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In Theorem 2. 20 of his Geometric Algebra, Artin shows 
that any ordering of a plane geometry is equivalent to a weak 
ordering of its skew field. Referring to his Theorem 1. 16 that 
every weakly ordered field with more than two elements is 
ordered, he deduces his Theorem 2. 21 that any ordering of a 
Desarguian plane with more than four points is (canonically) 
equivalent to an ordering of its field. We should like to present 
another proof of this theorem stimulated by Lipman' s paper 
[this Bulletin, vo l .4 , 3, pp. 265-278]. Our proof seems to 
bypass Artin ' s Theorem 1. 16; cf. the postscr ipt . 

_1. Our starting point is an affine geometry, i. e. a set G 
of "points" A, B, . . . , O, X, . . . coordinatized by a left l inear 
vector space of more than one dimension over a skew field 
K = { a, (3, . . . , \ , . . . } . Thus any ordered pair of points A, B 
determines a vector B-A and we can add this vector to the 
point C obtaining the point 

D = C + (B-A) = B + (C-A) . 

D is the one and only solution of 

D - C = B - A . 

If an a rb i t r a ry point O is designated as the origin, we 
obtain a one-one correspondence between the points X € jG 
and their radius vec tors X - O . If X - O = X(A-O) or Y - O 
= ( A - 0 ) + ( B - 0 ) [ i . e . Y = A + ( B - 0 ) ] , write X = \ A and 
Y = A + B respectively. Thus the points \ A and A+B are 
defined only if the origin O has been agreed upon. 

Canad. Math. Bull, vo l .6 , n o . l , January 1963. 
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If A £ B , denote the straight line through A and B by 
A x B . 

2. We assume that our geometry i s ordered. Thus a 
relation <ABC>, nB l ies between A and C n , i s defined for 
coll inear mutually distinct points A , B , C . This relation is 
supposed to satisfy the following conditions: 

(i) <ABC> implies <CBA> . 

(ii) If A , B , C a r e coll inear and mutually distinct, then 
one and only one of the three relat ions holds 

<ABC> , <BCA> , <CAB> . 

(iii) If <ABC> and <BCD> , then <ABD> (and therefore 
also <ACD>). 

(iv) If <ABC> and <ACD> , then <BCD> (and hence 
also <ABD>). 

(v) Two of the relat ions 

<BAC> , <CAD> , <DAB> 

exclude the third. 

(vi) Betweenness is invariant with respect to para l le l 
projection. 

These conditions a r e not independent. The reader may-
verify that (i), (ii), (iii), and (v) imply (iv). 

If <ABC> or <ACB> or B=C£A , B and C a r e said 
to lie on the same side of A . Thus if A , B , C a r e coll inear, 
3 and C do not lie on the same side of A if and only if 
A = B or A = C or <CAB>. Conditions (i)-(v) imply that the 
property of lying on the same side of A is an equivalence 
relation. We also note: If <BAC> and <BAD>, C and D 
mus t lie on the same side of A . 

_3. We now choose two a rb i t r a ry points O and A in G ; 
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O 4 A . Thus the straight l ine i = O x A has the parametr ic 
representat ion 

J: X = XA , X € K. 

We define 

(1) X > 0 «* A and XA l ie on the same side of O . 

Since A and 1. A = A l ie on the same side of O , (1) i m p l i e s 

(2) 1 > 0 . 

Our definition s e e m s to depend on the choice of O and A 
We f irs t ver i fy that it actually i s independent of A . L»et 

Btf-/ ; / ' = O x B . 

The dilatation X — XX m a p s A x B onto XA x XB . Thus 

XA x XB | | A x B for a l l X 

and (vi) i m p l i e s 

( B and XB l i e on the same side of O 
I 

A and XA l ie on the same side of O . 

If C€ J, C ^ O , then X C x X B | | C x B . Applying 
(3) twice , we obtain 

(4) / 

( C and XC l ie on the same side of O 

I 
B and XB l i e on the same side of O 

t 
A and XA l ie on the same side of O 

(4) shows the independence of definition (1) of* the choice of A . 
We now ver i fy i t s independence of O . 

Let O1 4 O . On account of the preceding result we may 
choose A 4 O x O1 . Construct the straight l ine £x through 
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O' p a r a l l e l to J> = O x A and p r o j e c t ^i onto ^ / ' p a r a l l e l 
to O x O' . The i m a g e of the point X € J i s the point X' € £x 

sa t i s fy ing X1 - O' = X - O . If A' i s the p r o j e c t i o n of A , 
we t h e r e f o r e have 

(5) X - 0 = \ ( A - 0 ) «*X! - O î = X - 0 = \ ( A - 0 ) = \ ( A ! -O 1 } <->X! -O 1 =\(A« -O 1 ). 

Hence by (vi) 

A ! and O1 + X(A! -O 1 ) l i e on the s a m e s ide of O1 

I 
A and O + X(A-O) l ie on the s a m e s ide of O . 

