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Abstract
In this work, we establish the convergence of 2D, stationary Navier-Stokes flows with viscosity € > 0, (#%,v¥) to
the classical Prandtl boundary layer, (iij,, V), posed on the domain (0, 00) x (0, 00):

_ _1 _ _1
lu® — iy < Vet 40, v® — Vvl < Vet 2.

This validates Prandtl’s boundary layer theory globally in the x-variable for a large class of boundary layers, including
the entire one parameter family of the classical Blasius profiles, with sharp decay rates. The result demonstrates
asymptotic stability in two senses simultaneously: (1) asymptotic as & — 0 and (2) asymptotic as x — oco. In
particular, our result provides the first rigorous confirmation for the Navier-Stokes equations that the boundary layer
cannot “separate” in these stable regimes, which is very important for physical and engineering applications.
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1. Introduction

A major problem in mathematical fluid mechanics is to describe the inviscid limit of Navier-Stokes
flows in the presence of a boundary. This is due to the mismatch of boundary conditions for the Navier-
Stokes velocity field (the “no-slip” or Dirichlet boundary condition), and that of a generic Euler velocity
field (the “no penetration” condition). In order to aptly characterize the inviscid limit (in suitably strong
norms), in [Pr1904] Prandtl proposed, in the precise setting of 2D, stationary flows considered here, the
existence of a thin “boundary layer”, (i,, V,), which transitions the Dirichlet boundary condition to an
outer Euler flow.

The introduction of the Prandtl ansatz has had a monumental impact in physical and engineering
applications, specifically in the 2D, steady setting, which is used to model flows over an airplane wing,
design of golf balls, etc. (see [Sch00], for instance). However, its mathematical validity has largely been
in question since its inception. Validating the Prandtl ansatz is an issue of asymptotic stability of the
profiles (ii,,,vp): u® — ii, and v¥ — ¥, as the viscosity, &, tends to zero (again, in an appropriate
sense). Establishing this type of stability (or instability) has inspired several works, which we shall detail
in Section 1.5. The main purpose of this work is to provide an affirmation of Prandtl’s ansatz, in the
precise setting of his seminal 1904 work (2D, stationary flows), most notably globally in the variable,
x, (with asymptotics as x — oo) which plays the role of a “time” variable in this setting.

Section 1.3 will contain more discussion on the role of the tangential variable, x. Physically, the
importance of this “time” variable dates back to Prandtl’s original work, in which he says:

“The most important practical result of these investigations is that, in certain cases, the flow
separates from the surface at a point [x.] entirely determined by external conditions. . . As shown
by closer consideration, the necessary condition for the separation of the flow is that there should
be a pressure increase along the surface in the direction of the flow.” (L. Prandtl, 1904, [Pr1904])

In this work, we provide the first rigorous confirmation, for the Navier-Stokes equations, that in the
conjectured stable regime (in the absence of a pressure increase), the flow does not separate as x — oo.
Rather, we prove that the flow relaxes back to the classical self-similar Blasius profiles, introduced by
H. Blasius in [Blas1908], which we also introduce and discuss in Section 1.3.

1.1. The setting

First, we shall introduce the particular setting of our work in more precise terms. We consider the Navier-
Stokes (NS) equations, with viscosity parameter £ > 0, posed on the domain Q := (0, o0) X (0, c0):

uuf +viuy + Py = eAu®, (1.1)
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uvi +vevy + Py = eAv®, (1.2)
ug +vy =0. (1.3)

This system is supplemented with the following vertical boundary conditions

Y >0

[ v]ly=0 = [0,0].  [u®(x.Y),v®(x.Y)] — [up(x, ), ve(x, 0)]. (1.4)

The condition at {Y = 0} is the classical no-slip boundary condition, and the condition as ¥ — oo is
known as the Euler matching condition. We now fix the Euler flow to be

[ug,ve] = [1,0], Pg =0. (1.5)

Indeed, it is easy to see that [ug, vE, pg] solve the steady, Euler equations (¢ = 0 in (1.1)—(1.3)). The

matching condition as ¥ — oo above now reads [u®,v¥] Yoo, [1,0].

Typically, there is a discrepancy of boundary conditions at {Y = 0} between the viscous flow, (1.4),
which satisfies the no-slip condition, and that of an ideal, inviscid flow, which usually satisfies the
no-penetration condition, vE|y_og = 0. It is therefore not expected to have convergence of the type
[u®,v¥] — [1,0] as € — oo in suitably strong norms, for instance in the L™ sense. To appropriately
describe the inviscid limit, Ludwig Prandtl proposed his famous boundary layer ansatz in his seminal
1904 paper, [Pr1904]. Physically, it says that one needs to add a corrector term to [1,0] which is
effectively supported in a thin layer of size /& near {Y = 0}. Mathematically, this can be represented
by an ansatz of the type

uf(x,Y) =1 +u?,(x,%)+0(x/§) :ﬁg(x,%)+0(\/g), (1.6)

The quantity 12(1), is the classical Prandtl boundary layer, whereas we will refer to the O (+/€) term as “the
remainder”. The purpose of this paper is to rigorously prove that the remainder is, indeed, O (\/€). It is
natural to introduce the boundary layer variable,

y = % (1.7)
We now rescale the Navier-Stokes velocity field via
U®(x,y) :=u®(x,Y), VE(x,y) = vsi;éy). (1.8)
The rescaled field satisfies the following rescaled version of the Navier-Stokes system,
UPUY +VEUY + P = A U?, (1.9)
U‘9V);9+V5Vy‘°‘+?;E =AV?, (1.10)
Uy +Vy =0. (1.11)

Above, we have denoted the scaled Laplacian operator, A . := (')y2 + s@%.

The main upshot of the ansatz (1.6), is that the Prandtl boundary layer, ﬁ(z)v

reduced equation known as the Prandtl system,

satisfies a much simpler

0q =0 , 504 -0 2-0 0 0 -0 -0
upﬁxup+vp8yup—8yup+pr=O, Ppy:O, Gxup+6yvp=0, (1.12)
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which are supplemented with the boundary conditions

_ y
iplio=Up(y),  dply=0=0,  @plyw=1 )= —/0 Oy, (1.13)

This reduced system is simpler than the full Navier-Stokes system, (1.9) - (1.11), in many ways. First, due
to the condition P?, y = 0, we obtain that the pressure is constant in y (and then in x due to the Bernoulli’s
equation). This is known as Bernoulli’s law, and the main consequence is that (1.12) is really a scalar
equation, which is a major simplification mathematically (for instance, it allows the use of maximum
principle techniques, which are difficult to use for the Navier-Stokes system). Second, the scaling of the
equation changes. Indeed, by formally identifying ﬁg Ox = dyy, one concludes that (1.13) is in fact, a
parabolic equation in x, which is in stark contrast to the elliptic system (1.9)—(1.11). Therefore, for the
boundary layer, the tangential variable x behaves as a time-like variable, whereas the vertical variable y
behaves space-like. Therefore, one usually treats (1.12)—(1.13) as one would a typical Cauchy problem,
with inflow datum at {x = O} serving as initial data. The relevant questions then become that of local
(in x) wellposedness and regularity theory, global (in x) wellposedness, finite-x singularity formation,
development beyond a singularity, decay and asymptotics, etc,. ..

1.2. Asymptotics as € — 0

The primary objective of our work is to provide a definitive theorem on the validity of the boundary
layer theory in the L™ inviscid limit (which we state somewhat imprecisely for the moment)

i 1 1
Iu® =@l s €2, vl s €2, (1.14)

which is a central open problem in mathematical fluid mechanics. Although (1.14) is a classical ansatz
(in fact, Prandtl’s original proposal [Pr1904] was in precisely this setting of 2D stationary flows over a
plate), the rigorous justification of (1.14) in the steady setting has only been obtained very recently, see
[GI18a], [GI18c], [GVMI18], [GN14] for instance. All of these works crucially required x << 1 to prove
the inviscid limit, (1.14). In the present paper, we are interested in proving the inviscid limit globally in
the x variable.

One way to establish the stability (1.14) is to propose an expansion of the rescaled solution, (U?, V¥)

as
Mo, Ny Ny
P .
U® :=1+u(]),+Zsf(qu+u;,)+sTu=: i+e2u
i=1
st Ny Ny Ny
P .
Ve .= v(;7 +vL o+ Z £2(v), +vith) +sTv]1;]‘ +eZv=P+e7 v, (1.15)
i=1
Ni#l Ni . N
e ._ Lo Lo o2 _ B N2
P® = 82Pp+ gPp+e2P=P+&2 P.
i=0 i=1
Above,
[ug,vipl == (1,01, [uh,vi] = [uh (e, ), vh (6], [, vie] = [ (6, Y), v (x5, 7)1,

(1.16)

and the expansion parameters N, N, will be specified in Theorem 1.1 for the sake of precision. Our

goal in this work is not to optimize these parameters, and hence we chose them large for simplicity.
The basic strategy to establish the convergence (1.14) consists of first constructing an approximate

solution, [i&, V], and second in controlling the remainders [u,v] from (1.15). In our setting, the
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construction of the approximate solution has been done in [[IM21], whereas the current manuscript is
devoted to the remainder analysis. Constructing the approximate solutions involves studying the Prandtl
layer, [ﬂop, Vop] (and the corresponding linearized equations), as well as Euler profiles. Importantly,
these Prandtl layers are scalar equations. Indeed, it is well-known that one of the main simplifications of
the Prandtl ansatz is that the Prandtl system is scalar (the pressure is absent) whereas the Navier-Stokes
system is vectorial. For this reason, the study of the remainders [u, v] is substantially more nontrivial
(and requires different tools). A fundamental difficulty in controlling the remainders (u, v, P) in (1.15)
is that they inherit the vectorial system from the full Navier-Stokes system, which imposes significant
constraints on the available tools.

The commonality between the works [GI18a] and [GVM8] is, in a sense, to split the linearized
Navier-Stokes system, classically known as the Orr-Sommerfeld (OS) operator (see below, (1.45)—(1.46)
for the precise form of this operator), governing the remainders (u, v) into two favorable pieces. These
two pieces, which will be discussed more precisely in Section 1.6 once we introduce the relevant
operators, are the linearized transport (Rayleigh) and the diffusion (Airy). In [GVM8], this is done
explicitly using a delicate Rayleigh-Airy iteration, whereas in [GI18a] this is done more implicitly
through an involved series of virial-type weighted energy estimates. Nevertheless, both works rely on
the ability to (essentially) split the linearized (OS) operator into separate pieces that can be analyzed
explicitly. The procedure of putting this iteration together, or closing the various estimates, requires
crucially that x << 1 (short time) in both works. We emphasize that both of the works, [GI18a] and
[GVM 18] dealing with the x << 1 inviscid limit are very delicate and involved.

Our starting point is a new way of producing estimates for the classical Orr-Sommerfeld linearized
operator, which avoids this splitting and instead capitalizes on a cancellation between the two compo-
nents, Rayleigh and Airy, which produces a damping as x — oco. This damping mechanism is inspired
by the classical von-Mise transform that is known for the Prandtl equations, but has yet to be exploited
in the OS framework and in the inviscid limit.

1.2.1. Prescribed data

The data for the Navier-Stokes velocity field, [U#¢,V#] is prescribed through the expansion, which
means that we prescribe the data that is required in order for each term in the expansion (1.15) to be
constructed. We refer the reader to [IM21] for a more detailed discussion of the terms appearing in
(1.15), although we review the essential facts again here. Vertically, we enforce

uly (x,0) = —uig (x,0), vi(x,0) = =v5 ! (x,0), [, v]ly=0 = 0, (1.17)

v;, (x,00) = ui, (x,00) =0, ug (x,00) = V{E (x,00) =0, [, V]]y=c0 = 0. (1.18)

fori =0,...Ny, j = 1,...N;. Itis easy to see that in so doing, the no-slip boundary condition is ensured for
[U?,V?#] at y = 0, co. We note that our convention is to define v’p to vanish at y = oo (vlp = fy (9qu),

whereas we denote by 175;7 to be the more conventional choice which vanishes aty = 0, (\71}7 =- foy 6xu§,).

The expansion (1.15) is, in a sense, part of the data. That is, we assume that the Navier-Stokes velocity
field [U#, V] attains the expansion (1.15) initially at {x = 0}, and then aim to prove that this expansion
propagates for x > 0. We refer the reader to works [GI18a], [GN14] in the stationary setting or [SC98],
[SC98] in the dynamical setting where this is done (and discussed more). Indeed, in all these works, one
assumes the prescribed data is in the form of an asymptotic expansion. Then the main result is to show
that this expansion persists (in the stationary setting this means for x > 0, whereas in the dynamical
setting this means for ¢ > 0), and that the resulting unknown quantities can be controlled.

Given this, there are two categories of “prescribed data” for the problem at hand:

(1) the inviscid Euler profiles,
(2) initial datum at {x = 0} (for relevant quantities from (1.15)).

https://doi.org/10.1017/fmp.2026.10027 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2026.10027

6 S. Iyer and N. Masmoudi

As discussed above, we take the inviscid Euler profile to be the simplest shear flow,
[u%, v, PY] := [1,0,0]. (1.19)
At {x = 0}, we prescribe
Upleo = Up (), vilvoo = VEL(Y), (1.20)

fori =0,...,N1,and j = 1, .., Ni. These profiles can be interpreted physically as “in-flow” data. Since
u’p obeys an evolution in x, the in-flow data at {x = 0} will be sufficient to construct the solution. The
Euler profiles [u'.,v'.] for i = 1,.., N, are constructed by solving an elliptic problem for v’., which
requires only the datum for v},. We refer the reader to [IM21] for the construction of the various terms
in the alternating Euler-Prandtl expansion.

1.3. Blasius self-similar profiles

The large x behavior of both the Prandtl equations and the Navier-Stokes equations in the stationary
setting is important from a mathematical standpoint due to the analogy with global wellposedness versus
singularity formation in a variety of other equations. However, it is also important from a physical
standpoint due to the possibility of boundary layer separation, which is a large x phenomena, [Pr1904].
The following dichotomy was proposed by Prandtl in [Pr1904]:

(1) Favorable pressure gradient (0,PE < 0): the boundary layer exists globally in x, and becomes
asymptotically self-similar,
(2) Unfavorable pressure gradient (3, PF > 0): the boundary layer may “separate.”

Clearly, all shear outer Euler flows (our particular choice of [1, 0] is the simplest such shear flow), are
x-independent and satisfy d,pF = 0. Therefore, our setting in this paper is in the favorable pressure
gradient case.

Oleinik, [OS99], [O167], established the first mathematical results on the stationary Prandtl system,
(1.12)—(1.13). She showed that solutions to (1.12)—(1.13) are locally (in x) well-posed in both regimes
(1) and (2), and globally (in x) well-posed in regime (1) (under suitable hypothesis on the datum).

In 1908, H. Blasius introduced the classical “Blasius boundary layer”, [Blas1908], which are self-
similar solutions to the Prandtl system defined as follows,

=X0) =X07 _— ’ 1 ’ _

2270 = 1 @) = ) = ) (1.21)
L y

N (1.22)
frepr=0. FO=0, =1, L2y (1.23)

Above, we use the notation f” = d, f(z) and xg is a free parameter. Physically, x has the interpretation
that x = —xg is “leading edge” of a plate (which is the reason for the apparent singularity at x = —x).
The analysis in this paper will treat any fixed xp > 0 (one can think, without loss of generality, that
xo = 1, after which we will denote by (x) := x + 1). Therefore, we will adopt the following notational
convention:

[d., 7] = [al, v!]. (1.24)

The profile f(z) has the property that f’(z) converges exponentially to 1 as 7 — oo, [Ser66]. Physically,
this corresponds to a rapid convergence of the tangential velocity, i, to the outer Euler velocity.
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The Blasius solutions are known to have demonstrated strong agreement with experiments on laminar
flows over a plate, [SchO0]. Mathematically, they are self-similar, large-x attractors for the Prandtl
dynamics (which is referred to as “downstream” dynamics). Indeed, a classical result of Serrin, [Ser66],
obtains the large x convergence:

lim i), = il — 0 (1.25)

0

for a general class of solutions, [i »

Prandtl system.

Our main contribution in this work is to prove the inviscid limit, (1.14), not only uniformly in x but
also asymptotic as x — oo for “initial data” near the Blasius self-similar profile. Our main theorem
below establishes two pieces of asymptotic information as x — oo:

s 17(1),] of (1.12). We note that this convergence is at the level of the

—1 _ _ —1
= @l < VBTl — g < o(1)) (1.26)

1.4. Main theorem
The main result of our work is the following.

Theorem 1.1. Fix N1 = 400 and N, = 200 in (1.15). Fix the outer Euler flow as follows:
(%, v, PY] == [1,0,0]. (1.27)
Assume the following data at {x = 0} are given fori =0,...,N1, and j = 1, ...Ny,
uh|emo =2 UL (), Vi le=o =2 V(Y) (1.28)
where we make the following assumptions on the initial datum (1.28):

(1) Fori =0, the boundary layer datum 02 (y) is in a neighborhood of Blasius, defined in (1.21):

(T () = (0, )W ™ llct < 6, (1.29)

where 0 < 6. << 1 is small relative to universal constants, where mg, €y, are large, explicitly
computable numbers. Assume also the difference Ug (y) — #.(0,y) satisfies generic parabolic
compatibility conditions at y = 0.

(2) Fori=1,.., Ny, the boundary layer datum, Ui, (+) is sufficiently smooth and decays rapidly:

UL ™ e < 1 (1.30)

where m;, {; are large, explicitly computable constants (for instance, we can take mgy = 10,000,
& = 10,000 and m;y = m; — 5, €1 = € — 5), and satisfies generic parabolic compatibility
conditions at y = 0.1

(3) The Euler datum V1i5 (Y) satisfies generic elliptic compatibility conditions.?

(4) Assume Dirichlet datum for the remainders, that is

[u, v]lx=0 = [t V]|x=c0 = 0. (1.31)

1'We refer the interested reader to Appendix A, Definition A.5 in the companion paper, [IM21], for a precise definition of these
compatibility conditions.

2We refer the interested reader to Appendix A, Definition A.2 in the companion paper, [IM21], for a precise definition of these
compatibility conditions. Moreover, the procedure detailed in [IM21] shows that U;E (Y) is not prescribed, but rather determined

upon prescribing Vé (Y).
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Then there exists an gy << 1 small relative to universal constants such that for every 0 < & < &,
there exists a unique solution (u®,v¥®) to system (1.1)—(1.3), which satisfies the expansion (1.15) in the
quadrant, Q. Each of the intermediate quantities in the expansion (1.15) satisfies the following estimates

fori=1,..,N;
» g ; 3 g
10505 ul, ()M llLs < Cpg () 574724 Vi llLy < Cagok,jlx)y 37573% (1.32)
) . _l_ ) . _l_ )
10X8) uly |y < Cr j(x)~27F IVillLy < Croj(x)™275, (1.33)

where o, = m Finally, the remainder (u,v) exists globally in the quadrant, Q, and satisfies the
following estimates

llu,vilx <1, (1.34)

where the space X will be defined precisely in (3.10).

As an immediate corollary, we obtain the following asymptotics, which are valid uniformly for ¢ < &g
and for all x > 0.

Corollary 1.2. The solution (u®,v¥®) to (1.1)—(1.3) satisfies the following asymptotics

_ Lo, e _1
u® =% llLs < Velx)™a* v = Ve(W) +vp)liLs < e(x)72. (1.35)

Remark 1.3 (Generalizations). There are several ways in which our result, as stated in Theorem 1.1,
can easily be generalized, but we have foregone this generality for the sake of clarity and concreteness.
We list these here.

(1) As stated, the leading order boundary layer, 12(1), will be near the self-similar Blasius profile. This
is ensured by the assumption (1.29) (and proven rigorously in our construction). In reality, our
proof uses only mild properties of the Blasius profile, and we can therefore generalize the type of
boundary layers we consider. The most general class of boundary layers that we can treat would be
those (globally defined) ﬁ(}, that can be expressed as ﬁop = ﬁ(l), + L?(I),, where iiyy < 0, ﬁ%y >0, ﬂ(},
satisfies estimates (2.2)—(2.4), and ﬁ?, satisfies estimates (1.38).

(2) We have taken, again to make computations simpler, the leading order Euler vector field [ug,vg] =
[1,0]. It would not require new ideas to generalize our work to general shear flows [ug,vg] =
[b(Y), 0], where b(Y) satisfies mild hypotheses (for instance, b € C*, % <b< %, ﬁfb(Y ) decays
rapidly as Y — oo for k > 1), though it would make the expressions more complicated. The case of
Euler flows that are not shear flows, however, poses more challenges and would require some new
ideas. The primary reason for this is that in the case of x-dependent Euler flows, the vertical boundary
layer velocity 17?, will have a growth of y as y — oo. The interested reader can consult [Iy 7] which
addresses x dependent background Euler flows (albeit in a dramatically simpler setting).

