
POLYNOMIALS WITH SOME PRESCRIBED ZEROS 

Q.I. Rahman and Mohd. Ali Khan 

(received September 27, 1966) 

1. In connection with various problems concerning poly
nomials 

p (x) = 2 a x 
n v=o v 

on the unit interval, the Tchebycheff polynomial 

T (x) = cos (n cos" x) = — {(x + vx - l ) n + (x - Vx -I)*1} 

[n/2] ( .A, 

( - 1 ) n , n - v , t .n-2v 
E \(r! \ * ) (2X) 

v = o 

is known to play a very important role [11, problem 34]. For 
example, if 

|p (x)| < 1 for -1 < x< 1 , 
1 n "" — 

then in the same interval [12] 

|p ' (x) | < n 2 , 
n 

with equality possible if and only if p (x) is the n-th Tchebycheff 

polynomial T (x) . Another situation illustrating our remark is 
n 

the following [7, p. 62]. 

Amongst all polynomials q (x) = x + a t x + . . . 
n n-1 

+ a,x + a with leading coefficient 1, the one which minimizes 
1 o 

the norm 
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q II = max |q (x) | 

[-1,1] 

is the polynomial 2 T (x) . 
n 

It is also known [14, Theorem 17] that if 
n 

p (x) = Z) a x is a polynomial of degree n such that 
n v 

v = o 
| p ( x ) | < l on [0, 1],* then for 0 < v< n 

la | < | t | , v n, v 

where t ! s a re the coefficients of the polynomial 
n, v 

n 
T (2x - 1) = 2 t xV . 

n n, v 
v-o 

The following resul t of I. Schur ([15], Theorem V; see also 
[4], Theorem 3) provides yet another i l lustrat ion. 

THEOREM A. If p (x) is a polynomial of degree n such 

that |p (x) I < 1 on [-1,1] and p (0) = 0 , then in the same in-| j r n — — n 
terva l 

(1) | p n (x ) /x | < m , 

where m = n or_ n-1 according as n is odd or even, with 
equality possible only at x = 0 . The ext remal polynomial is 
T (x) or T fx) according as n is odd or even. 

n — n-1 ° 
The theorem of Schur can be stated in the following alter

native form: 

If p (x) is a polynomial of degree n such that 
— ^n 

|T . (x) p (x) I = |cos (cos" x) p (x) | E | x p (x)| < 1 , 

for -1 < x < 1 , then in the same interval 
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|p (x) | < m + 1 , 
n 

w h e r e m = n or n- 1 acco rd ing a s n i s even or odd. 

Having r e a l i z e d the i m p o r t a n c e of Tchebycheff p o l y n o m i a l s 
we s eek to g e n e r a l i z e the p r e c e d i n g r e s u l t by a s s u m i n g tha t 
IT (X) p ( X ) | < 1 for - 1 < x < 1 , w h e r e T (x) i s the k - t h 

k n — — k 
Tchebycheff p o l y n o m i a l . We p r o v e 

THEOREM 1. If p (x) i s a po lynomia l of d e g r e e n such 

tha t I T (X) p (x) I < 1 for - 1 < x < 1 , then in the s a m e i n t e r v a l 
' k n ~ ~ 

|p (x) | < ( n + k ) / k . 
1 n — 

F o r even n , th is r e s u l t i nc ludes T h e o r e m A. 

F o r the proof of T h e o r e m 1, we need the fol lowing: 

L E M M A . If F(6) i s a r e a l t r i g o n o m e t r i c po lynomia l of 
d e g r e e n and | F ( 0 ) | < 1 for r e a l 0 , then 

(2) n 2 ( F ( 6 ) ) 2 + ( F ! ( 0 ) ) 2 < n 2 , 0 r e a l . 

Inequa l i ty (2) w a s f i r s t expl ic i t ly s ta ted by van de r Corpu t 
and Schaake [6], a l though it i s i m p l i c i t in an e a r l i e r inequa l i ty 
due to Szegô [16] . 

