)X[JJ] (o) = C( )X[Jl] (id).

This proves that » s i Xdcom(0,7,7) = 0, i.e. the expressions containing double commutators

) [z

i ,3;]] as factors have no contribution to Xy.

In the modification of (m + 1) Xy, a term

- (v)

X(id, i, v,v55,0) = 1 9512 9500501 - 913 0G0 -

(v)

appears j times with the coefficient 1 (these are the instances, where &,/ is the wayward factor);

it also appears (m — [ + 1) times with the coefficient (—1) from the instances, where il(y) is the
wayward factor. Thereby

X :m+1222j+l— m— 1)X(o,i,v,v;7,1).

<t v

Set ' =m —j+1. Then j+ 7 =m+ 1. Assume that [ # j' and [ > j. For any o € S,,, the
symbol of X(o,i,v,v;j,1) is the same as the symbol of X (7,7, v,v;1',5"), where

(V) = G0t - - Do 1)Jo()Jo@+1) - - - Do (5 1)Jo )T (7 +1) - - - Do (m):

furthermore, these two expressions appear in Xy with opposite coefficients. This shows that Xy €
Up,—1(g7). In order to get a better understanding of Xy, we modify the terms X (o,4,v,v;j,1),
which we consider as formal products.

Each X(o,4,v,v;7,1) has factors of two sorts: elements ¢, (depicted as points in the diagram
below) and two commutators [i"gv), Yo ()]s [igv), Yo (1)), which are depicted as stars. We move the
commutator that is closer to the middle point of the product until the expression obtains a

central symmetry. In the case | < m/2, this looks as follows:

modification

See also Example 3.3 below. The commutator [a%gv),y]a(l)] is moving if and only if [ < j'. After

the modification, the products of m factors annihilate each other and Xy is now a Q-linear
combination of products of m — 1 factors, where in each term, m — 3 factors are elements ¢,,,
one is a commutator [;%EU)
in the case o0 =id, is

,¥j], and another one is a commutator [[Z; v ), U1], Up]. A possible example
91 95187, 951051 - GG - G187 000, 9p)Gpe1 - G

It appears only if [ < j/. First we deal with these expressions ‘qualitative’ and after that describe
the coefficients.

Observe that for y € g and a € Z«g, we have yla] = >, (x;, y)z;la]. Assume for simplicity
that {j,p,1} = {1,2,3}, disregard for the moment the other factors, and ignore the ¢-degrees of
the elements. Consider the sum

Y lwiyillyss 2zl = D (i vl @) ([ys. lyz, zall, )z

7 1,7,U

= 3 (@i, lyr. ) (i, ad (g2 () ()

17]7u
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= ((ad(y2)ad(ys) (za), i) wi, [y1, 2] 220
1,J,U
= Z(ad(yQ)ad(yi%)(xu)? [yl, xj])xjxu
J,u
= (ad(ys)ad(y2)ad(y1) (z5), zu)aj20. (3.4)

j?u

Note that ad(yz)ad(y2)ad(y1)(z;) = m(yz ® y2 @ y1)(z;). If we recall the t-degrees, then the
product z;x, has to be replaced with x;[b, + a1]y[b, + a2 + ag] in (3.4). The other factors gy,
do not interfere with the transformations in (3.4).

In the process of changing the sequence of factors of X(id,i,v,v;7,1) with j <l < j/,
the term --- [:&EU),Q]-] e [[i“gy)?g)l],g)p] -+ appears with the negative coefficient (j+1—m —1)
as long as | < p < j’. This shows that indeed the constants ¢z 3(j,p) do not depend on Y, they
depend only on m. Moreover, c23(j,p) = 0 if p > j and ca3(j,p) < 0 if p < j.

The symmetry co 3(j,p) = c3.2(p, 7) is justified by the fact that w(Xy) = (=1)™ 1 Xy. A more

direct way to see this, is to notice that if a factor [g%(y)

./, 41 moves from a place v to j’ in some

term, then j < v < j' and there is a term with the apposite coefficient, where [:E"(-V)

/1] moves
from v’ to j. The first type of moves produces

(coeft. ) (M(Yo(p) @ Yt @ Yo () (i), Tu) - - - Tilby + ag(j)] - - - Tulby + a1 + ag(y)] - - -

and the second
(the same coeff.)(zu, M(Yo(p) @ Y1 ® Yo(;1)) (@) - - - Tulby + a1 + agn)] - - Ti[by + agn] - - ..

We have (z;, M(Yo(j) @ Y1 @ Yo(p)) (Tu) = —(M(Yo(p) @ Y1 @ Yo(j))(Ti), Tu) and the scalar product
(,) is symmetric. These facts confirm the symmetry of the constants and justifies the minus
signs in front of ¢32(j, p) in the answer. O

Ezxample 3.3. Consider the case m = 6. One obtains that

1
Xy = o > (4X(0,i,1,2;5,6) — 4X(0,i,1,2;1,2) + 3X (0,4, 1,24,6) — 3X(0,4,1,2;1,3)

’ 0ESE,1
+2X(0,0,1,2:3,6) — 2X (0,4,1,2;1,4) + 2X(0,4,1,2:4,5) — 2X (0,7, 1,2;2,3)
+ X(0,i,1,2;2,6) — X(0,7,1,2;1,5) + X (0,4,1,2;3,5) — X(0,i,1,2;2,4))

+ (the similar expression for (v,v) = (2,1)).
Take o = id. Performing the modification

(2

modification (1) A 14 A A a4 ~
~ (2, Us191920394[2; ™, Jel,

X(id,4,1,2:5,6) = iniaisial, 95)[22, ]

(1)

we move the factor [Z;, 5] to the first place producing commutators with 94, 93, 92, 1 on the

way. In the same manner,

~

o () m 11 a(2) e dification . (1 .
X(id,4,1,2;1,2) = [965 );yﬂ[wg ),yz]y3y4y5y6 modhen [l‘i ),y1}y3y4y5y6[xi , Yo
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and for & = (153)(264),

~ . modification (1)
~

X(5,4,1,2:1,2) = 21, 951127, 6] 01 02030 @ 4

;7 Usl91929394[2; ", Je)-
Performing the modification

. . A o~ o~ 7A(1) A ~(2) ~ 74 dificati A ra(l) A TA A TA(2) A 7aA
X(id, i, 1,24,5) = d1i293[2 ", 9422, 95196 "N 5112 9] g0ds (27, 5] 06,

)

we move the factor [#;"/,94] to the second place producing commutators with g3 and 7,. The

non-zero constants ¢~ (j,p) := _02,3(jap) are
_ 4 _ 7 _ 9 _ 10 _ 2 _ 3
. (1’2)25’ c (1’3):ﬁ’ c (1’4):ﬂ’ c (1’5):ﬁ’ ¢ (2,3):5, c (2,4):5.

Instead of the usual symmetrisation map, one can consider a weighted ‘symmetrisation’ or
rather shuffle, where each permutation is added with a scalar coefficient assigned by a certain
function ¥. We will need only a very particular case of this construction. Let ¥: Si192 — Q be a
weight function, satisfying the following assumptions:

(A) ¥(o) depends only on j =o(k+1) and p = o(k + 2), i.e. ¥(o) = U(4,p);
(B) ©(i,p)=9("p)ifj=k+3—].

Then set
Dt (Y1 - Uk @ Yky1 @ Yrr2) = Z V(o) Yo(1) @ *** @ Yor(kt2)

TESE 12

for y; € q. Let also wyy stand for the corresponding map from 8*(q) ® q ® g to U(g). Condition
(B) guaranties that w(wyw(F)) = (—1)¥ww(F) for each F € 8*(q) ® q ® q. In the case ¥(o) =
1/(k + 2)!, the map wy coincides with w. Keep in mind that each appearing wyt may have its
own weight function.

Suppose that Y € 8™ (g), a € Z7, and we want to merge them in order to obtain an element
of 8™(g~). The only canonical way to do so is to replace a with the orbit S,,a, add over this
orbit, and divide by |S,,a| as we have done in §1.5. The result is the a-polarisation Y[a] of Y.

Set
Xy(a) = [Hbr, bo], w(Y[a])] — w({H[b1, be], Y[al}).
For different numbers u,v,l € {1,...,m}, let a*¥! ¢ ZQ”O_?’ be the vector obtained from a by

removing a,, a,, and a;. Let (u,v,l) be a triple such that [ < v and u # [,v. Write m(Y') =
Zizl £uw ® Ry, with &, € A%g, R, € 8™ 73(g).

PROPOSITION 3.4. The element Xy is equal to
SO Cw(@i), z) e (Ru[a™] @ milby + au] @ 25(by + ar + ay]),
w <U’7U7l> v /L’-]
where U(j,p) = 2¢23(4,p) if j < p and V(j,p) = 2¢32(p, j) if j > p for the weight function V.

Proof. Using the linearity, we may assume that Y =y;...y,. The symmetry in ¢-degrees
allows one to add the expressions appearing in the formulation of Lemma 3.2 over the
triples  (Yelay(p)]; yrlail, eglag(;)]) with {e, f,g} ={o(p),l,o(j)} while keeping z;[b, + as(;)],
Tulby +a; + agp)] and (b, + as(j) + ai], wul[by + asp)] at their places. In this way the
coefficient  M(yy(p) ® Y1 ® Yo(;)) 18 replaced with m(ys)Uive(j)) and thereby &, with
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1<w< L come into play. It remains to count the scalars and describe the weight
function.
Suppose that j < p. Then
2 3!
— 31 ] = — ]
—y3leas(op) = (5, p)

and thereby W(j, p) = 2¢2,3(j,p). Analogously, ¥(p,j) = 2¢32(j, p). O

THEOREM 3.5. For F € §8™(g)? with m > 4, the symmetrisation w(F')[—1] is an element of the
Feigin-Frenkel centre if and only if m(F) = 0.
Proof. According to [Ryb08], w(F)[—1] € 3(g) if and only if it commutes with H[—1]. In view
of Lemma 3.1, this is the case if and only if Xp_;; =0. Lemma 3.2 describes this element.
It states that c2.3(j,p),c32(j,p) <0 and c23(4,p) < 0 if p < j as well as e32(j,p) < 0 if p < j.
Since w(F')[—1] is fully symmetrised, we can use Proposition 3.4. It immediately implies that if
m(F) =0, then XF[_” = 0.