T h i s c o m p l e t e s o u r proof. 

4. Le t O , A , X , O n be four po in t s on the l ine J: 
O i A . Choose O1 ou t s ide J. Le t - / ' be the s t r a i g h t l ine 
t h rough O' p a r a l l e l to ^c. P r o j e c t f i r s t ^£ p a r a l l e l to 
O x O' onto J' then Jx p a r a l l e l to O' x O" b a c k onto ^ / . 
Suppose the po in t s A and X a r e m a p p e d f i r s t onto A' and 
X' and t h e s e po in t s a r e then p r o j e c t e d onto A n and X" 
r e s p e c t i v e l y . Then 

A - O = A1 - O1 = A " - O" and X - O = X! - O1 = X" - O" . 

Hence 

X = O f X(A-O) *+ X" =O l f + X ( A M - O M } 

and the m a p p i n g 

X -+ X" = X + ( 0 ! I - 0 ) 

of J? onto i t se l f i s a t r a n s l a t i o n . Be ing the p r o d u c t of two 
p a r a l l e l p r o j e c t i o n s it p r e s e r v e s b e t w e e n n e s s . 

.5. If one s t r a i g h t l ine c o n t a i n s exac t ly two p o i n t s , then 
e v e r y l ine wi l l . Cond i t ions ( i ) - (vi ) a r e t r i v i a l l y sa t i s f i ed . The 
skew-f ie ld K b e c o m e s the p r i m e field wi th two e l e m e n t s . 
Defini t ion (1) b e c o m e s t r i v i a l . 
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From now on assume that every straight line contains 
three or more points. If <OAB> , translat ion yields by 4 . 

<A , 2A , A + B> and <B , A + B , 2B> . 

If K had the character is t ic two, this would imply 

<A , O , A + B> and <B , A + B , 0> , 

hence < 0 , A + B , B> and <AOB> , contradiction. Thus the 
character is t ic of K i s different from two. 

6. Suppose the points P , B , C a re collinear and 
mutually distinct. By J3. , the midpoint O of the segment BC 
exis ts . Taking O as the origin, we have C = -B . Let 
Q = - P . 

Let B* 4J = B x C . Project £ paral le l to B x B ' onto 
I1 = B* x O . Denote the projection of C(of P , of Q} by 
C»(Pf , Qf } . By 3. 

C! = -B f , Qf = -P f . 

Suppose P = \ B . Then Q = - \ B . Hence 

Pf = \ B f , Qf = - \ B ! 

and 

B - C ! = B1 - C = B + Bf , P - Q! = P1 - Q = X(B-hB' ) . 

Therefore 

B x C1 j | B ! x C | | P x Q» | | P" x Q . 

Thus projection of Jx onto J paral le l to B x C1 maps 
B1 onto C , C1 onto B , P ! onto Q , Qf onto P . 
In other words , we have been able to interchange B and C , 
P and Q by means of two consecutive paral le l projections. 
Hence Postulate (vi) yields 

(6) <PBC> implies <QCB> , hence <BCQ> and <PBQ> . 
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]_. W r i t e X < 0 if \ > 0 i s f a l s e . T h u s 

X < 0 <-> <XA , O , A> . 

By 3. , t h i s def in i t ion i s independen t of the cho ice of O and A ; 
O ^~A . 

Le t 

X > 0 , u > 0 [ \ < 0 , |JL < 0] ; \ 4 \L . 

T h u s XA , JJLA and A l ie on the s a m e s ide of O [O s e p a r a t e s 
A f r o m \ A and pA] . H e n c e XA and p,A l ie on the s a m e 
s ide of O . On a c c o u n t of XA 4 \iA , we m a y a s s u m e e. g. 
< 0 , XA , fiA> . 

Applying (6) wi th P = O , B = XA , C = jiA , we ob ta in 
tha t XA + [LA = (X+(JL)A and XA l ie on the s a m e s ide of O . 
Hence (X+£i}A and A l ie on the s a m e s ide [on oppos i t e s i d e s ] 
of O . We t h u s have 

( X > 0 , | J L > 0 , X^f j . i m p l i e s X + JJL > 0 

X < 0 , p . < 0 , X 4 p. i m p l i e s X + \i < 0 

Suppose X > 0 , - X > 0 [ X < 0 , - \ < 0] . Then (7) 
y i e l d s 0 > 0[0 < 0] ; c o n t r a d i c t i o n . Hence X > 0 i m p l i e s 
-X < 0 and X < 0 i m p l i e s -X > 0 , o r 

(8) X < 0 <-* -X > 0 . 

T h i s f o r m u l a c o n t a i n s the t r i c h o t o m y law: E v e r y X e K 
s a t i s f i e s one and only one of the r e l a t i o n s 

X > 0 , X = 0 , - X > 0 . 

