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Topologies generated by relations

Raymond E. Smithson

Let R be a relation on a set X , and if 4 € X set

R4 = {x | (x,a) €ER for some a € A} and AR = {z | (a,z) €R
for some a € A} . Also A is called an antiset in case no two
distinct elements of 4 are related. If A is a collection of
antisets, then we generate a topology T{A) by taking sets of the
form RA or AR (or X or @) as subbasic open sets. Then
conditions are given under which this topology satisfies
separation axioms, or is compact or connected. For example,
Theorem: Let A contain the singletons. If for each & € X and
Y€ X\ x , there is a z € X such that (x,z) € R ((z,x) € R)
and (y,3) ¢ R ((z,y) ¢ R) , then T{Al is a 7T -topology. The
conditions used to obtain compactness or connectedness are
analogous to the conditions used to get the same properties for
the order topology on a totally ordered set. Finally, by modifying
the definition of T{A) slightly, we obtain conditions so that if
X is a tree and R the cutpoint order, then T(A] is the
original topology.

1. Introduction

Let X be a set and let R be a relationon X (i.e. RCX x X)
A subset A C X is an antiset (with respect to R) iff no two distinct
elements of A are R related. Let A Cc X ; we shall use the following

notation:

RA = {z |(z,a) € R for some q € A} ,
AR

{x |(a,x) € R for some q € 4} .
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Also x Ry iff (x,y) € R . Aset A such that R4 C A4 is called
decreasing and a set A4 such that AR C 4 is called Increasing. Let A
be a collection of subsets of X . Let D(A) = {RA | A € A} and

I(A) = {AR | A€A} . FPor AE€EA, set I(A) =AR and D(A) =RA . If A
is a collection of antisets of X , set S = D(A) U I(A) U {X} VU {#} . Then
T(R,A) (or T(A) when the relation R is fixed) is the topology with S
as a subbase for the closed sets. If X 1is the real numbers and R the
usual reflexive order, the topology T(A) , where A is the set of

singletons, is the usual topology.

2. Separation axioms

In the following we shall assume that &R 1is a relation on a set X

and that A is a collection of R-antisets.

PROPOSITION 1. Suppose that for each pair x %y € X  there exists a
z € X such that either

(1) (x,2) € R and (y,z) § R ((3,2) €R and (z,y) § R) or
(i1) (y,3) € R and (x,2) € R ((z,y) € R and (z,2) € R) .

Then if A contains the singletons, T(A) is a T,-topology.
Proof. Let * y . If =z 1is an element such that (z,2) € R and

(ys2) € R, then R{z} is a closed set containing x but not y , hence
y ¢ {x} . 1If (i) holds, R{z} is a closed set containing y and not =z .

PROPOSITION 2. Let A contain the singletons. If for each x € X
and y € X\ x , there is a z € X such that (x,z) €R ((z,x) € R) and
(y,2) ¢ R ((z,y) € R) , then T(A) is a T -topology.

Proof. As above y ¢ {x} for all y € X\ x ; hence {z} = {x} and
so T(A) is a T)-topology.

COROLLARY. If R <s reflexive and antisymmetric, and if A contains
the singletons, then T(A) 1is a T)-topology.

Proof. If y % x , then (x,y) § R or (y,xz) € R . In either case
let z = x and Proposition 2 implies that T(A) is a T;-topology.

DEFINITION. A collection A of antisets is called separating (or
separates X) if and only if for * € X and y € X\ x there is an A € A
such that x € I(A) and y ¢ I(A) or x € D(A) and y § D(A)
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PROPOSITION 3. If A 1is separating, then TI(A) is a T)-topology.

DEFINITION. A collection A of antisets geparates points of X iff
for x %y there exist A;,A € A such that z € 4; \ 4, and
y €A\ 4

COROLLARY. If R 1is reflexive, transitive, and antisymmetric, (i.e.,
a partial order), and if A separates points of X , then- T(A) 1is a
T,-topology.

Proof. Suppose y € I(A) and y € D(A) then there is a 3; € A and
a 2, €A such that z; Ry and y R 3, , then 2) R z, (by transitivity)
and hence, 2, = 3, , but then by antisymmetry z; =y € A which is a
contradiction. Since R is reflexive, we get A separsting, and hence

T(A) is a T;-topology.

If R is a relation on X and =z $y , then there is a maximal
antiset A such that x € 4 and y € A . Thus, it will be possible to
construct collections of antisets which satisfy the following definition.

In order to simplify the notation we let B or B, denote either I(A) or
D(A) where A is some antiset in some collection A .

