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Abstract

We study the existence and uniqueness of S-asymptotically periodic solutions for a general class of
abstract differential equations with state-dependent delay. Some examples related to problems arising
in population dynamics are presented.
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1. Introduction

This paper continues our study [5] of abstract differential equations with state-
dependent delay. Specifically, we study the existence and uniqueness of S-
asymptotically w-periodic solutions for abstract problems of the form

u' (1) = Au(t) + F(t, ugqu)), 120, (1.1)
uy = ¢ with ¢ € By = C([-p, 0]; X)), (1.2)

where A : D(A) € X — X is the generator of an analytic semigroup of bounded linear
operators (7'(t))>o defined on a Banach space (X, || - ||) and F, o are functions to be
specified later.

The theory of differential equations with state-dependent delay is a field of
intense research because of its many applications and the fact that the qualitative
theory is different from those for equations with discrete and time-dependent delays.
For differential equations on finite-dimensional spaces, we cite the survey by
Hartung et al. [3], and for related differential equations on abstract Banach spaces, the
recent papers [4, 5, 7-9, 12]. For global solutions of problems on unbounded intervals,
see [0, 11, 13] for equations on finite-dimensional spaces, [1, 10, 20] for abstract and
partial differential equations and [1, 10] for problems with almost periodic solutions.
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[2] S-asymptotically periodic solutions 457

The concept of S-asymptotically periodic functions was introduced recently in
[17, 18]. For the existence of S-asymptotically w-periodic solutions of differential
equations, see [2, 21, 22] for equations on finite-dimensional spaces and [16—19]
for equations on abstract spaces. We present here a unified approach which is of
interest in itself and can be applied to study other types of abstract and applicable
differential problems and the existence of other types of special solutions (for example,
almost periodic, asymptotically almost periodic, or almost automorphic solutions) for
problems similar to (1.1)—(1.2).

The problem of the existence and uniqueness of solutions for (1.1)—(1.2) is non-
trivial because functions of the form u — uy,.,, ) are (in general) nonlinear and
non-Lipschitz on spaces of continuous functions. When the functions involved are
Lipschitz,

et i) = Vo woplleqoarsy < (1 + ey, a-paxololep)lu = viieq-p.ayx)s

so we study the existence of solutions for (1.1)—(1.2) on spaces of Lipschitz functions,
a hard problem in the framework of semigroup theory.

We next describe some notation and results used in this work. Let (Z, | - ||2),
(W, || - llw) be Banach spaces and [ > 0. Let By(z,Z) = {x € Z : ||x — 2|z < [}. Denote by
By the space C([-p, 0]; Z) endowed with the uniform norm || - [|g,, and by L(Z, W)
the space of bounded linear operators from Z into W endowed with the operator
norm || - llgzw. If Z =W, we write £(Z) and || - || gz Let C([0, ), Z) denote the
space of all bounded continuous functions from [0, o) into Z endowed with the
uniform norm || - ||cqo,00).2)> and let Co([0, o0), Z) be the subspace of all functions
f € C([0, ), Z) such that lim;_,, f(#) = 0. Let Cr;p([0, 00); Z) be the subspace of all
functions & € C([0, o), Z) such that

[€lc,0002z) = sup  [IECs) = EDIz/1t — s < o0,
t,5€[0,00),1#s
endowed with the norm || . ”CLip([O,OO),Z) = || . ”C([O,oo),Z) + [']CLip([O,OO);Z)' Slmllarly, define
(C([0, 00) X Z; W), || - llcqo.c0xz:w)) and (Crip([0, 00) X Z; W), [| - llcy,p(10.00xz:w))- We
write simply [g]c,,, for the Lipschitz seminorm of a function g.

For simplicity, we assume that 0 € p(A) and we use the notation (—A)? (8 > 0) for
the B-fractional power (—=A)? : D(-A)# € X — X of A. Let Xp denote the domain of
(—A)? endowed with the norm llxlls = [l(=A)Px]|. We assume that there are y > 0 and
constants C; 5 > 0 such that [|[(~A)™*T(t)|| < C; g™/t for all B> 0, i € {0} UN and
t>0.

The following useful lemma follows from [5, Lemma 1].