Suppose that m(F') # 0. Write m(F) = 25:1 £w ® Ry, with &, € A%g and linearly indepen-
dent R, € 8™73(g). If £ € A%g is non-zero, then there are 4, j such that (&(z;),x;) # 0.

Set ¢ =23, (c2;3(j,p) + ¢3,2(j. p)). According to Lemma 3.2, ¢ < 0. Hence

w=L
(,nm_!g)! e ) (Cwl@i), zj)ai[—2)a[—3] Ry [—1]

w=1 1,5

is a non-zero element of (g~ ). In view of the same lemma, this expression is equal to gr(Xp_y)).
Thus Xp(_j) # 0. This completes the proof. O

Remark. 1f g is simple, then g? is equal to zero and §%(g)? is spanned by H = Y, z7. By our con-
vention, m(8™(g)) = 0 if m < 2. Furthermore, m(83(g)?) C (A%g)? = 0. Therefore Theorem 3.5
holds for m < 3 as well.

We will be using weighted shuffles wy of Poisson half-brackets. If Y =41 ...9m € 8(§7),
then
j=m,i=dim g
Dt (Yob1,00) = Y @Y/ @ @ilb]) @ [wilba), 5])- (3.5)
j=1,i=1

Strictly speaking, here wyt is a linear map from 8™ (g~ ) in U(g~) depending on (b1, b2) and the
choice of a weight function W. The absence of wt in the lower index indicates that we are taking
the usual symmetrisation.

3.2 Iterated shuffling
Another general fact about Lie algebras q will be needed. Suppose that Y = y; ...y, € 8™(q)
and € q. Write Y = (1/m) 301 i U5 @ Y with YU) = Y/y;. Then

>yl YW = {a, Y}, (3.6)

1<j<m

PROPOSITION 3.6. Let Fla] = w(Fa]) € U(§™) be a fully symmetrised element corresponding to
a polynomial F € 8™ (g) and a vector @ = (ay, ..., an) € Z™). Suppose that mo,+1(F) € 8™~ (g)
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for all m/2 > r > 1. Then:
(i) Xpg = [H[b], Fla]] — w({H][b], F[a]}) is a sum of weighted symmetrisations
wwt(m(F)[alJ]a bl + ay, b2 + aj)a wwt(m(F)[aLj]v b2 + ay, bl + Clj),

where | # j and @' is obtained from @ by removing a; and aj;

(ii) for every weight function U, there is a constant ¢ € Q, which is independent of F, such that
Pria) = wwit(F[a], b1, b2) — cw(F'[a], by, b2) is a sum of g (m(F) [@M], by, + Yo, by + ,) with
different weight functions, whereby @) is a subvector of @ with m — 2 entries and 7 € ZQ<O
is constructed from the complement a\a(l) of aW;

(iil) Xpig = [H[b1,b2], Fla]] is a sum of

C @, 3)w(mar 1 (F)[@"], by + 7o, by + ),

where 0 < 7 < m/2, @) is a subvector of @ with m — 2r entries, 5 € 7%, is constructed
from a\a(T) and the coefficients C(a"),7) € Q are independent of F.

Proof. Since we are working with a fully symmetrised element, Proposition 3.4 applies. In the
same notation, write m(F') = 25:1 £w ® Ry, By our assumptions, m(F) € §™2(g). In particu-

lar; &, € g for each w. Observe that

Z(&w(-xi)a-ﬁj)xz v sz v fwaxz .CC] x] sz gwyxz v]]
0.
Thereby part (i) follows from Proposmon 3.4 in view of (3.6).

(ii) Note that w(Pp(g)) = (—1)7”“(]31:[&}, because of the assumption (B) imposed on all
weight functions. By the construction, the image of wy(F[a],b1,b2) in §™F1(g™) is equal to
¢y xiba], Fla]}x;[b1] for some ¢ € Q. This constant ¢ depends only on the weight function W.
For this ¢, we have deg gr(Ppp)) < m.

The element Ppg is a linear combination of products, where each product contains m + 1
linear factors. Let us symmetrise the summands of Ppj5 by changing the sequence of factors
in them. Note that there is no need to commute factors §; = y;la,(;)] and 9 = yi[a, ()], since

Prlg 1s symmetric in the g,. There is no sense in commuting @El) and 3%1(2) either. After this
symmetrisation all products of m + 1 factors annihilate each other and Ppp becomes a linear
combination of products containing m factors. Now we symmetrise these new products. Because
of the antipode symmetry, they disappear after the symmetrisation and now Pppg is a linear
combination of products containing m — 1 factors. Furthermore, each non-zero summand must

contain certain factors according to one of the types listed below:

Lo 107370 = 1185 900, 197, 870 = (s 25, 1877, 450
The terms of type (4) disappear if we add over all ¢ and permute p and j, because of the properties
of H[b], cf. (3.3). The terms of type (3) disappear if we permute [ and p. Therefore the terms of
type (5) disappear as well.

One can deal with the terms of types (1) and (2) in the same way as in Lemma 3.2
and Proposition 3.4. They lead to v = (aj,a;) and v = (a; + a;,0) as well as v = (0,a; + a;).

600

https://doi.org/10.1112/50010437X22007485 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007485

SYMMETRISATION AND THE FEIGIN-FRENKEL CENTRE

Note that the commutators of type (2) are easier to understand, since there is no need to
permute the t-degrees, and at the same time they give rise to half-brackets.

(iii) We are presenting Xp[g in the form (0.1) and can state at once that it has terms of
degrees m + 1 — 2d only. Note that [H[b],F[a]] can be viewed as a weighted symmetrisation
wwt(F[al, by, ba) if we choose ¥(j,j+ 1) = ¥(j+1,j) =1 and ¥(j,l) = 0 in the case |l — j| > 1.
The term of degree m + 1 is the Poisson bracket {JH[b], F[a]}. Here 7 = 0 and 5 = 0. In degree
m — 1, we obtain images in 8§ 1(g~) of the weighted symmetrisations described in part (i).
Further terms, which are of degrees m — 3,m — 5, m — 7, and so on, are described by the iterated
application of part (ii). At all steps, we obtain combinatorially defined rational coefficients, which
are independent of F'. O

Ezample 3.7. Suppose that F' € §%(g)9 and that g is simple. Here we have m(F) € (A%g ® g)® and
dim(A%g ® g)® = 1. This subspace is spanned by 5 = > 2?. Hence m(F) = H up to a scalar. As
we will proof in §3.3, S = w(F[-1]) + 6w(7?m(F)[-1])-1 is a Segal-Sugawara vector. Making
use of the fact that 72(H[—1]) € 3(g), one can write S as a sum w(F[—1]) + BH[—2] for some

scalar B € C.

The only possible vector 4 that can appear in Proposition 3.6(iii) is (—1,—1). Therefore
the commutator [H[—1],w(F[—1])] is equal to Bw({H[—-2], H][—1]}) = B[H[—-2], H[—1]]. In the
orthonormal basis {z;}, we have

(9020, 3 1)} = 43 (1, 23], ) [ —B)s[ 25 1], (3.7)
,3,8

3.3 Poisson (half-)brackets o
Suppose that Y =g1...9, € 8™(g7) and §; = y;[a;]. Then Py := {H[b],Y} = Py (b1,b2) +
Pf/ (bQ, bl), where

j=m,i=dim g
Py(bu,b) = Y [l ] glmilbo]Y /95 = Y ([wws il yj)wulby + ajlai[b]Y /5.
Jj=1,i=1 Jyiu

Note that in the case b, + a; = by, each summand ([zy, 2], yj)zu[bs + ajlz; [b,]Y /4 is annihi-
lated by ([xi, zul, y;)xilby + aj]zu[by]Y /7;. Hence

Po(bibo) = Y > ([wi wal,yy)xilba + ajlza[br]Y /3. (3.8)
Jra;#bi—by iu

The product (, ) extends to a non-degenerate g-invariant scalar product on $(g~). We will
assume that (g[a], g[d]) = 0 for a # d, that (z[a],y[a]) = (x,y) for z,y € g, and that

(1. &om - = Okm Y (€1,70(1)) - - (s Mo (i)

€S,

if £&5,m; € 8(g7), m > k. Let B be a monomial basis of §(g~) consisting of the elements 0 ... g,

where 0; = v;[d;] and v; € {z;}. Then B is an orthogonal, but not an orthonormal basis. For

instance, if 2= z]'...2)* with k < dimg, then (,2) = n!.. .yl

Set M :=m+1, B(M) := BN 8M(g™), and write

(b b)) = Y AV)V with A(V) € C,
VeB(M)

expressing each ¥ /y; in the basis B.
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LEMMA 3.8. If A(V) #0 and V =01 ...0p, then p :={p| d, = b1} # @. Furthermore,

(e V
AV) = ) (V. V) 1<Y, ——[vr, vp)[d; — bz]). (3.9)
VVp
peP,lEp
Proof. The first statement is clear, cf. (3.8). It remains to calculate the coefficient of V in
Py (b1, b2). Pick a pair (p,l) with p € p and [ ¢ p. If we take into account only those sum-
mands of Py (b1, bs), where VP! = V/(4,0;) is a summand of Y /y; for some j, the factor @ is
xyla; + ba], and 0, appears as x;[b1], then the coefficient is

> (@, v, vplldr = b2]) (Y /5, VP (VP VP =1 = (VL P =LY VP oy, ) [dy — ba)).
=1

If one adds these expressions over the pairs (p,l), then certain instances may be counted more
than once. If v, = 0, for some p’ # p or v; = Op for some I’ # [, then (p,!’) or (p/,1) has to be
omitted from the summation. In other words, it is necessary to divide the contribution of (p, 1)
by the multiplicities 7, and 7; of vy[dy], v[d;] in V. Since (V,V) = v, (VP! V) the result
follows. O

The Poisson bracket Py is not multi-homogeneous with respect to g~ = @y, gld]. If b1 #
b2, then in general the ‘halves’ of Py have different multi-degrees and neither of them has to be
multi-homogeneous. We need to split Py (b1, b2) into smaller pieces. For a € Z7, set 8*(§~) =

[T, alas] € 8(87).