(3) The datum assumed at {x = 0} for the remainders, (1.31), can easily be generalized to any smooth
vector-field, [u, v]|x=0 = [b1(y), VEb2(y)], where by, by are smooth, rapidly decaying functions.

It is convenient to think of Theorem 1.1 in two parts: the first is a result on the construction of the
approximate solution, [i, V] from (1.15), given all of the necessary initial/ boundary datum described
in Theorem 1.1. The second is a result on asymptotic stability of [i, V], which amounts to controlling

N- N-
the differences from (1.15), u := e (U? -n),v = e (VZ = 7). We state these two steps as two
distinct theorems, which, when combined, yield the result of Theorem 1.1.

Theorem 1.4 (Construction of Approximate Solution). Assume the boundary and initial conditions are
prescribed as specified in Theorem 1.1. Define o, = m. Then fori = 1,...,Ny, for M < m; and

2k + j < {;, the quantities [u’}), v’p] and [u%, V’E] exist globally, x > 0, and the following estimates are
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valid
16505 (@), - ) ()M llpg < 6. 0xr) H K8+, (1.36)
10505 (%), = 5. )M llLp < 6.(x)~ 3 K5+ (1.37)
()™M 0Xadul s < (x)" 35+ (1.38)
M 8ka]v Iy s (xy 3k3ver, (1.39)
1Y dy) 9k vicliLy < ()72 7+, (1.40)
1Y dy) ok o) ullzs < (x)~ 27 (1.41)

Moreover, the more precise estimates stated in Assumptions (2.3)—(2.5) are valid. Finally, define the
contributed forcing by:

N _
Fr =& 7 (UPUZ +VEUS + PE — A U®) — (itity + Vit + Py — A i)

. . (1.42)
_N EY/E EY/E Yy & 7y vy Py v
Gr =& T (USVE+VEVE + 2 — A V®) = (g + 70y + — — A7)
(9 8

Then the following estimates hold on the contributed forcing:
1070% Fr () B+ 5 || + VEI|0L0K G r(x) B4+ 5 | < &5, (1.43)

Theorem 1.5 (Stability of Approximate Solution). Assume the boundary and initial conditions are
prescribed as specified in Theorem 1.1. There exists a unique, global solution, [u,v], to the problem
(2.17)—(2.19), where the modified unknowns (U, V) defined through (2.22) satisfy the estimate

U, Vilx < &, (1.44)

where the X norm is defined precisely in (3.10).

Of these two steps, by far the most challenging is the second step, the stability analysis of Theorem
1.5. This paper is devoted exclusively to this stability analysis, whereas the first step, construction of
approximate solutions, is obtained in a companion paper, [IM21]. As a result, for the remainder of this
paper, we will take Theorem 1.4 as given and use it as a “black-box”. This serves to more effectively
highlight the specific new techniques we develop for this stability result. Our main new ideas will be
discussed below in Section 1.6.

Remark 1.6. When we use the word “stability” we are, in general, referring to the stability as € — 0
and as x — oo within the stationary setting. From a physics point of view, the very important question
of dynamic stability (even for short time) near the Blasius profile is an outstanding and important
open problem. We do remark however, that at an experimental level instabilities in the dynamical flow
tend to occur at very high Reynolds number (say 10° and higher). Because our result is uniform in
v for viscosities small enough, it is likely that there exists a range of intermediate viscosities that are
dynamically stable and also to which our result applies. We believe such a study will necessarily be
quite delicate, and the answer will depend on the complex relation between the viscosity, €, the time
scale, and the tangential length scale.

1.5. Existing literature

The boundary layer concept was introduced by Prandtl in his 1904 paper, [Pr1904], in precisely the
setting of this article: 2D, stationary flows over a plate (at Y = 0). Overall, there are two categories of
questions one may pose:
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(PR) These are questions regarding the Prandtl system (1.12). Normally, these types of results use the
scalar, parabolic nature of the Prandtl system, and as a result, the types of questions mimic what
one would ask for any evolution equation (local existence, regularity, global existence, singularity
formation, etc. . .).

(NS) These are questions regarding the validity or invalidity of the inviscid limit as € — O of the
boundary layer ansatz, (1.6). The current paper falls into this category. There are fewer results in
this category compared to (PR), due to the much more complicated nature of the Navier-Stokes
system (in particular, it is a system compared to a scalar equation).

First, we will provide an overview of the available results in (PR). The local theory was initiated by
Oleinik in [OS99]. For local-in-x behavior, the work [GI18b] established higher regularity for (1.12)—
(1.13) through energy methods, and the work of [WZ19] obtains global C* regularity using maximum
principle methods. Regarding large x dynamics, Serrin was the first to study this problem in [Ser66], and
categorize the Blasius solutions (and more generally the family of so-called Falkner-Skan profiles) as
large x attractors. Several follow ups have subsequently taken place in recent years, see [y 19], [WZ22],
[[y24], [JLY24]. The problem of boundary layer separation, which takes place in the presence of an
adverse pressure gradient, is a very important and rich area of research. We point the reader towards
[DM15] for a study of separation in the steady setting, using modulation and blowup techniques, and
the work of [SWZ21] which establishes boundary layer separation using parabolic maximum principle
techniques. More recently, there have been some advances regarding the problem of reversed flows after
the separation point, [IM22], and see also [DMR22], [J25] for related works on forward-backward mixed
type problems. Moreover, the dynamics near the separation point are thought to require more refined
reduced models, such as the Triple-Deck system, which has recently been studied in the stationary
setting in [IM24].

We now discuss the available results in the (NS) category, which have only recently been achieved
in the stationary setting. The works [GI18a], [GI18b], [GI18c], [GVM 18] were the first to address the
classical, no-slip boundary condition. While [GI18a]-[GI18c] are concerned with x-dependent boundary
layers, such as the Blasius profile, on the channel domain (0, L) X R, the work [GVM 18] is concerned
with shear flow profiles (which are solutions to the forced boundary layer equation) and hence work in
the periodic setting. Both of the works [GI18a], [GVM 18] are local-in-x results, which can demonstrate
the validity of expansion (1.15) for 0 < x << 1, (but of course, the x scale is fixed relative to the viscosity,
£). As we have mentioned, the smallness of the “timescale”, x << 1, in both [GI18a] and [GVM 18] is
(at a very high level) a consequence of the requirement to couple two types of (individually delicate and
highly nontrivial) analyses: one involving the Rayleigh operator and one which involves the diffusive
term. The work of [GZ20], which generalized the work of [GI18a]-[GI18b] to the case of Euler flows
which are not shear for 0 < x << 1, can also handle for shear flows 0 < x < L, where L can be arbitrary,
but not global in x. Finally, we point the reader towards the recent, interesting work which handles so-
called nozzle domains, [GX23]. We also refer the reader towards the earlier series of works [GN14],
[Iy15], [Ty 16a]-[Iy16¢], and [Iy17], which are under the assumption of a moving boundary at {Y = 0}.

One can pose related questions when the domain is closed (for example, a disk or an annulus). In
this case, it turns out that the inviscid limit cannot take place to an arbitrarily prescribed Euler flow,
but rather the Euler flow needs to be selected. This process is known as “vorticity selection”, and
is the subject of active recent research, specifically in the stationary Navier-Stokes setting, [DIN24],
[FGLT23], [FGLT24].

We now turn to the dynamical, 7-dependent problem, for which there is a large literature in both the
(PR) and (NS) categories. Let us first discuss the category of (PR). The work [OS99] proved global in
time solutions on [0, L] X R, for L << 1 and local in time solutions for any L < co. Here, the main
structural condition is monotonicity of the initial datum, dyu|,—o > 0. The paper [XZ04] removed the
smallness condition L << 1, and obtained global in time weak solutions for any L < co. These works use
the so-called Crocco transform, which is a nonlinear change of variables that is only well-defined due to
the monotonicity condition. The work [AW XY 15] proves local existence, again under the monotonicity
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assumption, via a Nash-Moser type iterative scheme, whereas [MW 15] introduced a good unknown
which enjoys an extra cancellation and obeys good energy estimates. The importance of the works
[AWXY15] and [MW 15] is that they do not rely on the Crocco transform, which is largely unavailable
in the (NS) setting. The work of [KMV W 14] replace monotonicity with multiple monotonicity regions.

Without monotonicity of the datum, the wellposedness results require higher regularity, that is either
analytic or Gevrey datum; see, for example, [DiGV 18], [GVM13], [IV16], [KV13], [LCS03], [LMY20],
[SCO8]-[SCI8], [IV19] for some results in this direction. In Sobolev spaces without the assumption
of monotonicity, the unsteady Prandtl equations are, in general, illposed: [GVD10], [GVN12]. The
important issue of unsteady boundary layer separation has been studied in [CGM18], [CGIMI8],
[CGM19] using blowup techniques and modulation theory. Related finite time blowup results have also
been obtained in [EE97], [KVW 5], [HHO3]. We also mention here an interesting recent result which
proves the time asymptotic stability of the stationary Blasius solution to the unsteady Prandtl system,
[GWZ23]. As in the stationary setting, there are other models that serve to incorporate higher order
effects from the Navier-Stokes dynamics near the separation point in the unsteady setting. Two important
models are the Interactive Boundary Layer (IBL) model, which has been studied in [DDGM 18], and
the unsteady Triple-Deck model, which has been studied in the works [IV19], [DiGV22], [GIM23].

We now discuss the category (NS) for the time-dependent setting. First, in the analyticity setting, for
small time, the papers [SC98], [SC98] establish the stability of expansions (1.15). This was extended to
Gevrey regularity in [GVMM16], [GVMM20]. We also mention the paper [Mae14], which establishes
stability in the Sobolev regularity under the condition that the initial vorticity is supported away from the
boundary. The interested reader should also refer to the papers [LXY 17], [MTOS8], [TWO02], [WWZ17].

There are several instability or invalidity results as well, which demonstrate expansions of the
type (1.15) are false. Due to the previous discussion, these results must be in the Sobolev setting.
A few works in this direction are [GOO], [GGN15a], [GGN15b], [GGN15c], [GN11]. Finally, we point
the reader towards the remarkable series of works [GrNgl7a], [GrNg17b], [GrNg18] which establish
invalidity in Sobolev spaces of expansions of the type (1.15). These invalidity results point towards a
nuanced secondary instability mechanism, which has been studied recently in [BG24]. We point the
reader towards the recent work, [BGMZ24] which obtains an instability result near the Couette flow.
The separate question of L? (in space) convergence of Navier-Stokes flows to Euler, which does not
necessitate the study of the boundary layer, has also been studied at length, for example, in [CEIV17],
[CKVI15], [CV18], [Ka84], [Mas98], and [Sul2].

It is also striking to compare our result to what is expected in the unsteady setting. In the unsteady
setting, certain well-known “geometric” criteria exist, for instance monotonicity, to ensure (local in
time) wellposedness in Sobolev spaces for the Prandtl equations. However, these criteria (even one adds
concavity) are not enough to establish a stability result of the type U® — i due to the well-known
Tollmien-Schlichting instability (see, for instance [GGN15b]). For this reason, the sharpest known
stability results are in Gevrey spaces (see, for instance [GVMM16], [GVMM?20]). Part of the novelty
of our work is to rigorously establish that there is no analogue of even weak Tollmien-Schlichting
instabilities that occur in the steady setting (which would only be seen as x — oo, should they exist).

The above discussion is not comprehensive, and emphasizes more the stationary theory. We refer to
the review articles, [EOO], [Te77] and references therein for a more complete discussion of other aspects
of the boundary layer theory.

1.6. Main ingredients of our approach

We will now describe the main ideas that enter our analysis. In order to do so, we need to describe the
equation that is satisfied by the remainders, (i, v), in the expansion (1.15), which is the following,

Ox
Llu, v]+(ay)P=N(u,v)+Forcing, ux+vy =0, on Q, (1.45)

&
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where the forcing term that exists due to the fact that (iz, V) is not an exact solution to the Navier-Stokes
equations, (we leave it undefined now, as it does not play a central role in the present discussion), and
N (u,v) contains quadratic terms. The operator £[u, v] is a vector-valued linearized operator around
[@, v], and is defined precisely via

Llu,v] =

{ﬁl = Uy + WV i+ Vi, — Agu (1.46)

Lo:=ivy +uvy+ vy + Vv —Agv.

The main goal in the study of (1.45) is to obtain an estimate of the form ||u, v||x < ||Forcing||x,, ... for
an appropriately defined space X (which importantly needs to control the L* norm), and a corresponding
norm X,,-ce ON the source term (which we need not specify at this time). We note that this is a variable-
coeflicients operator, for which Fourier analysis is not conducive for obtaining estimates.

1.6.1. The new point of view

We will discuss our point of view as compared to prior works on the Navier-Stokes to Prandtl stability
([GI18a], [GI18c], [GVM18], [GN14], [GZ20]). These prior works require either smallness or finiteness
in the tangential direction, x. In some sense, these papers all introduce a transform or change of unknown
which factors the vectorial Rayleigh operator,

NS
- ( fﬂaxy{g} ) (1.47)

as a (almost) divergence-form operator on a modified unknown, %. The primary purpose of the change
of unknown is to avoid losing x derivatives, (since high frequencies in x were being considered). This
gives one starting point to study the vector valued operator (1.46) (for instance, to design virial type
multipliers), though this point of view alone breaks down for large x.

There is a mechanism by which the linearized transport operator (Rayleigh) and the diffusion actually
“talk to each-other” in (1.46) and produce a damping effect as x — oo (discussed in Point (1) below).
This damping phenomenon requires us to introduce renormalized velocity unknowns that we specifically
define below in (1.49). These renormalized velocities (1) interact favorably with the system aspect of the
Navier-Stokes equations and simultaneously (2) result in a special cancellation between the Rayleigh
and Airy components of the linearized operator (see below, (1.52)). We note that the concavity of the
background Blasius profile & < 0 is used crucially to produce this damping effect. This damping
mechanism can be thought of as a way of realizing the von-Mise mechanism for the Prandtl equations,
[Ly19], in the classical OS operator.

Due to the presence of singular weights of % in the renormalized unknowns (1.49) as compared to the
original velocities (u,v), we need to introduce a completely new functional framework and scheme of
estimates to control the remainders (u, v) globally in x with decay rates, which constitutes the majority
of the innovation in this manuscript. At a very high-level, one can see that certain necessary estimates
from (1.56)—(1.58) lose derivatives in xd,.. Part of the novelty of our work is the design and global control
of several interdependent norms that can handle the presence of these singular weights. In addition to a
completely novel functional framework, we also need to introduce nonlinear changes of variables (at the
top order of derivative) which exploit further cancellations of the fastest growing quantities as x — oo.
We now describe in more detail the ingredients involved in our approach.

Rlu,v] = (

HOxU + ilyV
HOxV +Vyv

1.6.2. Specific discussion of main ingredients
(1) Damping Mechanism via Rayleigh-Airy Cancellation: We will extract the “main part” of £, (1.46),
as the operator

_ _ 1
4 [ + iy Agu\ ﬁmam[”, v]
£mam [l/t, V] = (ﬁvx +1_)yv) (ASV) _ (£(2)~ [M,V] ’ (148)
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The perspective taken in [GI18a] is to view the operator L,,,4i, as being comprised of two separate
operators, the Rayleigh piece, (1.47), and the diffusion. Crucially, [GI18a] was able to establish that
one could obtain coercivity of L4, for “short time”, x << 1, using a new “quotient estimate” by
applying the multiplier d, > to the x-differentiated version of £,,,4:,. We also draw a parallel to the
approach of [GVM 18] where their “Rayleigh-Airy iteration” is comprised of viewing the Rayleigh
piece of L,,4in, and the Airy (or diffusive) piece as two separate operators.

Using this perspective, these prior results are able to generate inequalities of the form ||U, V||x, <
L|U,V|lx, and ||U,V|lx, < |IU,V||x, (where 0 < x < L, and for appropriately defined spaces
Xo, X 1 no2t necessarily th2e ones we have selected here). For this reason, the work [GI18a] requires
x << 1 to close their scheme.

There is, in fact, a mechanism by which both components of £,,,;, actually “talk to each other”
(and, in fact, this is a damping mechanism as x — oo). This link between the two components of
Limain is provided by way of a change of unknown at the velocity level. The calculations in our case
are inspired by a change of coordinates known as the von-Mise transform that is employed in the
setting of the Prandtl equations (see, for instance, [[y19]). We also mention the work [GZ20] where
a calculation in a similar spirit occurs at the stream function level.

We define the following “Renormalized Good Velocities”:

U= l_(u - ﬁ—_yW), V= l_(v + ﬁTXW), (1.49)
u u u u

where the stream function, ¥, is defined as ¥ (x, y) = foy u(x,y")dy’. For the unknowns (U, V), the
system effectively reads (upon invoking the Prandtl equation for the coefficients i, v)

7-1[U]) _ (Asu

Lomain[u,v] + VP = (7—2[‘/] Ay

) + VP = Forcing + Nonlinear, (1.50)

where the transport operators are defined by

(T1 [U]) _ (122Ux +avUy + 2zzyyU) (1.51)

T2[V] @V +avVy + iV

On these good unknowns, we have the following favorable estimate with damping
u
/ £ [u,v]udy = / Ti[UU dy + / Ay (U + Eylp)Uy dy

9 3
~ %/ﬁzUzdy+z/ﬁyyUzdy+/ﬁU§dy—/ZIZyyUzdy
9 1
~ ?x/ﬁzUzdy+/ﬁU§dy—/EﬁyyUzdy, (1.52)

where we have omitted several harmless terms (hence the =). The point is that the dangerous
Rayleigh contribution / %ﬁyy U? is cancelled out by the diffusive commutator term —ZﬁyyUz,
leaving an excess factor of —% f ity U 2. This term acts as a damping term as x — oo due to the
property of the background Blasius profile that iz,, < 0. Note that, if this were not the case, we
would see growth as x — oco.

Therefore, our starting point is working with the “good variables” (1.49), but in a robust enough
manner to extend to the full Navier-Stokes system, and to capture large-x dynamics.

The use of different unknowns than the traditional (u, v) velocity field is a common strategy used
in several works, such as [GI18a] and [GZ20], where quotient estimates are performed either on v
or on ¥y. We view our good variables as mimicking the von-Mise transform for linearized Prandtl.

We may recognize the first component of L,,,4in, L(l)

main> & having similar structures to the operator
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which controls the scattering of Prandtl to Blasius, (1.25). Indeed, to understand (1.25), following
the von-Mise transform, we define the maps:

0 0 y(g:il) o
W,iap) —y=yWi,) — w=/0 iy, (1.53)
Subsequently, we consider the “good difference”:
¢, ) o= i), (o, y (W3 i) > = i (x, y (03 8.)) P, (1.54)

which we interpret as a “twisted subtraction” because we wish to compare 12?, and i, at two different
y values, depending on the solutions themselves. Rewriting (1.54) in the spatial coordinates (x, y)
(which needs to be done for the Navier-Stokes setting) then motivates our choice of good variables
(1.49). We note that, as in the von-Mise transform for the Prandtl equations, the fact that the
background profile i solves the nonlinear Prandtl equation (at least approximately) is important to
extract the damping coefficient in (1.52).

(2) Sharp L* decay and the design of the space ||U, V| x: A consideration of the nonlinear part of
N (u,v) in (1.45) demonstrates that, at the very least, one needs to control a final norm that is

strong enough to encode pointwise decay of the form

Wev|(x)? < [|U,V]lx. (1.55)

This is due to having to control trilinear terms of the form / B(x, y)vuyux{x), where B(x,y) is a
bounded function. This baseline requirement motivates our choice of space X, defined in (3.10),
which contains enough copies of the xd, scaling vector-field of the solution in order to obtain the
crucial decay estimate (1.55). This is a sharp requirement, and our norm X is just barely strong
enough to control this decay.

