J. Austral. Math. Soc. 23 (Series A) (1977), 129-146.

ON GROUPS GENERATED BY THREE-DIMENSIONAL
SPECIAL UNITARY GROUPS 11

KOK-WEE PHAN

(Received 19 November 1974; revised 30 October 1975)

Introduction

We shall determine in this paper groups of types D,, E,, E; and E,
generated by SU(3,q)’s, g odd, q >3. These groups are defined in Phan
(1975). [We shall refer to this paper as I]. Acquaintance with the results of I is
assumed. The identification of groups of type D, is similar to that of SU(n, q).
‘We actually construct an isomorphism from the universal group of type D,
onto Spin*(8, q). This direct approach does not appear to be feasible for
groups of type D, with n = 5. Fortunately Wong’s recent result (1974) is
applicable here. But his theorem requires that the characteristic of the field be
odd; hence unlike the unitary case, we assume that g is odd and q > 3. Using
Wong's theorem, we proceed to show by induction that groups of type D, are
homomorphic images of Spin“(2n, q) or Spin (2n, q) according as n is even or
n is odd.

We then use our result on groups of type D, and the structure of these
groups to show the existence of Steinberg’s generators and relations in groups
of types E,, E, and E,. It turns out that these are either Chevalley groups or
their twisted analogues.

1. Groups of types D,

Let U be a vector space of dimension m over a field K of odd
characteristic and f a non degenerate symmetric bilinear form on U. The set
of isometries forms the orthogonal group O..(K, f) = O(U). The subgroup of
determinant 1 of the orthogonal group and the commutator subgroup O(UY
are denoted by SO(K, f} = SO(U) and Q(U) respectively. When m is even
and K is finite, there are two non equivalent symmetric bilinear forms giving
rise to non isomorphic orthogonal groups. When K is finite of order q and the
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index of f is m/2, we also denote (K, f) by " (m, q). In the case that the
index of f is m/2—1 and | K|=q we denote Q, (K, f) by Q (m,q). The
corresponding subgroups Spin.. (K, f) = Spin(U) of the Clifford group are
denoted by Spin*(m, q) and Spin (m, q) respectively [Dieudonné (1955)].

We shall next show that Q.. (K, f) can be embedded in the special unitary
group of some hermitian space depending on m and f Let V be a non
degenerate hermitian space of dimension 2n = 4 over the finite field F of g°
elements. We shall assume throughout this paper that q is odd and q > 3. We
denote the hermitian form by (, ). Let B = {v,, v, - - -, v2.} be an orthonormal
basis of V. Let L% (resp. I't), 1 =i =n — 1 denote the subgroup of SU(V)
whose restriction to the subspace V; = {v,;_y, Vs, U2i1, U2is2} is Tepresented by
the matrices

« 0 B 0 a 0 0 B
0 & 0 8B 0o & B 0
-8 0 a o] P 0 -B a 0
0 -8B 0 a -B 0 0 a

a,BEF, aa+BB=1 (x=x) and L*(resp. I'*) fixes elementwise the
orthogonal complement Vi of V. Let H¥(resp. K%) denote the diagonal
subgroup of L* (resp. ['}). We note that L%, I't are isomorphic to SU(2, q)
and H*, K% are cyclic of order q + 1, and generate an abelian subgroup of

SU(V).
Let V, be the subspace of V consisting of vectors whose column
coordinate matrix has the form ‘(xi, £, X2, Xz, * * *, X, X ). Clearly V, is n-

dimensional over F. But we can also regard V, in the usual way as an
2n-dimensional space over F,, the subfield of g elements in F. We check that
the hermitian form when restricted to V, induces a non degenerate symmetric
bilinear form over F, and the subgroup G*=(L%*T¥{1=i=n-1) is
faithful on V,. Moreover the elements of G* are isometries of V, and hence
G*C Q(V,) aseach L% I'% is a perfect group. We verify that V; contains two
dimensional totally degenerate subspaces (over F,) e.g. {xvs_+ Xvy +
OXVzii1 + OXUy .2} where x € F and o6 = — 1. It also contains an anisotropic
space of dimension 2 e.g. {xv_, + Xv.:}. Therefore V, has index n when n is
even and index n — 1 when n is odd. We collect these facts in the following

Lemma 1.1. The space V, with the form (,)|V, is a non singular
orthogonal space of dimension 2n over F, and index nor n — 1 according as n is
even orodd. The group G* = (L% T¥|1=i = n — 1) is a subgroup of Q( V).
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Remark. The space V, is always regarded as over F, unless otherwise

specified.
A simple computation produces the following

LEMMA 1.2. Let s, r, be elements of T'%, L% respectively such that
$:(01) = vay $i(ve) = — vy Fi(V221) = Vziery Bi(V2i01) = — V2o We define induc-
tively s,.,=rsiriasi'ri', 1=i=n-2. Then

@) T*,,=rsL*. s;'ri" and hence G*=(['%, L*|1=i=n—-1),

(i) (LA LY ), (L* L*%.),(L%T*. ) and (L* T*.,) are isomorphic to
SUG. q);

(iii)  Statement (ii) with L% replaced by T'%;

(v) [L* L*]=[L% I =[] =[L*xT*¥=1,j#i-1,4i i+1;

(v) (L H*.), (L% H*.), (L* K*_)), (L* K*%.,) are isomorphic to
GU(2,q);

(vi) Statement (v) with L% replaced by I'%;

(vii) HYH*=Hix H?*, HIK¥=Hix K*, K¥K*=K*x K*, i#].