Lemma 1.1, If 1 € Crip([0, 00) X Bz; [0, 00)) and u, v € Crip([—p, ); Z), then

[ué'] (',M(.))]CLip([0,00);Bz) S [u]CLip [gl ]CLip ( 1 + [u]CLip )’

et ) = Varcoolleqo.coysy < (1 + ey, [E1 e = Viie-p.co)yz)-

We now give the definitions of some well-known concepts.
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DermiTion 1.2. A function f € C([0, 00), Z) is called S-asymptotically periodic if there
exists w > 0 such that lim,,.,(f(# + w) — f(¢)) = 0. In this case, we say that w is an
asymptotic period of f(-) and that f(-) is S-asymptotically w-periodic.

We denote by SAP,(Z) the subspace of C([-p, ),Z) formed by all the S-
asymptotically w-periodic functions. It is well known that SAP,,(Z) is a Banach space.

Derinition 1.3 [17]. A function G € C([0, 00) X Z; W) is said to be uniformly S-
asymptotically w-periodic on bounded sets if for every bounded subset K of Z, the
set {G(t,x) : t 2 0, x € K} is bounded and lim,_,,(G(¢, x) — G(t + w, x)) = 0 uniformly
for x € K.

Dermnition 1.4 [17]. A function G € C([0, o) X Z; W) is said to be asymptotically
uniformly continuous on bounded sets if for every £ > 0 and all bounded sets K C Z,
there exist L, ¢ > 0 and 6, ¢ > O such that ||G(z, x) — G(t,y)|| < &, forall t > L, g and all
x,y € K with ||x — y|| < k-

For additional details on such almost periodic functions, we refer the reader to [23].

2. Existence of S-asymptotically w-periodic solutions

To begin we give two definitions for types of solutions.

DeriniTion 2.1. A function u : [—p, 00) — X is called a strict solution of (1.1)—(1.2) if
u)[0,00) € C([0, ); X) N C([0, o0); X1), up = ¢ and u(-) satisfies (1.1) on [0, c0).

DeriniTioN 2.2. A function u : [—p, 00) — X is said to be a mild solution of (1.1)—(1.2)

if u € C([—p, ); X), up = ¢ and

!
u(t) = T(t)p(0) + f T(t— $)F(s,ugsu,)ds forallt>0.
0

The next lemma follows from the proof of [17, Lemma 4.1 and Theorem 4.3].

Lemma 2.3. Assume that F € C([0, 00) X By,; X), 0 € C([0,00) X Bx ;R), 0 <a < 1,
and that F(-) and o () are uniformly S-asymptotically w-periodic and asymptotically
uniformly continuous on bounded sets. If u € SAP,(X,) and v,w : [0,00) — X are
defined by v(t) = F(t, Ugy)) and w(t) = fot T(t — s)v(s)ds, then v € SAP,(X) and
w e SAP,(X,).

Proor. From the proof of [17, Lemma 4.1], u(, € SAP,(Bx,), o (-, u(,) € SAP,(R*) and
v € SAP,(X). Since v € SAP,(X), given & > 0, we select Lﬁ > Lé > 0 such that

O, Y)V(s + w) —v(s)|| <& forall s> L.,
IMlleqo.00130@(@, )75 +2677ED) < g, 2.1)
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where ©(@,) = Coa[1/(1 =)+ 1/y1. Now [{(e70=0/(=5)") ds < [1/(1=a) +1/y]
forall >0, so fort > L2,

[w(t + w) = w®ll, < fow I(=A)*T(t+w - s)v(s)llds
Ly
+ fo I(=A)*T(t = $)(V(s + w) = v(s)llds

+ le (=AY T (t = $)(v(s + w) — v(s))ll ds

(7 e~V (w—s)
S C v 0): e_y
0,(1” ”C([O, );X) (w — s)a/
Ly ,~y(Li-s)
1 c e c
+2C0 ol Vllco.coyxye Y f et
1 o~ Y(1=s)
+Coa | ———ds-sup|v(s + w) — ()|
=5 oLl

< [Mlleqoconn @a, y)(e " + 2677 HED) 1 g,
which proves that w € SAP,(X,) and completes the proof. O

Tureorem 2.4. Assume F € Cpip([0, ) X By, ; X), o € Cpip([0, ) X Bx ;R"), the
functions F(-) and o(-) are uniformly S-asymptotically w-periodic and asymptotically
uniformly continuous on bounded sets, and ¢ € Crip([-p,0]; X,), (0, ¢) =0,
T(-)¢(0) € CLip([0, ©0); X)), T()F(0,¢) € L¥([0, 0); X,), and

2[Fle,, O, y)2lo ), QA + D) + 1) < 1, 2.2)
where O(a,y) = Cool1/(1 — @)+ 1/y] and
A =[TCOe0)]cy,q0.000:x,) + 1T CFQO, Ol (0.00):x,) + 2[F ey, O, y).

