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Using Frobenius automorphisms ingeniouslly, S. Lang has established an

elegant theory of unramified class fields of function fields in several variables

over finite fields [2]. As an application of class field theory and theory of

reduction he has proved that any separable unramified abelian extension of a

function field of one variable comes from a pull bach of a separable ingeny of

its jacobian variety [3].

In the present paper, first we shall prove that any separable abelian ex-

tension of a function field of one variable over a perfect field comes from a

pull back of a separable homomorphism onto a suitable generalized jacobian

variety of the ground field. Secondly, on the base of the pull back theory, we

shall show a theory of class fields of function fields of one variable over a

perfect field. Especially the class field theory of function fields over finite fields

will be treated completely.

The author wishes to express his hearty thanks to Mr. Y. Taniyama who

has given advices to him constantly.

NOTATIONS

Throughout this paper we use following notations:

k : a perfect field of characteristic p, where p may be zero,

K/k : a regular extension of dimension one,

LIK: a separable abelian extension of degree n which is also regular over kf

G(L/K) - {εi, e2, . . . , εn}: the galois group of L/K,

{Mu . . . , Mr): a set of places of K/k containing all the places ramified

in L/K, where it may be empty,

βi : the index of ramification of Mi in L/K,

Mi,i, . . . , Mi,hi- all the places of L/k on Mi,
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232 HISASI MORΪKAWA

in/ : the maximal ideal of the valuation ring of Mi in K/k,

m,y: the maximal ideal of the valuation ring of Mij in L/k.

§ 1. Generalized jacobian varieties of extension fields

1.1. We start with local rings

(1) o = * + ή n m » U fcl)

(2) o = fc + ΠmV'' (wfel),
t = l

where we assume that NL/κθCo. We say that a divisor α(o) of L/k{K/k) is

o(o)-equivalent to zero, if o = (/) ( ά = ( / ) ) with/(/) in o(o). We mean also

by o(o)-equivalence relation its prolongation in any constant extension of

L/k(K/k). Let Co(Cd) be a projective model of L/k(K/k) which has a point

M(M) such that i) the local ring at M(M) is o(o) and ii) C o = C o - M

(C^ = Co-M) is everywhere regular.15 Let Jo(Jo) be the generalized jacobian

variety associated with o(?)-equivalence relation on Co(C^) and ψoiψv) be a

canonical mapping of Co(Cp into Jo(Jo) where we assume that Jo(Jo) is defined

over k by Chow's method.2)

In section 1 and 2 we shall use only the following properties of Jo'- 1) the

subgroup consisting of all the ^-rational points of Jo is isomorphic to the group

of o-equivalence classes of degree zero of L/ky 2) if g is the dimension of /0

and Pi, . . . , Pg are independent generic points of Co over k, then φo(Pi+ .

+ iV>3) is a generic point of Jo over k and k(ψD(Pi+ . - . +P^)) = k(ψo(Pι)>

. . . , ^o(P^))s,4) 3) if m ^ 2^; for any point jy of 7o there exist points Pi, . . . ,

Pm of C* such that ^ = ̂ o(Pi+ . . . 4-Pm), and 4) <p0 is biregular mapping

between Cί and ^0(C?).

1.2. N L/K o Co implies that the trace mapping πo,o of C* onto C | induces

the trace mapping (homomorphism) πo,d of / 0 onto Jo*

(3) ^o,ofo(θ)=^ό(τro

where α runs over divisors of degree zero of Co. The galois automorphisms

11 Such a model always exists. Cf. Theorem 5, pp. 174 [4].
2> Cf. Theorem 2, pp. 185 [1].
3 ) 9>o(Pi+ . . . +Pg) means ?>o(Pi)+ . . . Λ-PoiPg).
4 ) k(h, . . . , fo)β means the subfield of k{ti, . . . , tg) consisting of elements fixed by

any permutation of suffices.
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εi, . . . , εn also induce the automorphisms -η(zχ), . . . , 7}(εn) of Jo'

(i) 7?(εv)f(α)-^(α-v~1) (* = 1, 2, . . . , n),

where α runs over divisors of degree zero of Co.