Lemma 1.3. Let L, T be the commutator subgroup of the inverse images of
L* T%* in Spin(V,) respectively and H, K, the intersection of L, T': with the
inverse images of H*, K* in Spin(V,) respectively. Set G =(L, [, |1=i=
n—1). Let n, p; be representatives of inverse images of r, s, in Spin(V,)
respectwely Then (i)-(vii) remain valid with L*, T, H%, K*, r, s, replaced by
L, T, H, K, n, p: respectively. Moreover L=L*=T*=0,H=H*=K*=
K and GJ)(z)is isomorphic to G* where z is the product of the involutions in L,
and T',.

Proor. First we note that Spin(V,) is a non splitting central extension of
a subgroup of order 2 by (V). Since both SU (2, q) and SU(3, q) have trivial
Schur multipliers (except SU(2,9), whose Schur multiplier has order 3), it
follows the inverse image in Spin (V,) of a subgroup in {}(V,) isomorphic to
SU(2,q) or SU(3,q) is a direct product [Griess (1972)]. The assertions are
now clear.

CoRrOLLARY 1.4. The groups G and G* are groups of type D, generated by
SU@3,q)’s.
LemMa 1.5. G* = Q(V,) and G = Spin(V)).

ProoF. We shall prove the lemma by induction on n. The cages n = 2 and
3 are clear by I. Assume then n>3. Let U,= (v [1=i=2n-2)NV,;
U, = {3=2i=2n-2)NV,; U,;=(|3=2i=2n)N YV, and U,=
{v;, 1) N V,. We shall regard Q(U,) as a subgroup of (V) in a natural way.
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Let g € Q(V,). The projection of g(U,) into U, is a subspace of
dimension at most two. As U, has index at least 2 it contains all possible
symmetric bilinear spaces of dimension =2. By Witt’s theorem, we can
choose suitable elements a € (UU,) and b € Q(U,) such that ag(U,)C U,
and (bag)(Us)C U,. Since H7i{(r;s,}|u,=0(U,), we can assume bag |u, =
identity. It follows that bag € Q(U,) and therefore g € Q(U)QUYQU(U,).
The result now follows by induction.

ReMARK. It was Wong (1974) who first identified the group G*.

Since we are assuming that q is odd, we can give a weaker definition of a
group of type X generated by SU(3, q)’s. That is the set of subgroups L,
satisfies the following

(@) G=(L|i€X);

(b) [L,L,]=1if {ij}is not an edge;

{¢) (L,L;)=SU(@3,q) if {i,j}is an edge;

(d) [Z(L),Z(L)]=1forall i jin X

Because there is only one class of four groups in SU(3, q), it follows
immediately that there exists cyclic subgroup H; of order g +1 such that
HH = H x H, and (L, H))=(L, H)= GU(2,q) if {i,j} is an edge.

We shall now investigate universal group G of type D,. Clearly universal
groups of types D, and D, are SU(2,q) X SU(2, q) and SU(4, q) respectively
by I. Let the graph of G be

1

By (1.5) of I we have
(L, Ly Ly =(L, Ly, Lsy=(Ly L,, L) =SU(4,q).

Let U be a non degenerate hermitian space over F with orthonormal basis
{ui, uz, us, us}. We may then regard SU(U) as generated by the subgroups

a f8 1 1

|
™
Q
R
>
™

—
|
=3}

a, B € F and aa + BB = 1. Thus we may identify L,, L,, Ly with A, B, C,
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respectively and H,, H., H, with the diagonal subgroups of A, B, C
respectively. We have similar identification in the other two cases.

LEMMA 1.6. Letgand g’ be in SU(U). Then one of the following holds

() g€ CBABAC;

(1) there exists ¢ € C such that gc € ACBCBABA and ¢7'g'€
BABCBABA;

(iii) g has the form
ab

1 0 a o«

0 1 Aa Aoca

X X X X
X X X X
for a suitable a € A and a diagonal element b € B. (X denotes an unspecified

entry in the matrix).

Proor. If g(u) € (u,, us) for some u € (us, uyy of unit length, then there
exist ¢;, ¢: in C such that ¢.(u,) = u and c,gc:(us) = us. Then g € CBABAC
as the stabilizer of u,in SU(U)is (A, B) = BABA. Therefore we may assume
g(u;) & (us, uy), i =3,4. We now choose an element

c= , xx+yy=1

|
-~
=i

with y# 0 and x = {J. Let pr be the projection map into (u,, u,). Suppose
pr g(u:) = au,+ Bu,
pr g (us) = yu, + du,.

Then prge (u.) = y{(a + y{)u, + (B + 87)u-} which has length

(1) L=yylaa + BB+ (af + ) + (ay + B8)L +(v7 + 85)iL}.

For (ii) to hold, we must be able to choose ¢ such that it does not satisfy the
equations 1+ ¢Z =0; L =0 and a non trivial polynomial in ¢ of degree at
most g + 1 which expresses the length of the projection of ¢7'g'(us) into
{uy, us, us). (See {1; 1.7] for details). Clearly such ¢ exists if L = 0 is non trivial
and if g° —3(q + 1) >0 that is g > 4. Thus it remains to consider the case when
L is identically zero i.e.
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) ad + BB =yy+85 =ay+p6=0.