P roo f of T h e o r e m 1. Le t the m a x i m u m of p (cos 0) for 
' ^n ' 

0 < 0 < 2TT occu r when 0 = 0 . If 0 i s e i t h e r 0 or 2IT t h e r e 
— — o o 

i s nothing to p r o v e , s ince then | T (cos 0 ) | = 1 and we get 
K O 

|p (cos 0)1 < |p (cos 0 ) T (cos 0 ) | < 1 . 1 n n O K o — 

Now let 0 < 0 < 2TT , and choose v such that e p (cos 0 ) 
o n o 

i s r e a l . Cons ide r the r e a l t r i g o n o m e t r i c po lynomia l 

F(0) = Re iely p (cos 0)} . 
n 

The m a x i m u m m o d u l u s of F(0) o c c u r s a t 0 and i t i s a l oca l 
o 
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m a x i m u m a s w e l l , i . e . , t h e d e r i v a t i v e of F ( 0 ) v a n i s h e s a t 0 
o 

A p p l y i n g t h e l e m m a to t h e t r i g o n o m e t r i c p o l y n o m i a l 

T, ( c o s 9) F ( 0 ) = c o s k 0 F ( 0 ) 
k 

w e g e t 

( n + k ) 2 ( c o s 2 k0 ) F 2 ( 0 ) + { - k ( s i n k0 ) F ( 0 ) + ( c o s k0 ) F f ( 0 ) } 2 < (n+k) , 

f o r 0 < 0 < 2TT . F o r 0 = 0 w e h a v e i n p a r t i c u l a r 
— ~ o 

{ ( n + k ) 2 ( c o s 2 k 0 ) + k 2 ( s i n 2 k 0 } F 2 ( 0 ) < ( n + k ) 2 

o o o •— 

o r 

| F ( 0 ) | < ( n + k ) / { k 2 + ( n 2 + 2 n k ) ( c o s 2 k 0 ) } 1 / 2 , 
o o 

and t h e d e s i r e d r e s u l t f o l l o w s . 

If S(G) i s a t r i g o n o m e t r i c p o l y n o m i a l of d e g r e e n and 
| S ( 0 ) | < 1 f o r r e a l 0 , t h e n 

(3) | S ! ( 0 ) | < n , 0 r e a l . 

Th i s r e s u l t w a s p roved by B e r n s t e i n [ l ] , e x c e p t tha t in (3) 
he had 2n in p l a c e of n . Inequa l i ty (3) in the p r e s e n t f o r m 
f i r s t a p p e a r e d in p r i n t in a p a p e r of F e k e t e [8] who a t t r i b u t e s the 
proof to F e j é r . B e r n s t e i n [2, p . 39] a t t r i b u t e s the proof to 
L a n d a u . Using (3), we can deduce f r o m 

S(0) - S(0) = f° S'(t) dt , 
0 

tha t if S(0) i s a t r i g o n o m e t r i c p o l y n o m i a l of d e g r e e n such tha t 
| S ( 0 ) | < 1 , _and S(0) = 0 , then for a l l r e a l 0 

(4) | S ( 0 ) / 0 | < n . 

The e x a m p l e s in n0 shows tha t the r e s u l t i s b e s t p o s s i b l e . Note 
the ana logy b e t w e e n th i s r e s u l t and T h e o r e m A. 

It i s we l l known tha t the c l a s s of t r i g o n o m e t r i c p o l y n o m i a l s 
of d e g r e e n co inc ide s [5] with the c l a s s of e n t i r e func t ions of 
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exponential type r ( n £ Y < n+1) , periodic on the real axis with 
period 2TT . Inequality (4) is therefore included in the following 
result. 

THEOREM 2. If f(z) is an entire function of exponential 
type r such that |f(x)j < 1 for all real x , and f(0) = 0 , then 

(5) | f (x ) /x |<T. 

The bound is attained for the function sin rz . 

