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Abstract  Given an integer n, we show that Z,, embeds in a 2-generated subsemigroup of Z,, 2, which is
an inverse semigroup. An immediate consequence of this result is the following, which is analogous to the
case for groups and semigroups: every finite inverse semigroup may be embedded in a finite 2-generated
semigroup which is an inverse semigroup.
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1. Introduction

It is well known that any countable semigroup can be embedded in a 2-generator semi-
group. Apparently, the first proof of this result is due to Evans [2]. The proof of Evans
was combinatorial in nature. Later, Neumann [6] gave an alternative proof based on the
wreath product construction. A corollary to Neumann’s proof is that any finite semigroup
can be embedded in a finite 2-generator semigroup. This result is also a consequence of
yet another proof of the result of Evans, which is due to Subbiah [7].

Since every countable semigroup can be embedded in the full transformation semigroup
T on the positive integers, Subbiah begins her proof by assuming that the semigroup S
in question is a subsemigroup of T'. On the basis of an enumeration of the elements of
S, she explicitly produces a pair of elements «, § of T such that S is contained in the
subsemigroup («, 3) generated by « and 3. Ash (see Hall [3]) showed that Subbiah’s proof
could be modified to prove that every countable inverse semigroup can be embedded in a
2-generator inverse semigroup and that every finite inverse semigroup can be embedded
in a finite 2-generator inverse semigroup.

Hall remarks that Ash’s construction can be modified to obtain Neumann’s result: that
every finite semigroup S can be embedded in a finite 2-generator semigroup. To do this,
and to get the result for finite inverse semigroups, one regards the finite semigroup S as
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a semigroup of partial transformations on a finite set X and embeds S as a semigroup
of partial transformations on the finite set X X Zy4,,,, where m is the number of elements
of S. Thus, for example, if S is the full transformation semigroup on X = {1,2,...,n},
the set X x Zy4,, has order 4n™t1!.

In fact, it is easy to obtain a direct embedding of a finite semigroup of transformations
of a set X, of order n, in a 2-generator subsemigroup of the full transformation semigroup
on n + 1 letters. To see this, it suffices to produce a 2-generator subsemigroup of the full
transformation semigroup 7,41 on {1,2,...,n + 1} that contains 7, as a submonoid.

To this end, define transformations «, § of {1,...,n+1} as follows. The transformation
3 is the cyclic permutation of {1,...,n + 1} which maps ¢ to ¢ + 1 mod(n + 1) while

o — 1 2 3 -+ n-—1 n n+1
213 - n-1 n+1 n+1)’
so that « interchanges 1 and 2, maps n to n + 1, and leaves the other members of
{1,2,...,n + 1} unchanged. The subsemigroup S of the full transformation semigroup

T =Tpe10on{l,...,n+1} generated by a, (3 also contains the idempotent ¢ = o2. Each
element of €7Tc has the same value at both n and at n + 1 and its image is contained in

{1,2,...,n — 1,n + 1}. Indeed, it is easy to see that the restriction of each element of
eTe to {1,2,...,n—1,n+ 1} gives an isomorphism of €T onto the full transformation
semigroup on {1,2,...,n—1,n+ 1}. The inverse isomorphism is obtained by extending

maps of {1,2,...,n—1,n+1} to {1,2,...,n— 1,n,n+ 1} by defining the value at n to
be the same as that at n 4 1. It follows that €T¢ is generated by the images, under this
inverse isomorphism, of the n cycle (1,2,...,n — 1,n + 1), the transposition (1,2), and
any idempotent of rank n — 1 (see [8] or [1,4,5] for this and other standard results in
semigroup theory). Thus £T¢ is generated by

1 2 -+~ n—-1 n n+1
KR =
2 3 .- n 1 1 ’
by « and the idempotent
6= 1 2 -+ n-1 n n+1
1 2 - n4+1l n4+l nt+1)’

But k = 8¢ so that k € S. Furthermore, it is easy to verify that ¢ = Be3 le so
that S contains the three generators (3, K, ¢ of eTe. Thus S contains a subsemigroup
isomorphic to the full transformation semigroup of n letters. Indeed, eSe = €T¢ is an
isomorphic copy of the full transformation semigroup on {1,...,n}. Thus S contains the

full transformation semigroup on {1,2,...,n} as a local submonoid.
Consequently, we have the following proposition.