We may assume none of «, B, y, 8 is zero; otherwise we are back to the
situation of (i). Thus B = Aa# 0 where AA = — 1. Equation (2) shows that
au,+ Bu, and yu,+ du, are non zero isotropic vectors orthogonal to each
other. Because (uy, u») is not totally degenerate, it follows that y = oa and

= of for some o € F. If 06 = —1, then there exists ¢’ € C such that
prgc'(u;)=0 and we are again in (i). So o6 = — 1. It follows then the
projections of g '(u,) and g™ '(u-) into {u,, u,) are orthogonal vectors of unit
length. It is now clear that (iii) follows. This completes the proof.

Lemma 1.7. Let G be a universal group of type D, generated by SU(3, q)'s

with the following graph
1
) 3
4

Then G = (NL1)3N Where N = <L1, Lz, L4>
Proor. We have already remarked that
(L,,L,,Ly)y=(L,, L,, Ly=(Li L, Ly= SU(4, Q)-

Let M =L,L,L,L,L,L.L,. Then each element g in G belongs to N(L;M)"N
for some integer m >0 since we have the following identities

1) (L,,L)=L,L,L,L,=L,L,L,L,

and

N=L(L\,L,))L«L., L)
=(L\,L)L{L\, L)L,

@

by (1.7) of 1. We also need the identity
N =(Ly, Lo} L,, LXLy, Ly)
={(L., L.XL,, L2><Lz, L.

Let Y = NL;ML:ML;N. We want to show Y = G. It suffices to prove
that an element

3

X =CiMiC:2MHCaMiCy

belongs to Y where ¢, € L;, m; € M. First we may assume that ¢ & H;,
otherwise we are done. Let m, = by_ia,-1bs. -dbs,_1a.b,, where a, € L,
b€L,and d, € L.

https://doi.org/10.1017/51446788700018140 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018140

7 Groups generated by unitary groups II 135

In the remaining proof we shall use the letters a, b, ¢, d to denote
arbitrary elements of L, L,, L1, L, respectively. Since we shall be interested
in the factorization of G only, we use the same letter in an equation to denote
possible different elements. We use y =z to denote NyN = NzN. On many
occasions, we need to introduce suitably chosen fixed elements in L;. These
will be denoted by ¢ *, &, ¢ etc. We look at different forms of the element x.

(i) We may suppose b,a,b.d,b.a,b, satisfies either (i) or (ii) of (1.6).

Suppose not. We may identify (L, L,, L) (resp. (L, L,, L.)) with SU(U)
so that L is identified with A, L. with B and L; (resp. L,) with C. After
suitable changes in the ¢;, m; of c.mzcsm;cq using (1) and (2), we may suppose

1 0 p 9op
0 1 Ap Aop
27 x x x x
X X X X
for some p,o,AEFsuch that AA = o6 = — 1. Let
1 1
1 1
;= and c¢*=
nT Xy
-7 7 -y X

where n7} + 77 =1=xX + yy and {y = ¥ # 0. By (1.7) of Phan (1976), there
exists suitable { such that
(c*Y 'brasbuciboash,, and  crbsasbec*
belong to (L., Lo)L«(L,, L.) provided q°—3(q + 1)> 0. Suppose
c-bsasboc* = ecf.
where e, f&(L,,L;) and ¢ € [;. Assume that
(bsa:b ) (1) = au, + Bu>+ yu,
(e)us) = bu,+ euy + yus

and
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We note that y'#0 as c. & His. Thus 6 =(y/y)a; £ =(y/y')B and y =
(y/y" Y (my + 7¢). If ze satisfies (i) or (ii) of (1.6), then we are done. Otherwise
we have

(6 + px)ap = (e + Apx)/oAp

and (8 + px )(6 + px) + odpp = 0. This implies that A8 = ¢ and so xy = 1.
Then the second equation above becomes

Q) ad +a(yn +{)p +a(yn+79p =0.

If @ =0, then B =0 because A(y/y')a = (y/y')B. Therefore bsa;b. € (L,, H,)
i.e. bsasbs= ab where a € L, and b € H.. So

x = ¢,m,c.abd,b,abscimic,
= ¢;mcibsa.bscsmsc, for a suitable m in M and c¢jin L,
by (1) and (2).
= (¢ bab)d(bab ¢ bab c bab)d bab ¢
= (¢ bab ¢)d(¢)'(bab ¢ bab ¢ bab)d bab ¢
= (bab ¢ bab a)d(bab ¢ baba)d bab ¢ by (1.7) of L.

So x € Y. Thus we may suppose a 7 0; that is, (4) is a non trivial equation
in { of degree at most gq. Now if g>—4q — 3> 0, there exist a suitable { not
satisfying (4) and so this completes the proof of (i).

(i) We may suppose b;aibscsboashi, satisfies either (i) or (ii) of 1.6.

The proof is the same as in (i).

(i1i) If b,a.bscsboash,o € LiL.L,L,L,L;, then x € Y.

We have

x = ¢ bab d bab ¢ bab d(bab ¢ bab)d bab c
= ¢ bab d bab ¢ bab d(c baba c¢)d babc
= (¢ bab c¢*)d(c*""' bab ¢ babc)d bab a d cbabc
= (c bab a)d(bab ¢ baba) dbaba d cbabc by (1.7) of 1
= ¢ bab a d bab c(baba d baba d) cbabc
cbab a d bab c(d bab d bab a)cbabc
= c¢(bab a d bab d)c bab d bab a ¢ bab ¢
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=d ¢ bab d baba ¢ bab d baba a babc by (1) and (2)
= ¢ bab d(baba c bab ¢)d(¢™' babacbabc)
= ¢ bab d babc baba d bab ¢ baba by (1.7) of 1.