Let a = {o]',...,a}*} be a multi-set such that a; # o for i # j, oj € Zp for all 1 < j < s,
> j=17j =M, and r; > 0 for all j. Set 8%(g~) := [[;_, 8™ (g[e]), B(a) := BN 8¥(g7). Fix dif-
ferent 7,7 € {1,...,s}. Assume that a monomial V = 91 ...0y, € B(a) with o; = v;[d;] is written

in such a way that d; = a; for 1 <1 <r; and d; = o for r; <1 < r; +r;. Finally suppose that
F € 8™(g). In this notation, set

W(F, @&, (i,§)] = Y AV)V with

VeB(a)
Ay oy) = (V, V)70 Y (F,[vl,vp]Hvu) (3.10)
1<I<ry, u#p,l

T <pKritT;

PROPOSITION 3.9. Let F € 8™(g)? be fixed. Then the elements W[a, (i,7)] = W[F, &, (i, )]
satisfy the following ‘universal’ relations:

Z Wia, (i,7)] =0 for each i < s.
JigF#i

These relations are independent of F.

Proof. Follow the notation of (3.10). Note that for each 1 <1 < ry,

<F, > o] ] uu> = <{F,vl}, 11 vw> =0.

w: wH#l w: uFElw w: wH#l
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Of course, here we are adding also over the pairs (I,w) with ¥, € g[a;] if 7; > 1. However,

V], U] = —[Vy, v;] and hence the coefficient of V in > .. Wla, (4, j)] is equal to
J#
(v, v)~1 Z <F, Z [v1, V] H ’Uu) = Z 0=0.
1<I<r; w: w#l w: uFl,w 1<I<r;
This completes the proof. ]

PROPOSITION 3.10. ForYl[a] withY = y;.. .y, € 8™(g) and a € Z%, (see § 1.5 for the notation),
the rescaled Poisson half-bracket

Pla] := [Spa| Pyg) (b1, b2) = [Smal ) _{wa[ba], Y(a]}zu[bi]

is equal to the sum of W[Y, &, (i, j)] with i < j over all multi-sets & as above such that the multi-
set {ai,...,am} of entries of @ can be obtained from & by removing one o; = by and replacing
one o; with a; — bs.

Proof. For each multi-homogeneous component of P[a], the multi-set of t-degrees is obtained
from the entries of a by appending b; and replacing one a; with a; + by. Moreover, here by #
a; + be, cf. (3.8). This explains the restrictions on a.

For a and (i, j) satisfying the assumptions of the proposition, we have to compare the coef-
ficients A(V) of V € B(a) given by (3.10) and (3.9). The key point here is the observation that
(Ya),V) = [Spma| Y (Y,v1...vy) for any V =9y ... 0, € BN 8 (g™).

In a more relevant setup, suppose that a summand (y, (1), [v1, vp]) Hwﬂ’u#l,p(@/g(w), vy) of the
scalar product on the right hand side of (3.10) is non-zero for some o € S,, and some [, p. Then
there is exactly one choice, prescribed by (di,...,dr), of the t-degrees for a monomial of Y[a]
such that the corresponding summand

Woy[es — bal, [onvplldi = b)) [ (ot [du], )
w#lu#lp
of the scalar product on the right hand side of (3.9) is non-zero as well. By our assumptions on
the scalar product, these summands are equal. ]

THEOREM 3.11. Suppose that mo,.y1(H) with H € 8¥(g)? is a symmetric invariant for each
r > 1. Then (2.4) provides a Segal-Sugawara vector S associated with H.

Proof. Since mo1(H) € 8(g) for any I, we can say that mo,11(H) =m"(H), cf. (1.1). By
Lemma 2.2, each w(72"m"(H)[~1])-1 is a fully symmetrised element. It can be written as a
sum of &(r,a)ew(m”(H)[a)), where a € Z%;* and the coefficients &(r,a) € Q depend only on &,
r, and a. The coefficients of (2.4) depend only on k and r. Combining this observation with
Propositions 3.6(iii) and 3.10, we obtain that

[9{[—1]7 S] = Z C(T’ daiaj)w(w[mQTJrl(H)?OZ?’ ce aO‘ZSa (27])]) )

where again the coefficients C(r,a,i,7) € Q do not depend on H. For a given degree k, one
obtains a bunch of (r, @), which depends only on k, and each appearing coefficient depends on k,
r, &, and (7,7). In type A, for each k > 2, we find the invariant A}, such that the corresponding
commutator [H[—1], Sy_1] vanishes, cf. (2.4).

For each F € 8™(g)9, the elements W[F, &, (i, 7)] are linearly dependent. They satisfy the
‘universal’ relations, see Proposition 3.9. @t the same time, for m = k — 2r, the coeflicients

C(r,a,i,j) provide a relation among W[A,,, &, (i,7)]. Our goal is to prove that this rela-
tion holds for W[m"(H), &, (i,7)] as well. To this end, it suffices to show that the terms
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W[A., &, (i, )] = W[(i, j)] with fixed m and fixed @ do not satisfy any other linear relation,
not spanned by the ‘universal’ ones.

We consider the complete simple graph with s vertices 1,..., s and identify pairs (i, j) with
the corresponding (oriented) edges. Now one can say that a linear relation among the polynomials
WI[(i,7)] is given by its coefficients on the edges. Note that if s = 2, then W[F, &, (1,2)] = 0 for
each F' € §™(g)9, cf. Example 3.12(i) below. Therefore assume that s > 3.

Suppose there is a relation and that the coefficient of WI(¢, 5)] is non-zero. We work in the
basis

{Euv[d], (Ell + -+ Eyw — wE(w+1)(w+1))[d] | uF#v,d< O}

Choose 71 = Eia2]oy], 92 = Eoi]ey] and let all other factors g with 2 <1< M be elements of
t_lf)[t_l]. Assume that g3 = (Ell — Egg)[ozp] with p # 4,7 and that (Ell - EQQ,yl) =0 for all
[ > 3. Then the monomial g ... gy appears with a non-zero coefficient only in W{(z, 5)], W[(4, p)],
and WI(p, 7)]. This means that in the triangle (4,7, p) at least one of the edges (i,p) and (j,p)
has a non-zero coefficient as well.

We erase all edges with zero coefficients on them. Now the task is to modify the relation or,
equivalently, the graph, by adding scalar multiplies of the universal relations in such a way that
all edges disappear.

If a vertex [ is connected with j, remove the edge (7,1) using the universal relation ‘at I’. In
this way j becomes isolated. This means that there is no edge left. O

Ezample 3.12. Keep the assumption F' € 8™ (g)®.

(i) Suppose that s =2. Then W(F,a,(1,2)) =0 according to the universal relation. This
provides a different proof of Lemma 3.1.
Also in the case of @ = (=3, (—=1)™"1), we have {H[-1], Fla]} € g[—3]g[—2]8™ (g[-1]).
(ii) Now suppose that s = 3. Then W(F,a, (1,2)) = -W(F, a,(1,3)) = W(F, &, (2,3)).

4. Type C

There is a very suitable matrix realisation, where sp,,, C gly, is the linear span of the elements
Fij with i,j € {1,...,2n} such that

F EJ — € €5 Ej’i’; (41)
with i’ =2n —i+1 and ¢ = 1 for i < n, ¢, = —1 for i > n. Of course, F;j=+F;. Set
b=<Fjj |1<j<nc.

The symmetric decomposition gly, = 5p2n @ p leads to explicit formulas for symmetric invari-
ants of spy,. One writes E;; = Fw + 5 (EU + €€ Ejyr), expands the coefficients Ay of (1.2)
accordingly, and then sets (E;; + €; €; E] #) = 0. Up to the multiplication with 2%, this is equiv-
alent to replacing each E;; with Fj; in the formulas for Ay € 8(gly,). As is well known, the
restriction of Aggy1 to spy, is equal to zero for each k.

Until the end of this section, Agy stands for the symmetric invariant of g = sp,,, that is equal
to the sum of the principal (2k x 2k)-minors of the matrix (£j;).

LEMMA 4.1. For each k > 2, we have m(Aqg) € (g ® 873(g))®.

Proof. Note that A2g = V(27 + m2) @ g. In the standard notation [VOS8S8, Ref. Chapter, § 2], we
have 2wy + m9 = 3e1 + €9. Assume that y;yoys3 is a factor of a summand of Ay of weight 3e1 + &9
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and ys € {Fj;} for each s. Then:

e either Fy(9,) € {y1,¥2,y3} and some y; # Fj(ay,) lies in the first row or the last column;
e or all three elements y; must lie in the union of the first row and the last column.

Each of the two possibilities contradicts the definition of Agy. Thus, m(A) € (g ® 8273(g))s. O
LEMMA 4.2. We have:

(i) m(A) = ((n — 2)(2n — 3)/15)Ay; and

(i) m(0p,As) = FH(2n —1)(2n — 2) ;.

Proof. According to Lemma 4.1, m(Ag) € (g ® 83(g))?. Observe that 83(g) contains exactly two
linearly independent copies of g: one is equal to {£Ag | € € sp,,, }, the other is primitive. Therefore

(5©8%(9)? = 8%g)° = (Ay, A)c.
By the construction, A2 contains the summand F},. Since F}; cannot be a factor of a summand
of Ag, we conclude that m(Ag) is proportional to Ay.

Let y ® F% Fyo be a summand of m(Ag). Then y € CFyy. Also y = (—3!3!/6!)m(8F22AL1]),
where AE] € 8%(spy,_o) stands for Ay of spy, o5 C gry,. Next we compute 7 = m(apngg])(Flg).
This will settle part (ii). So far we have shown that

w(0p, Ag) € U(g) acts as cFy; on g and on C*" (4.2)

and part (ii) describes this constant ¢, which is to be computed.

Recall that Fia = —F(2,_1)2,- The terms of AE] have neither 1 nor 2n in the indices.