Proposition 1.1. Every finite semigroup can be embedded in a 2-generator finite
semigroup which is generated by a pair of group elements.
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Proof. It is well known that every finite semigroup S can be embedded in the full
transformation semigroup on a finite set. By the remarks above, this full transformation
semigroup can be embedded in a finite 2-generator semigroup. Hence so can S. Finally,
it is clear that each of the elements a, b in the discussion above is a group element; that
is, it belongs to a subgroup of S. This is the end of the proof. O

The main result of this paper shows that a similar construction can be used to prove
that the analogous result holds for finite inverse semigroups. More precisely, let n be
a positive integer and denote by Z,, the symmetric inverse semigroup on {1,2,...,n}.
We shall show that there is a 2-generator subsemigroup S of Z,,;o that contains an
isomorphic copy of Z,, as a local submonoid. The semigroup S is inverse and is generated
by a pair of group elements. Since, by the Wagner—Preston Theorem, every finite inverse
semigroup can be embedded in some Z,, it follows that every finite inverse semigroup
can be embedded in a finite 2-generator inverse semigroup.

2. The result

Theorem 2.1. The inverse semigroup Z,, may be embedded, as a local submonoid, in
a 2-generated inverse subsemigroup of 7, 1.

Proof. Let X ={1,2,...,n}and Y = XU{a,b}, where a,b ¢ X. Let Zx (respectively,
Zy) denote the semigroup of all one-to-one partial mappings on X (respectively, on Y).
Notice that Zx (respectively, Zy) is isomorphic to Z,, (respectively, Z,,+2). There is a
natural isomorphism between the semigroup Zx and the semigroup of those one-to-one
partial mappings on Y that are not defined on the elements a and b and contain neither
a nor b in their image. To simplify our notation, we shall assume that the two semigroups
literally coincide. Let us consider two mappings «, 5 € Zy defined as follows:

o — 12 -~ n—-1 n a b
\23 - n 1 a )
5_1234---n—1nab
“\a b 34 -~ n=1n 2 1)
In other words, a contains the cycle (1,2,...,n), maps a to itself and is not defined
on b; whereas (3 contains the cycle (1,a,2,b), and maps each of the elements 3,4,...,n

to itself. We shall prove that the semigroup Zx is a subsemigroup of the 2-generator
subsemigroup of Zy generated by « and 8. For i = 1,...,n — 1 let the mapping v; € Tx
be defined as follows:

(12 i il e =1
"=\ 2 s il i e =1 n)

For j =1,...,n let the mapping J; € Zx be defined as follows:

5 — 12 .- ¢ -+ n—-1 n
77\1 2 ... — .. n=1 nl-
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The semigroup Zx is obviously generated by the mappings v;, ¢ = 1,...,n — 1, and §;,
j = 1,...,n. Therefore, in order to prove that Zx is a subsemigroup of the semigroup
generated by « and 3, it suffices to note that each of v; and §; can be factorized into a
product of a and (. Indeed, it is routine to check that

v = anlg2an62anfiﬂ2ai
and
5j _ anl@2an52an—j+lﬂ3anﬁa]’—1.

The described embedding of Z,, into Z,, 42 is efficient in the sense that Z,, is not spread
all over the embedding semigroup Z, ;2. To see this we note that Z,, = Zx is contained

in the local submonoid of Z,, 15 = Zy with identity e on 1,...,n. Since this submonoid
is just Z,, again we have Z,, = eZ,1q€.
This concludes our proof. O

Corollary 2.2. A finite inverse semigroup may be embedded in a 2-generated finite
inverse semigroup.

Acknowledgements. The authors thank the referee, who pointed out that the result
of the theorem could be slightly improved in most cases. Namely, the referee proved
that for n > 4 the inverse semigroup Z,, may be embedded, as a local submonoid, in
a 2-generated inverse subsemigroup of Z,,;1. The referee also noticed that Zs is not
isomorphic to a 2-generated subsemigroup of Z,.
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