SoxegY
(lV) If b1a1b3d1b303b4e L4L2L1L2L1L4, then xeY.
We have

x = c(bab d bab)c bab d bab ¢ bab d bab c

¢(d baba d)c bab d bab ¢ bab d bab c

= chaba ¢ dbabdbab ¢ bab d bab c

= chab ¢ bab d bab ¢ bab d bab ¢ by (1) and (2)
= (chabc bab c*)d(c*™' babc bab)d babc

= bab ¢ baba d bab ¢ baba d bab ¢

ey

(V) If bla;b3d1b3a3b4e L1L4L2L4L3L1L2L1L4, then X € Y
We have

x = c(bab d bab)c bab d bab c babd bab c
= ¢ bdbaba d ¢ bab d babc babd babc
= cbd bab ¢ bab d(bab c bab)d bab ¢ by (1) and (2).

If the bracketed term above belongs to L,L,L,L,L,L;, then we are done
by (iii). In view of (ii), we may suppose it satisfies (ii) of (1.6). Therefore

x =c bdbab c bab d (a cbc baba)d babc

=c b d (bab c babac) dbcbaba d bab ¢
cbd(cbc aba bcbe) dbcbaba d babc by (3)
(cbd cbc)aba(bchbe ‘dbeb Yaba d babc by (3)
= cbc (dbdb aba dbd) cbc(dbdb aba dbab)c
= cbc(aba dbd baba)cbc(aba dbd bab)c by (3)
cbe aba dbd(baba cbc bab)d(bab c¢) by (1), (2)
= cbc aba dbd(baba cbcbab ¢)d(¢™' babc)
cbc aba dbd bab ¢ baba d bab ¢
(cbe bab)d(bab ¢ bab)dbab ¢ by (1), (2)
= bab d bab ¢ bab d bab ¢ by (1.7) of 1
eEY

il

In view of (i), (iv), (v) and (1.6), the proof is now complete.

THEOREM 1.8. A universal group G of type D, generated by SU(3,q)’s is
isomorphic to Spin(V,) where dim V,=8.
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ProoF. Let the graph of G be as follows

1

2 3
— 0

By (1.4) and (1.4) of I, we have homomorphisms

G —2> Spin (Vo) —> Q(V5)

where dim V,=8 such that 6(L))=L% i=1,2,3 and 8(L.,)=T% where
6 = x¢. We observe that z,z, € ker § where z, € Z(L;)*. Suppose g € ker 6.
We consider the following possibilities.

(i) g = nicn, where € N=(L,,L,,L,) and ¢ € L,. Then cn € ker 8
where n = n,n,. Hence 8(c)(vs) = @(n) '(vs) = vs. Therefore ¢ =1 as 8|, is
an isomorphism and the stabilizer of vy in L% is 1. Therefore g € N. On the
other hand 6 |y has kernel (z,z,). Hence g €(z,z.).

(i) g = nicin.c2n; where n; € N and ¢; € L,. Again we have cin.c;n €
ker § where n = n;n,. We may suppose ¢, ¢c; € H,, otherwise we are back to
(). Let x = 0(c)8(n,)0(c.)= 6(n)"'. By comparing the images of vs (resp.
v,) for both expressions of x, we see that 6(n,) fixes (ve) (resp. (vs)). It follows
that n, € L,L.H,. Therefore n,c, € L;N and so we are in (i).

(iii) g = n.c1n2cz2n5c3n, where n; € N, ¢; € L;. We may suppose none of ¢;
belongs to Hs. The proof of (v) in (1.7) shows that either (i) or (ii) of (1.6) or g
has the form in (ii) above. Hence we may assume that n, = b,db,ab, where
a€L,b€L;andd € L,. If one of a, b, b;, d belongs to H H,H,, then we
may reduce the form of g to case (ii) above using 1.7 of I and bearing
in mind the relation L;L,L.,L,L;C L,L,L L,LsL.L, ((2.2) of I. Let
x = 0(cbidb,ab;c,) = 6(nscsnqn,)”'. Using the second expression for x, we
see that the projection of x (vs) into (v) is 0. On the other hand, because none
of ¢i, ¢z, by, bs, a, d belongs to H H,H;H,, the projection of @(c,)(vs){resp.
0(bscs)(vs); 0 (abic,)(vs); 0(db.ab;c,)(vs); 0(b.db,ab;c,)(vs);
0(cib,db,absc,;)(vs)] into (vs) [resp. (va); (v2); (vs); (vs); (v4)] is a non zero
vector. This is a contradiction. Thus we have shown that ker 8 = (z,z,) and ¢
1s an itsomorphism. This completes the proof.

THEOREM 1.9. Let G be a universal group of type D, generated by
SU@3.q)s, nz2. Then G is isomorphic to Spin(V,) where dim V,=2n.

Proor. The result holds for 2= n =4 as remarked earlier and by (1.7).
We may suppose n = 5. Let the graph of G be as follows
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2 3 n—-2n-1
n s O———O

By (1.4), we have homomorphisms
G — Spin (Vo) —> Q(V,).

Let 8 = ¢y and Z = (z,z,) where 2z, € Z(L,)*.We shall prove by induction on
n that ker® = Z Thus we may suppose that (L, L/ |1=i=n-2)=
Spin“(2(n —1),q) where ¢ = + if n —lisevenand ¢ = — if n — 1 is odd and
P={(L,L|1=i=3)=Spin"(8,q).