Therefore a non-zero action on Fjo comes only from the following summands of AE}:

FoFon 1)jFjsFs@an—1), —F2Fon1)sFssFson-1); (4.3)

F(anl)(anl)FjQst-FbS) _F(anl)(znfl)FSZFS/S/FQS' (44)

One easily computes that

%F12 if .7 7é S,’
m(F(Qn—l)j}stFsQn—l))(F12) = L
3F12 if j = ', because Fy, = 2Eyy,

and that m(F(on_1)sFss Fyan—1))(F12) = —%Flg. There are 2n — 4 choices for s in line (4.3). If
s is fixed, then there are 2n — 5 possibilities for j, since j # s, but the choice 7 = s’ has to be

counted twice. Applying the symmetry Fy,, = +F,s,/, we see that the terms in line (4.4) are the
same as in (4.3). Now

(2n — 4)(2n — 3)

1
n= g((2n74)2+(2n74))F12 = 3 Fio.
Hence y = ((n — 2)(2n — 3)/30) Fy. Since ((n — 2)(2n — 3)/30)Fi; ® F11F2, is also a summand
of m(Ag), we obtain m(Ag) = ((n — 2)(2n — 3)/15)Ay. O

PROPOSITION 4.3. We have

2k —2r)1(2r)! (2n — 2k +2r + 1
Maor+1(Agg) = (2k = 2mi2n)! ( )A2k2r-

(2k)! 2r

Proof. First we have to show that m(Agy) € §%72(g). By Lemma 4.1, m(Agy) is a G-invariant
polynomial function on g @ g. We use again the fact that G(g © b) is dense in g @ g.
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Examine first the summands of Ay that lie in 83(g)8?*~3(h). Such a summand has the
form y1yoys(Fiviy - - - Figis)*Fjujy - - - Fjuju- Here jo # jp, jj, if a # b and the product y1y2ys is an
element of weight zero lying in 83(f), where f is a subalgebra of g isomorphic either to spg or spy.
Furthermore, the numbers 4, i; with 1 < b < s do not appear among the indices of the elements
of f and at most three different numbers j, with 1 < b < u can appear among the indices of the
elements of §.

If u>3, we can change at least one Fj,;, to Fj{)j{, = —FY,;, without altering the other
factors and produce a different summand of As. These two expressions annihilate each other.
Therefore u =3 or v = 1. Suppose u = 3 and that there is no way to annihilate the term via
Fjj, = Fyjr. Then f=sps and y1y2y3Fj,j, Fyjp Fsjs is a summand of the determinant
Ag) € 85(). Since m(Ag) is proportional to Ay by Lemma 4.2 and F}, j, F}, 5, Fj,j, cannot appear
in A4, we conclude that terms y ® (Fj i, ... Fii.)?Fjyjy - - - Fjuj. With u > 1 do not appear in
m(AQk)

Fix an element H = Fy1 Fy, ... Fj7 with | = k — 1. We compute the coefficient of H in m(Agg).
This coefficient is equal to (—1)*(3!(2k — 3)!/(2k)!)m (8F11A( )) where A( Jis Ay of the SPon_ okt d-
subalgebra generated by Fj; with 4,5 ¢ {2,2’,...,1,'}. According to Lemma 4.2, m((‘)FHAfll)) =
ZH(2n — 2k + 3)(2n — 2k + 2) Fi1. Making use of the action of the Weyl group W (g, h) on h & b,
we conclude that m(Asgy) is proportional to Agy_o, more explicitly

2(k — 1)(2n — 2k + 3)(2n — 2k + 2)(2k — 3)!
(2k)!

m(Agy) = AGYD)

and with some simplifications

(2n — 2k + 3)(2n — 2k + 2) 2k\ 1 /2n — 2k + 3
Agp) = Aop_9 = Aop_s.
m(Ag) 22k — 1) 22 = | 4 5 2k—2
Iterating the map m, one obtains the result. ]

THEOREM 4.4. For g = sp,y, and 1 < k < n,

2n—2k+27“+1
Sk = w(Ba[-1]) + > < )

1<r<k

(7% Agp—ar[—1])-1
is a Segal-Sugawara vector.

5. Several exceptional examples
There are instances, where our methods work very well.

Ezample 5.1. Suppose that g = sog. Then Aut(g)/Inn(g) = S3, where Inn(g) is the group of inner
automorphisms. There are two Segal-Sugawara vectors, say So and S3, such that their symbols
are g-invariants of degree 4 in 8§(g[—1]). Assume that So and S5 are fixed vectors of w. Then
each of them is a sum w@(Y}) + w(Y2), cf. (0.1). Each element in 8§2(§)¢ is proportional to J[b]
for some b. Hence it is also an invariant of S3. Without loss of generality we may assume that
the symbols of Sy and S3 are Pfaffians Pfy[—1], Pfs[—1] related to different matrix realisations
of s0g. Then for each of them there is an involution o € S3 such that o(Yy) = —Yj. Replacing
S; with S; — 0(S;), we see that Sy = w(Pfa[—1]) and S3 = w(Pf3[—1]) are also Segal-Sugawara
vectors. In view of Theorem 3.5, this implies that m(Pfy) = m(Pf3) = 0.

Automorphisms of g make themselves extremely useful. We will see the full power of this
devise in § 7, which deals with the orthogonal case. At the moment notice the following thing,
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any o € Aut(g) acts on 8(g) in the natural way and induces a map oy : 8™(g) — 8™ (g).
Let v,, ® g be the isotypic component of 8™(g) corresponding to g. Then o acts on v, and
for this action, we have o(v) ® o(z) = 0,y (v ® 7), where v € vy, T € g.

An interesting story is related to Pfaffians in higher ranks.

Ezample 5.2 (The Pfaffians). Take g = s09,,. If n < 4, these algebras appear in type A. In the
case n = 4, the Pfaffian-like Segal-Sugawara vectors are examined in Example 5.1. Suppose
that n > 4 and that sog, C gl,,, consists of the skew-symmetric with respect to the antidiagonal
matrices. The highest weight of the Cartan component of A?gis 7wy + 73 = 21 + €2 + £3. Assume
that m; 4+ 73 appears as the weight of a factor y1y2y3 for a summand y; . ..y, of the Pfaffian Pf.
Then up to the change of indices, we must have

y1 = (B — Eyv), y2 = (B — Ej),

where i/ = 2n + 1 —i. If this is really the case, then the determinant Ay, € 82"(gly,) has a
summand Eq;Ey; ..., a contradiction.

Thus m(Pf) € (g® 8" 3(g))%. If n is odd, then there is no copy of g in 8" 3(g) and we
conclude at once that the image of the Pfaffian under m is zero.

Suppose that n is even. Then we can rely on the fact that G(g® bh) is dense in g® g.
Fix a factor H € 8" 3(h) of a summand of Pf. Without loss of generality assume that
H =],.3(Ess — Egy). Let Pf(® be the Pfaffian of the subalgebra spanned by

Eij — Ejy, By — Ejp, By — Ejrg with 4,5 < 3.

Since this subalgebra is isomorphic to sog = sly write also Agl) for Pf3). By the construction,
(3!(n — 3)!/n!)m(Pf®)) @ H is a summand of m(Pf). For a Weyl involution 6 of sly, we have
0(5; ) = —A(4) Therefore w(Ai(;l)) acts as zero on any irreducible self-dual sl4-module, in par-
ticular, on sly and on A2C* = CS. Now we can conclude that m(Pf®) = 0 and hence m(Pf) = 0.
Thus w(Pf)[—1] is a Segal-Sugawara vector for each n.

Keep the assumption that n is even. Another way to see that m(Pf) = 0 is to use an outer
involution o € Aut(soa,,) such that o(Pf) = —Pf. Here o(v) = —v for v € v,,_; such that v ® g
is the primitive copy of g that gives rise to Pf and also o(m(Pf)) = —m(Pf). At the same time,
o acts as id on v,_3. Therefore o acts as id on (g ® §"~3(g))?. Since m(Pf) € (g ® 8" 3(g))?, it
must be zero.

Explicit formulas for the Pfaffian-type SegalfSugawara vector PfF[—1] € U(s09,[t™!]) are
given in [Moll3, Rozl4]. In the basis {F}; = Ej; — Ej; | 1 <i<j < 2n} for soa,, the vector
PfF[—1] is written as a sum of monomials with pairwise commuting factors, see [Moll3]
and [Moll8, Equation (8.11)]. Hence it coincides with the symmetrisation of its sym-
bol, in our notation, PfF[—1] = w(Pf)[—1]. Example 5.2 provides a different proof for
[Mol18, Proposistion 8.4].

Another easy to understand instance is provided by the invariant of degree 5 in type Eg.

Ezample 5.3. Suppose that g is a simple Lie algebra of type E¢. Let H € 8(g)? be a homogeneous
invariant of degree 5. Then m(H) € (A%g ® 82(g))®. Here A%g = V (73) @ g and 8(g) = V(2m6) @
V(m + m5) @ C. Therefore m(H) = 0.

Recall that we are considering only semisimple g now and that ( , ) is fixed in such a way
that 3 € U(g) acts on g as Cidg for some C € C.

LEMMA 5.4. There is ¢; € C depending on the scalar product ( , ) such that ), x;[¢, z;] = c1€
in U(g) for any & € g. Furthermore, (&) = >, ad(z:)%(£) = —2¢1€, i.e. C = —2cy.
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Proof. For each & € g, set 1(§) = >, zi[§, w] = >, wi§wy — HE. Since [I,&] = 0, we have then
w(1(€)) = —11(€). Note that

(€)= D _lwe [ @il + 3 _[€ wiles = —H(E) + w(@a(€)) = —H(E) — ¥ (&).

Thereby 291 (§) = —H(§) = —C¢. O
LEMMA 5.5. Let g be a simple Lie algebra of rank at least 2. Then m(H?) & g ® 83(g).

Proof. Choose an orthogonal basis of h such that at least one element in it is equal to h, for a
simple root a. If the root system of g is not simply laced, suppose that « is a long root. Suppose
further that either « = a1 or a = . Changing the scalar product if necessary, we may assume
that hq € {z;}. Consider the summand f ® h3 of m(33). We have

5_ (6m(h 3) + 8m(h2)).

Set £ = m(hoJ(). Note that hoH € U(g) acts on g as a scalar multiple of ad(hy). In view of
Lemma 5.4, the sum ), x;hqx; acts on g as another multiple of ad(h,). Hence & € g.

It remains to show that 7 = ad(hs)? is not an element of g C so(g). Let o/ be the unique
simple root not orthogonal to . Observe that n(e,) = 8¢, and n(ey) = —eq. Set v =a + .
Then e, # 0 and 7n(e,) = e,. Since 1 # 8 — 1, we conclude that indeed 7 ¢ g. O

PROPOSITION 5.6. Let g be an exceptional simple Lie algebra. Suppose that H € 8%(g)%. Then
there is b € C such that m(H — bH3) € CH? C 8%(g).