(3) Linearized energy estimates and the scaling vector field S = xd,: In order to control the designer
norm ||U, V|| x, we perform a sequence of estimates which results in the following loop (the reader
is encouraged to consult (3.2) - (3.7) for the definitions of these spaces), forn =0, 1, ..., 103:

U VII%, s Fo+No. (1.56)
WU.VIZ oy | sC5||U,V||§<”+6||U,V||§n+l+]—'n+%+Nn+%, (1.57)
rz+7 n+x <
10 VI, SIUVIZ |+ Foet + Noar, (1.58)
Sn+§

for a small number 0 < § << 1, and where the implicit constant above is independent of the
chosen 6. Above the F terms represent forcing terms, which depend on the approximate solution,
and the N terms represent quadratic terms. The coupling of these estimates is required by the
vector aspect of the full linearized Navier-Stokes operator L. To keep matters simple, the reader can
identify these spaces with “regularity of xdy”. That is, Xy is a baseline norm, X L Y 1 contain (in a

sense made precise by the definitions of these norms) estimates on (xax)% of the quantities in X,
X is basically ||(x0x)U, (x0x)V||x,-
It turns out that estimation of the nonlinear terms schematically work in the following manner:

Wal < ellU. VI, IU. Vi, Woasl  €llU.VIE_ (1.59)

1°
+5 +

=

The difficulty in closing our scheme becomes clear upon comparing the linear estimates in (1.56)—
(1.58) and the estimation of the nonlinearity from (1.59): the linear estimates lose half x0, derivative

3The choice of n = 10 is simply a concrete choice with enough regularity which allows the quadratic terms to linearize, allowing
us to use the appropriate Sobolev embeddings (see, for example, estimate (6.23)). We have chosen not to optimize this choice.
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Sor half-integer order spaces, whereas the nonlinear estimates lose a half x0y derivative for integer
order spaces. This is a new obstacle that has only appeared in the present work. We shall now
discuss the origin of both the “linear loss of derivative”, appearing in (1.57), and the “nonlinear loss
of derivative”, appearing in (1.59), together with our technique to eliminate these losses.

(4) Loss of xd, derivative due to degeneracy of & and weights of x: The “loss of half-xd, derivative” at
the linearized level, thatis (1.57), is due to degeneracy of &z at y = 0. The reader is invited to consult,
for instance, the estimation of term (4.45) in our energy estimates, which displays such a loss. To
summarize, we have to estimate the following integral when performing the estimate of X 1 (1.57)

Lsing == |/x12yUny dy dx|. (1.60)

A consultation with the X 1 and the previously controlled Xy norm shows that this quantity is out
of reach due to the confluence of two issues: the degeneracy of the weight & (and the lack of
degeneracy of the coeflicient it ) and the weight of x appearing in I;,,,. We emphasize that this type
of “loss-of-xd,” is a confluent issue: it only appears if one is concerned with global-in-x matters in
the presence of the degenerate weights i.

We note that the extra positive terms appearing from the viscosity in the X, , 1,Y,,1 norms do
not help control this term due to relatively weak x weights that appear in the viscosity terms.
Due to this peculiarity, we design the scheme (and our norm &', see (3.10)) to terminate at the X
stage, as opposed to what appears to the be the more natural stopping point of Xi; 5, Y11.5.

(5) Nonlinear Change of Variables (and nonlinearly modified norms): There is a major price to pay for
the truncation of our energy scheme at the X;; level, which comes from the nonlinear loss of xd,
derivative displayed in (1.59). Let us explain further the reason for this loss, temporarily setting
n = 11 in the first inequality of (1.59). Indeed, considering the trilinear quantity

Tying = / uy @Y vl U(x)** dy dx, (1.61)

and comparing to the controls provided by the || - ||x norm, such a quantity is out of reach (due to
growth as x — o). Estimating this type of quantity would not be out of reach if we had the right to
include X s, Y11 5 into the X'-norm, but due to the issue raised above, we must truncate our energy
scheme at the X; level.

To contend with this difficulty, we introduce a further nonlinear change of variables that has the
effect of cancelling out these most singular terms at the top order. This amounts to replacing the
linearized good variables (1.49) with another, nonlinear version, which is defined in (5.7). We note
that this difficulty does not appear in any previous work, due to the ability, for bounded values of x,
to appeal to the positive contributions of the tangential viscosity.

In turn, the energy estimate for the new nonlinear good unknown requires estimation of several
trilinear terms in the nonlinearly modified norms 1, defined in (5.18). We subsequently establish
the equivalence of measuring the nonlinear good unknown in the modified norm ®; to measuring
the original good unknown in our original space A" (see, for instance, the analysis in Section 5.2).

We emphasize that, in order to establish the equivalence of measuring the new nonlinear good
unknowns in the nonlinearly modified norm to the full X norm, we need to rely upon the full
strength of the X'-norm.

(6) Weighted in x and it mixed L L;Iembeddings: Due to the inherent nonlinear nature of this top order

analysis for ®, we rely upon several mixed-norm estimates of L% Lg with precise weights in x and
it in order to close our analysis of ®1;. This requirement is amplified upon noting that u,,, (1) lacks
the regularity in y that the background iz, has, due to the lack of higher-order y derivative quantities
in our || - [|x (which appear to be difficult to achieve due to {y = 0} boundary effects) and (2) lacks
decay as y — oo (we do not control weights in y in our X" space). Thus we must always place u,,,
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in Li in the vertical direction, and develop the appropriate weighted in i and xL% Lg embeddings.
These, in turn, are developed in Sections 3.3, 3.4, 5.2, and again, rely upon the full strength of our
X norm in order to close. Again, we emphasize that these analyses are completely new.

1.7. Notational conventions

We first define (in contrast with the typical bracket notation) {(x) := 1 + x. We also define z := \/XL? =
y

= due to our choice that xg = 1 (which we are again making without loss of generality). The cut-off
X

function y(-) : Ry — R will be reserved for a particular decreasing function, 0 < y < 1, satisfying

X(Z):{lforOSzgl (1.62)

Ofor2 <z< o

Regarding norms, we define for functions u(x, y),

1
lull = el = ([ avas)’s ol = sp_futeyl. (163
(x.y)eQ

We will often need to consider “slices”, whose norms we denote in the following manner

laleg = [ uteor ) (1.64

We use the notation a < b to mean a < Cb for a constant C, which is independent of the parameters
&g, 0. We define the following scaled differential operators

Ox
|, Aei=dyy + 0k (1.65)

Ve

Ve =

For derivatives, we will use both d, f and f, to mean the same thing. For integrals, we will use
f f = fooo fooo f(x,y)dydx. These conventions are taken unless otherwise specified (by appending a
dy or a dx), which we sometimes need to do.

We will often use the parameter ¢ to be a generic small parameter, that can change in various
instances. The constant Cs will refer to a number that may grow to co as § | 0.

1.8. Plan of the paper

Throughout the paper, we take the construction of the approximate solution, Theorem 1.4, as a “black

box”. It is proven in the companion paper, [[M21]. Section 2 is devoted to introducing the Navier-Stokes

system satisfied by the remainders, (u,v), and proving basic properties of the associated linearized

operator. Section 3 is devoted to developing the space X, in which we analyze the remainders, (u, v).

Section 4 is devoted to providing the energy estimates to control ||U, V||, and ||U,V||lx ,ny , for
ned il

n = 0,...,10. Section 5 contains our top order analysis, which notably includes our nonlinear change
of variables and nonlinearly modified norms. Section 6 contains the nonlinear analysis to close the
complete X’ norm estimate for (U, V).

2. The remainder system
2.1. Presentation of equations

2.1.1. Background profiles, [i, V]
We recall the definition of [i, ¥] from (1.15). In addition, for a few of the estimates in our analysis, we
will require slightly more detailed information on these background profiles, in the form of decomposing
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into an Euler and Prandtl component. Indeed, define

L . _ L .
ip = 12?,+Z<92u;,, iE :=Zszug. 2.1)

We now collect estimates on [iz, ¥] that we will be using in the analysis of (2.18)—(2.19).

First, let us recall now the Blasius profiles, defined in (1.21)—(1.23), which are a family (due to the
parameter xg) of exact solutions to (1.12)—(1.13). Recall also that, without loss of generality, we set
xo = 1. We now record the following quantitative estimates on the Blasius solution:

Lemma 2.1. Forany k,j,M > 0,

2™ 9% (i1 = DIy < Carpj ()72, (2.2)
i 1 4
2)™ 3% 0 (7, — 9. (x, )l < Car () 27572, 2.3)
i _1l_g_J
108) 5.y < Crjx)"27%2. (2.4)

We also have the following properties of the Blasius profile, which are well known and which will
be used in our analysis.

Lemma 2.2. For (i, v.] defined in (1.21), the following estimates are valid
|0yit. (x,0)] 2 (x)"2, Byl < 0. 2.5)

We will now state the estimates we will be using about our approximate solution. Note that we state
these estimates as assumptions for the purpose of this present paper. However, they are established
rigorously in our companion paper according to Theorem 1.4.

Assumption 2.3. For 0 < j,m, k, M, < 20, the following estimates are valid

i ik L,i_
107 (y8y)™ 0% it 7 | oo + ||Ec'))](uxj||oo < Cr.js (2.6)
. ok 1 . .
10 (v0) "3} 7T o + [ = 05272 o < Ci. @7
21101 (Yoy) it (0)7 3 oo + 1104 (Y ) 01 ()74 oo < Ci s 2.8)
. »
107 (yy)* 8t ()M (XY 2 loo < Cijomt 2.9)
197 (v9y) <87 p ()M (x)7*4*2||ow < Cr ot - (2.10)

We will need estimates which amount to showing that i remains a small perturbation of 12?,.

zforngS%

Assumption 2.4. Define a monotonic function b(z) := { , where b € C*. Then

lforl <z
1676 (i — %) (x) £+ %5 |0, < Cr Ve, 2.11)
iy
s slandl s||5 1, (2.12)
b(Z) ip
_1
lityly=0(x)] 2 (x)~2. (2.13)

We will need to remember the equations satisfied by the approximate solutions, [i, v], which we
state in the following assumption.
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Assumption 2.5. Define the auxiliary quantities,
= Uy +Viy — U = UVy +VVy, .

Y y (2.14)

For any j, k,m > 0, the following estimates hold:
x05) K (y0y) | + | (x5 )* x28,) < Velx ~(1+55) (2.15)

y y
x0y)" (y al < ax -3, (2.16)
3k (yay)™
2.1.2. System on [u,v]

We are now going to study the nonlinear problem for the remainders, [u, v]. We define the linearized
operator in velocity form via

Cluv] = L= Lzux+ﬁ{v+t_2xu+17uy - Aqu 2.17)
Lo =ivy+uvy+vvy, + v, v —Agv
Our objective is to study the problem
Px _ FR Nl(u,v) _
E[u’v]+(ﬁ)_(GR)+(N2(u,v) s uy+vy,=0,0onQ (2.18)
[M, V] |y:0 = [M, V] |yToo = O’ [M, V] |x=0 = [Ma V] |xTDo =0. (219)

Above, the forcing terms Fr and G are defined in (1.42), and obey estimates (1.43). The nonlinear
terms are given by

N N
Ni(u,v) = STZ(uux +vuy), No(u,v) = STZ(uvx +Vvy). (2.20)
In vorticity form, the operator is

Lyort [, v] 1= —ttyyy +28Vixy + 2V ixx — A oV + VA ol — UA &V + VA L. (2.21)

2.2. The good unknowns

We first introduce the unknowns

q:

:II%

L Usdge -y Vidg=i+ e @)
from which it follows that
u=ulU+iyq, v =10V —li,q. (2.23)
An algebraic computation using (2.23) yields the following
Wiy +0yv +Vuy +itu =T [U] + I/_t?,yyyq +20U + ¢y,
where we define the operator 7, [U] via

TilU] = Uy + avUy +2it)), U. (2.24)
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We now perform a similar computation for the transport terms in £,. Again, a computation using
(2.23) yields the following identity

Wy +uvy + vy + v,y = H[V]+aU +ayq+{V,
where we have defined the operator 7,[V] via
V] i= @V + avVy + it V. (2.25)

We thus write our simplified system as

TilUl +20U + {yq — Agu+ it g+ Py = Fg + N}, (2.26)
Py

TZ[V]+aU+ayq+§V+?—AgszR+N2, (2.27)

Uy +Vy =0, (2.28)

and we note crucially that due to division by a factor of i, we do not get a Dirichlet boundary condition
at {y = 0} for U, although we retain that V|,—o = 0. Summarizing the boundary conditions on [U, V],
we have

Ulke0 = V]x=0=0,  Ulyeoo = Vlyzw =0,  Ulyeoo = Vlxew =0,  V]y2o=0.  (2.29)

Despite not having a Dirichlet condition at y = 0, U will be bounded as y — 0. Qualitatively, this is a
consequence of the vanishing u|,-o, the second order vanishing of ¢ as y — 0, and the second relation
in (2.22). Quantitatively, we will control the trace, U|,¢ as part of our norm (see below, (3.2)).

It will be convenient also to introduce the vorticity formulation, which we will use to furnish control
overtheY, 1 norms, which reads

OyTiLU] = 0y T3 [V] = ttyyy = 2ettnry + €%V + O (i)
=2(LU)y + (&yq)y — (aU)y — e(ayq)x — €({V)x + 0y Fr — €0xGR + OyN| — 0 N> (2.30)

We also now apply 6)5") to (2.26)—(2.28), which produces the system for U™ := 97U, V" := 9V,

THU™T+20U™ +£,q™ — A gu™ + 75, g™ + P = 92 Fg + 01N; - CJ, 2.31)
(n)
P
IV +aU™ +ayq™ + v + % ~A V™ = "G+ "N, - CE, (2.32)
U +vi = o, (2.33)

where the quantities C{', C} contain lower order commutators, and are specifically defined by

n—1
cr = Z (Z) @7k U™ —grk g g0 4 gk @ U 1 9n K au
k=0
+207 7%l U™, (2.34)
n-1
Cy = Z (:) (07 *aU® 1+ 9" %, g™ + g1k v B 4 gk g2y (kD
k=0

O @V + o, ). (239
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3. The space X

In this section, we provide the basic functional framework for the analysis of the remainder equation,
(2.18)—(2.19). In particular, we define our space X and develop the associated embedding theorems that
we will need.

3.1. Definition of norms

To define the basic energy norm, we will define the following weight function
g()? = 1+ (x)"m. 3.1)
Define the basic energy norm via
U, VIR, = IVaUygl* + Ve VaU.g|* + lleVaVegl® + ly=ity, Ugll*
+ ellN=iiyy VeII? + Wiy UglP—g + 13U ) ™330 | + |VeaV (x) "M | (3.2)

Remark 3.1. Although the function g(x) is bounded above and below, it is decreasing and therefore
will provide some coercive terms when —d, acts on it. These coercive terms are exactly the final two
terms in (3.2), and this calculation is in (4.7), (4.23).

To define higher-order norms, we need to define increasing cut-off functions, ¢, (x), forn =1, ..., 12,
where 0 < ¢,, < 1, and which satisfies

< <
O et
The “half-level” norms will be defined as (forn = 0, ..., 10),
10 VI, ., = 1GUS 3" G+ VeV "2 g, (3.4)
10 Vil = INGUSE" 2 g+ IVEVEUL €™ g
+ IVaeU X2 g [| + Wiy U2 b [y, (3.5)
WUVl o,y = 10 VI, + 10V, (3.6)

2

St

We would now like to define higher order versions of the Xy norm, which we do via

U, Vlix, = INGU 5" gl + [VEVAUL " 1% + Il Vv x" g |2
+| V_’ZyyU(n)xn¢n”2 +éel V_ﬁyyv(n)xn¢n”2 + ] V’ZyU(n)xn(f’n”i:o» 3.7

We will need “local” versions of the higher-order norms introduced above. According to (3.3), since
¢1 = lonlyonx > 215, we will need higher regularity controls for 0 < x < 215. Define now a sequence
of parameters, p;, according to

p2=0, pj=pj-1+5 (3.8)
Set now the cut-off functions ¥, (x) = 1, and

0 f ,
orr=pj for3 < j <11 3.9)
lforx > pj+1

Yj(x) 2={
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Our complete norm will be

10
0. Vil = Y (10 Vi, + 10, Vix,,, + ||U,V||yn+%) + 11U, Vlx,, + 11U, Ve, (3.10)
n=0

where quantity ||U, V||g will be defined below, in (3.13). We will also set the parameter M| = 24.
It will be convenient to introduce the following notation to simplify expressions, where k = 1, ..., 11,

U, Vil : ZHU Vilx, +Z||U Vilx,, o, (3.11)
Jj=0 Jj=0
k— k—1
UVl - Zouu Vilx, +ZOHU Vo, (3.12)
= J

and the “elliptic” part of the norm, (3.10) via

11

11
U, Vg = )" e l1(0Kuy, Vedkug, e0fvpunll+ D ell(0fuy, Vaoiuy, e05v)yi-iell.  (3.13)
k=1 k=1

Above, the functions y r+1 (x) are additional cut-off functions defined by

0onx < 197 + 10k
. = = . 3.14
Ve-1.k () {x > 198 + 10k (3-14)

Yk-1,k is supported on the set where ¢x_1 = 1 and ¢y is supported on the set when y;_; x = 1. The
inclusion of the ||U, V||g norm above is to provide information near {x = 0}.

3.2. Hardy-type inequalities

- ;
We first recall that z = e We now prove the following lemma.

Lemma 3.2. For 0 < y << 1, and for any function f € H., for all x > 0, the following inequality is
valid:

_ 1 1
16y < YN Fr o + S A1 (3.15)
Proof. We square the left-hand side of (3.15) and localize the integral based on z via
Z z
/fzdy=/fzx(;>dy+/f2(1 —x()dy. (3.16)
For the localized component, we integrate by parts in y via
z z Z 1 y 4
[rxGa=[amro=-[nia-- [ Zrvde. e
Y Y Y YJ Vx Y

We estimate each of these terms via

| [y1exra] < il a?.nyuL;, <OfIE + ComlNap i, Ga®)
1 1 1 1
5[ Erval=| [ 21 a] s S, (3.19)
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where above, we have used (2.12). For the far-field term, we estimate again by invoking (2.12) via

1
[ ra-xi ))dy|—|/| PP XS I 620
We have thus obtained
1£17; < Olf1I7; + Coyxl ﬁ%fyug IIﬁ,,fIILz, (3:21)

and the desired result follows from taking ¢ small relative to universal constants and absorbing to the
left-hand side. |

We will often use estimate (3.15) in the following manner

Corollary 3.3. Forany k > 0, 0 < y << 1, the following inequalities are valid:

U $reat )X 1L+ IIVEUS i 1+ 16V 1 (OF Il < UVl + CylIU. Vi, (3.22)

[N

1 - _ 1
U )% 2 g | < yINGUSHD ) g | + Co U ()2 g |, (3.23)
1 - _ 1
VeV ()% 2 g |l < yIVaVEVH ()¥* gl + Cy IVEaVE ()52 prn || (3.24)
Proof. Estimate (3.22) follows immediately upon taking f = Uﬁk) Bres1 0V, VEUR ¢rir 0K, or

eV g1 (x)* in (3.15). Estimates (3.23) and (3.24) follow upon choosing f = U (x)k*2 and
f = veV® (x)k*3 | respectively. |

We will need to state another corollary, which applies only to the lowest order terms.

Corollary 3.4. The following inequalities are valid:
U Gx)™2720 ||+ |[VEV ()20 | + [[Veq(x) 30| < |U, Vix, (325)

Proof. The U and V bounds follow upon choosing f = U (x)_%‘f)o in (3.15), whereas the g bound
follows from the standard Hardy inequality valid as g|x= = 0: |[\eg (x)‘%_ﬁ Il s ||\/§qx<x)‘%‘ﬁ | =

IVEV (x)= 2~ w0 ]. o

We now need to record a Hardy-type inequality in which the precise constant is important. More
precisely, the fact that the first coefficient on the right-hand side below is very close to 1 will be important.

Lemma 3.5. For any function f(x) : R, — R satisfying f(0) = 0and f — 0 as x — oo, there exists a
C > 0 such that

/<x> W12 12 gy < 1—01/<x> MO 2 ek < 01|/<x> 2, L. (3.26)

Proof. We compute the quantity on the left-hand side of above via

/<x>73.01ﬁ2f2dx=_/ 6 < >201M2f dx

2.01
201/<x> 201 2ffde+m/<X> 0, f dx
< 501 /(x) 30172 £2 dx+201 /(x) L0172 42 dx+201 /<x> 20054, £ dx,

(3.27)
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which, upon bringing the first term on the right-hand side to the left, gives the inequality (3.26) with
the precise constants. O
3.3. LY L} embeddings

We will now state some L% Lg type embedding theorems on (U, V) using the specification of ||U, V|| x.
The reader should recall the notational convention that V) := 3]V

Lemma 3.6. For 1 < j < 10,
1 . .
gz||v(1)<x)1¢j+l||L§L;9 S U Vllag, (3.28)
1. B .
et laV ) ¢ jullzy s U Vi, (3.29)

(8]

Proof. We begin with (3.28). For this, we first freeze x and integrate from y = oo to obtain
[ : [ RPN : , 1o 1 i 1
2|V Py 3| = 267 / VOV ()67 dy'| < eV () 2l 10 (07 2 gl
y
= eV U g 2 10 @) gl . (330)

We now take Li and appeal to (3.23)—(3.24).
Similarly, we compute

S|V gl <260 / VOV ()Ml dy| < 82 / a2V NOY (0 63, dy
y y
1 i i1 _ il
s e @V @2 g @y ()2 g (3.31)
where above we have used that i, (y’) > i.(y) > 0 when y’ > y to bring the @2 factor inside the
integral. We now use (2.12) to conclude. ]

We will now need to translate the information on (U, V) from the norms stated above to information
regarding (u, v).