Let n be an element of L, which inverts H. Set I',=L,; p,= n, and
K,=H, We define inductively T,.,=npLi..pi'n;' and K., =
np;H..,p;'n;’. From the isomorphism of (L,, L,,I';) onto SU(4, q) we obtain
that [L,,I:]=1; np.Lip;'n;'=T, and nyp.I'ip:'n;'=L, Since
npLs, Lypi'ni' =(T3, Ls) and n,p(H,, Hy)pi'ni' = (K, Hs), we easily ver-
ify that M = ([, L, [2=i = n — 1) is a universal group of type D,_; (universal
because z,z,#1 in P and z,n,p,z,p,'ny' = z,2,). Similarly N =(T,, L, [4 =
i=n-1) is a universal group of type D,_;. We note finally from the
isomorphism of (L,, L;,I';) onto SU(4,q), nsps interchanges L., I', by
conjugation. Thus (L,, L,, ")) commutes elementwise with T’y as [L,, Li] =
nap,[ly, La]ps'nz' =1; [T, T3] =1 and (L, L, Ty =(L,, T, Ty).

Let V,={xv,+ xv:}; Vo= {xvs+ Xvs+ yvs+ yve}; V3= {xv,+ Xvg} and
Vo=(V,+ Vo+ V3), x,y € F. We regard ((U) naturally as a subgroup of
(V,) however U is a subspace of V,. We verify that Q(V,+ V)=
O((L., Ty, Ly); QVi+ V)= 9(N); Q(V,+ V. + V)= 6(P) and
WUV,+ Vi+ V)= 0(M) and [V, + V), Q(V5+ V,)]=1. We now apply
Wong’s Theorem 3A [Wong (1974)] and get that G/Z = Q(V,). Therefore
G = Spin (V,). The proof is now complete.

2. Groups of types E¢, E;, Es

The success in identifying groups of types E¢, E, and E; depends on the
fact that groups of type D, when n is even are also Chevalley groups of type
D,, and therefore they have Steinberg’s generators and relations. For
convenience in discussing the proof we introduce the following terminology.

DeriNtTiON. Let My, M be subgroups of a group X with M, = SL(2,q} (q
odd, q>3) such that (M, M. =SL(3,q) (respectively SU(3,q)) and
[Z(M)), Z(M:)] = 1. We say M, is joined to M. linearly (resp. unitarily) in X.
We remark that it follows there exist cyclic subgroups H; C M; of order q — 1
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(resp. q+1) such that (H,H,)=H,xH, and M\H.=HM,=GL(2,q)
(respectively GU (2, q)).

Next we need to know the structure of a universal group Y of type D, in
some details. We introduce the following notation. Let the graph of X be as
follows

n—-2n-1
o—o0

If L; is joined to L, unitarily, we can choose generators h;, h; of H, H;;
elements n, n; in L, L; which invert h,, h; respectively such that

mhn;' = hh, = nhn.

Set I''=L,; pp=n,; k,=h, and define inductively I',., = xL..,x™"; pioi =
xnix7"; kiey = xh,.. x”"; where x = np. Let (y:;)=Z(L,;) and (z;) = Z(T").

LeEmMMA 2.1. The following hold for the group X defined above.
i) [L.L]=[L.T]=[,T]=[L,Ti]=1if j£i-1,ii+1
(i) L is joined to T\, Li_i, T'ir, Lisy unitarily ;

(iii) T is joined to T'i_y, Li_y, T'i.1, Lisy unitarily ;

(iV) p.'h.-qpf' = kiki = ni+lkini'+ll;

(V) Pih.'—xpi_l =h_ki'= n.‘—lki_]n:l;

(Vi) kioi = hhioki;

(vil) yiz; = y:\24;

(viii) napiaLpihinili=T.

Proor. Identifying Y with Spin (V,) where dim Vo, = 2n, we verify all the
assertions easily.

DeriniTION. We call T'; the dual of L. in Y. We note that the dualof L. in'Y
is unique if n = 5; when n = 4, there are three subgroups L., I's, T’y which can be
dual of L. In (2.2)(2.5), we shall use the notation just introduced without
further comment.

Lemma 2.2, Let Y be the universal group of type D, defined above. Then
Cv(y:) contains a perfect group C of index 2 which is the central product of
lerl and <L,‘,F.’ ,3§i§ n— 1) and Z(C)=(y1,21).

Proor. The assertions are straightforward [Iwahori (1970)]. (Note that
we are assuming g odd, g >3.)
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COROLLARY 2.3. Let x be an involution in Y conjugate to y, in Y. Then
there exists a unique subgroup L, in Y such that Z(L,)=(x).

LEMMA 2.4. Let Y be the universal group of type D, generated by SU(3)’s

(i) Suppose q =1 (mod 4). Every involution x in Cy(y,) — Z(Cy(y1)) is
conjugate to n,p,nsps and the unique subgroup L, of (2.3) is joined to L,, ', L,
I linearly.

(i1) Suppose q = — 1 (mod 4). Every involution x in Cy(y:)~ Cy(y:) is
conjugate to h.n,p,n,p, and the unique subgroup L, of (2.3) is joined to L,, ',
L, I's linearly.