DEFINITION. A collection A of antisets completely separates points
of X iff for x $y there exist Bj,...,B; such that X = lzj B, and

=1
xz € B, implies y ¢ B, .

THEOREM 4. If A completely separates points of X , them (X, T(A))
i8 Tz .
Proof. Let X; = U{B; |y ¢ B;} , and X, = U{B; | v B;} . Then

X=XV X;, Xy, X, are closed, x € X] , ¥y € X5 ,y¢X1 and x¢X2 .
Hence (X, T(A)) is T, .

DEFINITION. A relation is called full iff whenever x 1is not related
to y there are elements 2z #x » 22 # y such that z; and 2z, are not
related and either x € D(zy) , y € I(z2,) or =€ I(zy) , y € D(z,)

THEOREM 5. If R 48 a full partial order, and if A contains the

maximal antisets, them A completely separates points of X . Hence,
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(x, T(A)) is T, .

Proof. Let x # y and suppose that x Ry . We have two subcases.
First suppose there exists a =z such that &« + 2 + Yy xRz ,and z2Ry.
Let A be a maximal antiset containing =z . Let By = D(A) and B, = I(A)
Then x€B, ,y€ B, , and X =B; UB, . Also by applying the transitivity
and antisymmetry we find that y ¢ By and «x ¢ By , and we are done. Now
suppose that no such 2 exists. Let A be a maximal antiset containing
x . Let 4; = (A\ z) U {y} and let A4, be a maximal antiset in A; which
contains y . Then let A3 be a maximal antiset in X containing 4, .

If D(A)) U I(A3) = X , we choose B} = D(A;) and B, = I(A3) and we are
done. So let z € X\ (D(4;) U I(A3)) . Let C be the maximal antiset in
X\ (D(zx) U I(y)) containing 2z . If x 1is not related to any element of
C , then CuU {x} = (¢; is a maximal antiset and Y é D(Cy) follows from
the transitivity and the choice of ( . Similarly if y 1is not related to
any element of C , then (¢) = CU {y} is maximal and x € I(C,) . Then
take By = D(Cy) and B, = I(C,) and B); , B, are the desired sets. If
y € I(C) , we take B; = D(Cy) and By = I(A3) . If z € D(C) and

y € I(C) U D(C) we take B, = D(A;) and B, = I(C,) . Finally, if

z € D(C) and y € I(C) , C 1is already maximal and B, = D(C) , By = I(C)
will work. Note that x € I(C) and y € D(C) are impossible by the choice

of C . We can verify in all cases that B; and B, are the desired sets.

This completes the case with x Ry

Now suppose that x is not related to y . Let 2z, , 2z, be such that
x € D(2y) , y € I(z,) (similar arguments will work when x € I(z;) ,
y € D(z,)) . Since 3z; and 2, are not related let A4 be a maximal
antiset containing =2; and 2, . Then set B, = D(4) and B, = I(A) , and

we are done.

By assuming a richer collection A of antisets we can obtain the same
result without requiring that the relation be full. Therefore an antiset A4
is nearly maximal iff the addition of a finite number of points to 4 will
produce a maximal antiset. We shall use the convention that the empty set

is finite and hence, that each maximal antiset is nearly maximal.

THEOREM 6. Suppose that R 1& a partial order and that A contains
the nearly maximal antisets. Then A completely separates points of X .
Hence, (X, T(A)) is T, .
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Proof. First suppose that x + y and x Ry . Then proceed as in the
first part of Theorem 5. Next suppose that x and y are not related, and
let A be a maximal antiset containing x and y . Let 4; =4\ y and
Ay = AN x . Then let By, = D(A,) , B, = I(A}) , By = D(4,) and
By =I(Ay) . Now x € B, NBy, ,y€ B3 NB, but y¢ B, U By, and
x ¢ B3 UBy, . Finally X =By} U B, U By U By, and we are done.

Suppose that R is a partial order and that A contains the maximal
antisets. If A € A 1is maximal, then we can show that D(4) \ 4 and
I(A) \ A are open sets. We can then get results similar to Theorems 5 and
6. In fact in the case of a linear order we obtain the usual result that

(X, T(A)) is T, , when A is the set of singletons.

3. Compact spaces

In this section we shall develop conditions under which the space
(X, T(A)) is compact. In the following we shall assume that we have a

fixed relation R on a set X . For this note that if Ao is the set of
singletons, if A; 4is the finite antisets and if A0 C AC Ay , then
T(Ao) = T(A) = T(A;) . Thus whenever we are using a set of finite antisets

which includes the singletons to generate the topology, we may assume that
it is the singletons. Generally we shall use the terminology of bounded
ordered sets for a general relation R . For example, a set is FR-bounded

above iff there is a point & such that ¢ Rz for all a€ 4 .