Lemma 3.7. For2 < j <10,0<k <10,1 <m < 11, and for any 0 < 6 << 1,

(O k42 gy 1] + [1Ver E k2 g || < CallU,Vilx,,,., + 81U, Vi, (3.32)
1™ X G| + VEN X Byl + llv X" Sl < U, Vs, (3.33)
I|%5£v<x>f¢j+1lngL§9 < U, Vix, s (3.34)

oty @jallizeg < 1V Vil - (3.35)

Proof. To prove these estimates, we simply use (2.23) to express (u, v) in terms of (U, V). We do this
now, starting with (3.32). Differentiating (2.23) k + 1 times in x, we obtain

0 ksl
Nl XK 3 g |l < 1+ I,

where

k

k+1 _ 1 _ k- 1

I :=Z( l )(Maiﬁaﬁ A2 i + 103,057V 2 g ),
1=0

_ 1 _ 1
L = (|05 GUx 2 gy || + 1|05 i1y gxc¥ 2 e |
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We first estimate /; as follows
k k+1 1 1
I < Z ( ; )(||aiﬁa,’§‘luxxk+z¢k+1 1+ 1105y 05~ V"2 g )
k l -
sy ||—x ol Uy 3 g | + (102 32 oo 105V 3 e |
=0

k
< " Colladk U ) 3 grall + @0k Vyx 2 g | + 5|VGOH U T g |
=0

k
< Y CsUVlix, ., +61U Vi), (3.36)
I=0 E

where we have invoked (3.23).
We turn to I, which requires a different estimate. We recall the splitting of the background profile

into Euler and Prandtl components, (2.1). For the Eulerian piece, we estimate as follows
k+l - k+t k+lq = kel
Lop =10 apUx™2 pq || + 105 Oyiig qx™ 2 ||
k+3 ak+1 - k+3 k+1 - -1
< (X" 20 dg s + 1X*72 (yay) 0y e l=)1U) | < 11U, Viix,-

For the Prandtl component, we estimate as follows

Dp = 105 @, Ux 2 g || + 11057 8yt "2 g
< 105, (U = U(x, 0)x* 2 g | + 1105+, U (x, 0)x* 2 gy |
+ 110510y, (g — YU (x, 00)x**2 gt | + 105 0yt yU (x, 0012 |
U-U(x,0)
y

K+l = k+d k+l = k43 -1
SN0 apyx™ 2 ||| [+ 1105 x5 o2 U (x, 0)(x) 73 I 2
x Hy X

_ 1 qg—yU(x,0)
+ 105+ oyt y*xK* 7| L [———II+ |05+ yo, upxk+4||L°°L2”U(x 0){x)~ 4||Lz

k+1 - k+1 k+lq - 2 k+i
< (105 dpyx™*2 || + [0y Oyt py~x +2||L°°)||Uy”

k+l - _k+3 k+1 _ k43 _1
+ (10 dpx™ I pop2 + 10" yyitpx"™ |0 2) U (x, 0)(x)"#]] 2

S ”U»V”Y% +|U, VlIx,»

where we have used the inequality (3.22). This establishes the bound of the first quantity in (3.32). The
analogous proof works for the second quantity in (3.32).
For the first quantity in (3.33), we obtain the identity

m

™ =" (”;) (0Ladm Uy +20La, 077U + 8Lityy 0 q). (3.37)
=0

‘We now estimate

5l < 3 |25 | INa0 Uy ™ ]
m—1
1 _1— I
+Z 9%y () 2 o102~ U Gy ™12 |
=0
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_ U - U(x, 0) _ 1 1

1| 0 3 WU e 0 )
m—1
4x
+ 3 oy () el ) g
1=0
m - m q_yU(x’O) m. - m+1 _1
+ |0y Ty y*x IIwIITIHIIé‘x Yityy ()™ ¥ Lo 2 11U (6, 0)€0) 7% 2.
(3.38)
where we use above that m > 1 in (3.33).
We now arrive at the mixed norm estimates in (3.34). An immediate computation gives
||:a;v<x>f¢j||LszsZ\ <>H 10871Vl 2
i YT
j2
- .
o 3|2 o | g a0z
=0
iyt V 1 il il g, L
S CLIOERN IR I TGRS IORL B
& V, o q 1
S DUV + |5, + 500700 (3:39)

where we have invoked (3.28). To conclude, we need to estimate the final two terms appearing above.
First, we have by using V|,-¢ = 0,

V. .1 1
(XS B RSN AP (3.40)

LiLY

where above we have used the estimate
R R P !
(NU3 = / UV UL dy'| U002 N2 10y ()2
y
- 1 - = - 3
< (12U 2 2 + INEU (02 ANVEUSY ()12 + IVGUSY (02 ,2),

which, upon taking supremum in y and subsequently integrating in x, yields [|Uy (x) 1) !”L2L°° <

U, v|> X . An analogous estimate applies to the third term from (3.39). The estimate (3.35) works in
a nearly 1dentlca1 manner, invoking (3.29) instead of (3.28). O

3.4. Pointwise decay estimates

A crucial feature of space X’ is that it is strong enough to control sharp pointwise decay rates of various
quantities, which are in turn used to control the nonlinearity. To be precise, we need to treat large values
of x (the more difficult case) in a different manner than small values of x. Large values of x will be
treated through the weighted norms in (3.10), whereas small values of x will be treated with the H*
component of (3.10), at an expense of ™M1, We recall from (3.3) that ¢1,(x) is only nonzero when
¢j=1forl <j<I1I.

Lemma 3.8. For0 < k < 8§, and for j =0,1,

1
& oy U (k)<x>k+4+2¢12”L°° < U Vilx, VeV ® ) *2g1alls < 1U, Vv (3.41)
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Proof. We first establish the U decay via

Uit = |- / W Ury) i 67
y

s oo 5 o] [ s
< |/ / 2Uxxey<x>§¢%2|+)2/ / UXUXX)’<X>2¢%2|
y x y X
e 00 3 [ o ,
+5|/ / Uxuxy<x>z¢f2|+|/ / AU Uy 128}
y x y x

< U (62 @12l Uy (X1l + U ()2 12| Uy (XY 212
U2 11Uy ()12l + U1 11Uy b - (3.42)

We now perform the same calculation for the V decay in (3.41). We begin with V,, via

V0= [ 26vivny sy
y
5/ / 2g|Vxx||ny|<x>3¢%2d)”dxl+/ / 28|Vx||Vxxy|<x>3¢%2dy’dxr
y Jx e

N / / 6elValIViy ()62, dy d” + | / / 4elVIViey | () 0128, dy” d”

y X y x
< VelVaVi (02 g U ()2 g1l + VEllVEVi (x) 2o 102 ()25 61
+VEllVEVL ()2 g1 lIIULY () 2 g1 | + VallVEV ()2 11 UL () 2oy . (3.43)

From here the result follows upon invoking (3.23)—(3.24). The same computation can be done for higher
derivatives, and for U, V themselves we use the estimate

o0 o s , i
Uz = o1s / U <10 Vil / oyt e < (UL Vs (3.44)

and similarly for V, we integrate

o 1 & 3 1 1
Vo = dis / Ve < e UL VIx / Yy e 5 ()b UL Vil (3.45)
X X

This concludes the proof. O

It is also necessary that we establish decay estimates on the original unknowns (u,v). For this
purpose, we define another auxiliary cut-off function in the following manner

Siy() = {o for 0 < x < 60 .46

1 for x > 61

The main point in specifying ¥, in this manner is so that its support is contained where y; = 1 for
j =2,...,11 and simultaneously ;> = 1 on the set where ¢ is supported. Then, we have the following
lemma.

Lemma3.9. For 1 <k <8 and j=1,2,

1 3 1 1 -
IO S ol + lluy 2 allos + | u Ot Syl < MU VL (3.47)
(k) k+1 v k+id -M,
WO 2y palle + I —2"*2yille < &MU, Vil (3.48)
j I -
15u O x 2yl ez < MU, Vs (3.49)
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where we recall that have made a concrete choice for the parameter M| = 24 after (3.10). In addition,

1¢x) ¥ [|oo + [VEV () ? oo < &MU, V|2 (3.50)

Proof. We note that standard Sobolev embeddings gives ||u vy 5le < W isllge < e U, V||,
and similarly for the remaining quantities in (3.47)—(3.49). Next, we appeal to (2.23) to obtain

—ak— 1 _ _ 1
x5 gl < Z( )(Haiua!: U5 g 10l + 11051, 0 ™ g3 3 P12 l)
1=0
k

_ 19 j—1+l
< 3 0k o5 UL 1ol + 19y o 05 Tl
1=0

k
Z 105U "3 615100 < 11U, Vs
1=0

where we have invoked estimate (3.4 1) as well as the bound (applied to ('))/C“l q):

f 1 [ 1
1=l = 1= [ Flles S N=yllflle=lle= S N fylles,
y y Jo y

for a generic function f(y) satisfying £(0) = 0. To conclude, by using that x < 400 is bounded on the
set {12 =1} N {p12 < 1}, we have
1 1 1
O x4 2y o]l < O35 (1 = gro) oo + 0O 2y 12610l

< &MUV + lu®x g1l < MU, Vv (3.51)

The remaining estimates in (3.47)—(3.50) work in largely the same manner. O

4. Global a-priori bounds

In this section, we perform our main energy estimates, which control the ||U, V||x,, ||U, V|| Xy U, V||Yl ,

and their higher order counterparts, up to [|U, V||x,,. U, Vx5 |1U, Vlly,es- When we perform these
estimates, we recall the notational convention for this section, which is that, unless otherwise specified
f g = /0 /o g(x, y) dy dx. For this section, we define the operator

d
div,(M) := 0, M + ?YMZ, where M = (M, M>). 4.1)

4.1. X, estimates

Lemma 4.1. Let (U, V) be a solution to (2.26)—(2.28). Then the following estimate is valid,

”U’V”}Z(O < |7;(0| + |"TX[)|’ (42)

where
= [ Nivger+ [ enaver? + gpat ) @3
Fxo = / FrUg(x)* + / sGR(Vg<x>2+mq<x> =), 4.4)
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Proof. We apply the multiplier

1
My, := [Ug’. V5" ~ £q0,(s7)] = [Ug” eV’ + e5sa(x) ™ ] 45)

to the system (2.26)—(2.28). This produces the long identity
Pressurey, + Transporty, + Errory, + Diffusiony, = 7x, + Fx,-

We now provide the definition of each of these terms appearing on the left-hand side.

2 Py 2 1 —1-7s
Pressurey, := [ PyUg~dydx+ | —(eVg~+ 8mq(x) 10 ) dy dx,
&

Transporty, := / Ti[U1Ug(x)* dy dx + / T2[V1(eVg? +e(.01)g(x)"11) dy dx
Diffusiony, :=/(—6§u+ﬁ(l),yyyq)Ug2dydx—/Suxng(x)zdde

1
—/vyy(ng2+smq(x)_l_ﬁ)dydx—/szvxngzdydx

Errory, ::/2§U2g2dydx+/{qugzdydx+/£aUVg2dydx

1
+/saqugzdydx+/s{V2g2dydx+m/eaUq(x)’lfﬁ dy dx

1
sayqz(xyl_ﬁ dydx + — / S{Vq<x)_1_ﬁ dy dx.

T 100 100

We observe that div.(My,) = 0, and moreover that the normal component vanishes at y = 0,y = oo.
Therefore, the Pressurey, term vanishes via

P 1
/Png2+/?y(ng%gmq(xrl—%)=—/Pdivg(Mx(,)=o.

The strategy of the proof will now be to establish the following bounds
|Errory,| < \/E||U,V||)2(0, Transporty, + Diffusiony, > c||U,V||>2(0 —C(We+6)|U, V||,2(0, 4.6)

for two constants ¢, C > 0 which are independent of € and §... This will then give the desired inequality,
(4.2) for small enough values of &, §..

Over the course of the many calculations appearing in this lemma, several subtle cancellations need
to be obtained between the Transporty, and the Diffusiony, term (which is why we keep them together
in (4.6)). Due to the interaction between the terms in 7; [U] and the terms in Diftfusiony,, we treat these
first (Steps 1 and 2), and postpone the treatment of the 7;[V] component of Transporty, until Step 3
below. We treat the Errory, contributions in Step 4 below.

Step 1: T1[U] Terms: We now arrive at the transport terms from 77, defined in (2.24),
/ Ti[U1Ug(x)*dydx = /(zzQUx +ivUy +2i),, U)Ug” dy dx

1 _ - __ 1 __ _
= 500 U (x)" "0 —/'uuxU2 2—E/ay(uv)U2g2+/2u?,yyU2g2
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_ b U2 (x)" 1T 1 (it + i) U2 + | 22 U2g?
=500 it X > ity + vity)U"g i,y U8
L E/ U2g? - / (UG = Z 0, (@.7)
200 2 “pyy '

where we have invoked (2.14). The term Tlo is a positive contribution towards the Xy norm. The term T20
will be cancelled out below, see (4.10), and so we do not need to estimate it now. The third term from

“.7), T30 , will be estimated via

| [ v <& [0t < VB VIR, (48)

where we have invoked the pointwise estimates (2.15), as well as the Hardy-type inequality (3.25).

Step 2: Diffusive Terms We would now like to treat the diffusive terms from (2.26)—(2.27). We group the

term ﬁgyyyq from (2.26) with this treatment for the purpose of achieving a cancellation. More precisely,

we will begin by treating the following quantity, for which several integrations by parts produce

1 _
/( 0 u+upyyy61)Ug2=/”yUyé’z"’/y_oqué’zdx_z/”opyyyyng2
1
:/ﬁU§g2—2/MyyUg + = /[);'(u—up)q /OﬁyU2g2dx
y=

= DY+ DY+ DY+ DY. 4.9)

We have used that iy |y— = (@Uy+2ity U+ityyq)|y=0 = 2iiyUly=o. Both DY, DY are positive contributions,
thanks to (2.13). We now note that the main contribution from the Dg term cancels the contribution T20 R
and generates a positive damping term of

3 1
0 0 2,2 = 2,2 2 = 2,2
T, + D, = E/ pyyU Z/MyyU g :_E/ pyyU /(uyy pyy)U
1 _ 1 0 - o
:—E/nyu*Uzgz—E/ﬁyz(uop—u*)Ung—Z/(uyy - i), U8’ (4.10)

_. o0 0 0
= D2,1 + D2’2 + D2,3

The first term on the right-hand side above, due to i, is a positive contribution due to (2.5). For the

term D2 2 We estimate via

5 [ - avidl <o [ i <au iR,

where we have appealed to estimate (1.36), as well as (3.25).

The remalnlng contribution, DY ,, we estimate by invoking the pointwise estimate lityy — i ] <

2,2° pyy

Velx)~1- % due to (2.11). The third term from (4.9), DY, is estimated by

- _ C] _1_ 1 N N
| / oy (i1 — 1) g’ g% < «/E||;<x> |2 5 Vel| Uy 272 < VellU, VI, (4.11)

where we have invoked estimate (2.11) and subsequently the standard Hardy inequality iny, as g|,-0 = 0,
as well as (3.25).
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The next diffusive term is
—/suxng(x)2=/suxeg(x)2+2/sung(x)g’(x). 4.12)

upon using that Uly-9o = 0. The g’ term above is easily controlled by \/E||U(x)‘%_ﬁ 1> +
VellVeViaU,g|* + \/EII\/EV(x)‘%‘ﬁ |I> upon consulting the definition of g to compute g’, and defini-
tion (2.23) to expand u, in terms of (U, V, q).

We now address the first term on the right-hand side of (4.12), which yields,

/suxegzzjsax(ﬁU+ﬁyq)ng2

_ 1 _ 1 _ _
:/guU,zcgz—5/suxxU2g2+E/suxxyyq2g2+/8unyVg2
1 7
—§/sﬁny2g2+/sﬁxyyngg'—s/ﬁxgg'U2=ZDl!. (4.13)
i=1

‘We observe that Di is a positive contribution. We estimate D% via
e [ gVl 5 elUG) P 5 eV VIR, (4.14)

and similarly for D!, where we have invoked the pointwise decay estimate on ii; in (2.6). The remaining
terms, Dé, e, D é will be placed into the term 7; defined below in (4.21).
We now arrive at the vy, diffusive term from (2.27), which reads after integrating by parts in y,

1 1
—‘/vyy(ng2+8mq(x>fl’ﬁ)=/svyVyg2—m‘/8va(x)fl’ﬁ. (4.15)

The second contribution on the right-hand side above is easily estimated by appealing to (2.23) and
estimate (2.7), which generates

1

| / BV = ixq)Uy ()] 5 VE(IVEV ()55 |+ VElay kel U )™ 4 501 ) | VaUy |
< VEIU, Vi U, Viix,,

where we have invoked the Hardy type inequality, (3.15) to estimate the U, V terms in parenthesis above,
and the definition of the |U, V||x, norm which contains the term IIVﬁUy Il
For the first contribution on the right-hand side of (4.15), we have the following identity

1 1
/evyVyg2=/sﬁV3 2—5/sﬁny2g2+5/8ﬁxxyyq2g2+/sﬁnyVg2
7
1 _ - , _ ,
—E/suxxU2g2+/suxyyq2gg —/8uxU2gg =ZD%. (4.16)
i=1

We observe that D% is a positive contribution, whereas D2, D% are estimated identically to D!, D;. The
remaining terms, D3, ..., D will be placed into the term 7, defined below in (4.21).

We now arrive at the final diffusive term, for which we first integrate by parts using the boundary
condition V|y=¢ = ¢|x=0 = 0,

/ —e?v Vgr -2 / e*vyrqgg’ = / g2, Vig? + / 26%v.q(gg’) . (4.17)
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The second term above, which contains a g’ factor, is easily controlled by a factor of V¢||U, V||)2(0 by
again appealing to the definition of g and (2.23). For the first term on the right-hand side of (4.17), we
have

_ _ 1 _
‘/asz\/xVXgZ:/32uV§gz—2‘/<~32LLXXV2g2+§/szumqug2

6
+ / &g’ (38') + / 26%xxxq 88" / 2670, V28 = ) D). (@418)

i=1

The terms with g’ above are easily controlled by a factor of e||U, Vll)z(0 by again appealing to the
definition of g and estimate (2.6).
We now expand the damping terms, which are terms D ; and D%,

Di+D3= _/ eity, Vg% = —/ sil),, Vg - / & (ityy — i1, Vg, (4.19)
We estimate the latter term above via an appeal to (2.11), which gives

1

_ _ i1
| [ &, - ,,)V26 < ellvev e+ i < sl VI, (4.20)
We now consolidate the remaining terms from (4.13), (4.16), (4.18). Specifically, we obtain
D)+ D} +D}+D3+D}+D2+Dj+D3+D; =7,
where we have defined

1
Ji ::—‘/SIZMU2 2—2/szﬁxxV2g2+/2£ﬁnyVg2+/ (sﬁxxyy+§82ﬁxxxx)q2g2. 4.21)

To estimate these contributions, we simply use the fact that ||,y (x)?|lo < 1, ||ﬁxy(x)%||o<, < 1,

9
1y (xxyy + @5 ) () lloo < 1, and [l xxxxllLy S VE(x)™Z according to the estimates (2.6)(2.7).
Upon invoking these pointwise bounds, we estimate

(711 < el UG P + el VeV oo 12 + VEllU o)~ F VeV ()3 | +s||§<x>‘1||2 +&llVeq(x) |
S VellU, VI,

upon invoking the Hardy-type inequality (3.25).