1. 3. Let Xi, . . . , Xn be independent generic points of JΌ over k and Bo

be the locus of Σ(&/ 0 -τ?(ev))# v over &.5) Then Z?o is a subgroup variety

defined over β. Let /U be the quotient group variety of Jo by BΌ and βo be

the natural separable homomorphism of Jό onto Άo.

LEMMA 1. If P is a point of Co, then the points <fo(P^~l) - yisΛψoiP)

(p - 1, 2, . . . , n) do not depend on the choice of P.

Proof Let Q be another point of Co. Then we observe that <fo(P^'~l-Q^'~l)>

= ψo((P]- Q)^'1) = tf(ev) ̂ o ( P - ©). This proves the lemma.

We put

(5) bo(e,)^<po(P^~l)-y(e,)<fo(P) (i/ = l, 2, . . . , w).

LEMMA 2. /3o^(eμ)£o(ev) = βoboiε^ (μ, v - 1, 2, . . . , w).

Proof. Let P be a point of Co. Then, since GiL/K) is abelian, we observe

that

PROPOSITION 1. βobo(ε,jLεΛ = βobo(εtL) + βoboiε^) (μ, v = 1, 2, . . . , w).

Proof. Let P be a point of C?. Then, since G(L/K) is abelian, by virtue

of Lemma 1 and 2, we get

5) dίn means the identity automorphism of Jo,

https://doi.org/10.1017/S002776300002208X Published online by Cambridge University Press

https://doi.org/10.1017/S002776300002208X


234 HISAS1 MORIKAWA

Ήence weliave

βoboiε^s^) = βobo(s.λ) -f βobo(εv).

1.4. We say that a local ring o(o) is co-ample relative to L/K, if there

exists an integral element ς in L/k over o(o) such that tτLικζ Φ m(o)(m(o)),

where m(o)(m("o)) means the maximal ideal of o(δ).

LEMMA 3. Let h be a positive integer satisfying 0<h <n. Then, if o is

co-ample relative to L/K and L/K is cyclic, there exists no set of points {Pi,

. . • , Pnm> R) of C$ such that

<fθ(PΓ+ . . . h

ivhere ε is a generator of G(L/K).

Proof. We may assume that k is algebraically closed. Suppose that {Pu

. . . , A™, R} is a set of points of Co satisfying the above condition. Let /

be the function in o such that

Since NL/κf is a constant, we may assume that NLiMf~l a n d / = l modm(o).

Let ξ be an integral element over o such that trL/κξ φπi(o). Put

Then we have

Φ^trLJKξ modm(o)

and fψζ~ι-ψ. Hence, putting 0ι=(tr^)"V» we have </ΊΞ=1 modm(o). This

shows that all the places contained in (^)o and (ψi)* are unramified in L/K

Putting α = ft + . . . + Pmn, we observe that

(/) = cT1 - α + R*~h - R= (ψj) - (ψrf'1

Namely R?~h -R= (φj+α- {(ψi) + αY~\ Let m, be the multiplicity of /?'"" in

(ψι) + α and b be the divisor (ψi) + α— ̂ Σm^R'^. Then we observe that bε-1

- b = 0. Since all the places contained in b are unramified, we have deg b s 0

modw. On the other hand we have

Rζ~h-R= Σ I W V Λ ^ - Σ 1 " ^

Therefore we observe that
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0 for v # h, 0

1 for » = h

- 1 for v = 0, w,

where ra0 = w ŵ. This shows that Σ ^v = wwo 4- (n — fo) = — h mod w. This
n-l

contradictes Σ m v = deg (</>i) 4- o - b = 0 mod n.

PROPOSITION 2. 7/ L/ϋΓ is cy<7//c and o /s co-ample relative to L/K, then

εv -> βΰbD(ε") (z/ = 1, 2, . . . , « ) is an isomorphism.

Proof. Let w be a positive integer such that mw ^ 2 dim/ 0 and i? be a

point of Co. Then we have

This shows that

φo{Re-~* - R) - bo(e")

belongs te Bo- Now we suppose that βobo(εh) = 0 for an h satisfying 0 < h < n.