Then there exists a unique mild solution u € Cyip([—p, 00); Xo) N SAP,(X,) of (1.1)-
(1.2). Moreover, u(-) is a strict solution if ¢(0) € X;.

Proor. Let P : R — R be the polynomial given by
P(x) = A + O(a,)[Flc,, (e, + 1) = Dx +20(a, Y)[Fley, [0le, X

From (2.2) and noting that (e, y)[Flc,,,2([c]c,, + 1) — 1) <0, we infer that P(-) has
aroot Ry > 0. Thus, there exists R > 0 such that P(R) < 0, which implies that

A+ 2[F]Cup®(a, y)[a‘]cupR(l +R) <R,
0@, NIFle, (1 +Rlole,) < 1.

Let S(R) = {u € SAP,(X,) : up = ¢, [ulc,,(1-p.=)x,) < R} endowed with the metric
d(u,v) = |lu — vlleqo,oyx,) and let I' : S(R) — C([—p, 0); X) be the map defined by
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(Tu)g = ¢ and

Tu(t) = T(t)¢((0) + f T(t - $)F(s, ug(suy)ds forte[0,o0).
0

Let u € S(R). From Lemma 2.3 it is easy to see that I'(u) € SAP,(X,). To estimate
[Tulcy;,(10.00):x,)» NOte that from Lemma 1.1,

LFC, tor(u ) cnp0.000x) < [Fley, (1 + R[]y, (1 + R)).
Using this estimate, for ¢, i € [0, o),

ICu(t + h) — Tu(®llx,

h
< [T OOy 10,000:x0 7 + f I(=A)*T(t+ h = 5)F(0,p)llds
0
h
+ f ATt + h = )| coollF (s, (s uy) = FO, )l ds
0

!
+ f ”(_A)O[T(t - S)HL(X)”F(S + h, uo’(ﬁ—h,uﬁh)) - F(S, uo’(s,u:))” ds
0
< [TO@0)] ey, 10.000:%0 1 + 1T F (O, @)l (0.00):x,)

h —y(h—s)
C()‘ae Y
+[F(, ucr(~,u(.)))]CLip([O,m);X)hj(; s

' C —y(t—s)
0,a€

+ [F(-, ugy. - (10.00)- X0 1 _—
LGy o) crip0,000:%) fo (=7

< [TO@0)]cy,y10.000:%) 1 + 1T (F (O, @)l (0.00):x,)
+ 2[F (, Ug(-uey)) ] Crip(10.00):0) O, YA,

and hence, [[ulc, (0.0)x,) <A+ 2[Flc, @@, y)lo]c,,R(1 + R) < R. From this
estimate, [[ulc,, (1-p.c0)x,) < R since [@ley,(-p.o1:x,) < R, which shows that ['u € S(R).
On the other hand, for u,v € S(R) and 7 > 0,

!
ITu() — ITv(o)llx, < f I=A) Tt = 9l 2o [Fley, o) = Votswylla ds
0

t e—y(t— s)

o o (t—s)” [F]C“p(l + R[O-]CLip) d(u,v)ds
< O(a, YIF]c, (1 + Rlo]e,,) d(u, v),

<C

which proves that I' is a contraction on S(R) and so there exists a unique mild solution
u € Crip([0, 00); X)) N SAP,,(X,) of (1.1)=(1.2). In addition, from [15, Theorem 4.3.2],
we infer that u(-) is a strict solution if ¢(0) € X;. O

Remark 2.5. The proofs of Lemma 2.3 and Theorem 2.4 depend on the asymptotic
stability of (7'(f));»o. The relation between stability of Cy-semigroups, the spectrum of
the associated generator and the existence of almost periodic solutions is an important
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field of research. In this connection, an interesting question arises: is there a result
similar to Theorem 2.4 if (T'(¢));»o is strongly S-asymptotically periodic (that is, for
each x € X there is w, > 0 such that T'(:)x is S -asymptotically w,-periodic)? We will
address this question in a forthcoming paper.

Next, we study asymptotically w-periodic solutions. Let u € C([0, o0); Z). We say
that u is NS-asymptotically w-periodic if lim,_,.(u(t + nw) — u(t)) = 0 uniformly for
n € N and we denote by NSAP,(Z) the space of functions of this type endowed with the
norm || - |lc(o,c0):2)- It is easy to see that NSAP,,(Z) is a Banach space. In addition, we
say that G € C([0, o0) X Z; W) is uniformly NS-asymptotically w-periodic on bounded
sets if, for every bounded set K ¢ W, lim;—,oo(G (¢ + nw, x) — G(¢, x)) = 0 uniformly for
xe€KandneN.