Step 3: T2[V] Terms We now treat the terms arising from 7,[V], which has been defined in (2.25).
Specifically, the result of applying the multiplier (4.5) is

/ TIV](eVg® + £(01)glx)™0)

- / eT>[VIVg? + &(.01) / B2Veg(x) 0 4 £(.01) / (@vVy + %, V)gx)y ™0
=T/ +T) +T5. (4.22)
For the first term on the right-hand side of (4.22), 7!, we have the following identity

T = / eT2[VIVg® = / e’V Vg* + f euvVyVg* + / ety V2g*

3
_1 —0 20 1 2 2 1 S S B (St S 1
—zf%yyv ‘5/84” *a00 ) VO _ZlT (4.23)
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where we have invoked (2.14). The term T21 is estimated in an analogous manner to (4.8), whereas T31
is a positive contribution to the Xy norm. On the other hand, T]1 combines with D ; + D% to produce a
. 1 (= 2,2
damping term of the form -3 [ % £V?g?. )
We now need to address the contribution of T21. Integrating by parts, we get

1
T2

.01/ea2v2<x>-1-01 —2(.01)/sﬁﬁqu(x)_l‘Ol +(.Ol)(l.Ol)/eﬂqu(x)_z‘Ol

.01/ea2v2<x>*'~°‘ —2(.01)/saaXVq<x>*1~°1

1 1
—E(.Ol)(l.Ol)(Z.Ol)/sﬁzqz(x)_3'01—5(.01)(1.01)(2.01)/sﬁﬁxqz(x)_z'm (4.24)
=Ty +Ty,+Ty 5+ Ty,

Of these, the third term, T2l 5 is very dangerous due to a lack of decay in z for the coeflicient. To treat it,

we combine T21 15

. - .01)(1.01)(2.01
R R e RO

T1 5 5 and T1 to obtain the expression

5 (3(.01) _ (-01)(1.21)(2.01) ltl)/8ﬁ2V2<x>—l.01
_con(. 01)(2 01) 2 20177 42
1.01 /< 2
> — 01 v2< YO _ o1 (2. 01)/s<x> 200 g2, (4.25)

where we have used the precise constants appearing in (3.26).
We now estimate the error term from (4.25) by now splitting & = if, + iig, according to (2.1). First,
we have

201+~ _ q, .- -
|/8<X> 2N prg’| s ||upxy2||008”;<x> NP s elun TN s UL VI, (4.26)

where we have used estimate (2.9). For the il component, we may use the small amplitude and
importantly the enhanced decay in x from (2.8) to obtain

_ __ 3 _ 1 _3
| / ) 2 g g?| < £ / ()32 < e IVaV ()R < VEIU.VIE, . (4.27)

The error terms 7, , and 7, , are estimated in a nearly identical manner.
We now address the third terms from (4.22), T. 3 , which upon integration by parts in y gives

£(.01)] /(wv +ii, V)g) ™0 < g /(agyy — (@9)y)Vq{x) ™0 + g / VU (x)~0|
_ __ 1 o\ _3 _3
< \/E(II(upyy = (@9)y)yx)? lloo + [[7x)2 IIoo)IIU<X> MIVeV@) 7l s VelU, VIIZ,» (4.28)
where we have appealed to the estimates (2.6) as well as (3.25).
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Step 4: Brrory, Terms The first term in Errory, is identical to (4.8), which has already been bounded
above by a factor of \&||U, V||§0. We next move to the second term in Errory,:

1L 1L -1 L
| / £yqUg’| sxfzngm T [|JUG) 2T S VellU@) T S VellU VIR, (429)

where we have invoked the pointwise estimates (2.15) on the quantity |yd, (|, and used the standard
Hardy inequality in y, admissible as g|,—0 = 0. We next treat the third and fourth terms from Errory,,
which we estimate via

| [ savve|se [ iovi s veloe HiNeve s VElo VI, @30)
| [ easave?| s e [ L < VeI L Hivev e i< VeIV VIR, 3D

Above we have relied on the coefficient estimate in (2.16). The fifth term in Errory, is treated analogously
to the first term. For the remaining terms, we estimate as follows

3 _3 _7
|Errory| < Vella@)? o lUG) 73 [[Veq(x) 75|l < VellU. V%,
_7
|Errory)| s Vellayy(x)? ||m||—<x> IVeq) 11 < Vellu, VI,

|Error{y| < \/_II\/_<X>1+5"IIOOII\/_V(X> 70 || Veg ) T3] < VEIUL VI,

where we have repeatedly appealed to the coeflicient estimates (2.16) as well as the Hardy-type inequality
(3.25).

Step 5: Conclusion The bounds in Step 4 establish that |Errorx,| < Vel|U, V||)2(0. We now consolidate the
Transporty, + Diffusiony, bounds. Recall the definition of the Xo norm, (3.2). The first three quantities
in (3.2) are controlled by DY, (4.9), D!, (4.13), D2, (4.16), and D3, (4.18). The fourth and fifth terms
appearing in Xy are damping terms, which are found in (4.10) and (4.19). The boundary trace term
appearing in Xy is controlled by Dg appearing in (4.9). Finally, the U, v/eV terms appearing in X, are
controlled by the lower bound in (4.25) as well as Tl0 in (4.7). Therefore, all components of the Xy norm
have been controlled from above by Transporty, +Diffusiony,. All of the (many) remaining contributions
from Transporty, +Diffusiony, have been shown to be bounded above by Vel|lU, Vllf(0 or by 6.||U, V||;2(0-
This then establishes the inequalities in (4.6), and therefore concludes the proof of Lemma 4.1. O

4.2. % level estimates

We now provide estimates on the two half-level norms, ||U, V||x, and |U, Vlly, .
2 2

Lemma 4.2. Let (U,V) be a solution to (2.26)—(2.29). There exists a universal constant C > 0 such
that for any 0 < § << 1, the following bound holds:

||U,V||§(% < CCs||U, Vg, +6IU, VI, +6||U,V||%% +ClTx, |+ C1Fx, | (4.32)

where
% : / N U x¢? + / Na(eVixdy ()% + eV (x)? + 2V 4)), (4.33)
]-'X% = / FrU,x¢7 + / Gr(eVixg) (x)* + Ve (x)? +2eVxd1¢)). (4.34)
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Proof. We apply the weighted in x vector-field

My, = [Usx¢; (x)%, eVexd (x)> + eV (x)* + 2sVxp10]] (4.35)

(S}

as a multiplier to (2.26)—(2.28). We first of all notice that div.(Mx, ) = 0, and thus,
2

P
/PXUxx¢%+‘/ —y(stx¢%+sV¢%+23Vx¢1¢i) = —/ Pdiv.(Mx,) =0,
e 3

where we use that V|,—o = Vx|y=0 = 0 and ¢ to eliminate any contributions from {x = 0}.

Step 1: T1[U] terms: We address the terms from 7; which produces the identity

/ TilU1Uxx¢t = / @*Uxg? + / iUy Urxdt — / iy U7 — / lixyyXU? @7
5
-2 / iy Ulxgi ) = > T2, (4.36)

i=1

First, we observe Tl(z) is a positive contribution. We estimate T2(2) via

__ Vol — _ 1 _ 1 —
I/quyUxxdﬁl S ||5x2IIMII‘/EUyIIIIMUxxzrmII < 6llaUxx2 ¢ ||* + Csl|VaUy ||, (4.37)

where above we have invoked estimate (2.7) for v.
For T3(2), we need to split U = U(x,0) + (U — U(x, 0)), and subsequently estimate via

| [anati s [lanlw-veo?d+ [, ve.026
_ U-U(x,0) |32 o1 _1
< I ol 2+ (sup [ 1yl I
X
< Uy P + U Vg, < CsllULVIZ, + 61U Vg, . (4.38)
2

where above, we used Hardy inequality in y, which is admissible as (U — U(x, 0))|y=0 = 0, as well as
the inequality (3.22). T4(2) works in an analogous manner, and so we omit it. For Ts(z), we note that the
support of ¢/ is bounded in x, and so this term can trivially be controlled by ||U, V||)2(0.

Step 2: T [V] terms: We now address the contributions from 7, [V]. For this, we first note that, examining
the multiplier (4.35), the contribution from £V has already been treated in Lemma 4.1, and we therefore
just need to estimate the contribution from the principal term, £V, x. More precisely, we have already
established the following estimate,

| [ BvIe(ve? + 2vx6i6) < 10 VI, (4.39)
We now estimate the contribution of the principal term, €Vx. For this, recall the definition (2.25),
/ eT3[V]Vixd? = / o2V + @V, + ity V) Vixg?
- / s’ Vixg? + / vV Vixg? — % / £y (xilyy) V27 — / exily, V21 ¢
= T1(3) +...+ T4(3).

https://doi.org/10.1017/fmp.2026.10027 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2026.10027

Forum of Mathematics, Pi 35

We observe that T1(3) is a positive contribution. The integrand in the term T4(3) has a bounded support

of x and so can immediately be controlled by ||U, V||)2(0. We may estimate T2<3), and T3(3) via

__ Vo1 1 1
| [ i, vixdil < VBl gt o it on VBVt < VEIUL VIR, (4.40)
2
_ _ Vo2
| [ sontuin, V2031 < Iotui eS| 5 ellvinlP < Callo. Vi, +al0VIE, . D)
2

where we have invoked the Hardy inequality (3.15).

Step 3: Diffusive Terms We now address the main diffusive term, which is the contribution of —u,, in

(2.26). We, again, group the term ﬁ?,yyyq from (2.26) with this term. More precisely, after a long series

of integrations by parts, we have the following identity

/(—uyy +ﬁgyyyq)Uxx¢)%
_ 3 _ 1 o

:—/2xquny¢%+E/ﬁx(xuyy)Uzq)%—5/(u+xux)U§¢%

_ 2.2 — -0 2 — 2 ’

—/_Oax(xuy)U ¢1dx—/(uyyy—upyyy)qUxx¢l+/xuyyU P17
9

—2/ szzzyqslqs;—/:sz§¢1¢'l—/4ayUny¢1¢; =X D" @4

y=0 i=1

For the first term above, D§4), we localize in z using the cutoff function y (-) (see (1.62)), via
p\¥ =—/2xﬁyUny¢§(1—X(z))—/zxﬁyUnyqs%X(z). (4.43)
The far-field component is controlled easily via
1, U Uy (1 - 2| < Nliyx? loll@Ux2 i |INGU, || < 81U VIZ. +CsIU V|2, (4.44
| [ xiyUUy(1 = x(2))¢7] < llityx? [l |ldUxx2 ¢ ||| VaUy || < SIIU, Vllx, +CsllU, Vlly,, (4.44)
2

where we have used i > 1 when z > 1, according to (2.12).
The localized piece requires the use of higher order norms, and we estimate it via

_ _ 1
I/xqunyX(Z)fbfl S IWaiddy s 1Uxx 2 x (2) 1 1| Uy 1 |
< (IVaU.yxe || + ”ﬁUx\/;¢]”)(6”U7V”Y% +CslU. Vlix,)
< O|U. Vg, +6lIU. Vg, +6lIU.VIly, +CslU.VIix,. (4.45)
2 2
where above, we have appealed to both (3.22) as well as (3.23). For D£4), we estimate in the same

manner as (4.38), whereas D§4) can easily be controlled upon using ||iz + x0xii|l < 1, according to
(2.6). The term Dfﬁ) is immediately controlled by ||U, V||)2(0. The term D §4) we estimate via

_ _ _ — - 1
I/(Myyy = iy ) QUG ] < Gy = i1y ) 32 o 1U )TN () 2 61

S Ve(lUL VI, + U Vg, +IU.VIIE,). (4.46)
2
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where we have invoked (2.11). Finally, for the remaining four terms from (4.42), D,(f), k=6,7,8,9,
due to the presence of ¢/, the x weights are all bounded, and these terms can thus be easily controlled
by U, VI,.

We now move to the contribution of the tangential diffusive term, —eu,,, which produces the
following identity

—/auxxexq)%:/suxexx¢%+/suxe¢%+2/suxex¢1¢;
_1 20 3 20 N . 22 , 2
=5 eulUy ¢y 7 exityUyp| + | &(ilxx + 2u”xx)U o1+ | ElixyyqVxd)
+ i UV.xd® — - 2 - 2, ¢ - 2,2
ey UVixdy cuUVy ElxyqVydi + > UxyyxV7 ]

+/8uyV Vexd? +E\) = ZD(5)+EI(;Z, (4.47)

where E l((li contains localized terms and satisfies |E l(;z| < U, V||§(0. We now estimate each of the
remaining terms in (4.47). D§5) and DES) are controlled by the right-hand side of (4.32) upon invoking

(3.22) and upon using || + xiix |l < 1. We estimate Dgs) by noting that |it,.| + [Xiixxx| < (x)72, after
which it is easily controlled by ||U, V||x,.
For the fourth term, we estimate via localizing in z using the cut-off y, defined in (1.62), via

5 _ _ 5 5
Dfl) =/5uxyyqvx¢%/\/(z)+/5uxyyqvx¢%(l -x(2)) = Di r)zear Df;}ar
First for the far-field component, we have
5
D)1 < Velliyyyx? o]l Ve uvxxz¢1||||—<x> s VeIl Vil 107

which is an admissible contribution according to Hardy type inequality (3.23). For the localized com-
ponent, we have

5 _ q,._ 3
Dear =1 [ st vty < [ sl Liavd sl
_ _ 1
< VellU(x) l||||\/5qu(X>2<251|| S VellU,VIg, + VElU. VI, » (4.48)
2
where we have used the pointwise decay estimate ity (x)?| < 1, according to (2.6). The fifth term,

D gs), follows by a nearly identical calculation.

For the sixth term from (4.47), D é5> , it is convenient to integrate by parts in x, which produces

|/sunyVxx¢1|—|/suxnyVx¢1 / uxny x¢1 /sﬁnyV(ﬁ%—/aﬁnyVxZ(b](bﬂ
g g
< Ve(llixxyx™ 7 |loo + ey x 27 [loa) 1U )2 || [VEV(x) 27|

I VR

gy vl [V 61

< Ve(lU, Vlix, + ”U,V”X%) +CsllUVlix, +61U, Vg, -
2
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We estimate D§5) via

|/Sﬁxyqu¢%| 5 \/EllyxﬁxyIIooII\/EUmeIII%()C)_I|| S VellVeUxgi U~ (4.49)

which is an admissible contribution according to (3.23).
We estimate Dés) via

_ _ VR
|/5xuxyyvz¢%| < ”xuxyyyzucx:”\/g;(ﬁl“ < ||\/EVy¢1||2, (4.50)

upon which we invoke (3.22).
Finally, we estimate Dés) via

_ _ 1 1
| / 6it, V,Vexd?| < llityx? | VEU o1 [IIVEVix 1]
< (CollUVlix, + 811U Vil (CorllU. Vi, + 521U, Vix,)

< §||U, vn% + 51U, VIE, +CsU, VI3, + 61U, V||§% : (4.51)
We move to the third diffusive term, by which we mean
—8/ vyy(Vxxﬁ + V¢% +2Vxgi1¢]) = - / svnyxxgb% +/ 8VyVy¢% + / 2evy,Vyxg ). (4.52)
We easily estimate the final two terms above via
| / evyVyd? + / 2evyVyxe17] < |U. VI, - (4.53)
We thus deal with the principal contribution, which gives the following integrations by parts identity
_s/ VyyVexg? = —/ gﬁx(xﬁ)Vyng% - / gilyVyVixg? + % / £0y (xityy) V23
+/ sﬁxyququﬁ% + / sﬁnyVxx¢% + / sﬁnymeﬁ%
- / exitVy 1] + % / exily,V2p1 9. (4.54)

These terms are largely identical to those in (4.47). The only slightly different term is the sixth term of
(4.54), which is estimated as

_ u - -
le / i UyVexl < | = xlleollVaU, llleVavell < U, VI, (4.55)
‘We now move to the fourth and final diffusive term, by which we mean
—82/ vxxVxx(ﬁ% - / szvxxV(b% - 2/ szvxxVx¢1¢)i, (4.56)

An integration by parts in x demonstrates that the final two terms above are estimated above by ||U, V||;2(0-
The first term above gives
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—82/vxxVxx¢%=/82vaXXx¢%+‘/s Vy Vi ¢1+2/8 Vy xx¢1¢1

=/820x(12V—12xq)Vxxx¢%+/ 26 (aV —iixq)Vy ¢1+2/8 Vx xx¢1¢l
=D +D?+p\. (4.57)

The term D~§6) is easily controlled by a factor of ||U, Vllf(o. A few integrations by parts produces for the
first term, D~}6) , the following identity

2
. & _ _ _
DE6) :——2 /(xu)xV)%(,/)%—282/xuxV£¢%+82/(xux)xxV2¢%

+ / 2V qOx (xilxy) 7 + & / Ox (xilyx) V27 — 4 / 2 xVVidi ¢
7
+2 / i qVixdi ¢ = ZD@. (4.58)

i=1

We now proceed to estimate all the terms above. The first term of (4.58), D(G) , We estimate via

82 _ _
= / (xi) V2] S 10 (xi) o> IVl S UL VIR, - (4.59)

D£6) and D§6) are estimated in an analogous manner. For fo) and Dé6), we invoke the Hardy type
inequality (3.24) coupled with the estimate ||02 (xit,)x? ||l < 1. We estimate D§6) via

[ eviavstoonl s o S| L levavLl < o eV

S 8(||U,V||x0 + IIU,VIIX%)IIU,VIIXO, (4.60)

where we have invoked the Hardy-type inequality (3.23).
For the second term from (4.57), 13§6) , we expand and integrate by parts to generate

_ _ _ 1 _
|/£26x(”V_MXQ)Vx| =|/‘92MV3_/ uxxv +2/52uxxqu2|

- _ _ _ q _
< [IVisVll* + &l o | VEV ()~ |12 +sz||uxxxxy2x2||;<x> P
<UL VI, +eUlUVIE, +1U.VIE, ). (4.61)
2

where we have invoked (3.23)—(3.24).

Step 4: Error Terms We now move to the remaining error terms, the first of which is the {U term from
(2.26). For this, we estimate via

1 1 1 1
| / LUUH| 5 Ve / )N UL|xgi < Vel Ul 20 [[Ux2 ¢ |

< Ve(|aU ()™ 73 || + [|VaU, ) (13U g1 || + [VaUsyx61 )
S ‘/EHU’V”X()(”U’V”X% +1U, Vlix,) (4.62)
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where we have invoked estimate (2.15) for pointwise decay of {. The {, g term from (2.26) and 'V term
from (2.27) is estimated in an identical manner.
We now address the remaining error terms in equation (2.27). The first of these is the term

| / cal(Vx +V)0}| < VUG I (INeaVaxt g1l + VeV ()74 ) 5 VEIU. Vil IU. Vi,

where we have invoked the pointwise decay estimate on a from (2.16). The estimate on the ayq term
follows in an identical manner. This concludes the proof of Lemma 4.2. O

Lemma 4.3. Let (U,V) be a solution to (2.26)—(2.29). There exists a universal constant C > 0 such
that for any 0 < § << 1, the following bound holds:

I, VI, < CColU. VI, + CCsIU. VIl + 61U VIK, + 81U VIR, +CITy, |+ CIFy, |, (4.63)
2 2
where
Ty, : /(6 N1 — 0, N2)Uyxg?, Fy, : /((9 Fr — £0xGR)Uyx?. (4.64)
2 2

Proof. For this proof, it is convenient to work in the vorticity formulation, (2.30). We apply the multiplier
Uyx¢y(x)? to (2.30).

Step 1: T1 Terms We first note that since 7;[U](x,0) = 0, we may integrate by parts in y to view the
product in the velocity form, and subsequently integrate by parts several times in y and x to produce

__ 1 _ __ 1 __
/é‘yT][U]nyqb%=/2uqunyx¢%—E/u2U§¢%—/uuxU§x¢%+—/(uv)yU§x¢%
+/ pyyu§x—/a4ﬁ§’,U2x—/ PUx$1 4] = ZA(') (4.65)
Note that above, we used the integration by parts identity

- / 20, UUyyx¢p7 = / i), Usxdy — / i),y UX4], (4.66)

which is available due to the condition that i° pyyly=0=0and i, pyyyly=0=0.

We now estimate each of the terms in (4.65), starting with AL , which is controlled by

__ _ 1 _ 1
| / 2ty Uy Uyx¢i] < lliyx? leolliUsx? g1ll|Uy 1 Il < Co IUy 11> + 611U, VIR,
2
< Cs,Cs, IINAUy | + Co, 62U VI3, + 611U VIig,
2 2

< CsllULVIZ, +6llU. Vg, +6IU. VI, . (4.67)
2 2

where we have invoked (3.22).
For Aél), Aél) s Ail), and Aél), we appeal to the coefficient estimate

1_ __ 1 __ _
15 e + il + 51160, ) o + 1202l < 1, (4.68)
to control these terms by Cs||U, V||)2(0 +4||U, V||12/1 .
2
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We estimate Aél) via

| / oy Uxi < | / oy Ux| +| / 830U (x,0)°x41]|

4-0 .2 2 4-0 3 -1
< 1030 xy oo | Uy 1112 + 105557 | 11U (e, 0|12,

< CsllU, Vg, + 61U, VI, - (4.69)
2

The final term in (4.65), A(l), is localized in x, and is clearly bounded above by a factor of ||U, V||)2(0.