ProoF. Since Y = Spin’(8, q), we can regard Y as a universal Chevalley
group of type D, with the following Dynkin diagram.
a,

o aj

(o %

Corresponding to each root «, we have the one parameter unipotent
subgroup U, ={x.()|t € F}; Mo = Xu ()Xo (— Dxa (1); h.(t)=
Xa(Dx-a(—t D)x.(t)n.' and X, =(U,, U_.). Here we can assume y,=
ho(—1). Then Cy(y,)= C(ho(A)) where C = X, X. Xo; X, (A)=F and a
the longest root. We have h,(A) € C and (X.,h.(A)=GL(2,q9), i=
0,1,3,4; [X., X,,]=1i#2#j and i#j.

Suppose g =1 (mod 4). Then h.,(—1)€C and h.(—-1)& Z(C)=
(ha(— 1), ho( = 1), o — 1)). If x is an involution in C — Z(C), it necessarily
must have the form xox;x;xs where x; € X,, and 0(x;)=4. Since SL(2,q)
contains just one class of elements of order 4, all involutions in C — Z(C) are
conjugate to h.,(—1). The assertions of (i) are now clear.

Next suppose g = —1 (mod 4). Let x be an involution in Cy(y,)—
Cy(y:). Then x has the form x = h,,(— 1)yz when y € X,, and z € X X, X..,.
As X, (h.(A)=GL(2,q), h.,(—1)y is an involution conjugate in Y, to
h.(— 1), we may assume y = 1. A similar argument proves that h.(— 1)yz is
conjugate to h.(—1) in Cy(y,). This completes the proof.

LemMA. Let Y be the universal group of type D¢ generated by SU(3)’s

(i) There are two classes of non central involutions with representatives y,
and ysys and Cy(y:) = Cy(y>ys);

(ii) Suppose x, y are commuting involutions conjugate to y, in Y such that
xy is not conjugate to y, in Y. Let L, and L, be the unique subgroups L, and L,
of (2.3) with Z(L.)=(x), Z(L,)={y). Then [L,L,]=1.

Proor. (i) The details can be easily computed [Iwahori (1970)].
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To prove (ii), we introduce the usual Chevalley notation as in (2.4) since
Y =Spin“(12,q). We can assume y, = h,(—1) and also x = y,. Then L, =
L,=X.,.If y € Cy(y,), then y = x,x, where x, € L, and x, €T, X(L, I |3=
i =5) by (2.2). Suppose first 0(x,) = 0(x.) = 4. From the structure of SU(2, q),
we get xy = y,x;X, 7 X,X2 =Y, a contradiction to our hypothesis. So we may
suppose 0(x,)=2 ie. x;=1 or x;, =y, We compute that the classes of
involutions in I'y X (L, T, |3=i=5) have representatives z,z,ysys, Z1¥3Zs,
Z1Ys, VaYs, ¥3Zs, ¥sZs, 3. Of these only those with representatives z,, y; satisfy
our requirement. In these cases we have L, =TI, or L; and so [L,,L,}=1.

Now suppose y € Cy(y:)— Cy(y,). Suppose ¢ =1 (mod 4). Then y must
have the form y = y,x,x, where x, € L, and x, € X (L, |[3=i =5). From
the fact that (L, h,) = GU(2, q), we find that y,x, is an involution conjugate in
L, to y,. Therefore we may assume x, = 1. Then xy = y,(y.x:) = n.(y.x,)n;'
;- ¥ in contradiction to our assumption. The case ¢ = — 1 (mod 4) is proved
similarly regarding Y as a Chevalley group and the fact (L, h,(A))=
GL(2,q) where (A) = F. This completes the proof.

In the proofs of (2.6)-(2.8) we shall encounter certain subgroups which
are homomorphic images Y of Y = SU(m, q) for some integer m >0. For
convenience, we introduce the following uniform notation for elements and
subsets of Y. Let U be a non degenerate hermitian space of dimension m on
which Y acts naturally. We choose an orthonormal basis {u,, us, Us, - * -, Um+1}.
Let L*, be the subgroup of Y which leaves (u;, u;)" pointwise fixed. If i < j, let
h%, n* be the elements of L% such that h*(w)=ow, h*{uy)=

(e Y, nt(w)=w and n%(w;) = — u; where (o) is the subgroup of order g + 1
in F. The images of L*, h*, n% in Y’ will be denoted by L, hy, n,
respectively.

Suppose that G is a group of certain type generated by SU(3, q)’s and L,
L, are subgroups such that L; is joined to L; unitarily. We can choose
generators h;, h; of H,, H, n,, n; of L,, L, respectively such that n, n; inverts h;,
h; and
nhni'= hh = nhn;'.
In particular, if G has a subgroup of type A,._, isomorphic to Y and with
subgraph

We may then identify his, hiier; Mis, Ruier; Lo with by, b ny, ons Ly, L
respectively.
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THEOREM 2.6. Let G be a universal group of type Es generated by
SU(3,q)'s. Then G is isomorphic to the twisted analogue of the universal
Chevalley group of type E, over F,.