Then we observe that

βo(ψo(Rζ'h -R)- <fo(Rζ~ι - R) + bΌ(e)) = 0.

On the other hand, by virtue of Proposition 1, we have βobo(εn) = nβΌbΌ(ε) =0,

hence we get

βobo{R*'~h - R2"1) + (mn + 1) βo^oίε) = 0.

Namely ^ o ( ^ r Λ - i ? r I ) + ( m w + l ) W e ) belongs to i? 0. Since w m ^ 2 d i m / 0

and (δjΌ-y(ε))(J0) = Bo> there exists a set of points {Pi, . . . , Pmn) of Co such

that

(δJo-τi(e))φo(Pi+ . . + P^m) = - (djD-η(ε))<fo(R)

+ <fo(R2~h - RC-~L) + (mn+l)bD{ε).

Therefore we have

<fo(Pl+ . . + Pnm+R)-<Fo(PΓ1+ . . +Pmn + R*~1)

+ ΈiψoiPV1) -y(ε)φo(Pi)) + (ψoiR*'1) -y(ε)φo(R))

On the other hand ψoiPΓ') - r/(e)fo(Pί) = <fo(R°'~Ί -η(ε)<fΌ(R) - δo(ε) ( i = l , 2,
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. . . , nm), hence we have

This contradicts Lemma 3.

§2. A proof of the pull back theorem

We use following notations:

BO,Ό - the irreducible component of zr^oiO) containning {0},

AΌ,o' the quotient group variety of Jo by Bo,o>

ao,o : the natural separable homomorphism Jo onto Ao.o,

7fo,ό : the homomorphism of Ao,o onto Jo such that π0to~ 7Γo,ô o,o»

tfσ.σUv): αro.oWev) U = 1, 2, . . . , #).

2.1. Let k1 be a finitely normal extension of k over which Bo,o is defined

and a be any antomorphism of k'/k. Then 2 ? ^ is also a component of 7:0^(0)

and is also a subgroup of π^^(O). Since & is perfect, the irreducible group

Bo,o is defined over k. Therefore B0,O, AΌ,o, ao,d and 7rD,o are also defined

over k.

LEMMA 1. Let A be a commutative group variety of dimension g and λ be

a homomorphism of A onto a generalized jacobian variety Jo of dimension g>

where Λ, λ and Jo are defined over k. Let y be a point of A such that λy is a

generic point of ψo(C^) over k. Then, if k(y)/k(λy) is purely inseparable, λ is

purely inseparable.

Proof. Let C be the locus of y over k and yί9 y2i . . . , yg are independent

generic points of C over k. Then λyίy λy2, . . • , λyg are independent generic

points of ψo(C't) over k and Σ λ y ; is a generic point of Jo over k. This shows
< = 1

σ a

that *Σyi is a generic point of A over k. On the other hand kCΣλyi) = k(λyu
ί = 1 i = 1

hence k^λyd =k(λyu . . . . λye)s = 'k(yί , yg)? =

where k( )* means the maximal separable subfield of k( ) aver

This shows that λ is purely inseparable.

LEMMA 2. ao,dv(e\>) = #o,d (^ = 1, 2, . . . , n).

Proof. Since πo,o(Bo) = TΓO.O^OHO)) = 0 and 2?0 is irreducible, we have

6> See 4).
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Bo,d 3> i?o. Hence αro,ϋU7o ~ ?(ev)) = 0 U = 1, 2, . . . , n).

PROPOSITION 3. πΰ,o is separable and

^ o ( O ) = Wϋ(e v ) : v = 1, 2, . . . , n).

Proof. Let A* be the quotient group variety of Ao,o by {<zo,o(ev) : z/= 1,

2, . . . , n) and r be the natural separable homorphism of Ao,o onto A*. Let

λ be the homomorphism of A* onto Jo such that πΌt s = h Let P be a generic

point of Co over k. Then we have

Since 'k(ψo(P))/^(πo,oψo(P)) is separable, we have

Hence, by virtue of Lemma 1, ^ is an isomorphism. This proves the proposition.