Step 2: T, Terms: We now estimate the contributions from 75 via first integrating by parts in x to produce
s / T [VUyxg? = / eTa[VIUyyxd? +2 / ehL[VIUy¢14]. (4.70)
We now appeal to the definition of 7;[V] in (2.25) to produce the identity
/ e [VIUyyxd? = / 2eitiiy Vi Vyx¢? — / %sazvyzqs% - / siliiVyxey
+ % / &(itv),Voxe; + / gilyy Vyxe) / ;ﬁyynyzxﬁ - / i’ Vixgi ¢
AP 4 a?. (4.71)
For the first term, A}z) , We estimate via

1 _ 1
| / ity ViV, x| < [y VBV, 61 [ VEaVix |
< CslUVIg, +6IlU. VI, +6llU. VI, - (4.72)
2 2

For Af), A;z), Af), Agz), we estimate using (4.68). We estimate Aéz) via
|/ 812yyny2x| < ”’Zyyyyxyznoo”\/Evy”2 < Csl||U, V”%(O +4||U, V||12/l .
2

The final term, A§2) , can be controlled by ||U, V||)2(0 upon invoking the bounded support of ¢1.

Step 3: Diffusive Terms: We now compute (in the vorticity form) via a long series of integrations by
parts the following identity

_ 9 [ _ _ |
—/ Ogquxqﬁ% = / uUiyxdﬁ -3 / uyinxqﬁf + / 3uyyyyU2x¢% —/ §6Suq2x¢%
3 3 6
= 772 42 - 2 _ (1
+3 /y_o iy Usedt e+ 2 /:0 ity UUyx¢? = ;Bi : (4.73)
We first notice that Bgl) and Bgl) are positive contributions. Bél) is easily estimated by ||U, V||)2(0 upon

using ||%)c||oo < 1. We estimate B;l) by

| / 3iyyyy Usx¢?| < | / fiyyyy (U= U(x,0))*x¢1| +| / fyyyyU(x, 0)x]|

U -U(x,0)

2 3 1
_ 2 - 3 -1
< lityyyy 3l B[+ Nty 3l U G, 057 2

_1
S NU I+ 1Ux, 0x73 13y < CsIIU, VIR, + 61U, Vg, - (4.74)
2
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The term Bil) is estimated in an entirely analogous manner. The term Bél) is estimated by

- 1 _1 1 1
| OuyyUUwaI s &2 U # ly=0llUy ¢1$x) *lly=0 < 211U Vil IU. Vily, - (4.75)
y:

upon invoking the bound |ity, (x, 0)| < & (x)~! due to (2. 6) coupled with the fact that iz, (x,0) =0

In addition to this term, we need to estimate the term i pyyyq from (2.26), we do so via

/By(ﬁ?,yyyq)ny=/ﬁ?,yyyquyx+/ ,,yyyUny_—/ag ‘},q2x—§/a4u°zj2

which we estimate in an identical manner to (4.74).
The next diffusive term is

—2/ suxnyyx(ﬁ% = / 253xy(ﬁU+ﬁyq)nyx¢% + / ZSBX(IZU+Iqu)Uy¢% (4.76)

/4suxy yx¢1¢1 ZB(z)

Due to the localization in x of ¢] that the term Eéz) above is estimated by

I/sunyyX¢1¢§| < lleuxydilllUy 11l < U, VIIE(CsIU, Viix, +5”U,V”Y%)~ 4.77)

Due to the length of the forthcoming expressions, we handle each of the remaining four terms in
(4.76), B(Z) k =1,2,3,4, individually. First, integration by parts yields for B}z),

/ 280y (AU)Uyyx ¢} = / 2eiUs x¢; — / 4eil gy UUyx¢p? — / deil oy U Uyxgp? — / deily, UUy¢?
—/eax(xﬁx)Uiqﬁ%—/4sﬁyyU§x¢%—/_OZeﬁyUx(x,O)zxgb%dx

+/sﬁyyny2x¢%+/ZSﬁnyqnyx¢%+El(jz ZB(2)+E(2) (4.78)

where E 1(022 are localized contributions that can be controlled by a large factor of ||U, Vllf(0 +||U, Vllé.

The first term, Biz), is a positive contribution. The terms B;z) and B‘(‘Z) are estimated via

| [ deites, 00031 4| [ 450, 00,831 5 (e Pl + syl 0G0 811101
< e(IU. VI, + 10, VI, +I1U,VIE,), (4.79)
2 2

where we have appealed to (3.22) and (3.23).
The terms Bgz), Bgz)’ Béz), and Béz) are estimated via

| [ 46ty U003 5 VBl xIlNEUL 01 10,011 5 VE(I1U. VIR, + 10 VIE, ).
2

| / 80 (xii ) U3 7] < 1|05 (xit) oo || Uy 1 [1* < s(llU,Vllio+ IIU,V||§l)
2
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| / dsity, Uxg?| < llityy x|l VU112 < CsllU, VI, + 51U, VI, |
2

\%4 2

~ 2. 42 ~ 2 2 2

|/8”yyyyv x¢1| < ellityyyyxy ”00”;‘1’1” < C6||U»V”Xo "'(SHUsV”y1 >
2

and Béz) is estimated via

3 — p 1
| [ ity a0Usx03] 5 Vel vl |[2 0710 NV 1|

1
< VellU@) VeVl ,yx2 ¢4 ||
< Ve(llU, Vlix, + 1T Vilx )T Vi, (4.80)

The term B;Z) requires us to use the X| norm, albeit with a prefactor of € and with a weaker weight in x:

| /y e Us(x 070} x| < el U (0051, < ellU. VI, @431)

where we use that the choice of ¢, is the same as that of || - [|x,. This concludes treatment of BEQ).

The second term from (4.76), ngz), gives

f286xy(ﬁyq)nyx¢%=/28ﬁxyquxyx¢%—/ZSﬁXyUnyxﬁ—/ZsﬁnyUy(ﬁ%
—/ZEﬁXXYxUUyqﬁ%—/28ﬁnyy2x¢%+‘/sﬁyyny2x¢%

8
- / gityUy (x,0)%x¢? dx — 4 / gty UUyx¢1 9] =: Zji. (4.82)
=0 i=1

The final term above, Jg, is localized in x contribution, can easily be controlled by ||U, V|| io. Jy is treated
in the same manner as (4.80). J,, J3, and J4 are estimated by

| / £ty Uy Uy 2| < VallitayxlllVEU 11Uy @11l < VE(IU, VI, + 11U, VIE),
2

| / £(xily ) UUy 1| < ellieyxllollUG) " 61 11Uy 11l 5 (U, VI, + 10U VIZ, + 10, VIZ,).
2 2

Terms Js, Jg, J7 are identical to Béz), Béz), and B§2). This concludes treatment of 8752).

The third and fourth terms from (4.76), égz) and Ef‘z) together give the identity

/ 280, (AU +iiyq)Uy¢? = / 26U, Uy ¢ + / 2eilyyqUy¢? + / 2eity, UVT + / 2eit, U ¢ 9.
(4.83)

The first and final terms from (4.83) can easily be estimated by /&||U, V||)2(0, while the second term
(4.83)

. _ q, - -
|/25“xquy¢%| 5 8||uxyyx”00||;<x> '1llllUy g1l < U IUy ¢
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and the third term from (4.83) can be estimated via

| / 260ty UV$L| < &l / iy UVT| + / iy U(x,0)V?| (4.84)
- - _1 1
< Vellityy oo lUy 1 1I1VEVy 1| + Ve iy yyx 221U G, 0)x% |2 (g 1 VeEVy 1 1.

We now arrive at the final diffusive term, which we integrate by parts in x via

/szvxxnyxq)%:—sz‘/vxxequb%—/szvxnyqS%—Zsz‘/vxnyx(ﬁl(ﬁi
=/sQVXXVynyS%—/szvayy¢%+2/82vay¢1¢i—282/vxnyx¢1¢'1

=P|+ﬁ2+ﬁ3+ﬁ4. (4.85)
Again, the terms with ¢} above, P3, Py, are easily estimated above by a factor of ||U, V||)2(0 +|U, V|2

due to the localization in x, in an analogous manner to (4.77).
For the second term on the right-hand side of (4.85), P,, we produce the following identity

3 _ g [ _
—/szvayyﬁ:/e ity Vy V¢1 /ezuxVyzﬁ—‘/a Mxny2¢1 > /uxxxUchf
2
_ & _ _ ’ _ ’
+/82uxnyV¢%+?/uxxxyyngb%—/squy2¢1¢1+/£2uxxyyq2¢l¢l
9
- ’ 1
—/szuxxU2¢1¢1 =ZP§ ) (4.86)
i=1

Again, the terms with a ¢, Pgl), Pél), Pél) , are easily controlled by a factor of ||U, V||)2(0.
We now proceed to estimate each of the remaining terms above via

| [ #0,0:0,63 < VElleVallINEV, il < VEIU. VIR, + 10 VIR, ).
2
| [ SVl < eNev,ailP < 510 VIR, +1U.VIE ).
2
_ Vo R
| [ s V001 5 el | Vev ]| 5 VeVl < eI VIE, + 10, VIE, ).
2

| [ #6500 IP < 2V VIR, + 10.VIE ).

2

— 3 _ 3
| / iy UVH < e IU) Va1l < 83 (10, VIE, + 10, VIE, + U, VIE,),
2 2

62

1= / Lxxyyd 911 S E lixrryy Y U 5 2NV VG, + 11U, Vi, )-
2

This concludes the treatment of P,.

We now treat P;. We further integrate by parts using that v = i#V —ii,.q, which produces the following
identity

P = / 2V Vyyxg? = / E20xx (AV — lixq)Vyyx¢? (4.87)

= / Sz(ﬁvxx + 3b_thx + 3IZXXV — ﬁxqu)Vyyxﬁ = ﬁl,l + 131’2 + ﬁ1’3 + ]3174.
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For P 1, we integrate by parts several times in x and y to produce the identity

/szﬁVxxVyqu)%:‘/szﬁVz x¢l —&? /6 ()cux)Vz(;Sl ——/8 usz(;Sl
82
+ / ity Vi Vy oy + / &y Vi Vyx — / S liyyVixgy
—/gzavy2¢1¢;—/szxaxvyzqs]qsg+2/szzzvxyvyx¢1¢;

+2/e i, Vi Vyxdi 4| = ZH“) (4.88)

All of the terms with ¢ can again be controlled by a factor of ||U, V||}2(0 +||U, V||125. The first term, H 1( 2
is a positive contribution. Hé” and H3(1) are easily estimated above by &(||U, V||)2(0 +||U, V”12’1 ), while
2

the Hf‘l), Hél) and Hél) are estimated via

|/828x(Xﬁy)VxVy¢%| < Vellox (xity) ls e Ve lIVeVy | < Ve(IlU, VI, + U, VI, ),
2
I/Szﬁnyfw%I < layyxllslieVell> < SIUL VI, +11U, VI,
2

This concludes the treatment of ﬁl,l.
The terms P x, k = 2,3, 4, are equivalent to

& / (33 Vi + 3ty V = lixxxq) VyyX ¢
_ 3 _
—/382uxnyVyx¢%+§/szﬁx(xux)vyzxqﬁ%—/ uxxV2x¢1
3 _ _ _
+E‘/82uxxny2x¢%+/82uxxxquyx+/szuxxxUVquﬁ%. (4.89)

We estimate each of these contributions in a nearly identical fashion to the terms from (4.88), and so
omit repeating these details.

Step 4: Error Terms We estimate the terms on the right-hand side of (2.30), starting with
/ 3y (LU)Uyxgt = / (Usx¢ — % / 05LUx — % / . Ay (Uxp?. (4.90)
The first term above is estimated via
| [ <Ol < VU, < B, VIR, + 10, VIR, ),

where we have appealed to the estimate (2.15) as well as the Hardy type inequality (3.22).
For the second and third terms from (4.90), we estimate via

| [ dcwa+ / 0,0 < VBV IR 4 VEIU L < VEIUVIR, 491)

where we have appealed to (2.15).
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The (£yq), and ({V), terms on the right-hand side of (2.30) are estimated in a completely analogous
manner. We now estimate the term

I/s(a/U)nyxqﬁ%l < |/saUnyx¢%|+|/saxUny¢%|

< VellVeUs iUy g1 1| + ellU ) 11Uy 1]
< Ve(llU, Viig, + 1U VIF,) +&llU, VI, (4.92)
2

where we have appealed to estimate (2.16) to estimate the coefficient @. The remaining term with (@, q)x
is estimated in a completely analogous manner. This concludes the proof of Lemma 4.3. O
4.3. X, estimates,1 < n <10

It is convenient to estimate the commutators, C', C, defined in (2.34)—(2.35).

Lemma 4.4. The quantities C{',C}} satisfy the following estimates for j =0, 1.

i 1,d P o Anedted
1CT (Y245 g, || + [[VED]CH )™ 7 3 gl S U VILe (4.93)
,n—§+§
Proof. We start with the estimation of C!', defined in (2.34), which we do via
1 n-l 1
ICT )™ 2 gall < > (077 £ ey RO U0 (xyk =01
k=0
P |
+ 127K 8y £ () (RO | F— (xR0
y
9y~ k( %)k (k) )\ k]
o T ey au® (kg
uv
+ ”X—()xn—k+% ||00||\/5U§k)xk¢n||)
Vi
— n k O .
k-1 1 1
+Z|| 2 eyt UKD ey gl 1020, U gl (4.94)
~||U»V||X - (4.95)

<n-»

where we have appealed to estimate (2.15) for the coefficient of £. For the final term on the right-hand

side of (4.94), we have proceeded in an identical manner to estimate (4.38).
‘We now address the terms in C;‘ via

n—1
IVECH ™ gull < > Vallar™ ) "0+ [ [IU ™) ()< g, |
k=0

n—k (n—k)+3 f](k> k-1
+ Vel |y ay (x) 2ylloollTOc) $all

_ _ 1
1827 £ ) OBV R gy kb0

anfk(ﬁZ) B B 5
== )" VeV (0

an k
%< YR VR VAV (0% gl

A
+1007K a0, )2yl | VEV () | < UVl (4.96)

+|
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where we have appealed to estimate (2.16) to estimate the coefficient a. The higher order y derivative
works in an identical manner. O

Lemma 4.5. Foranyn > 1,

0. VIE, s IUVIE | +Tx, + Fx,. (4.97)

=

where
Tx, = / OEN (1, U™ (x)*" g7, + / DN (u, v) (gv<"> (@) p + 2nsV D (x)2" g
+26V0D (02,6, ), (4.98)
Fx, = / O FRU™ (x)>" g2 + / LG (V™ (x) 92 + 208V "D ()17 92
+ 26V <x>2"¢n¢;). (4.99)
Proof. We apply the multiplier
(U (x)> g2, eV ()" g7 + 2neV D ()71 g2 + 2V D (x) 29,07 ] (4.100)
to the system (2.31)—(2.33). The interaction of the multipliers (4.100) with the left-hand side of (2.31)-

(2.32) is essentially identical to that of Lemma 4.1. As such, we treat the new commutators arising from
the CY', C terms, defined in (2.34)—(2.35). First, we have

1 n n-l
| / CrU™ ) g3l < I 0™ 2 gull iU ()" 2gull < U VIR

=

Next,

| [ oCv™ 0262 < INECH W™ gl INEV ™ )™ ol < 10 VIR

=

The identical estimate works as well for the middle term from the multiplier in (4.100), whereas the
final term with ¢, is localized in x, lower order, and trivially bounded by ||U, V||fv . O

=

4.4. Xn+% N Yn+% estimates, 1 < n <10

We now provide estimates on the higher order X, , 1 and Y, , 1 norms. Notice that these estimates still
“lose a derivative”, due to degeneracy at y = 0.

Lemma 4.6. Forany 0 < 6 << 1,

0. VIE | < CslUVIE,, +0IUVIE,,, +6lIlU.VIF | +Tx , +Fx, (4.101)
n+ = n+ 2 2

[N
(S

where we define
T, = [ OO 08+ [ et (VY e,

+(1+2m) VP ()21 g2 427 ™ <x>1+2"¢,,+1¢;l+1) (4.102)
- / FFRU™ ()12 4 / £0" G (V)gn) g

+(1+20) VW ()21 g2 42y ™ (x)1+2"¢,,+1¢;l+1). (4.103)
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Proof. We apply the multiplier

(U (012671 eV 01207+ e (L4 2m)V 0020 +26V 00 201801 (4.104)

n+l° n

to the system (2.31)—(2.33). Again, the interaction of these multipliers with the left-hand side of (2.31)—
(2.33) is nearly identical to that of Lemma 4.2, and so we proceed to treat the commutators arising from
Ct', C3. We also may clearly estimate the contribution of the ¢’ | term by a factor of [|U, V|| x,,. We have

n 1 1
| / CrU ()2 | < 00 b UL (1) |
S R AT (4.105)

¥t

and similarly

| / CHeV ()2 e(1+2m)V I ()92, )

1 1 _1
S IVECE ()™ 2 $rat [ (IVEVY ()™ 2 e | + IVEV ™ ()2 i )
Sl (W, + 0. Viix,..). (4.106)

(St

where above we have invoked estimate (4.93). From here, the conclusion of the lemma follows from an
application of Young’s inequality for products. O

Lemma 4.7. Forany 0 < 6 << 1,

IV VI | < CsllU VIR, +CollU.VIg +6IU. VI, +6IU.VIE | +Ty, , +Fy . 4107
n+y = n+ n+y n+y

1

where
Ty | :=/ (a;’ayf\/l (u,v) —sa;'+w2(u,v))u§"> (xy! 2t (4.108)
n+§
Fy | = / (a;;ayFR - ga;+1GR)(/y<"> (xy!*2mg? (4.109)
n+§

Proof. We again only need to estimate the commutator terms, which are

| / (DyC = 0 CUY" ()67 | < N(OCF = £0,C5) )™ st U3 ()" |
S U Ve, IU. Vil

<n+l’
sn+3

(4.110)

with the help again of estimate (4.93). The conclusion again follows from an application of Young’s
inequality for products. m}

5. Top order estimates

In this section, we provide an estimate for ||U, V||x,,, defined in (3.7). To establish this, we need to first
perform a nonlinear change of variables and to define auxiliary norms which are nonlinear (these will
eventually control the ||U, V||x,,)-
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5.1. Nonlinear change of variables
We group the linearized and nonlinear terms from (2.18) via
Li[u,v] + Ni(u,v) = prgtty + fgyv + iy + iy, 5.

where we define the following nonlinear coefficients (v will appear shortly)
Us :=U+ETT U, Ve =V +&E2 V. (5.2)

We now apply 0] to (5.1), which produces the identity

3
11 ]
O (L, v] + Ny () = ! + v 43 R [, v], (5.3)
i=1
where we have isolated those terms with twelve x derivatives, and the remainder terms above have fewer
than twelve x derivatives on u, and are defined by

10
11 . » . . . . » .
R [u,v] = Z( ,)(a;ﬂsa,? Tug+ 03 i 0du+ 0lvedr uy + 0 i, 0lv), (5.4)
J=1
R [u,v] = o™V +voul'?, (5.5)
RP) [u,v] = ua;%z + uyailv + vayﬁ(“) + uxﬁilﬁ. 5.6)

The key point is that by allowing the coefficients [y, v,] in (5.2) to depend on the solution, we have
grouped all terms of highest order in the first two transport terms in (5.3), and the remaining quantities
in Rg') [u, v] are all lower order. This allows us to avoid any nonlinear losses of derivative at this highest
order of analysis.