THEOREM 7. Let R be transitive, and let X be bounded and complete.
If A ig the singletons, then (X, T(A)) <is compact.

Proof. Let F be a collection of closed subbasic sets with the finite
intersection property. Since A 1is the singletons we may write

F=F,UF, vhere F; = {I(xa)| a€ Ty} and F, = {D(:ca)l a€ Ty} . Let

z, be the supremum of f{zr | a€ I3} . Then z € I(x ) for all a€T .

Let Y€ T ; then by f.i.p. I(zx )N D(:cy) $¢g forall a€ Iy . Thus,

for a€ I, , there is a 2z such that z, Rz and 2z R xY . Hence,
xa R xY by the transitivity of R . Therefore xY is an upper bound of
{za | o € Al} and thus, zg R xY . Consequently, z, € D(xa) for all
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ae€Tl, , and so z, € F . Therefore, (X, T(A)) is compact by the
Alexander subbase Lemma.

EXAMPLES., It is relatively easy to find examples of noncompact spaces
(X, T(A)) where A 1is not restricted to finite sets but where R is
reflexive and transitive, and where X is complete and bounded. We now
sketch an example which shows that we cannot drop the assumption of

transitivity in Theorem 7.

In the above let X = {(n,i) | new , 71 =0,1,2} U {(0,-1)} v {(1,3)} ,

where w is the positive integers. Define R as follows:

(i) R is reflexive with (1,3) as largest element and (0,-1) as

smallest element.

(ii) (n,0) R (m,1) for all m >

\
B

(iii) (m,1) R (n,2) for all m > n .
(iv) (n,1) R (m,1) for all m 2n.

Then X 1is complete and bounded, and R 1is reflexive but not
transitive. Further the following collection has the f.i.p:
B = {I(0,0)}u {D(n,2) | newl. But NB=0 .

REMARK., If A, 1is any collection of finite antisets and if A is the
singletons, then T(A;) CT(A) , hence the identity map
1 : (X, T(A)) » (X, T(Ay)) 1is continuous and (X, T(A;)) is compact

whenever (X, T{A)) is compact.

4. Connected Spaces

In this section we shall derive conditions similar to the well known
conditions on totally ordered spaces under which the space is connected.
Simple examples show that it is necessary to assume that the relation R
must contain points other than the diagonal in order to get connectedness.
A subset C CX 1is an R-chain (or chain for short) iff for each
x , Yy €C, x#y , either x Ry or y Rx . By a chain between two
points =z, , £, , with x; R x, , we mean a chain (¢ with x; as smallest
element and z, as largest element. The set X is strongly complete if
and only if X is complete, and if (¢ CX is a maximal chain, and if

A Cc(C 1is bounded, then sup A and inf A are members of ( . The set X

https://doi.org/10.1017/50004972700042167 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700042167

Topologies generated by relations 303

is R-dense iff, whenever z %y and z Ry , there is a z ¢ {x,y} such
that x R 32 and 2 Ry . Further, if y Rx 1is false, then z Rx and

y R 2 are false. A relation R 1is nondiscrete iff whenever X = X; U X, ,
with X; , X, nonempty, there exist points z; € X; and x; € X, such
that either x; Rxp or x, Rz .

We are now ready to state the main theorem of this section.

THEOREM 8. Let R be a reflexive, transitive, nondiscrete relation
on the set X . Let A be the singletons. If X 1is strongly complete and
R-dense, then (X, T(A)) <is connected.

Proof. Suppose that X is not connected, then X = X; Y X, with
Xy , X2 nonempty, closed sets. Since KR 1is nondiscrete, there exist
points %} € X; and Z, €X, such that x; R xp (in case x; R x; we
change the subscripts). Let C be the maximal chain between x; and xp .
(The chain C is contained in & maximal chain and hence is complete.) Let
A={zecC [ zRx and 2z €C implies z € X;} . Note that A contains