2.2. Let Ao be the quotient group variety of Ao by {βobo(e*) : v'=l, 2,

. . . , n) and ro be the natural separable homorphism of Ao onto At. Then

we have

e,) φo(P) + ToβoboM - γoβo<fo(P)

On the other hand, since 7τ0, o = A«O ro /30 with a homomorphism ^ 0 of Ao onto Ju,

we have Mroβoψo(P)) ^k(πo,dψo(P))- Hence ~k(γoβoφo(P)) = ϊ (^ o .o fo(P))

= ^(^ϋ(τro,o(P)). We denote by <̂  0 the biregular mapping of Co onto roβ0ψo(Co)

such that :

Ψo(πo.d(P)) =roβoψo(P)

LEMMA 3. Let (an) be an n-square matrix with integral elements respect

with a valuation ring k+m. If (glt . . . , gn) is a vector which is non-zero

modulo m and det (an) ̂  0 mod \r\d+1, then

(an . . .aln\
(gu . . . , gn)[ . . . 1 * (0, . . . , 0) m o d m r f + 1 .

\anι . . . annl

Proof. Since k + m is a valuation ring, we have unimodular matrices U

and V such that

U(au)V

is a diagonal matrix with (&-+• πi)-integral elements which do not belong to
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md+1. This shows that

gn)U-1(U(aij)V)V-1 =ϋ (0, . . . , 0) modm^1.

r hi

LEMMA 4. Let L/K be cyclic and ^Σi^ldiMij be the discriminant dh\κ of
i = 1 j » 1

r hi

L/K Put o = k + Π Π *».•/* . Then for any ^-integral element g satisfying NL/κg

Ξ 1 mod Π Π πw ffeertf e#/sfc ΛW o-integral element ξ such that

belong to m$+ 1 (ί = 1, 2, . . . , r; j = 1, 2, . . . , h)

Proof. After changing the second suffices, we may assume that Mij = Ml, ί%

(i = 1, 2, . . . , r; y = 1, 2, . . . , hi). We denote by L(, , the subfield of L/K

corresponding to (e~Λ*). Then L/L^ completely ramifies at Mi,u - - , MI,Λ4.

Let £(*> be an o-integral element of L such that the multiplicity of M, #λt in the

discriminant &/*(?<*)) of ?(% is <& and ^(f , be an o-integral element of L such

that vώ Ξ 1 mod m ^ 1 and ^ ( l ) = 0 mod mffp1 for m, ,y Φ m,',/.

We put 6,y, = vκi,ξ*i) and f(/fy, = ξtf (j = 0, 1, . . . , ft; - 1). Since the multi-

plicity Mij in the discriminant dLiL{i)(ξa,j)) of ξaj) is not greater than du if we

put

a v = { ξ ί i : j ; ) r h * ' { < - * ( w = l , 2, . . . , * ) ,

we have a matrix (βy) such that det U y) =NL/L{i )(?(Λ/))(^L/L (^(?(»',/)))1 / 2 * 0

mod mftyί1.

Since ^ * 0 rnodm,',^, putting ^. ==^r1+ε"1+ +ε"(V(t"1)*"1)

 w e have {gu

ge.t) ^ (0, . . . , 0) mod mfi/hi*. Hence, by virtue of Lemma 3, we have an integer

vi' such that i) §<VΪ < ee and ii)

S««.H. = Σ (fti',)r*''('"V+l"ι+-+r" *'W"11"1' * 0 mod mf/ft.

Moreover, we have

0 mod m^'/1.

Put ς = Σίi7). Then we observe that
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g = 2 J 2 J V W J ) g
i l 0

8

* 0 mod miψ

This proves the lemma.

LEMMA 5. If L/K is cyclic and a (i = 1, 2, . . . , r) UT£ coprime to py then

we can choose βi - 1 instead of di in Lemma 4.

Proof. Let r# be an o-integral element such that

where C is a primitive root of unity.