Inequality (3) has been extended [3, p. 206] by S.N.Bernstein 
to entire functions of exponential type and so Theorem 2 follows 
in exactly the same way as inequality (4). 

2 
2. In this section, we obtain L analogues of (1), (4) and (5). 

Let p (x) be a polynomial of degree n (>1) such that 

p (0) = 0 . Then for 0 < a < n 

Z 1 | p ( x ) / x | Z d x 
. n 

(6) 
/ |pn(x)/x|2 dx+ / |pn(x)/x|2 dx 
|x|<a/n n (a/n)<|x|<l 

2 
< — max p (x)/x + — f p (x) dx . 

n I I / n 2 A n 

x <a/n a -1 

Let R > 1 be arbitrary and let E denote the ellipse with 
R 

foci at j^ 1 and semi-axes 

1 -1 1 -1 
a= - (R+R ) , p = - (R- R ) . 

_ A^ 

It is easy to verify that if |x | < a then the shortest distance D 
2 1/2 

of x from E is (3(l-x ) . By Cauchy's integral formula 
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fpnwi 
— f 
2iri L I 

P (z) 
n 

z - x 
R 

Hence for | x | £ a , 

i2 
i p > ) / * r < — H r u i I ipn(

z)/zi2 idzi 
2TT(3(1-X ) E R 

2 n - l 

- 7777 / IPJ X ) / X I dx 

^ P ( l - x 2 ) 1 / 2 - 1 n 

by an inequa l i t y of Hi l l e , Szegô, and T a m a r k i n ( s ee inequa l i ty 

(2 .3 ) on p . 732 of [9]). On put t ing R = j we ob ta in 

Ipn(x)/X|2< ^fïjï / ' IPnW/«|2d* 
TT(1-X ) - 1 

-rr(n - a ) 
171 / lpn

(x)/xl dx 

- 1 

if | x | £ a / n . 

Using the l a s t e s t i m a t e in (6), we obta in 

J 1 |p (x)/x|2dx 
J . n 

4 a e n r 1 i / x / | 2 n n r 1 i / \ i 2 , 
< 2 2 1/2 J IPn(x>/x l d x + — J IPn<x>l d x 

-rr(n - a ) - 1 a - 1 

or 

, 7 2. 2 2 . 1 / 2 
r 1 i / \ / 12 - Trn (n - a ) r x \ i \ i ^ -. 

/ | p n ( x ) / x | d x < ^ ' / | p n ( x ) | dx 
- 1 a {Tr(n - a ) - 4aen ) - 1 

On put t ing a = -— th i s r e d u c e s to 
be 
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J1 |p (x) /x | 2 dx 
- 1 n 

< (6en/^)2 { 1 - ( | ) / A - (Ôen/Tt)"2}"1 / * | p n ( x ) | 2 d x , 

which is the analogue of (1) we wanted to prove. It is not asser ted 
that the right-hand side of this inequality is best possible . Thus 
we may state the following: 

THEOREM 3. If p (z) is a polynomial of degree n(>l) 

p (0) = 0 , then 
n 

(7) f 1 |p ( x ) / x | 2 d x < K n 2 f1 |p ( x ) | 2 d x , 
J n J n 
-1 -1 

where K < 83 . 

If F(6) is a tr igonometric polynomial of degree n , such 
that F(0) = 0 , then F(20)/s in 0 is a tr igonometric polynomial 
of degree 2n - 1 , and for 0 < a < nrr/2 , 

f12 | F ( 2 e ) / s i n 0 | 2 d 9 
- i r / 2 

= j |F(26)/sii i 9 | 2 d9 + J | F ( 2 9 ) / s i n e | 2 d e 
| 0 | < a / n (a/n)<|e |<iT/2 

2 
9 *> "y 

< — max | F ( 2 0 ) / s i n e | + 7 - / | F (28 ) / e | d9 , 
n | 9 | < a / n (a/n)<|0|<Tr/2 

