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A sequence of non-negative numbers , JJL , |i , . . . , JJL , 

. . . , is called completely monotonie [5, p. 108] if 

(-1) A u, > 0 for n , k = 0, 1, 2, . . . . Such sequences occur 
k = 

in many connexions, such as the Hausdorff moment problem 
and Hausdorff summability [1, Chapter XI, 5, Chapters III 
and IV]. 

It is natural to inquire as to the c i rcumstances under 
which the inequality ">" above can be strengthened to u > u . 

As it happens, this can be done always, except for sequences 
all of whose t e r m s past the first a re identical. The formal 

statement follows. (In it, as above, A u is the n-th forward 

difference, i. e. , A u k = jifc ; A Hk = A \L 

n-1 
- A u k . ) 

00 

If { u } is a completely monotonie sequence, then 

(-1) A fi. > 0 , for n, k = 0, 1, 2, . . . , unless u = JJL = 
K. J. 4i 

. . . = n n = . . . • 
Proof. Suppose that there is a pair of integers n and k 

such that A Hk = 0 and suppose that the zero elements of 

lowest order in {A MS }, have order N and that the f irst 
k k, n 
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such z e r o e l e m e n t in the s e q u e n c e {A \i j o c c u r s t o r 

k = K . C o n s i d e r f i r s t the c a s e N even . The s e q u e n c e 

{ A j j . } , k = 0, 1, . . . , i s n o n - i n c r e a s i n g and n o n - n e g a t i v e , 
k N 

so tha t A \i . = 0 , j = 0, 1, 2, . . . . Then for K > 0 , 
N K + J 

A fi > 0 . (The c a s e K = 0 I çads to a p o l y n o m i a l s e q u e n c e , 

which , be ing c o m p l e t e l y m o n o t o n i e , m u s t be bounded and hence 
N 

cons t an t . ) Let the pos i t ive e l e m e n t A u be deno ted by b . 
K _ 1 N 

If K > 1, i. e. , if t h e r e be a p r e v i o u s e l e m e n t , say a = A JJL , 
N+2m 2m ^ , 

it m u s t be p o s i t i v e . Then A u 0 = A a = a- 2mb > 0 ; 
m = 1, 2, . . . . But t h i s i s c l e a r l y i m p o s s i b l e , s ince a and 
b a r e fixed pos i t i ve c o n s t a n t s . T h u s , t h e r e can be a t m o s t 
one e l e m e n t p r e c e d i n g the f i r s t z e r o in the s e q u e n c e 

{A HL . } > j = 0, 1» . . . , and the r e s u l t i s i m m e d i a t e . 

The s a m e a r g u m e n t ho lds when N i s odd, so tha t the 
r e s u l t i s e s t a b l i s h e d . 

T h i s r e s u l t y i e l d s an a l t e r n a t i v e proof of W. W. Rogos in sk i 1 s 
r e m a r k [4, p. 170] tha t the m o m e n t s e q u e n c e g e n e r a t i n g a to ta l ly 
regular-*- Hausdor f f s u m m a t i o n m e t h o d con t a in s no z e r o s . 

To see t h i s , we note tha t r e s u l t s of W. A. H u r w i t z [2, e s p . 
p. 243] show that for such a m e t h o d the m o m e n t s e q u e n c e is 
c o m p l e t e l y m o n o t o n i e . If any of the m o m e n t s w e r e z e r o , then , 
by the r e s u l t above , a l l but the f i r s t would a l s o have to be z e r o , 
so tha t the m e t h o d could not be r e g u l a r [ l , T h e o r e m 202, p. 256] . 

Rogos in sk i 1 s r e m a r k can be r e p h r a s e d (in v iew of [ l , 
T h e o r e m 199, p. 250]) to s t a te tha t the d iagona l e l e m e n t s in the 
m a t r i x of a to ta l ly r e g u l a r Hausdor f f s u m m a t i o n m e t h o d a r e a l l 
s t r i c t l y p o s i t i v e . T h u s , such m e t h o d s a r e l l n o r m a l u . 

1. A s e q u e n c e - t o - s e q u e n c e s u m m a t i o n m e t h o d i s u t o t a l l y 
regular 1* if the t r a n s f o r m e d s e q u e n c e of { s } a p p r o a c h e s 

n 
s w h e n e v e r { s } does both for s f ini te and s inf in i te , 

n 
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Our resul t on completely monotonie sequences is equiva
lent to one on completely monotonie functions on (0,co) (i. e. , 

functions p(x) such that (-1) p (x) > 0 , n = 0, 1, . . . , 

0 < x < oo), to which the transit ion can be made in a familiar 
way, using [5, Chapter IV, §14]. 

The statement in question reads as follows: If p(x) is 

completely monotonie, 0 < x < oo , then (-1) p (x) > 0 , 
0 < x < oo , unie ŝ s p(x) is identically constant. A direct proof 
of this last asser t ion is given in [3 § 9] where it is used as a 
lemma. 
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