Proor. Let the graph of G be as follows
1 3 4 5 6

A

2

In view of (1.4) and (2.3) of I, the subgroup generated by L,, i =1,3,4,5,61is
isomorphic to SU(6, q) and so we can use the notation just introduced. Let
0 = nysns,. Then [6,L,] =1 as n,. €(L,, L;) and ns; € (Ls, L¢). The element 6
interchanges the elements of the sets {L,, L.}; {Ls, Ls} and {L., L,s;} by
conjugation. We compute that On6 ™' = n;and L, is joined to L, unitarily as
L, is. Since L, Ls, L, commute elementwise with L, it follows N =
(L7, L |2=i=5)=Spin (10, q) as (h:hs)*""* # 1 by (1.9). So N = Spin (V,)
where V, is the symmetric bilinear space introduced in §1. Set V,=
{xXU2is1 + X02 + Y021 + U0}, X,y E€F, i=1,2,3,4 We may assume
L;X Ls=Spin(V,); L.C Spin(V:); L, C Spin(V3) and L, C Spin (V,). Since
HashseLanzens = Li, Lis is the dual of L, in N. So the subgroup N,=
(L7, Ly, Ly, Ly)=Spin“(8,¢q). Let L, be the dual of L;; in N. By (2.1),
[Lo, L.]=1 i=3,4,5. Since 8N,0"'= N,, it follows 8L,0"' = L, by (2.2).
Therefore [Lo, L] = 1=[Lo, Ls]. In particular [6, Lo] = 1.

Let z = Nush 7 Naen, Where ng = nanssnash,nae s when ¢ =1 (mod 4) and
Z = hynysnionsen, when g = — 1 (mod 4). By (2.4), z is an involution and there
exists unique subgroup I'; with Z(I';) = (z) and I'; is joined to L,s, Lo, L6, L.
linearly. Moreover No= (L7 Lus, L1, Lo,I'2). Furthermore LisX L=
Spin(V3); Lz X Lo = Spin (V.). Since (I';, L,;) and (I, L.s) are isomorphic to
SL(3,q), it follows that there exist hyperbolic planes P,, P, in V,, V,
respectively such that I'; C Spin (P, + P;). Let P, be the orthogonal comple-
ment (a hyperbolic plane) of P, in V,. Thus Q = (P, + P,+ P;)" is a symmetric
bilinear space of dimension 4 and index 1. We note that QN YV, is a
hyperbolic plane in V, orthogonal to P,. Let S,=Spin(Q). Then §,=
SL(2,q%) [Dieudonné (1955)]; (S;, L) =(L;|3=i=5) and [S,,[;]=1. We
note that (S,, L,) as a subgroup of Spin (V,) is Spin (V, + (xvs + Xve)). On the
other hand, (S., L.) regarded as a subgroup of M acts on the hermitian space
{us, Us, us, us}. The isomorphism between Spin (V, + (xvs + xve)) and SU4, q)
maps Q to a totally degenerate subspace U, of dimension 2 [Dieudonné
(1955)] in {us, us, us, ue} with Uy N{ug, usy = (ws) #0 and U, N {us, ue) =
(w) #0 and U, =(w;, w,). Let U, = 0(ws, wy) = (w3, 8(w,)) since 6 fixes
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elementwise (us, ue). It follows (U,, U,) = (w3, w,, 8(w,)) is a 3-dimensional
totally degenerate space as 8(w.) € (u,, u,). Set S, = 6S,07". Clearly (§,, S,) =
SL(3,q%) and (S,, Ls) =(L,, L, Ls} and (S, S, L.) = M.

We have shown [6;L.] =1=[6, L] and 6n.6™" = n,,. So 6z6 ' = z and
because §N,0~' = N,, therefore 61,8 ' =T, by (2.3). It follows [S,, ] = 1.

We now look at the following chain of subgroups I';, L., S,, S,. First they
generate G since (S, S, Ly = M and L, C (L, I;, Li, Li7). We also have the
following relations (I';, L)=S8L(3,q); [T S:]=1=[I,S); (L., S»)=
SU@4, q); [L+, S\] =1 (as (L,, L, Le) centralizes L,); (S, S:)=SL(3,q%). Itis
now easy to see that the conditions of Curtis’ Theorem 1.4 [Curtis (1965)] are
satisfied. So G =?E4(q?), the group of fixed points in the universal Chevalley
group of type E, over F of a ‘twisting” automorphism.

THeOREM 2.7. Let G be a universal group of type E, generated by
SU3,q)’s. Then G is isomorphic to the universal Chevalley group of type E,
over F,.

Proor. Let the graph of G be as follows

1 3 4 5 6 7
O—0—0—0—0—=0

l

2

The subgroup P=(L,,L;|3=i=7) is isomorphic to SU(7,q) and R =
(L; |1 =i =6)="E«q?. In the proof of (2.6), we have found the subgroup L,
is joined to L, unitarily and commutes elementwise with L,, L, 3=i =6. The
subgroup Ny = (Lss, Lss, L2, Lo, Li7) is universal of type D.. We also found the
element n,n.snsen.nisnas which interchanges L, and L, by conjugation (see
2.1)). Because L,, is joined to L, = L unitarily, L, is joined to L unitarily.
The subgroup S =(L,, Lo, L |3=i =7) is a group generated by SU(3, q)’s of
type A, and so by (2.3) of I S is a homomorphic image of SU(8, q). We now
use the notation introduced just prior to (2.6) and so Lo = Lg. As P is a
subgroup of S, the previous notation for subgroups and elements of P in (2.6)
is consistent with the present one.