2 
since | s i n 6 | > — | e | for | 0 | < ~ . Hence 

TT 2 
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P 1 2 | F ( 2 6 ) / s i n 6 | 2 d6 

-TT/2 

2 2 
< — m a x | F ( 2 9 ) / s i n e | Z + ^ - f , Z | F ( 2 9 ) / 9 | 2 d 9 

n | 6 | < a / n 4a -TT/2 

2 2 
2a 4 n - 1 r u • . . ^. . . .2 IT n rTT/2 . . ^ , i 2 _, 

< I — / F ( 2 9 ) / s i n 9 d9 + — / F(29) d( 
~ n 2TT J . 2 J . ' 

- T T 4 a -TT/2 

by a r e s u l t of I b r a g i m o v [19, p . 178] which s t a t e s that , _if S(9) jis 
a t r i g o n o m e t r i c p o l y n o m i a l of d e g r e e n , then for 1 <C p <C 2 

m a x | S ( 9 ) | < ( 2 £ ± V > P ( / * I S(9) | P d 9 ) 1 / P . 
- T T < 0 <TT -TT 

? / 9 9 

Since J 7 7 | F ( 2 9 ) / s i n 9 | d9 i s equa l to 2 f* | F ( 2 9 ) / s i n 91 d9 
-TT - T T / 2 

we ob ta in 

f/z lF(2e)/sine[2de< n * j ^ 2 |F (29) | 2 de . 
-ir/2 4a {ni r -2a(4n-1)} -TT/2 

TT 

On put t ing a = — th i s r e d u c e s to 

3 
r / Z | F ( 2 9 ) / s i n 9 | 2 d9 < 6 X 3 X 12 X C ^ - r ) T / 2 | F ( 2 9 ) | 2 d9 
-TT/2

 2 n + 1
 -TT/2 

Hence 

3 
/ * | F ( 9 ) / s i n - | d 6 < 6 x 3 X 1 2 X ( ~ ^ ) f" | F ( 9 ) T d 9 

-TT 

Since | T | > . | s i n — | we ge t 
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F |F(e)/e|2 de < 54x ( ^ ) f | F (0 ) | 2 de . 
- T T - T T 

Hence we have the following theorem. 

THEOREM 4. If F(0) is a tr igonometric polynomial of 
degree n such that F(0) = 0 , then 

(8) J7 1 |F(G)/e | 2 d9< 27n2 J* \F(Q)\2 60 

Inequality (8) is to be compared with (4). Here again we do 
not claim that the inequality is sharp. 

Finally, we prove the following analogue of (5). 

THEOREM 5. If f(z) is an entire function of exponential 
2 

type T belonging to L on the rea l axis and f(0) = 0 , then 

(9) J 0 0 | f ( x ) / x | 2 d x < 2 7 ( < A ) 2 J 0 0 | f ( x ) | 2 d x 

Proof of Theorem 3. For every positive a 

J°° | f (x) /x | 2 dx = J | f (x) /x | 2 dx + / | f ( x ) / x | 2 d x 
| x | > a/Y | x | < a / r • 00 

< (-r/a) J 0 0 |f(x)| dx + 2 ( a / r ) max | f (x) /x | ' 
- 0 0 - 0 0 < X < 0 0 

It has been proved by Korevaar [13] that if F(z) is an entire 
2 

function of exponential type T belonging to L on the rea l axis 
then 

| F ( x ) | 2 < X- H | F ( x ) | 2 d x , -oo<x<oo. 
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Hence 

/°° |f(x)/x|2 dx< (r/a)2 /°° |f(x)|2 dx + 2(aA) /°° |f(x)/x|2 dx 
- 00 - 00 - 00 

/ ° ° | f ( x ) / x | 2 dx< ( r / a ) 2 - ^ - J 0 0 | f (x ) | 2 dx . 
J
 TT - £ a ^ 
- oo - oo 

TT . . / 2 TT 

Putting a = "T which makes ( r / a ) ~— minimum we get the 
3 TT - 2a 

desired resu l t . 
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