We now introduce the change of variables, which is adapted to the first two terms on the right-hand
side of (5.3). The basic objects are

w(ll) - ~
0= e U:=4,0, V:=-0,0. 6.7

From here, we derive the identities

w' =0t u =0,y = 8y (usQ) = ps U + dyuis 0, (5.8)
v =gty = 9 (D = —9 (usQ) = usV — dyus 0. (5.9)
We thus rewrite the primary two terms from (5.3) as

llsuy(cn) +llsyv(l D = ﬂgﬁx + /Js,ust + (ﬂsﬂsxy - ,usxlisy)Q~

We may subsequently rewrite (5.3) via
3 .
6)1(1 (Lilu,v] + Ni(u,v)) = /J?Ux + pspsxU + (,us,usxy - /Jsxﬂsy)Q + Z RY) [u,v]. (5.10)
i=1

We now address the second equation, for which we similarly record the identity

AN (Lo u, v] + Na(u,v)) = v+ vsv(y”) +R;l) [u, v] +R§2) [u, v] +R§3) [u,v], (5.11)
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where we again define the lower order terms appearing above via

10
AP I o
R [u,v] = Z( ,)(a;ﬂsa;‘ Ty e+ 0 000+ 0veay vy + 0 v 00), (5.12)
—\J
Jj=1
R [u,v] = veu™V + v v (1D, (5.13)
RO [u,v] = val'vy +udlv + v, ola + v, ol (5.14)

We will now rewrite the first two terms from (5.11) by using (5.8)—(5.9) so as to produce

an

11 o . 5 ~
HsVx VSV; ) = ﬂgvx + ,UsVsVy + (z,usllsx + Vs,usy)v — MsxvsU — (,Us,usxx + Vs,usxy)Q-

Continuing then from (5.11), we obtain

B}Cl(ﬁ_z[u, v] + No(u,v)) = ,uff/x + usvSVy + Qugpgy + vs,usy)V — UsxvsU
3
— (MsMsxx + Vstsxy)Q + Z ,Rél) [u,v]. (5.15)

i=1

We now summarize the full nonlinear equation upon introducing these new quantities:

3
/v‘?Ux +/Js,usxl7 - As(a,il”) + (/Js,usxy - ﬂsx,usy)Q + Z RY) [u,v] + Q;IPX = 6)lchR7 (5.16)
i=1

and the second equation which reads

/{%Vx + ﬂsvsvy - Aa(ayv) + (2pspsx + Vsﬂsy)V - ﬂsszU = (MsHsxx + Vsﬂsxy)Q

S P

+ 3 R [u,v] + a;l?y =01 Gp. (5.17)
i=1

5.2. Nonlinearly modified norms

While our objective is to control ||U, V||x,,, we will need to change the weights appearing in this norm
from i to ug. Define thus

10, Vlloy, = IVEsUyx" ¢11ll + Vel Vs Usx 11| + el Vs Vix gl + [l sy Ux 11 lly=0. (5.18)
‘We now prove

Lemma 5.1. The following estimates are valid, for j =0, 1,

IVeQx* 1ol < 1U, V|, (5.19)
IVeQx""¢11llL2 s < IIU. VL, (5.20)
~ ~ N2 -
s Ox' @il + Vel Vx' gl < £ MU, Vi + 11U, Vi, (5.21)
and, forany 0 < § << 1,
7 y ~ N ag-
Tx' @11l + VeVx'"2 11l < 61T, Vlle,, + CsllU, Vlazs +7 M2NU VI, (5.22)
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Proof. We use the formulas (5.7) to write
1sQ =0ty 8“(uq)—u8“q+2( )ak 16114 (5.23)
We divide through both sides by u, multiply by vex°= 19, and compute the L? norm, which gives

Ve g10ll 5 VeV x* g0l +Z|| VBV 0K gy |

+ Iléi"ﬁpx"yllooII\/E—an |+ 1103 Ex"" |l IVEV ()|
_ q _
+ 104" px‘OSyIIOOII\/_ @7+ 10y apx" |l IVEg (x) 72|
S U, Vllxzp (5.24)

where we need to treat the lower order terms corresponding to k = 9, 10 in the sum (5.23) differently,
in order to avoid using the critical Hardy inequality. We have invoked estimates (3.24), (2.8), (2.9).

We now address the second inequality, (5.20). We divide (5.23) by uy, multiply by vex'%¢,;, and
compute the L)zc L3 norm, which gives

”\/_Qx ¢11”L2L°" ||V(10)x10¢11||L2L°° +Z ” ”V(IO k) 10- k¢k||L2L°°

10,; ,9.5 10~ 10.5 -1
+ [0y idpx yllmll—xZIleLm+I|6 apx " |l V)2 2 g

11~ 105 -1 11~ 115 _3
+ |0y i px yllooll;x 2IIL;L;O +10y dexlleollg) 2 llp2 e (5.25)
< U,V x,

where we have again invoked estimates (2.8), (2.9) for the i terms, the mixed norm estimate (3.28), as
well as the following Sobolev interpolation estimates

Vi 1 1 1 .1 1
15% 2 nllazs S IVsx3dullizzy  IVx2oullZI0 3241117 < 10 Vil . (5.26)

1 _ 1
VeV ()22 < IVeV(x) "ol IVeUxguill < U, Vllx.,» (5.27)

and the analogous estimates for g instead of V for the final two terms from (5.25).
Dividing through by u, and differentiating in y yields

— 11

~ u

0=Lutn o, )v<1°> ( )
, 2

S k=1

11
a“ kg + ( ) yH-K, (5.28)
k=1

and similarly, dividing through by p and differentiating in x yields

11

sl
(11) 10) (11-k) _
#V +ox(- )v Z(k)ﬂsv Z(k)

k=1 k=1

(5.29)

<z

We first establish the following auxiliary estimate, which will be needed in forthcoming calculations
due to the second term from (5.28).

https://doi.org/10.1017/fmp.2026.10027 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2026.10027

Forum of Mathematics, Pi 51

Ny

Oy(--) = 0, (F =2y = e F 0y (H1) = e T Oy (5 1) = e T 0y (5) — £ F 2y (),
Hs u Hs i s s i i s

which, rearranging for the quantity on the left-hand side, yields the identity

Ny

u g7 7] u
Oy(—) =-— Ny —0dy(=), (5.30)
Hs 1+ 67% Ms u
from which we estimate
u. 1 N il 1
10y (—=)x2¢i2llper2 < €7 ||_||L°°T”a (= )xzwnlleLz <e? MU, V]x, (531
Hs SRR T

where we have invoked estimates (3.49) and (3.50).
From these formulas, we provide the estimate (5.22) via

7 ,.10.5 - 10) _10.5 u L 10) ,.10
s Ox"3 11 | < llavy'” x ¢11||+||ay<—>xzwlz||L;L;||v< X0l

+Z||—||w 1 (it
> -yU(x,0 il ol
+||—||w||a( ’>y< >‘°5||w||%>(;‘)n+ninwna< 22y () o0 607
i ola U-U(x,0
+Z||—||m 000 (e B o 25 | S ()10 o
i 11— 81
+||M—||DO||T< O o2 1 (2, 0) )74 2 + 122 ()5 o U ()7 |
S UV llaays + €7 MUV L, (5.32)

where we have invoked estimates (2.6), (2.8), (2.9), (5.31), and (3.28). An essentially identical proof
applies also to the V quantity from (5.21), so we omit repeating these details. This establishes estimate
(5.21), with (5.22) following similarly, upon using the Hardy-type inequality (3.23). O

As long as we have sufficiently strong control on lower-order quantities, it will turn out that the ©y;
norm will control the X;; norm. This is the content of the following lemma.

Lemma 5.2. Assume |U,V||x < 1. Then,
U, Vilx s 10 Ve, + U Vllaz,s s 1U. Vi (5.33)
Proof. Dividing through equation (5.23) by & and computing Hyz gives

1 _ L (11) ., ok
11 2 2/%x 11-k
vy =20, v 20,50+ 93 (20 - ;(k)ay(7)6x q
11 1 k =
11 11\d
_22( ) (et kg (k)xf”a;l-kUy (5.34)
k=1 u

k=1

From here, we obtain the estimate

VU™ x|l < ||,/ 2ol VESOyx o || + 1 Vizd, (—)x2||oo||Ux105¢11||

Ny 0
te 3 ||’432(t)x‘//12||L°°L2,||_x10¢11||L2L°°
y i x Loy Xy

Vit
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61 -1
+Z||a2 I NI P

11
11-k
+Z|| b U R x 1k g |

N
SN0, Vlley, + 10, Vlayys + &7 MU VI IU, Vilazs (5.35)

where we have invoked (3.50), (3.49), (5.20), and (3.22).

An essentially identical calculation applies to the remaining terms from the ||U, V||x,, norm, and
also an essentially identical computation enables us to prove the second inequality in (5.33). We note,
however, that to compare the quantities ||1syUx!'¢11]ly=0 and [z, UVx! ¢y [ly=0, we also need to

’;Zy |¢11. For this purpose, we estimate

demonstrate boundedness of the coefficients |:—:y |¢11 and |
Ni ~,
_0 i . . Ny
sy (2, 0) = @ (e, Ol pir < > &F (Velluyllzg + ly llzg) + &7 luyriallzss
i=1
o i 3 3 Ny 3 1 3
<> e (Ve 4 (@) ) 1 e T M) ULV 5 6F ()7 E
i=1
(5.36)

where we have invoked estimates (1.41), (1.38), (3.47), the identity that ¢, = 12611, the fact that
% — M\ >> 0, and finally the assumption that ||U, V||x < 1. m|

We will need the following interpolation estimates to close the nonlinear estimates below.

Lemma 5.3. Let W € {U, V}. The following estimates are valid:

1@ W) OB 112, o < 1AW )15 g |12 + VAW () gl (5.37)

L2LY ~

W), ||L2L4 < NaW () i 1> + [ VaWwy (x) gl (5.38)
Proof. We begin with the first estimate, (5.37). For this, we consider
AW () < () / 2aWWy (y") dy’| + (x)*'| / 2Wiy dy’|
y y
~ ~ 1 ~
S AW 2 IVaAWy ()l + 11y ()2 s 1 () 117 (5.39)

Multiplying both sides by q)%l and placing both sides in L)zc gives estimate (5.37).
We turn now to (5.38). We split

W) 391112, 14 < IWCY 1k (2, o+ W 611 (1= x (@D, 0 (5.40)

We first consider the z-localized contribution above. To compute the L*. we raise to the fourth power
and integrate by parts via

W@l = [ W@ war= [ o,mi @ w2 e

. / Ay (2 (1) / 4yv~v4%)(3x’<z><x>“ d. (5.41)
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from which we deduce that (using that Va + b < va + Vb for a, b > 0)

- ~ g 1 4 1 1
W@ @Iy <1 [ 4w +| [l oo @w Rl s

We will first handle the first integral above. Using that z < 1 on the support of y(z), we can estimate via
| [ i@ s ([ 0P ¢ an}

_ - . 1
(VAW (o) lg I|W<x>10‘5)(lli§ IVawy ()M i2 )2

N

1 - — ~ - -
W@ Oz, + CIVAW ) Nl IVaWy () Mz (5.43)
100 Ly &

The term with 1/100 prefactor gets absorbed to the left-hand side of (5.42). For the remaining term on
the right-hand side above, we multiply by ¢%l, integrate over x, and appeal to (5.37) to give the desired
estimate.
For the far-field integral from (5.41), we estimate it by first noting that 1 < |y/+/x| < 1 on the support
of xy’. Thus,
T ’ L =17 . =TT . 1
| / WHx)®2x"(2) dyl? < (laW )OI 1w (01 5||i§)2
- 3 1
< IIﬁW<X>1°'SIIz§II‘/;WyOc}lO'SIIzg
S @aW ey 217, + [IVaWwy (x) )17, (5.44)
y y

Multiplying by ¢f1, integrating over x, and appealing to (5.37) gives the desired estimate. The 1 — y(z)
contribution from (5.40) is treated similarly to the y’ term. m

5.3. Complete ||U, ‘7||@11 estimate

Before performing our main top order energy estimate in Lemma 5.5, we first record an estimate on the
lower-order error terms.

Lemma 5.4. Assume ||U,V||x < 1. Let R}l) and Rél) be defined as in (5.4) and (5.12). Then the
following estimate is valid, for any 0 < § << 1,

IRV ey 51| + VERS () 5111l < 61U, Vil + CllU, Vlieyos- (5.45)

Proof. We begin first with Ril), defined in (5.4). For the first term in (5.4), we assume 1 < j < 6, in
which case we bound

. - ; . 11-7 _ iyl
10311505 ux )2 prill < 107 sV Yr2lloolldy 7 ux ()72 g1 |
Ny
< (147 ™MU VL) (CollU, Vi, + 61U, Vi), (5.46)

where we have invoked estimates (2.6), (3.47), and (3.32). We have also invoked the identity ¥12¢11 = ¢11
to insert the cut-off function i1, freely above. The remaining case j > 6 can be treated symmetrically,
as can the second term from (5.4). For the third term from (5.4), we first treat the case when 1 < j < 6,
which we estimate via

j 11-j 11.5 j j+4 11-j 11-j
103vsdx T uy )2 p1ill < 107V (x) 2P allooll Oy (x) ' r |

N-
< 1+ ™MYU V)T, Vlxey» (5.47)
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where above we have invoked (2.7), (3.48), and (3.33), and again the ability to insert freely the cut-off
Y12 in the presence of ¢1;. In the case 6 < j < 10, we estimate the nonlinear component via

M2 ni qll=j 11.5 2ol 1-j+1 j j
T 10000 T uy (05 onill < &7 101 uy (0T gl 2 1020 () Bl o
M M
e U VXU, Vila,s (5.48)

where we have used the mixed-norm estimates in (3.35) and (3.49).
‘We now move to R;l). The first term here is estimated, in the case when j < 6, via

. 1= : . 1-7 il
Vell o usdx v G111l < 110 s ) W ialloolVEDy T va () T 29|
N
S (L+&7 MU V|[x)(CsIU, Va5 + 61U, Viix), (5.49)

where we have invoked (2.6), (3.32), (3.47).
In the case when 6 < j < 10, we estimate the nonlinear term via
Nyaj all=j Ny 12— il i—1 el
Vee T (104udy v ) g1l S e [[Vedy vy T g lell0d ux(x) T 20,

N-
<7 MU V|2 IIU V]ixey (5.50)

where we have invoked (3.48) and (3.32).
The same estimates work for the second term in Rél), and so we move to the third term. In the case
when j < 6, we can estimate the third term via

Velldvsor vy ) S g1l < VEaLvs () 2y alle 10y ulx) 12 gy |
N-
< 1+ ™M)U V) (CsllU.V|xes +6IU.VIx).  (5.51)

where we have invoked (3.48), (3.32).
The same estimate will apply even when j > 7, for the ¥ contribution from v, for this term. It remains
to treat the nonlinear contribution when 7 < j < 10, for which we estimate via

& . . & . . - . 1
e IVedlvay T u) S pnll < e 2 1027 ulx) 7 il Ve v (x) T 2 1 |
Ny _
s e MU, V|2 U, Viia,s (5.52)

where we have invoked (3.47) and (3.32). The identical estimate applies also to the fourth term from
(5.12). This concludes the proof. |

Lemma 5.5. Let [U, V] satisfy (5.16)—~(5.17), and suppose that ||U,V||x < 1.

10
T X712 2 2
10.V15,, < Y, IU VIR, + 0.V, o

k=0 L

N
+Fxy, +8727M175”U7 V”f\», (5.53)

Sl

where we define Fx,, to contain the forcing terms from this estimate,

Fx,, = / OV FrUx242, + / 0V G (eVagh, - 226057 83, — 20042 ¢110], ¥4}, (5.54)
Proof. We apply the multiplier

/(5.16) x Ux?¢3, +/(5.17) x (eVa?2 ¢l — 22e0x* ¢7, — 260x¢116],). (5.55)

https://doi.org/10.1017/fmp.2026.10027 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2026.10027

Forum of Mathematics, Pi 55

We note that the multiplier above is divergence free and moreover that ‘7|y:0 = Qly=0 = 0, and hence
the pressure contribution will vanish.
We compute the first two terms from (5.16), which yields

| [ G20+ w0002 =1 -1 [ 202268 - [ o0
- Ny -
$ s Ux' 1P s 11UV, +€7 MN0VIE. (5.56)

upon invoking (5.21).
We now compute the Q terms from (5.16). The first we split based on the definition of y

- ) Ny -
‘/ﬂsﬂAvnyUx22¢%1| = |/ﬂs(“xy +&?2 uxy)Qszz(ﬁ%]
<li Q 105 {75105 2 3 10 {7,105
< ||uxyXy||oo||yx PrillllpsUx "2 dunll + &7 [luxyx ’7[’12||L;°L§”Qx ¢10||L)2(L;°”ﬂs x|

N-
- 7..10.5 ~.10.5 =2 3 10 7..10.5
S NxyxylleolUx = drilllles Ux > uill + €72 luxyx2Ynalipe 2 10% @10l 12 Lo lts Ux T puall

o~ N _
< (CJHU’V”Xgloj +6”U’V”®11)”U’V”Xglo_s +e?2 M IlU’Vll_”f\/’ (557)

where we have invoked estimate (2.6) for iz, (5.22), (5.21), (5.20), as well as the embedding (3.49). Note

that we have used that qﬁl =y ¢%l, according to the definition (3.46). The remaining Q term works in
an identical manner.

We now address the terms in Ril), which are defined in (5.4). For this, we invoke (5.45) as well as
(5.22) to estimate

| f RV 070 < IR} 0" 6n 10 puill < [1U. VI GIIT. Vlley, + CallU. Vila.ios).

where we have invoked estimates (5.22) and (5.45).
We now address the terms in Rlz , which are defined in (5.5). We estimate these terms via

2) r7 7 11) 5
[ RPO26 <1 [ noa V026414 [ vl 0223

~ Vs 1 11 _
S tsxxt i lloolle Vx5 100611 | + ||3‘xzwlz||m||u§ D g |a0x'S g |

Ny

S 1+ ™MNU Vi) IU, Viiag,, (CsllU, Viix, + 6110, Viley,)

Ny
F (1487 MUV ey U, Vi, 10, Vi, (5.58)

where we have invoked the estimate (2.6), (2.7), (3.32), (5.22), (3.48), and (5.21), and again the identity
¢%1 = ¢12¢%1-
‘We now move to RgS), defined in (5.6), which we estimate the first two terms via
_ 7 _ u, .~ _ ~
‘ /(uafczu +uy0,' D) Ux¢7,| < 110, i’ "5y||ooll;ll 10" + 1163 9 floo lluey 111 T

< NluyN10x"|| < Csl|U. Va5 + SIU. VI, - (5.59)
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where we have invoked (2.6), (3.33) and (5.22). The final two terms of R?) are estimated via

_ o _ Vo1 _ 1 ~
| [0l ol aie | < (U3 e ol S+ 105 ol D01
1 ~ -~
< vyx2gnllllOx' 11|l < CsllU, Vx5 + 61T VI, . (5.60)
where we have invoked (2.6), (3.33), and (5.22). an

We now move to the diffusive terms, starting with the —uy,,* term, for which one integration by parts
yields

_/u;;“c?x”qs%l =fu§“)l7yx22¢%l+/ ulOx2 92, dx. (5.61)

We now use (5.8) to expand the first term on the right-hand side of (5.61), via
11) 75 ~ ~ ~
/ u; )ny22¢%1 = /(ﬂsz + 2llsyU +,usny)ny22¢%1
= / ﬂsngzz‘P%l - / /~‘Syy02x22¢%1 - / O:“Sy U2x22¢%1 + / /‘Sny[jyxmﬁb%r
y=
(5.62)

We also expand the second term on the right-hand side of (5.61), again by using (5.8), which gives

/ . w0292 dxe= | (usOy + 2p5y 0 + p1sy, Q) Ux?2 93, dx = 2 / ) sy U522, dx. (5.63)
Ve ;

y=0

Hence, we obtain
11) 7 ~ ~ ~
- [0 = [ u02a + [ uo06 0= [, 0%
+ / HsyyQUyx*2 g3, (5.64)

The first two terms from (5.64) are positive contributions towards the ®;; norm, whereas the third and
fourth terms need to be estimated. We first estimate the third term from (5.64) via

N,
72,22 (2 — r7..10.5 2 =2 /7.10.5 2
"/.,usyyU X ¢11| < ||Myyx||oo”Ux oull“+e ||uyyx¢12||L;oL§||Ux ¢11||L)ZCL;&)

-~ Ny _ _
S ol0. Vg, +CsllU VI, +&2 MU, Vix (120 )" ¢ |I?
+ Va0, () gl (5.65)
where we have invoked (5.22), as well as (3.49) and (5.38).

