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A universal semigroup

Sidney A. Morris

J.H. Michael recently proved that there exists a metric
semigroup U such that every compact metric semigroup with
property P 1is topologically isomorphic to a subsemigroup of
U ; where a semigroup S has property P if and only if for
each z,y in §, x#y , there is a 2 in S such that

xz # Yz or ax # 3y .

A stronger result is proved here more simply. It is shown that
for any set A of metric semigroups there exists a metric
semigroup U such that each S in A4 1is topologically
isomorphic to a subsemigroup of U . 1In particular this is the
case when A 1is the class of all separable metric semigroups,

or more particularly the class of all compact metric semigroups.

THEOREM. Let A be any set of metric semigroups. Then there exists
a metric semigroup U such that for each’ S in A there is a mapping of

S into U which is8 both a semigroup isomorphism and a homeomorphism.
Proof. Let 4 = {Si : 4 € I} . Without loss of generality, assume

sup Edi(x, y)] =1, for each 7 in I , where di is the metric in
x,yes;
Si . Adjoin an identity e; to each Si to give a semigroup Ti .

Define a metric dg on Ti as follows:
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dlz, y) , if x and yESi;

1 , if x=e¢. and y € 5. ;
di(z, y) = * *
1 y if 2z €S, and y =e, ;
1 7
0 , if x=y=e .

It can be verified easily that d;.‘ is a metric and furthermore this
metric is compatible with the semigroup structure; that is each Ti is a
metric semigroup.

Let U be the direct sum of {T, : ¢ € I} . (See [7].) Define &
metric d on U as follows:

Let « and y be any distinct elements of U . Then x = {xi} and
y = {yi} » Where all but a finite number of z, and y, are equal to
e, . Put dlz, y) equal to the sum of the non-zero dg(xi, yl) s
i€rI.

It is a routine matter to check that d is a metric and U with

this metric is a metric semigroup. Finally, note that U does have the

required properties.

COROLLARY. Let A be the class of all metric separable semigroups
or the class of all compact metric semigroups. Then there exists a metric
semigroup U such that for each S in U , there is a mapping of S

into U which is both a semigroup isomorphism and a homeomorphism.

Proof. We only have to verify that A is a set, This follows
immediately fram the theorem of Urysohn ([2], p. 125) which states that
every separable metric space is homeomorphic to a subset of the Hilbert

cube,
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