21 and hence is nonempty. Let z be the supremum of A . We now show

that z, ed , and hence z, € Xy . If z, é A , then there must be a

finite number of subbasic closed sets, say Bp,.. "Bk , such that

k

Ac U B, , vut = e‘;‘ B. for all % =1,...,k . Since x_=sup 4 , and
io1 F o i o .
since R 1is transitive, each Bi must be of the form, B, = D(bi) . Now

let Ai = {z € Alx € Bi} and let a; be the supremum of Ai (necessarily

J
a, R bj ,and x R bj for all z € 4, U Aj . Consequently, there is a J

in €) . If i 44 , then aiRaJ. or a-Rai. If aiRaJ.,then

such that 4 C Bj = D(bj) . But then bj is an upper bound for A . But
by the hypothesis that X 1is strongly complete, z, R bj s, which is a
contradiction. Thus it follows that z, € 4c X1 , and hence z, € A . Let
B={x eClx € X;} and let #, = inf B . By an argument similar to the
above g, € B c X, . Hence x, * 2, - Then there exists & Yy such that

xo Ry .y R zo with xo * y * zo . If zo R :z:o , then any closed set
which contains :co , contains zO and conversely. So (zo,zoj fR and we

may chocse y so that (y“xo) §£R and (zo,y) ﬁER . But then y ¢ X,
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and Yy é X, , a contradiction. (That y ¢ X, follows from the definition
of z, ,and y é X; since y € X; implies there exists 2z such that

z Ry and 2z ¢ Xy , since y ¢ A . But then 2, R z and 2, R y , another
contradiction.) Consequently we conclude that X is connected.

We can obtain a corollary analogous to the corollary in the preceding

section.

REMARK. Simple examples show that the condition that X ©be strongly
complete, or a similar condition, is needed. Also, other examples show that
the particular way in which the concept of R-density was defined is also
Justified. Further we note that in the case of a totally ordered space,
R-dense becomes order dense., Finally, it is conjectured that the
transitivity is necessary in order to assure the validity of Theorem 8.

However, no example is available to show this.

5. Relations in topological spaces

Suppose (X,T) 1is a topological space and R 1is a relationon X .
In this section we investigate the relationship between T and T(A) for
certain classes of antisets A . In particular, if X 1is a tree, R the

cutpoint order (see Ward [1]), and A suitably chosen, then T = T{A) .

LEMMA 9. Suppose that (X,T) is a T, space, and that R 18 a
reflexive, compact relation on X . Let A be any closed subset of X .
Then D(A) and I(4) are closed sets.

Proof. Let x € cl(D(4)) . If x € A , then, since R 1is reflexive,
x € D(A) . Hence, we may assume that ¢ A . Let V be any open set
containing « . We may assume that V C X\ A . Since x € cl(D(A)) ,

there is a y € VN D(A) . Thus we can find a net (ya,aa) where
Y, >z, aa € A , and ¥, R aa . Since AR 1is compact, there is a limit
point (yo,ao) of this set in R , but since (X,T) is T, , Yy, =% eand
since A 1is closed, a, €A . Thus x € D(A) and we are done.

Ward [1] has shown that the cutpoint order is closed, hence compact.

Thus for any collection A of closed antisets of a tree (X,T) , we have
T(A) CT.
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REMARK. Since we have a topology on X , we can broaden the class of
sets which are used to construct the topology T(A) . For example, we might

use the closures of antisets and in fact we do this in the next result.

THEOREM 10. Let (X,T) be a tree and let R be the cutpoint order
with minimal element e . Let A consist of the finite antisets, and the

closures of sets of maximal elements. Then T(A) =T .

Proof. We have T(A) CT and so we must show that T C T(A) . Let
€ X and let U be an open set containing x . Let V Dbe an open set
such that ® € V C U , and such that the boundary of V is finite. Let
M={y |y is maximal and z Ry is false} . Since I(x) \ x is open
(see Ward [2]1), MNI(x) =¢ . Let b(V) = {xl,...,xk} be the boundary of
V . Consider the following T(A)-closed set:

B = D) U (UD(x,) | @ & D(x)}) V (V{I(zp) | = § I(x})})

We claim x € X\ BCV ; that £ € X\ B is clear. Let y € X\ B . If
y € Ifx) \ V , then the arc from x to y meets b(V) , and hence some
point in b(V) 1is smaller than y . So y § X \ B contrary to assumption.

If y €D(x) \ V , then y must be smaller than some element of
b(V) . Finally if y & D(x) or I(x) , y must be in D(M) , and hence
y€X\B. Thus y € X\ B implies that y € V and we are done.

That we must assume that A contains more than the singletons is shown

by the following example. Let X, = [0,1] . At 1/2" erect an interval

n

of length 1/2° . Let e =0 . Then if A is the finite antisets, each
neighborhood of 1 (with respect to T(A)) contains points arbitrarily
close to 0 . Thus, T(A) is not the same as the usual topology for this

space.
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