We now address the fourth term from (5.64), for which we split the coefficient ;. In the case of iy,
we may integrate by parts in y to obtain

- . 1
_ 2,2 2222 _ 2.22 .2
/”nyny ¢11 =_/”yyUx ¢11+§/”yyny X7y

both of which are estimated in an identical manner to (5.65). In the case of u,,,, we split into the regions
where z < 1 and z > 1. First, the localized contribution is estimated via
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Ny - Ny 0 .
g2 |‘/‘unyny22¢%1X(Z)| Se2 ”uyyxl//IZHL;’Lf,”$x10.25x(z)¢““LEL;O”‘/;U)]XUH
N-
e MU v|3, (5.66)

where we have invoked (3.49), as well as the inequality
Y ’ . ni -1 ’ 11 =~
101x(2) = x(2)] ; Udy'| = x(2)] A Ty ()72 dy'| s x(2)y2x# |[VaUllLg,
from which we obtain ||% x () )19 2Ly S ||U, V| x, after using the interpolation inequality
1~ ~ 1~ i
@2 0P 11l 2 e < 10X gnlI2 NaUyx " pullZ, < U, Vilx. (5.67)
N Y
For the far-field contribution, we estimate via
k) 7 282 (1 — < 2P 10 5ol 568
g7 | “nyny ¢11( X(Z))l 3¢ ”“yyx‘ﬁlZ”ijL%”Qx ¢11”L§L;”ﬂsuyx 11l (5.68)

N-
<e T MU v, (5.69)

where we have invoked the mixed-norm estimates (3.49), (5.20).
‘We now address the su(“) terms from (5.16). This produces

/suilxl)szzqﬁ%l —/ (“)8Vx22¢1 +22/8v§lyl)Qx21+2/sv§,1yl)Qx22¢11¢;l

= 2/ sux”)UxeZQSl + 44/ sux“)szlqﬁl + 4/ sux“)szzqﬁ 107,- (5.70)
We first estimate easily the second and third terms from (5.70). First,
| / eul!V0x ¢, | < VellVeulx" o 11006111l < VEIU.VIE,,. (5.71)
| / sul 0P ¢1107, | < IVeul < g I10x" g 10ll < SIU Vil + CollU, Vil (572)
where we have invoked (3.33) and (5.22), and for estimate (5.72), we use that ¢;o = 1 on the support of
¢11We now treat the primary term, which is the first term from (5.70), using the formula (5.8), which
gives

2‘/‘814;11) Xx ¢ /28#50)2()(22‘»%1_'/Saxx,usljzxzzfﬁﬁl_/2288xﬂs02x21¢%1
- / 260, U X ¢1107, + / 26020, 4, 0Vx? 67, + / 260,y 1, UV 21,
B / 80y V207, (5.73)

The first term in (5.73) is a positive contribution. For the second and third terms, we estimate via

~ ~ ax)c,us ~
| / e0uts U220 | + | / 260,107 6] 5 81 L2 xpall 4 1hpsara|DINTO O P
S
(5.74)
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whereas for the fifth term, it is advantageous for us to split up the coefficient via
/ 26020, 11,0V ¢, = / 26020,0QV2 g2, + £ 1! / Uy Q22 (5.75)
after which we estimate the first term from (5.75) via
| / 26115y, QVx 6%, | < Velliy, vt ||m||%x‘0~5|| IVevx'®2, (5.76)
and for the second term from (5.75), we obtain

M 5 22,2 M2 2 10 5 10.5
€2 |/uxnyvx ¢11| se? ||uxyyx lﬁ12||Lf§L§”Qx ¢]]||L)2(L;°”Vx o1l (5.77)

We now estimate the sixth term from (5.73) via

~ ~ 3 ~ ~
|/286xy,usuvx22¢ll| $ 10y 15 ) 212l T ) 2 B11 [IVEV ()1 11 |

The seventh term from (5.73) is fairly tricky. First, the contribution arising from the iy, component
of 6§us is straightforward, and we estimate it via

| / s VA g7 | 5 Ny ()l VEV (@) 611 |2, (5.78)

which is an admissible contribution according to (5.22).

N-
To handle the stuyy contribution from 6y2,us, we first localize in z. The far-field contribution is
handled via

Ny ~ Ny .
e / ety Va2 (1= x ()] 5 &7 gy 00nallpe 2 1V 2810 (1= () l2rs

XV 11 (1 - x (2)l

MM _= . 10.5 _= 10.5
< e TTMU, V| xllaV(x) ™ é ||L§L;°||MV<X> dull
Ny _~ 1 _~ 3
< e MM,V laVy () g 12 1aV ()P 12,

where we have used the presence of (1 — x(z)) to insert factors of i above, as well as (3.49).
To handle this same contribution for z < 1, we use Holder’s inequality in the following manner

N;

M 52 22 42 M4 571105 2
le™2 /814ny X ¢11X(Z)| ez’ ||uyy<x>¢12”L;°L§”V<x> X(Z)(pH”L}(Li

from which the result follows from an application of (3.49) and (5.38).
We now move to the final diffusive term, which contributes the following

11) /v ’
_/ezv;x)(vxzz‘ﬁl _22Qx21¢%1 _2Qx22¢11¢11)
:/82v§“>x7xx22¢%1 +44/82v§“)‘7x21¢%1 —462/82v§11)Qx20¢%1

+2/82v§”>\7x22¢11¢;1 —44/s2v§“)Qx21¢“¢;1—2/32v§“>(Qx22¢“¢11)x (5.79)
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We will now analyze the first term from (5.79), which gives upon appealing to (5.8),
[T P
= / szysvgxzzqﬁl + 2/ szaxysf/\?xx”(p%l - / szﬂxxySQVxxﬂdﬁl (5.80)
The first term in (5.80) is a positive contribution, and the second two can easily be estimated via
[ ot - [ Somonaan

< Velldxitsxtr 12 lloo VeV g ||| evizs Vx|l
+ Vel Oux s x 12|l 1 VEQX " 11 | leits Vix g |1 (5.81)

We now estimate the remaining terms in (5.79). The contributions from ¢/, are supported for finite x,
and can be estimated by lower order norms. The second term from (5.79) is bounded by

R B [N )
and the third term from (5.79) by
| / vV 0x¢1 | < Vellev ou (0 lIVeQd 102l
both of which are acceptable contributions according to estimates (3.33), (5.19), and (5.22).

We now arrive at the remaining terms from (5.17), which will all be treated as error terms. We first
record the identity

[ 026, 2002163 - 26020161
= —s/ ,usﬁxusf/zxn(f)%l - 33/ syfvzxﬂ(p%l - / s,u%\ﬂxzzqmqﬁil
- 44/ sVQ,uSGxusxmﬁl + 462/ 8/1?\7Qx20¢%1 +44/ sinmeqﬁnqﬁil
+2 / eV (L20x*¢119,). (5.82)
To estimate these, we simply note that due to the pointwise estimates |0, s {(X)¥12| < i, we have
el [ itV < INEa7x'Sou, (5.83)

and similarly for the second term from (5.82). An analogous estimate applies to the fourth and fifth
terms from (5.82).
‘We next move to

/ysvsvy (eVxPpl, - 2e0x*1 92, - 260x%p1197,)

1 - . .
:_5/8(ﬂsvs)yv2x22¢%l +2/sysvSVUx21¢%1 +‘/5(“SVA‘)YVQ)C21¢%1
+2/8u‘vvs\7(7x22¢11¢11 +2/s(ysvs)yVszz(ﬁ]lqﬁil. (5.84)
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To estimate these terms, we proceed via

1 ~ _ -
[ getur, 7261420 [ eun 00261+ [ s, V06,
. 1 N .
< 10y sy 0012 INET S 101 + Ve 02107
(s vs)y sl VT2 11 11VEQx™ g1, (5.85)

all of which are acceptable contributions according to the pointwise decay estimates (3.47)—(3.50), and
according to (5.19)—(5.22).

We now arrive at the three error terms from (5.17) which are of the form (2ugusy + Vst Sy)f/ -
Msx v — (Mstsxx + VsHsxy)Q. To estimate these contributions it suffices to note that the coefficient in
front of V satisfies the estimate |25ty + Vs Hsyl < (x)~!, and similarly the coefficient in front of U
satisfies |psxvs| < (x)~!. Third, the coefficient in front of Q satisfies |y psxx + Vspsxy| S (x)72. Thus,
we may apply an analogous estimate to (5.85).

‘We now estimate the error terms in Rg) [u,v], fori = 1,2, 3, beginning first with those of Rél). For
this, we invoke (5.45) as well as (5.22) to estimate

| / R V()71 | < IVeRS (0 o VeV () o |
< @I Vilx + CollU.Viixans) GlIU. Vi + CollU. Vixans).  (5:86)

‘We now estimate the contributions from Réz) [u, v], defined in (5.13), for which we first have

|/stu(m (eVx*¢7, — 260x* 47, — 2e0x2¢118],)]
S Vel il lle Vx5 011 [ (IVEVX3 611 + 1[Ve0Qx*2 10ll) + VellU, Viia,os
Ny _
S Ve(l+e2 MU, V||x)(CsllU, Vllxys +0IU, VIx)(CslIU, Vx5 +6IU, Vix), (5.87)

where we have invoked (3.48), (3.32), (5.22).
and similarly for the second term from Réz , we have

I/vxyv(“)(sVX%?] ~260x%17) ~ 260x 6119},
S WsyxllolIVEr T2 g | (IVEVXO2 611 + 11VEQx™ g10ll) + VEIU. VL. .

Ny

< (1 + 877M1 ”U’ V”X)(C(5”U5 V”Xglo,s + 6”U’ V||X1])(C§||U’ V”Xs]()j + 6||U’ V”X]l)’ (588)

where we have used (3.47), (3.32), and (5.22).
‘We now move to the error terms from R?), First, we estimate using the definition (5.14),

3) _11.5 11= 11.5 12-.12.5 -1
VR3¢0 s Vel oy yx S lalvydinll + 10225212 |l e x) ™ 11
11=-_11 1 11-_11.5
+l10M ax ol VEv e girll + 1101 xS vy duill < U, V|,

From this, we estimate simply

| f RO (72202, — 26052 2, — 26020116,

< IVeR 2511 1 (IVEVx 311 1| + IVEQx*Sroll + VENU, Vi, s)
< ”U’ V||X§4(6||0$ ‘7”@1] + C6||U7 V”XSIO'S)’ (589)

where we have invoked estimate (5.22). This concludes the proof. O
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6. Nonlinear analysis

We first obtain estimates on the “elliptic” component of the A’-norm, defined in (3.13). For this
component of the norm, the mechanism is entirely driven by elliptic regularity.

Lemma 6.1. Let (u, v) solve (2.18)—(2.19). Then the following estimate is valid

IU. Vg s IU.VIg, + Feu (6.1)
where we define
11
Feu =) 105 Frl? + Va0 Grl?, 6.2)
k=1

Proof. This is a consequence of standard elliptic regularity. Indeed, rewriting (2.18)—(2.19) as a pertur-
bation of the scaled Stokes operator, we obtain

—Agu+ Py =Fr+Ni — (lty +dyv + iyl + Vity), (6.3)
P, _ _ _ _
—Av+ —=Gr+ Ny — (vy + Vyv + Dyl +Vvy), 6.4)
&
Uy +vy =0, (6.5)

with boundary conditions (2.19). From here, we apply standard H> estimates for the Stokes operator on
the quadrant, [BR80], and subsequently bootstrap elliptic regularity for the Stokes operator away from
{x = 0} in the standard manner (see, for instance, [Iy16a]-[Iy16c]), which immediately results in (6.1).
We note that a fixed factor of € is included in the second part of the elliptic norm, (3.13) due to the
presence of the cutoffs yx_; i, which allows us to use the X,, norms (which are order one even for higher
tangential derivatives) to control the right-hand sides of (6.3)—(6.4). ]

We now analyze the nonlinear terms. Define the total trilinear contribution via

10

T=3y (73(k +Tx,

k=0

Ty ) 6.6)

2 2

where the quantities appearing on the right-hand side of (6.6) are defined in (4.3), (4.33), (4.64), (4.98),
and (4.102). Our main proposition regarding the trilinear terms will be

Proposition 6.1. The trilinear quantity T obeys the following estimate

N
T 5 &7 M50, V3. ©.7)
Proof of Proposition. The proposition follows from combining estimate (6.8) and (6.31). m]

Lemma 6.2. The quantity Tx,, defined in (4.3), obeys the following estimate

No g
ITx,| < &2 MU, V3. (6.8)

Proof. We recall the definition of T, from (4.3). We first address the terms from A/, which give

N- N N: N:
/Nlng:872/L?uUng2+872/ﬁxuU2g2+8Tz/ﬁxyqugz—st/ﬁtung

N- N- N-
+572/ﬁvaUg2+2572/ﬁyvU2g2+sTZ/ﬁyyqugz. (6.9)
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We now proceed to estimate

Ny _ 2 Ny o1 _3 1
e | [ auUUxg"| < &7 |lux* |l |UCx)™* |[[[Ux(x)2 ]
N N-

ST MU VIR AU | < 87 MO VIR, (6.10)
where we have invoked estimate (3.50). To conclude the final inequality above, we estimate the final term
appearing in (6.10) by splitting ||L7Ux(x)% || < [laUx(1 = ¢12)|l + ||IZUX<)C>%¢12||, where we have used
that the support of (1 —¢17) is bounded in x, and so we can get rid of the weight in x for this term. For the
x large piece, we use that ¢; = 1 in the support of ¢, and so ||Ux(x>%¢12|| < ||Ux<x>%¢1 I s U, V|x-

For the “near x = 0 case, we simply estimate by using || VaU,|| < £™'||U, Vllx,-
The second and third terms from (6.9) follows in the same manner, via

Ny

7 / Bl + ] 5 &7 Taxlolluxt U P < 67 MU VIS, 6.1
For the sixth term from (6.9), we first decompose i into its Euler and Prandtl components via
8% / IZyvUzg2 = 8% / Byﬁvazgz + sNzTH / dyipvU?g*. (6.12)
For the Euler component, we can use the enhanced x-decay available from (2.8) to estimate
e 5 / dyiipvUig? <& % /<x>—%U2 <& UG 6.13)

For the Prandtl component of (6.12), we do not get strong enough x-decay, but rather must rely
on self-similarity coupled with the sharp decay of v. More specifically, we need to first decompose
U=U(x,0)+ (U-U(x,0)), after which we obtain

N- N- N-
872|/ﬁpyvU2g2| SeTzlfﬁpyvU(x,O)2|+st|/IZpyv(U—U(x,O))zl
Ny _ 1 1 Ny 1 1 U-U(x,0)
s &7 suplipyllps v 2 [lollU(x, 0)x) z||§:0+g 2 iy y* 2 [loo [V () 2 [|oo | —————1|.
X
(6.14)

We now address the terms from A3, which gives

1 N. N.
/s./\fz(Vg2+—q(x)_l_ﬁ)=872+1/uvag2+st+l/vvng2

100
|- ST TR D —1--L
+—£72 Uvg{x)” "0 4 —g72 VVyg{x)” 10,

100 100
(6.15)
We estimate these terms directly via,
Ny 2 Ny 1 1 _3
e [ uwv Ve®| < e ludx) ¥ loo[Veva () 2 IIIWeV (x) 7, (6.16)
M1 2 N 1 1 -1
g2 [ vy Vel < e V()2 e llvy ) 2 (IIVEV ) 7| (6.17)
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Ny L Ny 1 1 7

Pl / w g (x)" ] < &7 Jue) el VeV (1) 2 Ve () H I, (6.18)
N L Ny 1 1 _

Pl / vy ()| < 87 () 7 [leollvy (0 7 [ VEG (x) 2l (6.19)

All of these quantities are bounded by & T -Mi-5 \u,vi3 *» Which completes the proof of the lemma. O

We note that in the estimation of the trilinear terms, 7}1 and ’7}1 , we do not need to integrate by

parts to find extra structure. In fact, it is a bit more convement to state a general lemma first, which
simplifies the forthcoming estimates.

Lemma 6.3. For 0 < k < 10,
1
||—aw1 @ |+ VEI= N ) gy || < 6220, VIR, (6.20)
u

Proof. First, regarding the cutoff function ¢, present in (6.20), we will rewrite it as ¢; = ¢ p =
o112 — d12) + P1P12, according to the definitions (3.3) and (3.46). As a result, we separate the
estimation of (6.20) into

1 1 1 1
||53§/\/1 (2] + \/EHE@I;NZ(JC)HE@ I
1 1 1 1
< ||EafN1 (X2 (Y12 — P1o) |l + ‘/E||E¢9£/\/2<x>k+7 W12 =)l
1 1 1 1
=X NI Y2 puall + Vel =97 Na () 2 ol (6.21)

The quantities with o — @1 are supported in a finite region of x, and are thus estimated by

P U, V||§(. We must thus consider the more difficult case of large x, in the support of ¢12.
We first treat the two terms arising from A/;. Applying the product rule yields

k
k S S
PN = (j)(a;ua}: 4 8vorT o) (6.22)
j=0

Let us first treat the first quantity in the sum. As 0 < k < 10, either j or kK — j + 1 must be less than 6.
By symmetry of this term, we assume that j < 6 and then k£ < 10. In this case, note that k — j +1 < 11,
and so we estimate via

T ||—af O u(xy gl s 67 ||—afu<x>f+4w12||m||ak e e T P ] [ e
(6.23)
where we have invoked (3.47) and (3.32).

We now move to the second term from (6.22), which is not symmetric and thus we consider two
different cases. First, we assume that j < 6 and k < 10. In this case, we estimate

Ny 1 . . 1 Ny 1 . 1 s .
e |=0dvay o) T gnall < €7 =0ty (1) unallelloy oyt pua|
N
se? MU V|3, (6.24)
where we have invoked (3.48) and (3.33).
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We next consider the case that 0 < k — j < 6 and 6 < j < 10. In this case, we estimate via

Nl k=g 1 Ny k=i _ixd 1, i
£ 7 1=00ay oyut) 2 pull s €7 10y ) T il gz = v izl
N-
e MU v (6.25)

where we have used the mixed-norm estimates in (3.48) and (3.34) (and crucially that j < 10 to be in
the range of admissible exponents for (3.34)).
We now consider the second quantity in (6.20), for which we again apply the product rule:

k
AU S
N, = Z ( _)(a;uaf 1 olva T ayv) (6.26)
=0
We again treat two cases. In the case that j < 6,s01 <k —-j+1< 11,
N1 3 Ny o1 il _j iyl
&7 |=0uVE0 v T gl < & |- dfut) unallelVEd v () 2 g

N-
<& MU, V|3, (6.27)

where we have invoked (3.32) and (3.47).
Second, we assume that 1 < k —j +1 <4 and j > 7, in which case we estimate by

1, i k—j 3 1 k- Citled j i1
Vell=a3udy 7 v T pnll < Vell- o v I e lotut) T2l (6.28)

For the second contribution from (6.26), we again split into two cases. For the first case, we assume
that j < 6, in which case

| 3 1, il —j il
Vell=olvay ™ 90 T pnll < =0ty (@) unallolldy i) gl (6.29)
In the second case, we assume that 7 < j < 10, in which case k — j + 1 < 4, and so we put
1, i ki 3 - i1 1 k- —itlel
Vell=00vai ™ 90 T onll s Velotv) 2l = o u@) M iunle. (6.30)

This concludes the proof of the lemma. O

Corollary 6.4. The following estimate is valid:

10 10
Ny _
|Z73<k +ZTXH% +7}k+%‘ < e 2MS U V. 6.31)
k=1 k=0

Proof. This is an immediate corollary of (6.20) and the definitions of Ty, , 73(k+ 1»and 7}k+, . Recall the
definition (4.98). We have for 1 < k < 10, ’

[ 1]

Tl < | / OEN (1, U™ () g2 + | / BE N, v) (VD) (1)K 97 + 2keV D) () g
+ 26V (1% g1 )
< ||éa,’f/v1<x>k+%¢1||||aU§k‘”<x><’<*”+%¢k||
+IVEZ RN (0 gV () 4 gy |
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1 ; ;
+INeZ kMo ) g [Ny 4~ () D7 g |
1 _ N
+INeZ M) i [IVEaVy ™ () P g [ 5 7 MU VIR IU. VL,

where we have appealed to the bounds (6.20). Essentially the identical computations apply to 73(“] ,

and 7yk | » S0 we avoid repeating these bounds. O
"l
2

Remark 6.5. We note that we prove a sharper bound than the claim due to the extra ¢ factor appearing
in (6.31). This factor has been included simply for consistency with (6.8) (which itself is a weaker claim
than we actually prove).

The proof of the main theorem, Theorem 1.5, is now essentially immediate:

Proof of Theorem 1.5. We now add together estimates (4.2), (4.32), (4.63), (4.97), (4.101), (4.107),
(5.53), (6.1), and invoke the equivalence (5.33), from which we obtain

11 10
U VIG < D Fxo+ D Fx, +Fr,, +Feu+T. (6.32)
k=0 k=0

k-¢-7

[N

Appealing to estimate (6.7) and the established estimates on the forcing quantities, (1.43) gives the main
a-priori estimate, which reads

N-
U VIR < & +e7 2M75)u, V3. (6.33)

From here, the existence and uniqueness follows from a contraction mapping argument via an approxi-
mation procedure, as in the one performed in [Iy16c]. We omit repeating these details. O
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