Proof. Let V be the Cartan component of A%g. A straightforward calculation shows that
V appears in 83(g) with multiplicity one as in the following table.

Type The highest weight of V' 83(g)

Eg T3 V(37T6)EBV(7T1+7T5+7T6)69V(7T3)€9V(7r1—|—7T5)€Bg
E; 5 V(3ms) & V(me+m6) @ V(ms) @V (2m) S g

Es T V(37T1)EBV(7T1+7T7)®V(7T2)@9

F4 T3 V(3my) @V (2m +m4) @ V(m3) @ V(m2) S g

Go 3m ( sl EBV(QTH+7T2>EBV(37[’2)EBV(7T1)EBQ

)
We have m(H) € (V®83(g))? ® (g ® 83(g))?. The first summand here is one-dimensional.
Since m(H?) ¢ g® 8%(g) by Lemma 5.5, there is b€ C such that m(H) € g® 83(g) for
H=H — b3>.
The degrees of basic symmetric invariants {Hy | 1 < k <[} indicate that 83(g) contains
exactly one copy of g. (This is also apparent in the table above.) Hence (g® 83(g))® =
$4(g)® = CH2. 0

COROLLARY 5.7. Keep the assumption that g is exceptional. Then H = H —bH3 of
Proposition 5.6 satisfies (0.2) and there are R(1), R(2) € C such that

Sy = w(H)[-1] + R w(r*H3[-1])-1 4+ R(2)w(r*H[-1])-1 (5.1)
is an element of 3(g).

Proof. The first statement follows from Proposition 5.6 and Example 3.7. More explicitly,
m(H) € CH?, since there is no other symmetric invariant of degree four. Now the existence
of R(1) and R(2) follows from Theorem 3.11. O
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6. Type Go

Let g be a simple Lie algebra of type Gy. Then ¢ = 2. The algebra 8(g)? has two generators,
H and Ag € 85(g). In this section, we compute the constant b of Proposition 5.6 for H = Ag and
R(1), R(2) of (5.1). All our computations are done by hand. A computer-aided explicit formula
for a Segal-Sugawara vector of t-degree 6 is obtained in [MRR16].

First we choose a matrix realisation of g C so7. The embedding ¢: sl3 — so7 is fixed by

UEij) = Eij — E(r—j)(1-i)

for i # j. We choose a basis of ) C sl as {hi, ho} with hy = diag(1,—1,0), hy = diag(1,1, —2)
and extend it to a basis of sl by adding e;, f; with 1 < ¢ < 3 in the semi-standard notation, e.g.
es = Fhs, f1 = E91, f3 = F31. Let ¢; € h* with 1 <7 < 3 be the same as in §2. Now it remains
to describe the complement of sl3 = (sog N g), which is isomorphic to C3 @ (C3)*.

Matrix (6.1) presents an element of C* @ (C3)* C so7:

- v 0 |+V2a
0

« —y V2b

0 —a I} V2¢
b —a 0 v2y | (6.1)
—c 0 a ﬂﬂ

0 C —b V2a
—V2a —V28 —V2y —V2c¢ —v2b —V2a| 0

With a certain abuse of notation, we denote the elements of the corresponding basis by the same
symbols, for instance,

a=\V2E;; — Esp + Fs3 — V2Fr

as a vector of C3.
The scalar product ( , ) is such that H = Ay with

Ap = 2e1f1 + 2eafo + 2e3f3 + b1 + 2h3 — 2(ac + BB + cv).

The basic invariant of degree 6, Ag, is chosen as the restriction to g of the coefficient Ag) of
degree 6 in (1.2) written for gl;. In this case, the restriction of Ag to sl3 is equal to —A2, where
Ajs is the determinant of sl3. For future use, we record

[aa Oé] = dlag(_27 1, 1) € sls, [b’ ﬁ] = dla‘g(]-? -2, 1) € sl3, [c)fY] = ha,
[Oé, C] =3/s, [ﬁ? C] =32, [a’ b] = —2, ['ya B] = 2a, [b’ C] = —2q, [ﬁv a] = 3er.

The decomposition g = (C3)* @ g ® C3 is a Z/3Z-grading induced by an (inner) automor-
phism ¢ of g. Note that our basis for g consists of eigenvectors of o.

Recall that Sy is given by (5.1) and that we are computing the constants occurring there.
There is an easy part of the calculation. It concerns the projection of m(A3) on (V ® 83(g))®.
As we already know, the highest weight of V' is 3m;. Next choose a monomial of weight 3y, for
instance, e% f1.

LEMMA 6.1. Let £ ® €3f1 be a summand of m(A3). Then &(e3) = S fo.

Proof. Observe that in A3, the factor e3f; appears only in the summand 24€3 f3e; fi. By the
construction, we have
24 x3I'x 3!

6
6! m(f32€1) = 5m(f§€1)-

3
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Note that [e;, e3] = 0. Hence

g€(es) = §(2ad(er)ad(f3)” + 2ad(f3)ad(e1)ad(f3))(e3)
= g(—2ad(f2)ad(fs) — 4ad(fs)ad(f2))(e3) = —[f2, [fs, €3]] = fa

and the result follows. O

In the above computation, we did not see the projection of m(A3) on (g ® 83(g))?, which
is equally important. Set hg = [es, f3]. Note that {fs, hs,es} is an slp-triple associated with the
highest root of g. In the following lemma, sly means (f3, hs, e3)c.

LEMMA 6.2. Letn® e3fs be a summand of m(A3). Then n acts as %ad(f;g) on (es, f3, hg)c and
as %ad( f3) on the 11-dimensional sla-stable complement of this subspace.

Proof. In this case, one has to pay a special attention to the summand 86% f§’ of A3. In the product
(esfs)(esfs)(esfs), there are six choices of (es,es, f3) such that f3 and one of the elements e3
belong to one and the same copy of As; there are also three other choices. These first six choices
are absorbed in (3!3!/6!)24m(f3A2). Note that (3! x 3! x 24)/6! = g The contribution to 7 of
the three other choices is (3!3!/61)24m(e3f3). Hence n = 2(m(f3A2) + m(esf3)).

The element w(Asg) € U(g) acts on g as a scalar. That scalar is 8 in our case. According
to Lemma 5.4, the sum Y, z; f3z; € U(g) is equal to H f3 — 4f3. Thus, m(f3Az) = (8 — 3)ad(f3)
and %m(ngg) = Sad(fg)

Now consider 19 = (e3f3 + fies + fsesfs) € U(slz). Clearly, 1y acts as zero on a trivial
sly-module; for the defining representation on C2 = (v, vo)¢ with egv; = 0, one obtains 7g(v1) =
vg and 7g(vz) = 0. This suffices to state that Sm(esf3) acts as 2ad(f3) on the sly-stable com-
plement of (fs, hs,es)c. Finally, no(f3) =0 by the obvious reasons, no(es) = —2h3 — 2h3 =
4ad(f3)(es) and no(hs) = 4ad(f3)(hs) as well, since 7y acts on g as an element of so(g). All
computations are done now and the proof is finished. ]

Let pr: so; — g be the orthogonal projection. In order to work with Ag, one needs to compute
the images under pr of Fj; = E;; — E(8 j)(8—i) € s07. For the elements of gly C so06, this is easy,
the task reduces to Fj; with 1 < ¢ < 3, where we have

The elements of Fj; € sog with 1 <i<3,4<j<6 prOJect with the Coefﬁment % on the corre-

sponding letters in (6.1), e.g, pr(F14) = 5 =13, pr(F15) 37, and so on. The elements F;7 project

%a. Finally, the elements F¥;

on the corresponding letters, e.g, pr(Fr1) = _Tﬁoz. An explicit

with the coefficient ? on the corresponding letters, e.g, pr(Fi7) =

project with the coefficient %ﬁ

formula for Ag can be obtained by replacing first E;; with F;; in Ag) € 8%(gl;) and then replacing
F;j with pr(Fj;). We write down some of the terms of Ag:

Ao = —A} — L3Ef — ScBfsedfi + 2cafoclfi + Seahi fze3 — Ecahs fae]

— gbaf2f3€3

With this knowledge we can attack the computation of m(Ag). The first challenge is to
understand the term & ® €3 fi.

LEMMA 6.3. For £ as above, we have £(e3) = %fg.
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Proof. Once again, we rely on a direct computation. The terms of Az _containing e3 as a factor
are e3f1f2 and eg f3( 1h2) Thereby the contribution of A2 to £ is

20m( 21113 _2f2f3( éhQ))
and this element of End(g) maps e3 to 55 3 f.
Since o(Ag) = Ag, the summands of Ag that contain €3 f; as a factor are of tri-degrees (3, 3,0)
or (1,4, 1) with respect to the Z/3Z-grading g = (C3)* @ sl3 @ C3. By the weight considerations,
the first possibility occurs only for the monomial c3€§ fi1. Record that

ad(c)*(es) = ad(c)*(~a) = [¢,20] = ~6>.

The coefficient of ¢3 f1 in Ag is equal to % The monomials of the tri-degree (1,4,1) are
cBfselfi and cafoe3 fi. Their coefficients are . 4 and 2 , respectively.
Next

m(cff3)(es) = §(ad([B, c])ad(fs) + 2ad(f3)ad([8, c]))(es) = 3ad(f2)ad(fs)(es) = =3 fo

and

m(cafa)(e3) = %(ad(fg)ad(c)ad(oz) + ad(f2)ad(a)ad(c))(es) = %[diag(l, —-2,1), fo] = %fz.

Summing up, we have

Eles) = HB+E+ 2+ ) =56+ NR=10+f=3f

and we are done. 0
COROLLARY 6.4. We have b= 12—058 and the invariant H of Proposition 5.6 is equal to
AG 12058 A?)