<8. By (2) and (8) , -1 < 0 . Hence 

< - B , O , B> for e v e r y B 4 O ^ 

B e t w e e n n e s s be ing i n v a r i a n t u n d e r t r a n s l a t i o n s , t h i s l e a d s to 
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(9) < 0 , B , 2B> for every B 4 O . 

Given A 4 O and X > 0 . Choose B = XA ; thus 
2B = 2XA . Since A and B as well as B and 2B lie on 
the same side of O , A and 2B lie on the same side of O , 
i. e. 2X > 0 . The first line of (7) can therefore be improved 
to 

(10) X > 0 , fi > 0 implies X + JI > 0 . 

2- Let X > 0 , [L > 0 . By (4), JJLA and X(jiA) lie on 
the same side of O . Fur thermore A and pA lie on the 
same side of O . Hence A and XjxA lie on the same side of 
O . This proves 

(11) X > 0 , [L > 0 implies Xp. > 0 . 

By (10) , (11) , and the trichotomy law, K is ordered. 

10. We note in passing that our betweenness relation is 
preserved by dilations. 

Let a dilation be given by 

X ' = o r X + O1 . 

Thus a 4 0 , O is mapped onto Of , and X1 -O' = a(X-O) . 

Suppose now that B = XA , Then 

-1 -1 
B1 - O' =ûr(B-0) =ûf\(A-0) =a\a • a(A-O) = aXa • (AT -Of ) . 

-1 
If <BOA> , 2- implies X < 0 . Therefore aXa < 0 
and hence <B ! O1 A1 > . 

11. We now s tar t conversely from an ordered skew-field 
K and a geometry G over K . Let O , A , B denote any 
three mutually distinct collinear points. Thus B = XA for 
some X . Define 

<BOA> +* X < 0 . 
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Let the points O , A , B be mapped by para l le l projection 
onto O1 , A! , B' respect ively. Let J>" be the straight line 
through O' para l le l to 7 = O x A . Our para l le l projection 
can be obtained by f i rs t projecting J! onto j£u mapping 
O , A , B onto O' , A" , B " respectively and then Ju onto 
£x = O* x A1 . Applying first the argument leading to (5) and 
then jj>. , we obtain 

B - 0 = \ ( A - 0 ) ^ B n - 0 ! = MA"-*}1 ) <->B'-0 ! = \ (A ! -O1 ) . 

This yields condition (vi) : 

<BOA> ^ < B ! 0 ! A !> . 

Let A , B , C be coll inear and mutually distinct ; 
O £ A x B , E Ê A X B , O £ E . Suppose 

(12) A = a E , B = p E , C = vE . 

Thus a , p , y a r e mutually distinct and 

A - B = (a-p)E , C - B = (v-P)E 

or 

A - B = (or-p) W - P f 1 (C-B) . 

This yields 

-1 
<ABC> ** (ûr-p) (v-P) < 0 . 

This condition is satisfied if and only if 

e i ther or-p>0 , P-v>0 or a-p<0 , p-y<0 . 

We thus have 

(13) <ABC> *-> ei ther y<p<» or o<p<Y -

12. Obviously, (13) implies Condition (i) . 

Since three mutually distinct e lements a , p , -y of K 
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satisfy exact ly one of the s i x inequal i t ies 

a< p < y , p < y< a , y < a < P 

y < P < a , o r < < y < p , p < a < y , 

Condition (ii) i s sat isf ied. 

Condition ( i i i ): Let <ABC> , <BCD> . We use the 
notations (12). Let D =<rE . Then 

e i ther a < p < y or y< p < a 

and e i ther p<<y<cr or O " < Y < P « 

Hence 

e i ther a < p < y < (r or c r < Y < P < ^ « 

In part icular 

e i ther a < p < o - or c r < p < a . 

This y i e l d s <ABD> . 

. The proof of (iv) i s s imi lar . 

Final ly for Condition (v): <BAC> and <CAD> imply 

e i ther p < û f < - y or y < a < p 

and e i ther ^ < û f < c r or <r < a < y . 

Therefore 

e i ther p < a and tr < a or a < p and a < <r . 

This exc ludes <DAB> . 

13. Pos t s cr ip t . The re feree has made the following comment: 
"The proof [of Artin1 s T h e o r e m i 2 . 21] not only b y p a s s e s Artin1 s 
Theorem 1. 16 but actually contains it. It i s only n e c e s s a r y to 
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observe that the one property of ordered fields used in 11 and 
12 is that 

-1 
(a-p) (v-P) < 0 -* ei ther a < p < v or \ < p < a . 

This is quickly checked for weakly ordered fields where 
the notation is so chosen that 0 < 1 . Fo r then v - p > 0 
or v - P < 0 according as the t ransformation tr -> crfy-P) 
p r e s e r v e s or r eve r se s order . Hence from (tf-pKv-p) < 0 
we get 

ei ther y - p > 0 > a - p or ^ - p < 0 < ff - p 

whence 

ei ther or < p < y or y < P < û 

and conversely. n 
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