LemMma 2.6. Assume that F € C([0,00) X By ; X) and o € C([0,0) X By ;R*) for some
a € (0,1), and that F(-) and o(-) are uniformly NS-asymptotically w-periodic and
asymptotically uniformly continuous on bounded sets. If u € NSAP,(X,) and v(-), w(+)
are the functions in Lemma 2.3, then v € NS AP (X) and w € NSAP ,(X,).

Proor. Assuming that v € NSAP,(X) and proceeding as in the proof of Lemma 2.3,
we select L2 > L! > 0 such that (2.1) is satisfied and

IVllco,00):) O, MIIV(s + nw) = v(s)l| < e foralln €N, s> Lé.

Fort>IL2andn €N,

[w(t + nw) — w(®)llx, < fnw (AT (t + nw — s)v(s)||ds
0
Ly
+ f (=AY T (& — )(v(s + nw) — v(s))| ds
0

!
+ f (AT (t — $)(v(s + nw) — v(s))|lds
Ly
< Vlleqo.cop @@, Y)(e 75 + 27 ETL) 4 g,
which allows us to conclude that w € NSAP,,(X,,). O

ProrosiTion 2.7. Assume that the conditions in Theorem 2.4 are satisfied and that
F(-) and o(-) are uniformly NS-asymptotically w-periodic on bounded sets. Then
there exists a unique asymptotically w-periodic mild solution u € Cy;,([—p, 0); X)) N
NSAP,(X,) of (1.1)—(1.2) and u(-) is a strict solution if ¢(0) € X.

Proor. The existence of a mild solution u € Cyip([—p, ©0); X,) N NSAP,(X,) follows
by combining Theorem 2.4, Lemmas 2.6 and 2.3 and using NSAP,(X,) instead
of SAP,(X,). The fact that u(-) is asymptotically w-periodic follows from
[17, Corollary 3.1]. The last assertion is a consequence of [15, Theorem 4.3.2]. O
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Finally, we study the existence of S-asymptotically periodic solutions when F(-)
and o (-) are locally Lipschitz. To avoid additional notation and concepts, in the
next result we say that f € C([0, o0) X Z; W) is locally Lipschitz if f is Lipschitz on
[0, 00) X B,(0, Z) for all r > 0 and we use the notation [ f]c, . for the Lipschitz constant
of f on [0, o) X B,(0,Z). We can prove the following theorem by proceeding as in the
proof of Theorem 2.4.

ProposiTiON 2.8. Suppose the conditions in Theorem 2.4 hold but assume that F(-) and
o () are locally Lipschitz and that there is an r > 0 such that (2.2) is valid with [F]c,,, »
and [o]¢y,.r in place of [Flc,, and [0']¢,,, and

Ar) = [TOeO)]cy,0.000:x,) + 1T OFQO, @)l 0,000:x,) + 20, YIF Iy

in place of A. If max{[¢l|s,, . Colle(O)llx, + IFllB,0.8x,)O(@, ¥)} < 1, then there exists
a unique mild solution u € Cr;,([—p, 00); X,) N SAP,(X,) of (1.1)~(1.2). Moreover,
u € B.(0,C([—p, ); X,)) and u(-) is a strict solution if ¢(0) € X].

3. Examples

We now present some examples related to problems in population dynamics. For
simplicity, we assume that A : D(A) € X — X is the generator of an exponentially
asymptotically stable analytic semigroup of bounded linear operators (7(¢));>0 on X
with X = L>(Q;R) or X = C(Q;R), where Q c R” is an open bounded set with smooth
boundary Q. We use the notation and properties from the previous sections.