Proof. By the definition of b, we must have (£ — b¢)(e3) = 0. From Lemmas 6.1 and 6.3 we obtain
that b= 3 x 2 =2 O

Next we deal with 7 for the summand 7 ® €3 f3 of m(Ag).
LEMMA 6.5. For ) as above, we have
i(a) = 5 (% — F — 5+ 35)ad(fz)(a) = Fad(fs)(a)
and

i(h3) = ( + 27 + + 27)ad(f3)(h3) 9><20ad(f3)( 3) = %ad(f?))(h?))-

Proof. We go through the relevant summands of Ag. In —Ag, these are g—ée?)) f3(3hy — hg)? and
%e% fi1f2f3(3h1 — ha). The corresponding contributions to 7 are

Z2m(f3(3h1 — he)?) and _Tlm(flfQ(?)hl—hz))

multiplied by %. We are going to keep the factor 2— in the background. Note that m(f3(3h; —
h2)?) acts on a as 4ad(f3), and hence we add —2. Since 2 — 4 + 2 = 0, the second of the above
elements acts on a as zero. If we consider the actlon on hg instead, then the contribution of the

first term is zero and m( f1 f2(3h1 — ha)) acts as ad([f1, f2]) = —ad(fs).
On account of o, the other relevant terms have tri-degrees (3,3,0), (0,3,3), (1,4, 1), where
the former two possibilities occur for %CQbeg f3 and %aQﬂeg f3. Here

m(c®b)(hs) = %(ad(b)ad(c)ad(c) + ad(c)ad(b)ad(c))(hs)
= 1(—2ad(a)ad(c) — 4ad(c)ad(a))(hs) = (—2ad(f3) — 2ad(c)ad(c))(hs).
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Since [a, hg] = @ and [c, a] = —3f3, the contribution in question is %ad( f3). Similarly,
m(a’B)(hs) = g(ad(B)ad(a)ad() + ad(a)ad(B)ad(a)) (hs)
1
~ 3
3

2ad(c)ad() + 4ad(a)ad(c))(h3) = (2ad(a)ad(c) — 2ad(f3))(hs).
Since [c, h3] = ¢, [a, ¢] = 3 f3, we obtain again %ad(fg). A slightly different story happens at a,

namely,
m(c?b)(a) = (—2ad(f3) — 2ad(c)ad(a) + ad(c)ad(c)ad(b))(a)
= (—2ad(fs) — 2ad(fs) + dad(fs))(a) = (-4 + 4)ad(f3)(a) =0,
m(a?B3)(a) = (2ad(a)ad(c) — 2ad(f3) + ad(a)ad(a)ad(3))(a)

(8 —2—6)ad(f3)(a) = 0.

Now consider the terms of the tri-degree (1,4,1). Let ¢; — ¢; be the weight of the fourth
element from sl3. Assume first that ¢ # j. Then e3 —e1 = (¢; — ;) + 5 — &; for some s and [.
One of the possibilities is ¢ = 3,5 = 1, and s = [. The other two come from the decomposition
€1 — €3 = (61 — 52) + (52 — 63).

In the case s = [, the relevant term is %e%fgbﬂ and its contribution to 7 is %m(fgbﬂ). Since
both b and  commute with f3 and hg, we see that m(fsbf3)(hs) = 0. Furthermore,

mmwma=mwmwm»ﬁczaoﬁc=§muma

In this way the summand = 9 appears in the first formula of the lemma
In the case s # [, the relevant terms are = baf2f363 and 5~ cﬁflfgeg On hs, each of the
elements m(baf2), m(cBf1) acts as Stad(f3). Thus, 3 5 appears in the second formula. Further,

m(bafz)(a) = §(ad(f2)ad(b)ad(a) + 2ad(e)ad(f2)ad(b))(a)
(ad(c)ad(e) + 2ad(a)ad(c))(a) = zad(fs)(a) +ad(f3)(a) = Fad(fs)(a).

In the same fashion m(c3f1)(a) = 3ad(f3)(a). This justifies =} in the first formula.
The final term, which is %ca(?)hl — hg) f3€3, fulfils the case i = j, s = 3, [ = 1. Here we have
m((3h1 — he)ca)(a) = 6ad(f3)(a), hence the last summand in the first formula is 2. Similarly,

m((3h1 — ha)ca)(hs) = (2ad((a)ad(c) — 2ad(c)ad(a))(hs) = ad(fs)(hs).

This justifies % in the second formula. O

o= o=

Lemma 6.5 provides a different way to compute b. Namely, 7 — bn has to act on g as a scalar
multiple of ad(f3). Check

(7= n) @) = (= 3 = o < 2 Jad() = 5 Pad(a)a) (62
(7= o) ) = (35— 2250 Vo) = 50 n) = 50 a) )

In order to compute R(1) and R(2), state first that according to (6.2), =32ad(f3) ® €3 fs is a
summand of m( ). This indicates that if m(H) is written as an element of 8*(g), then it has a

term 313 e3f2, which is a summand of =5>A2. Thus m(H) = S22 AZ. In terms of Lemma 5.4, we
have
3! 1 20
2
— x4 -2 = = —
m(H*) = 1 X < c1 + 361>1H 3 K,
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since ¢; = —4 in our case. Making use of Theorem 3.11, we obtain the main result of this section:
Sy =w(Ag — ZLA3)[-1] — Bp(r?A[—1])1 — (7' Ay[-1])1 (6.3)

is an element of 3(g). Furthermore, S; = H[—1] and S form a complete set of Segal-Sugawara
vectors for g.

7. The orthogonal case

Now suppose that g = so,, C gl,, with n > 7. A suitable matrix realisation of g uses the elements
Fij =E;j — Ejy with 4,5 € {1,...,n}, i =n—i+ 1. We will be working with the coefficients
Dy € S2k(g)9 of
det(I, — q(Fy)) " =14 ®oq® + Pug” + -+ + Popg™ + -+ - .

The generating invariants of this type appeared in [MY19, §3] in connection with the
symmetrisation map and they can be used in (2.4) as well. In [Moll8, MY19], the elements
®y;. are called permanents, but they are not the permanents of matrices in the usual sense.
Set b = (Fj; | 1 <j</{)c.

In general, det(l,, — qA)~! = det(l, + A + ¢*A%* + ---) for A € gl,,. In particular, ®oyly is
equal to the homogeneous part of degree 2k of

1
2 4 6
j=1

By the construction, m(®y;) is a polynomial function on (A%g @ g)* =2 A%g @ g. Set
L
f =m(Pox)|r2gep and write f = Z&V ® H,,
v

where H,, € §2*73() are linearly independent monomials in {F};} and &, € A?g. Note that each
®yy, is an invariant of Aut(g). Since @9 is an element of h-weight zero, each , is also of weight
zero. Hence one can say that f is an invariant of W(g, ).

Let 0 € Aut(g) be an involution such that gg = g° = s0,,—1, 0(F11) = —F11, i.e. Fi1 € g1, and
0(Fss) = Fys for £ > s > 1. Then go ry, := (go)F,;, = S0p—2. Such an involution ¢ is not unique
and we fix it by assuming that

g1 =(Fii+ Fn|l<i<n)c®CFy. (7.1)

The centraliser gq r, of F11 in g1 is equal to CFi;. This property defines an involution of rank
one. Set g = (Fss | £ = s> 1)c.

By the construction, the map m is Aut(g)-equivariant. Here the group Aut(g) C GL(g) acts
on so0(g) C gl(g) via conjugation. In particular, o acts as —id on go A g1 C so(g) and as id on the
subspaces A?gg and A%g;. For the future use, record: m(F3) = F;; and if i # 4, j', then m(F”FjQ])
acts as id on Fyj = —Fjry, Fyyp = —Fjy, as —id on Fj; = —Fyjr, Fy; = —Fy;, and as zero on all
other elements F,,,. In particular, m(F“FJQJ) Zgifig {45}

LEMMA 7.1. Suppose that H, = Fﬁl e Fég and &, # 0. Then there is exactly one odd (3; with
1 < j < L. Furthermore, if 31 is odd, then

£ € <(F11 — Fi’l) AN (Fli’ +Fi1) ’ 1<i< ’I’L>(C ©® <F11 A Fgg | 1 <s< f>(c.

Proof. Without loss of generality assume that 3; is odd for j < v and is even for j > u. Let 0; €
Aut(g) with 2 < j < u be an involution of rank one such that o;(Fj;) = —1 and 0;(Fss) = Fis
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for s # j, j'. Following the case of 01 = o, fix o; by setting
0;(Fji + Fij) = —Fji — Fy; fori & {j,j'}.

As we have already mentioned, o;(®o;) = ®o5 for each j. Thereby m(®y;) is a oj-invariant
as well. At the same time o;(H,) = —H, by the construction. Hence 0;(&,) = —§, for each
I<j<u.

The above discussion has clarified, how involutions o; act on A%g = m(83(g)). In particular,
we must have &, € go A g1. We know also that &, is an element of h-weight zero and that Fi; € b.
Recall that g1 g, = CF11. The decomposition go = go,r,, @ [F11,91] indicates that

€€ gor, NFii®[Fii,01) Agr.

Both summands here are h-stable. Furthermore, (go r,, A Fn)h is spanned by Fs; A Fy1 with
{>s>1.

The subspace [Fi1,¢1] is spanned by Fj; — Fjq, where 1 < i < n. For each i, the element of
the opposite ho-weight in gy is Fyy + Fi1. Note that (Fi; + Fy1) A (Figy — Fi1) is an eigenvector
of Fyy if and only if i = . Thus, ([Fi1,g1] A g1)Y is a linear span of

(1) :== (Fri + Fyn) N (Fry — Fin) + (Fiy + Fin) A (Fry — Fi)

with 1 <7 < 7.

If u > 1, then u > 3. The involution o9 acts on Fy; + Fyq as id if 2 < ¢ < n — 1. Therefore &,
has to be a linear combination of Fhy A F1; and Z(2). At the same time, o3 acts as id on both
these vectors. This contradiction proves that u = 1. ]

Remark. Lemma 7.1 is valid for any homogeneous ® € §(g)*"4(9),

Now fix H =H, = F121%’1_1F222b2 . ..Fggbe with b; € Z>¢ and by > 1. The task is to compute
§ =&, Set by = b; for j < L. In type B, set also by11 = 0. Below we list the terms Y3 such that
Y3 H is a summand of ®y:

FY, FuF%, 200+ 1)+ DFnFyFp, (b4 1)(b) + 1) FoFy Fy, 72)
2b1(bj + 1)F1ij1Fjj, 2b1(bl + 1)(()] + 1)F1iFiij1, '

where 1 < 4,7 <nandi ¢ {j,j'}, and also in Fj; we have 1 < j < £. When computing m, one has
to take into account the additional coefficients appearing from the powers of Fj;. For instance, in
the case of F}, this coefficient is (2b13+2), for 2b1(b; 4+ 1)F1;F}1 Fj;, the additional scalar factor
is 2b; + 1.