Let o = ninishasng. We compute that ¢ interchanges the elements of
the sets {L,, L¢}; {Ls, Ls}, {Lys, L-} and fixes L., Ly by conjugation. As ¢ € N,
we compute that ¢ fixes L, by conjugation (see also (2.1) (viii)). Therefore
[Lis, L;] =1 and so L,, commutes elementwise with L;, 2=i =5 and is joined
to L, and Lg = L, unitarily. Thus M, = (L, Ly, L, |2 =i =5)=Spin’(12, q).
Similarly M, = (L, |2=i =7) and M5 = (L, Lss, L; |2 = i = 5) are isomorphic
to Spin“(12, q).
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Let I' be the dual of L, in M,. By (2.1), [L,T}=1i=2,3,5,7and I is
joined to L, and Ly unitarily. But I" is the dual of L, and Ls in M,, M.,
respectively. Hence [L,,,I')=1 and I is joined to L, and L. unitarily. Let
¢ = nisngngns,. We compute that ¢ interchanges the elements of the sets
{Li, Lyo}; {Ls, Ly}; {Ls, L5} by conjugation. Let t be the involution in L,. Set
Ni=(L,/|2=i=5)and N,= (L., L. L, L. These groups are isomorphic to
Spin’(8,¢q) and &N, ™' = N.. As Cy(t) =T'L,L;Ls and Cn,(t)=TL,L\L; it
follows ¢T¢p '=T. Let L = niznwlniwniy. Then L = nyin. Tnene. Since
ninw € N(Ly) and nsyne; € N(L.), L is joined to L, and L, unitarily since
I is.

In G we have defined the elements h;, n, such that nhn7'= h;' and
nhn'=hh =nhn;' if {i,j} is an edge. Let h, = x;hx7', ny = x,nx7";
h. = x;h-x3' and n. = x.n:x;' where x,=n,nan;nni'ny' and x,=
nensarnen'ns'. So by (2.1). we have nyhany' = hihi'; nehent' = hohy and
nheni' = hohi'. Similarly working with the subgroup (Ls, Lo, Lo, T, L, L.y we
obtain that n.hni'= hh,, nohny =hhi. Also by (2.1) we have the
identities h.hshihs= hy; hshihih.= hy and hshihch, = hy.

Now set z,=nmnpnrn: (resp. hhoninonrens); z,= ny'ninsn, (resp.
hshshi'ni'nsnsns) and zo= nensng'n, (resp. ho'hi'honenini'n,) when g =
1(4) (resp. ¢ = — 1(4)). We compute that z,, z,, z. are commuting involutions
such that z,zs, z.z4z,z, are not conjugate to z,, z,, z, in M,, M, and
(Ls, Lo, L5, T, L\, L) respectively. Therefore there exist subgroup I'y, I'y, T
isomorphic to SL(2,q) with Z(';)=(z) i=1,4,6 such that [[',I']=
[T, Ts] ={I'\,I']J=1; T, is joined to L. linearly; I'; is joined to L., Li, Ls
linearly and I's joined to Ls, L, linearly by (2.5). Clearly we also have
[MWL]=1i=257 [[L]=1and [[,L]=1j=234.

We can now apply Curtis’ Theorem 1.4 to the chain of subgroups I';, L.,
L,, Iy, Ls, ', L, which generate G and get that G = E5(q), the universal
Chevalley group of type E, over F,.

THEOREM 2.8. Let G be a universal group of type E. generated by
SU@3,q)s. Then G is isomorphic to the universal group of type E, over F,.

Proor. Let the graph of G be as follows
1 3 4 5 6 7 8

S

2

We shall use the notation in the proof of (2.7)as (L, |1 =i =7)= E,(q). There
we have defined subgroups L,=Lw, Ly, I, L and ¢ = ny;snsonssng. The

https://doi.org/10.1017/51446788700018140 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018140

146 Kok-Wee Phan [18]

element ¢ interchanges the elements of the sets {L;, Ls}; {L,, L} and {L,s, L}
by conjugation. Since ¢Lgp™' =Ly, Lg is joined to Ly, unitarily. Also
[Lo, Lg) =1 because Lo C(L,;|1=i=6).

Next we note that Q, = (L, L; | 2= i = 8) is a universal group of type Dy
with (L, |2=i =7) as a subgroup of type Ds. In the proof of (2.7), we found
that L is the dual of L, in Q, and therefore by (2.1), L is joined to L; unitarily.
Let I’y be the dual of L,y in Q,. We note that I'; C (L1, L, L+, Ls), a group of
type D. Let z,, zi, zs I', I's, ['c be as defined in (2.7). Let z3=
hshioh ni'nign.n, where no= xn.x~', x = nganengnony and ho = xh,x .
We compute that nohgng' = hshi'; nihgni' = hghy = nghyng'; nihgnid =
hghio = hghiong'. Together with the relations found in (2.7), we compute that
Z1, Zs, Zs are commuting involutions such that z,zs, zsz, are not conjugate to
Zy, zsin (L., L,,I", L, L, L;) and (Ls, L, T, L+, Ly, L) respectively. It follows
by (2.5). [I'1, I's) = [['s, T's} = 1 where I's is the unique subgroup isomorphic to
SL(2,q) in {L., T, Ls, Lg, L) and also I'y is joined to L, linearly. From the
proof of (2.7), (L, L) centralizes (L,|2=i=35); hence [(L,Ls, Lg, L),
(L,, L3, L4, Ls)] = 1 and therefore [I's, L] =1 ={I'y,I's] i =2,3,4 because I', C
(Ly, L3, Ls, Ls) and TsC (L, Ly, Ls, L7). Finally we compute that the chain of
subgroups I'y, L,, Ls, I's, Ls, I's, L, T'y generates G and by Curtis’ Theorem
1.4 [Curtis, 1965], G = E«(q), the universal Chevalley group of type E; over
F,. This completes the proof.
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