We assume that o(-) is a Lipschitz function satisfying the general conditions in
Section 2. We can think of o(-) as defined via a threshold condition of the form

o (u) D
s = [ (st 4 Di)ds =y
-p D2 + ||M(S)||L2(Q)

(see [3, 9]), where the D; are fixed positive numbers. In particular, in the example
presented in [9], the function o=(-) is a C! function, and hence, locally Lipschitz.
Motivated by the problems studied in [20], we consider

u'(t, x) = Au(t, x) + fg b(uor(uy), ) f(x = y) dy + g(O)H(u(t, x)),
fort>0,xe€Q, 3.1
M(Q,J’) = ()0(99)))’ 0e [_P’ 0]’ y € Q’ (32)

where ¢ € Cpip([-p,0]; X), X = L*(Q;R), feCRYR), o€ CrLip(Bx; [0,00)), H e

CLip(R;R), b € CLip(R; R) and g € Cy;p([0, 00); R) N SAP,(R). For the sake of brevity,

we assume that g, H and b are bounded and u = (fQ fQ f(x —y)*dy dx)l/2 is finite.
Define F : By — X by F(y)(x) = fQ bW (0, ) f(x—y)dy + g()H(0, x)). Note that

IFllcsyex < bllewrp + 11glleo,00:m) 1H lc@arym(€2),
[F]CLip S LF = [b]CLip/'[ + ”g”CLiP”H”CUP(R;R),

where m(-) denotes the Lebesgue measure.
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In the next result, which follows from Theorem 2.4 with @ =0, we say that
u € C([—p, ); X) is a mild (strict) solution of (3.1)-(3.2), if u(-) is a mild (strict)
solution of the associated problem (1.1)—(1.2). We adopt a similar convention for the
second example.

ProrosiTion 3.1. Assume that ¢(0) € D(A) and 2LF)/’1(2[0']CUP(2A +1DH)+1)<1
where A = CollAp(O)|| + 1bllcrryu + lIgllc@m) 1HIlcwnrym(Q) + (2Co/y)Lr. Then there
exists a unique strict solution u € Cpip([—p, 00); X,) N SAP,(X,,) of (3.1)—(3.2).

The next example is motivated by the Fisher—Kolmogorov and Hutchinson
equations (see [11, 14, 20] for details). Consider the diffusive equation with state-

dependent delay
w(t,8) = Aw(t, &) + pOw(o(t, wy), OI1 = wlo(t,w,),§], 1€R, £€Q, (3.3)
W(Q,)’) = ‘10(07)))7 96 [_on]’ye Q’ (34)

where 0 € Cpip(R X Bx;R"), u € CLip(R,R) and X = C(Q).
Let F : R X 8y — X be defined by F(¢, ¥)(x) = u(t)y(0, x)[1 — (0, x)]. For r > 0,
t,5 € [0,00) and ¥, ¢ € B(0, By), we have [|[F(z, )| < llullc@:rr(1 +r) and

IF () = Fs, I < [ley ez | 7= 5170+ 1) + ey (1 + 201 = Bl
[F]CLip,V < ”MHCLip(R;R)(rz +3r+ 1)

Moreover, if ¢(0) € D(A), the number A(r) in Proposition 2.7 is given by

A(r) = CollA@O)l + Collullcazyr(1 + r) + 2lullcy, @mm (r? +3r + 1y ™.
The following result follows from Proposition 2.7.

ProposiTion 3.2. If there is an r > 0 such that 2[F]c,,,, 2lo]c,,  2A(r) + ) + 1) <y
and max{||¢ll,, Colle(O)l| + lIF |lg,0,8,)/Y} < 1. then there exists a unique strict solution
u € Crip([—p, 00); X,) N SAP,(X,) of (3.3)-(3.4) such that u € B,(0, C([-p, 0); X)).

References

[1] F. Andrade, C. Cuevas and M. Henriquez, ‘Periodic solutions of abstract functional differential
equations with state-dependent delay’, Math. Methods Appl. Sci. 39(13) (2016), 3897-3909.

[2] R.C.Grimmer, ‘Asymptotically almost periodic solutions of differential equations’, SIAM J. Appl.
Math. 17 (1969), 109-115.

[3] F. Hartung, T. Krisztin, H.-O. Walther and J. Wu, ‘Functional differential equations with state-
dependent delays: theory and applications’, in: Handbook of Differential Equations: Ordinary
Differential Equations, Vol. III (Elsevier, North-Holland, 2006), 435-545.

[4] E. Herndndez, A. Prokopczyk and L. Ladeira, ‘A note on partial functional differential equations
with state-dependent delay’, Nonlinear Anal. Real World Appl. 7(4) (2006), 510-519.

[5] E.Herndndez, M. Pierri and J. Wu, ‘C!*?-strict solutions and wellposedness of abstract differential
equations with state dependent delay’, J. Differential Equations 261(12) (2016), 6856—6882.