We will show that § acts on Fj; as c(i,7)Fi1 for some constant c(7,j) € C, compute these
constants and see that all of them are equal. Note that [Fiq, F;] = 0if 4,5 & {1,n}.

LEMMA 7.2. We have £(F11) = 0, furthermore &(F;j) = 0 if i, & {1,n}.

Proof. By a direct computation, we show that indeed £(F11) = 0. Some expressions in (7.2) act
on F1; as zero by obvious reasons. If one takes into account that Fy;F11Fj; + Fj1F11F; acts as
[Fj1, Fj1], this covers the first line of (7.2). The same argument takes care of m(Fj;F1;Fj1). It
remains to calculate n = m(F;Fj;Fj1)(Fi1). Here we have 6n = (Fi1 — Fy;) + (Fj; — Fi1). If we
switch ¢ and 7, then the total sum is zero.

Since (Fss A F11)(F11) = Fss up to a non-zero scalar, Lemma 7.1 now implies that

e ((Fui—Fn)N(Fur+Fa) |1 <i<n)c.
Hence {(Fj;) =01if 4,5 & {1,n}. O
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LEMMA 7.3. Suppose that n = 2¢. Assume that 1 < u < n. Then

E(FL) = 31(2k — 3)!

(2k)! C1)Fru

and C(1) is equal to

(2b1 +2

l ¢
2
3 >+3b1;(2bj+1)(b +1)+ b1 bi +1) ;b +1)+ b1 Z (b; +1)(bj +1).

1<i<j<l
Proof. Recall that m(F) = Fy7. This leads to the summand (2b1+2) of C(1). Consider
V) = m(FuF}) + m(Fy FFyy — Fay FynFyj)
with 1< j < Here ¢V(Fy,) = 1R, for u g {j,j'} and €7 (F;) = (1-2)Fy; as well as
gj)(Flj/) = (1—2)Fyj. In C(1), we have to add 3 with the coefficients
2b; + 2
2b1< ”2 ) = 2by(bj + 1)(2b; + 1).

The next terms are { = m(FnFl]Fﬂ) with 1 < j < n. Here 52 (F1u) = 1Py, for u & {j,j'}.
Furthermore, §2 (Flj) 2F1] and 52 (Flj ) = 0. Adding 52]) and 52 with j < £ and recalling

the coefficient of §2 , we obtain the summands 3(by + 1)by (b + 1).
Fix 1 <i4,j <n with ¢ € {j,7'} and consider

&’ = m(FuF;Fp), &7 = m(FuF;Fy).

An easy observation is that &5 (Fu) =0if u € {i,,5,5'}. Also €7 (F1,) = LFy, in this case.
Furthermore, 54’] (Fy) = 1Fu and &7 (Fyy) = Fh A more lengthy calculation brings

3 i) = g1 — glad{Ll1;)a j ad{L'j1 )ad(£1; 17) = X1 — gf'1a = U5
&7 (Fu) = §Fui — g((ad(Fy)ad(Fjr) + ad(Fjn)ad(Fi))(Fy) = §Fi — §F1i =0
&7 (Fij) = §Fy + gad(Fiy)(Fui) = 0; - &7 (Fiy) = gad(Fy)ad(Fjn)(Fur) = —§ Fiyrs
57 (Fie) = $ad(Fy)ad(Fy)(Fjir) = gad(Fy) (Fjn) = —§ P
Note that £/ = ¢} = 51’3 . Now fix 1 < i < j </ and consider
="+ g7+ g v GG+ GG g

Here 2b1(b; +1)(b; + 1) g] is a summand of ((2k)!/3!(2k — 3)!)&. Moreover, §5"7(F18) = 3Fy, for
each 1 < s < n. This justifies the last summand of C(1). O

Rearranging the expression for C'(1), one obtains

¢
c<1)—§b1<2(bj+1)(2bj+1)+4 > (bi+1)(bj+1)>. (7.3)

j=1 1<i<j<e

LEMMA 7.4. Suppose that n = 2¢ + 1. Assume that 1 < u < n. Then

E(FL) = 31(2k — 3)!

(2k)! C()F

and C(1) is equal to

4 4 4
C)+gbilbr+ 1) +3b 3 (bt 1) =C)+3b 3, (b +1).
1<l 1<l
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Proof. We have to take care of the instances, where j = ¢+ 1 = j'. Here Fj; = 0, thereby also

éj ) = o. By a direct calculation, §§j )(Flu) = %Flu for each u. Recall that §§j ) corresponds to
Y3 =2(b1 +1)(b; + 1)F11F1]F]1 in (7.2) and that the additional scalar factor in this case is 2b;.
Since byy1 = 0, we have to add bl(bl +1) to C(1).

The calculations for §3 ,&7, and € 47] have to be altered. The modifications are:
4’J(F1j) =Ry &' (Fy) = 3Ry &§'(Fy) = 3R,
and £é’j with 1 < i < j =141 has a simpler form, here
Teg e g g T e
The coefficient of this &7 in ((2k)!/3!(2k — 3)1)€ is 2b1(b; + 1) and &7 (F1,) = 2Fy,, for all u.
This justifies the second additional summand. O

PROPOSITION 7.5. For g = s0,, we have m(®9;) = R(k)®Po,_o, where
1 n
- ok — 1 —1)(2k—3) ).
R(k) R2h 1) <<2> +2n(k—1)+ (k—1)(2k 3))

Proof. According to Lemmas 7.3 and 7.4, there is ¢(1) € C such that &(Fy,,) = ¢(1)Fy, for each
1 < u < n. Since £ € so(g), we have also {(F,1) = —c(1)F,1. Taking into account Lemma 7.2, we
conclude that & = ¢(1)F;.

Simplifying (7.3) and using Lemma 7.4, we obtain that

c(1)_§b13'(2k 3)! ((Zb) 46—1(Zb>+€+2€ ))

 kQk—-1)(k—1)
in type D and that

2k = 1)2 + (40 —1)(k — 1) + £(2¢0 — 1))

b1
‘D= D=1

in type B. In both cases, the scalars ¢(1)/b; depend only on k and ¢. Making use of the action
of W(g,bh), we can conclude now that m(®gx) is a symmetric invariant and that it is equal to
R(k)®or_o with R(k) € Q. More explicitly, R(k) is equal to 2(k — 1)(¢(1)/2b1) = (k — 1)e(1)/by.

In type D, we have 2(k—1)2+40—1)(k—1)=2n(k—1)+ (k—1)(2k—3) and
0(2¢ — 1) = (3). Quite similarly, in type B, we have £(2( — 1) + 20 = {(2¢ + 1) = (}) and

20k =12+ (4l —1)(k—1) +2(k—1) =2n(k — 1) + (k — 1)(2k — 3).

(2(k — 1)* 4+ (40 — 1) (k — 1) +£(20 — 1) + 2(k — 1) + 2¢)

Therefore multiplying ¢(1) with (k — 1)/b; we obtain the desired formula for R(k). O
We have
R(k) = /<;(2/:_1)<<Z> +on(k—1) + (k— 1)(2k — 3))
- 1((k—l)(n+2k—3)+n(2k—2+n—1)>
k(2k —1) 2
(n+ 2k — 3)(n + 2k — 2)

2k(2k — 1)
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and then

() - () 22 (2

u=1

Iterating the map m, sf. (2.4) and Theorem 3.11, we obtain the following result.

THEOREM 7.6. For any k > 2,

S = w(@)[-1] +

1<r<k

<n+2k2

o >w(72T<1>2k_2T[—1]) 1

is a Segal-Sugawara vector.

8. Applications and open questions

The Feigin—Frenkel centre can be used in order to construct commutative subalgebras of the
enveloping algebra in finite-dimensional cases. There are two most remarkable instances.

8.1 Quantum Mishchenko—Fomenko subalgebras
Recall the construction from [Ryb06]. For any p € g* and a non-zero u € C, the map

op: WETgt™Y]) — W(g), at v ule + 64 _1p(x), z€g, (8.1)

defines a G ,-equivariant algebra homomorphism. The image of 3(g) under g, ,, is a commutative
subalgebra flu of U(g), which does not depend on u [Ryb06, FFTL10]. Moreover, gr(flu) contains
the Mishchenko—Fomenko subalgebra A, C 8(g) associated with p, which is generated by all
p-shifts 0,'H of the g-invariants H € 8(g). The main property of A, is that it is Poisson-
commutative, i.e. {A,,A,} =0 [MFT78]. If u € g* = g is regular, i.e. if dimg, =rkg, then A, is
a maximal with respect to inclusion Poisson-commutative subalgebra of 8(g) [PY08] and hence
gr(fl#) = A,. Several important properties and applications of (quantum) MF-subalgebras are
discussed e.g. in [Vin91, FFR10].

Mishchenko—Fomenko subalgebras were introduced in [MF78], before the appearance of the
Feigin-Frenkel centre. In [Vin91], Vinberg posed a problem of finding a quantisation of A,,.
A natural idea is to look for a solution given by the symmetrisation map w. For g = gl,,, the
elements w(agmk) € U(g) with 1 < k < n, 0 < m < k commute and therefore produce a solution
to Vinberg’s quantisation problem [Tar00, FM15, MY19].

Consider Fa] = w(F)[a] € U(g~) corresponding to F € 8™(g)? in the sense of (0.3). Set
p=|{i|a; = —1}|. Then

(ouu(Fla]) | u e C\{0})c = (@ (9, F) |0 <1< p)c. (8.2)

Combining (8.2) with (2.2), we conclude immediately that for g = gl,,, the algebra flu is generated
by @(9;;'Ax). This observation is not new, see [MY19, §3] and in particular §3.2 there for a
historical overview and a more elaborated proof.

In [MY19, §3.3], sets of generators {H; | 1 < ¢ < ¢} of §(g)? such that

Ay = alg(w (0, H;) | 1 <i <l 0<m <degH;) (8.3)

are exhibited in types B, C, and D. We rejoice to say that in type C, Hy = Ay in the notation of

§4. In the even orthogonal case, the set {H;} includes the Pfaffian. The other generators in types

B and D are ®y, of § 7. Thus Theorems 4.4 and 7.6 provide a new proof of [MY19, Theorem 3.2].
In conclusion, we show that Proposition 5.6 confirms Conjecture 3.3 of [MY19] in type Ga.
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PROPOSITION 8.1. Let g be a simple Lie algebra of type Ga. Let He 8%(g) be a g-invariant
satisfying (0.2), cf. Corollaries 5.7 and 6.4. Then A, is generated by pu,H, and w(0,'H) with
0<m<h.