On the other hand, since NL/κg= 1 mod m/y, there exists an integer vij such

that

Putting ς/y = w π Λ " W j ) and ί = Σ Σ f e we have
< l l

mod mj,ft"v«)+1 (ί= 1, 2, . . . , r y = 1, 2, . . . , hi).

This proves the lemma.

r hi

LEMMA 6. Let L/K be cyclic and ΣΣΛyM/y be the diskriminant of L/K.
i = 1 j -1

Put o = β-f Π ή m /j ύwd D' = ̂ + n ή m ^ + ^ + 1 . T^w /or Λ ^ element f in

o'Γ\K we have 0O((/))=O.

Proof. Since </Ό does not depend on &, we may assume that k is algebrai-

cally closed. Let H be the kernel of natural homomorphism of Jo onto the

ordinary jacobian variety. Then the quotient variety of A* by (rΌβ0)(H) is

an abelian variety. Hence, by virtue of the universal property of ordinary

jacobian varieties, we observe that ψo((f)) belongs to iroβo)(H). Namely

there exists an o-integral element g such that ψD((f)) = roβoψo(g)) = ψo((NL/κg)).

Therefore it is sufficient to prove ψo((NL/κg)) - 0 for any g satisfying NL/κg= 1
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r ht

mod Π Π m)# is*1. Let g be such an element. Then, by virtue of Lemma 4,

there exists an o-integral element ξ such that fe=? + ?ε V-f ?ε V + ε +

+ f r ( « y + n + . . . + r M does not belong to m#>+1 (t = 1, 2, . . . , r j=l, 2, . . . ,

hi).

have

there exists an o-integral element ξ such that fe=? + ?ε V-f ?ε V + ε + •

r; j

hi). Since yhΓ1 = h + ξ(NLlκg-l) and ξ{NLtκg- 1 ) Ξ O mod Π Π mv«+rf*+\ we

modή Π

Let ΣΣtf//Mi/ be the positive divisor such that
< l l

has no Mij with non-zero multiplicity. Then, since h^/h^g'1 Ξ 0 modm/y

( ί = l , 2, . . . , r; / = ! , 2, . . . , fcί), we have ( Σ Σ « / i i l ί ; ) r l = Σ Σ ^ M i y .
i=lj=l ί=lj=l

This shows that

Ψo((NLικg)) =ro/3ofo(α-αε~1) =roj3o(fo(α) -τ?(e)ίPo(α) - (degα)fto(e)) =0.

This proves the lemma.

PROPOSITION 4. Lei L/K be cyclic and o = k 4- Π Π mj/j te co-ample relative to

L/K. Let Σ Σ dijMij be the diskriminant of L/K and put o' = k + Π (Ί m

ό' = o' Π K T^^i τr^-o(0) ^ G{L/K).

Proof. By virtue of Lemma 6, the mapping ψΌ of C | onto

can be extended to a homomorphism μ of /ό onto A?. We denote by rO',p the

natural homomorphism of / 0 ' onto Jυ. Then from the definition of μ we have

roβor0

/,o = ̂ 7Γo/,δ/. On the other hand τ^}^,{ϋ) is irreducible and o is co-ample

relative to L/K, the number of irreducible components of (ro^o^o'.oO'HO) is

exactly n. Let B* be the union of the components containing elements of

ττό/oΛO) and A* be the quotient variety of Jo' by JB*. Let 7* be the homo-

morphism of Άo onto A* such that 7*^0^0', 0 is the natural homomorphism of

Jo' onto A*. By virtue of Proposition 8, JV is the quotient variety of Jo' by

πv%Λ0), hence there exists a homomorphism λ of /o' onto A* such that r*βoτo',o

= λπo',o'. Let P be a generic point of Co', over &. Then λψvUio'.v'ίP))

= r*(βoψo(P)) This means ϊ(^'(τro' tr(P))) = ϊ(r*i3o¥>i)(P)). Therefore we

have r*"1(0)=r"1(0). Namely A* = A*. This proves that the number of
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components of π^>ΌΛ0) is exactly n. Hence by virtue of Proposition 2, we have

LEMMA 7. Let L = LiL2 and oΪ9 o2 and o be local rings of Lu L* and L,

respectively. Then, if NLlLio C o, and τrϊ/t 6(0) = G(Li/K) (i = 1, 2), we have

Proof We denote by [evlli the element of G(Li/K) induced by ev. Then

we have

On the other hand #0^(0) ϋ Π (αrof.aTΓco/KHO), hence we observe that

tfo,o(εv) = αo.o^oUv) = 0 implies ar^.s^CCeJί) =0 (ι = 1, 2).