[6] B. Kennedy, ‘Multiple periodic solutions of an equation with state-dependent delay’, J. Dynam.
Differential Equations 23(2) (2011), 283-313.

https://doi.org/10.1017/5S0004972718000771 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718000771

464

[7]

[8]
[91

[10]
(11]
(12]
[13]
(14]
[15]
[16]
(17]
(18]
[19]
[20]
(21]
(22]

(23]

E. Hernandez and M. Pierri [9]

N. Kosovalic, F. M. G. Magpantay, Y. Chen and J. Wu, ‘Abstract algebraic-delay differential
systems and age structured population dynamics’, J. Differential Equations 255(3) (2013),
593-609.

N. Kosovalic, Y. Chen and J. Wu, ‘Algebraic-delay differential systems: C®-extendable sub-
manifolds and linearization’, Trans. Amer. Math. Soc. 369(5) (2017), 3387-3419.

T. Krisztin and A. Rezounenkob, ‘Parabolic partial differential equations with discrete state-
dependent delay: classical solutions and solution manifold’, J. Differential Equations 260(5)
(2016), 4454-4472.

X. Li and Z. Li, ‘Kernel sections and (almost) periodic solutions of a non-autonomous parabolic
PDE with a discrete state-dependent delay’, Commun. Pure Appl. Anal. 10(2) (2011), 687-700.
Y. Li and Y. Kuang, ‘Periodic solutions in periodic state-dependent delay equations and population
models’, Proc. Amer. Math. Soc. 130(5) (2002), 1345-1353.

Y. Lv, Y. Rong and P. Yongzhen, ‘Smoothness of semiflows for parabolic partial differential
equations with state-dependent delay’, J. Differential Equations 260 (2016), 6201-6231.

J. Mallet-Paret and R. D. Nussbaum, ‘Stability of periodic solutions of state-dependent delay-
differential equations’, J. Differential Equations 250(11) (2011), 4085-4103.

J. D. Murray, Mathematical Biology. I. An Introduction, 3rd edn, Interdisciplinary Applied
Mathematics, 17 (Springer, New York, 2002).

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations
(Springer, New York, 1983).

M. Pierri, ‘On S-asymptotically w-periodic functions and applications’, Nonlinear Anal. 75(2)
(2012), 651-661.

M. Pierri, H. Henriquez and P. Téboas, ‘On S-asymptotically w-periodic functions on Banach
spaces and applications’, J. Math. Anal. Appl. 343(2) (2008), 1119-1130.

M. Pierri, H. Henriquez and P. T4boas, ‘Existence of S-asymptotically w-periodic solutions for
abstract neutral equations’, Bull. Aust. Math. Soc. 78(3) (2008), 365-382.

M. Pierri and S. Nicola, ‘A note on S-asymptotically periodic functions’, Nonlinear Anal. Real
World Appl. 10(5) (2009), 2937-2938.

A. Rezounenko, ‘A condition on delay for differential equations with discrete state-dependent
delay’, J. Math. Anal. Appl. 385(1) (2012), 506-516.

W. R. Utz and P. Waltman, ‘Asymptotic almost periodicity of solutions of a system of differential
equations’, Proc. Amer. Math. Soc. 18 (1967), 597-601.

J. S. W. Wong and T. A. Burton, ‘Some properties of solutions of u”’(r) + a(t)f(u)g(u') = 0. 1T,
Monatsh. Math. 69 (1965), 368-374.

S. Zaidman, Almost-Periodic Functions in Abstract Spaces, Research Notes in Mathematics, 126
(Pitman (Advanced Publishing Program), Boston, MA, 1985).

EDUARDO HERNANDEZ, Departamento de Computacio e Matematica,
Faculdade de Filosofia Ciéncias e Letras de Ribeirao Preto,

Universidade de Sao Paulo, CEP 14040-901 Ribeirao Preto, SP, Brazil
e-mail: lalohm@ffclrp.usp.br

MICHELLE PIERRI, Departamento de Computacao e Matemadtica,
Faculdade de Filosofia Ciéncias e Letras de Ribeirdo Preto,
Universidade de Sao Paulo, CEP 14040-901 Ribeirdo Preto, SP, Brazil
e-mail: michellepierri @ffclrp.usp.br

https://doi.org/10.1017/5S0004972718000771 Published online by Cambridge University Press


http://orcid.org/0000-0002-4279-8570
mailto:lalohm@ffclrp.usp.br
http://orcid.org/0000-0002-8221-3637
mailto:michellepierri@ffclrp.usp.br
https://doi.org/10.1017/S0004972718000771

	Introduction
	Existence of S-asymptotically bold0mu mumu section-periodic solutions
	Examples
	References