Proof. We work with u as with an element of g. Clearly 9,3 =2 (x;, u)x; = 2p and
O (H[b1, bo]) = w23 + (uP26p,, 1 + U Gy 1) + Oy, —10bg,—1 (115 11).-

Let S2 be the Segal-Sugawara vector provided by (5.1) and (6.3). Set also S; = H[—1]. Then
{51, 52} is a complete set of Segal-Sugawara vectors. A general observation is that ftu is gen-
erated by {0,.(S,) | u€ C",v=1,2} [Moll8, Corollary 9.2.3]. We have already computed
the images of S; and also of w(r*H[—1])-1. Similarly to (8.2), the images of w(H)[—1] span
(@w(9H))c. It remains to deal with

4= Qu,U(w(72%2[_1D'1) = U_694 + U_593 + U_492 + u_?”zjl.

Here Y is proportional to u; the term Yy is a linear combination of J and p2. Furthermore, Y3
is a linear combination of uXH and ), x;pux;, therefore of pJ and pu, cf. Lemma 5.4. Finally, Y4
is a linear combination of H? and E” ziwjriz; =y, viHr; = H2

E TiT;T;T5 = H? + E C1TjTj = K2 + 1 H.
i, J

This completes the proof. U

8.2 Gaudin algebras
Recall that elements S € 3(g) give rise to higher Hamiltonians of the Gaudin models, which
describe completely integrable quantum spin chains [FFR94].

The underlying space of a Gaudin model is the direct sum of n-copies of g, and the
Hamiltonians are the following sums

(k) .(4)
“FZM L<k<n
2% — 2 ) )
i#k J

where zp,...,2, are pairwise different complex numbers. Here {xgk) |1 <i<dimg} is an
orthonormal basis for the k’th copy of g. These Gaudin Hamiltonians can be regarded as ele-
ments of U(g)®" or of (g --- P g). They commute (and hence Poisson-commute) with each
other. Higher Gaudin Hamiltonians are elements of U(g)®" that commute with all H.

The construction of [FFR94| produces a Gaudin subalgebra G, which consists of Gaudin
Hamiltonians and contains Hj, for each k. Let AU(§~) = U(g~) be the diagonal of U(g~)®".
Then a vector Z = (z1,...,2,) € (C*)™ defines a natural homomorphism pz: AU(g~) — U(g)®"™.
In this notation, G = G(z) is the image of 3(g) under ps. By the construction, § C (U(g)®")®.
Since 3(g) is homogeneous in t, it is clear that §(z) = G(cz) for any non-zero complex number c.

Gaudin subalgebras have attracted a great deal of attention, see e.g. [CFR10] and refer-
ences therein. They are closely related to quantum Mishchenko-Fomenko subalgebras and share
some of their properties. In particular, for a generic z, the action of G(z) on an irreducible
finite-dimensional (g @ - - @ g)-module V(A1) ® --- ® V(A,) is diagonalisable and has a simple
spectrum on the subspace of highest weight vectors of the diagonal g [Ryb20]. Applying pz,
one obtains explicit formulas for higher Gaudin Hamiltonians from explicit formulas for the
generators of 3(g). In the following, we discuss which generators of 3(g) one has to consider.
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Let {S1,...,S¢} with gr(Sx) = Hi[—1] be a complete set of Segal-Sugawara vectors as in
§1.6. Set deg Hy, =: di,. Assume that 2z, # z; for k # j and that 2, # 0 for all k. According to
[CFR10, Proposition 1], §(Z) has a set of algebraically independent generators {F1, ..., Fg)},
where B(n) := ((n —1)/2)(dimg + ¢) + ¢, see also [Ryb06, Theorems 2&3]. Moreover, exactly
(n —1)di, + 1 elements among the F; belong to (pz(7"(Sk)) | m > 0)c [CFR10, Proposition 1].
Note that Zi:l di equals (dimg+ ¢)/2. Furthermore, the symbols gr(F}) are algebraically
independent as well and deggr(F;) =d; if F; € (pz(7"(Sk)) | m = 0)c, see the proof of
[CFR10, Proposition 1(2)] and [Ryb06, §4].

Remark 8.2. If A C (8(g)®™)? is a Poisson-commutative algebra, then tr.degA < B(n) by
[MY19, Proposition 1.1]. Combining this with [BK76, Satz 5.7], we obtain that tr.deg A < B(n)
for a commutative subalgebra A C (U(g)®™)®. Thus G has the maximal possible transcendence
degree. Arguing in the spirit of [PY08] and using the results of [Ryb06], one can show that § is
also a maximal commutative subalgebra of (U(g)®™)® with respect to inclusion.

In the case n = 2, the application of our result looks particularly nice. Besides, this two points
case has several features. Suppose that n = 2. Set [ = g @ g. For H € 8%([), £ in the first copy
of g, 77(2) in the second, and a non-zero ¢ € C, write

H(ED 4 en?)) = Hd,o(£(1)) + CHd—171(§(1),?7(2)) 44 Cd_1H1,d—1(€(1),n(2))
+ ¢Hy (), (3.9

Here Hg belongs to the symmetric algebra of the first copy of g. The symbol of pz(7™(S)) lies
in ((Hg)d,—jj | 0 < j < di)c. Since we must have dj, + 1 linearly independent elements among
these symbols, gr(§) is freely generated by (Hy)q4,—j; with 1 <k < £, 0 < j < dy.

The Lie algebra [ has the following symmetric decomposition

[=ldl, wherel = {(f, —f) ’ ¢ e g} (8.5)

and lp = Ag = {(£,€) | € € g} is the diagonal. Similarly to (8.4), one polarises H € 8%(I) with
respect to the decomposition (8.5). Let H|; q_; with 0 < j < d be the arising components. Then
(Hja—j |0 <j <d)c=(Hjay) | 0< ) <dc.

On the one side, the polynomials (Hy); 4, —; generate gr(§G), on the other, the polynomials
(Hg)[j,d,—j) generate a Poisson-commutative subalgebra 2 C §(I) related to the symmetric pair
(I, lp), which has many interesting properties [PY21]. Thus, our discussion results in the following

statement.

COROLLARY 8.3 (cf. [PY21, Example 6.5]). The two-points Gaudin subalgebra G(z1,z2) is a
quantisation of the Poisson-commutative subalgebra Z associated with the symmetric pair

(5@ g, Ag).
Let us give more information on the issue of Corollary 8.3. Observe that G(z1, 22) = G(21 —
b, zo — b) if b € C\{z1, 22}, see [CFR10, Proposition 1]. Hence
_ Z1— 22 Z2— 21
= = 1 _1 .
For p = p1_1, we have p(&tF) = €D 4 (—1)k¢®) ie. g[—1], as well as any g[—2k — 1], is mapped

into [; and each g[—2k] is mapped into Ag. One can understand p as the map from U(g™) to

UG/ = 1) = U(W).
It is not difficult to see that gr(p(Sk)) = (Hk)o,d,]» €r(0(T(Sk))) = (Hk)[1,d,—1), and in general

gr(p(7™(Sk))) € m{(Hp)m,dp—m] + (Hi)[ja—j | 7 < m)c
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as long as m < dj. This shows that indeed gr(§) = Z and that
G =alg{p(t™(Sk)) | 1 <k <£,0<m<dy). (8.6)

Suppose that Hy,..., H; are homogeneous generators of 8§(g)? and for each k there is &’
such that 0 < k' < k and m(Hy) € CHys, where Hy = 0. If g is simple and classical, then explicit
descriptions of such sets are contained in §§2, 4, 7.

THEOREM 8.4. If we keep the above assumption on the set {Hy}, then the two-points Gaudin
subalgebra G C U(I) is generated by w((H})d,—;;) with 1 <k < £, 0<j < dj.

Proof. For each k, let S be the Segal-Sugawara vector obtained from Hj, by (2.4). We will show
that Vigm = (@((Hg)d,—j;) | 1 <k <L, 0<j <dg)c is equal to

Vg = (p(t"(Sk)) | 1 <k <, 0<m<dg)c.

Since dim Vg = dim Vyn,, it suffices to prove the inclusion Vg C Viyr. We argue by induction on
k. If k=1, then S; = w(H;[—1]). Hence (p(7™(S1)) | 0 < m < dj)c is equal to

(@((H1)d,—j,;) | 0 < j < di)c.

If £ > 2 and m < dj, then according to the structure of (2.4) and our condition on {Hy, ..., Hy},

we have
p(7™(Sk)) € mlw((Hg)m,dj,—m)) + Vin.ks
where
Vi = (@((H)j,ap—5) | 7 < m)c ® (@((Hy)ja,—5) | K <k, 0<j <dp)c.
Thus p(7™(Sk)) € Vsym and we are done. O

8.3 Further directions
For all classical types, we find families of generators { H} that behave well in terms of (0.2).
The general picture is not complete yet, since the following question remains open.

Question 8.5. Does any exceptional Lie algebra g poses a set of generators {Hy} C 8(g)? such
that each Hj, satisfies (0.2)?

Proposition 5.6 takes care of type Go. We have seen also some partial positive answers in
other types.

Question 8.6. Are there homogeneous generators { Hy } of 8(g)9 such that m(H}) = 0 for each k7

The calculations in §6 prove that in type Ga, the answer is negative. I would expect that
the answer is negative in general.

As Example 3.7 shows, a set of generators { Hy }, where each Hy, satisfies (0.2), is not unique.
For the classical Lie algebras, there is a freedom of choice in degree 4 and there is also some
freedom in degree 6.

It is quite possible that the condition (8.3) on the set {Hj} is less restrictive than (0.2).
However, we have no convincing evidence to this point.

Remark 8.7. Probably there are some intricate combinatorial identities hidden in (2.4). In order
to reveal them, one has to understand the natural numbers ¢(r,a) appearing in the proof of
Lemma 2.2, the rational constants cp3(j,p) of Lemma 3.2, as well as the scalars C(a("),7) of
Proposition 3.4.
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