This shows that αOό(εv) # 0 for ev=*Fe. By virtue of Proposition 3, this proves

the lemma.

r hi

PROPOSITION 5. Let o = #+ Π Πmty
; £>£ co-ample relative to L/K and

i = 1 j = 1

ijΣrfyΛίy ^ ίte diskriminant of L/K Put o' = k+ Π i l i n f ^ 1 1 and δ' = of

ί = 1 jis 1 / = 1 j = 1

Π K Γftβw, 1/ L/ϋΓ fc aftrfiiwi, Tfό/oΛO) = G{L/K).

Proof Let L, be any cyclic extension of K in L. Then o^ = o Π I ; is co-

ample and 0L; = o' Π £/ and, by virtue of Proposition 4, the proposition is true

for this OL . On the other hand L is composed by cyclic extensions L;, hence,

by virtue of Lemma 7, we get the proposition.

2.3. We say that a separable extension L/k of K/k comes from a pull

back of a separable homomorphism λ of a commutative group variety onto a

generalized jacobian variety J Q of K/k, if there exists a model of L/k which is

biregularly equivalent to λ'\ψϋ(C~)) and G{L/K) = λ~ι(0).

Putting Λ~Aϋto and Λ = τro,δ, from Proposition 5, we have

THEOREM 1. Let K/k be a regular extension of dimension one over a perfect

field k and L/k be a separable abeliάn extension of K/k which is also regular
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over k. Then L/k comes front a pull bach of a separable homomorphism of a

commutative group variety onto a generalized jacobian variety associated a suitable

local ring.

§ 3. Class field theory

3. l We denote by Ga and Gm respectively the affine line with addition

of coordinates as group multiplication and the affine line with origin deleted

and multiplication of coordinates as group multiplication. We mean by affine

groups the group varieties which are biregularlly equivalent to entire affine space.

An affine group H has a chain of affine subgroups H = Hi D H% . . . D Hr~ {e}

such that HilHi+ι (i = 1, 2, . . . , r- 1) are birationally isomorphic to Ga.

By virtue of the structure theorem of generalized jacobian varieties0 the

kernel of the natural homomorphism of Jo onto the ordinary jacobian variety

is birationally isomorphic to a group variety

( Σ Σ degMij)-l

{Gm) | β l ' s l XΆ,

r hi

i.e., the direct product of Gm with itself ( ( Σ Σ d e g M y) -1) times by an affine
r hi

group Hu where o = * + Π Π m]Hvij ^ 1).

3.2. If we put

(6) 0fl = H n Π rtiij

and
r

(7) OO = AJ+ Γifni,
ί = l

then JoQ and Jόt have no affine subgroup.

PROPOSITION 6. /O o and Joo have only a finite number of points of given

order.

Proof. The kernel of natural homomorphism of Jo0(Jo0) onto the ordinary

jacobian variety is isomorphic to a direct product of Gm. Hence the kernel has

only a finite number of points of given order. On the other hand ordinary

jacobian varieties have only a finite number of points of given order. Therefore

7> Cf. Theorem 12, [5].
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o) has only a finite number of points of given order.

LEMMA 1. NLJKQO C O 0 .

r hi

Proof. Let / be any element of Π Πm/y. Then we have NL/κ(l+f)

= 1 + Σ / * v + Σ / V ? μ + . . + Λfr/jr/s= 1 mod Π m, . This proves the lemma.

This lemma shows the existence of the trace mapping (homomorphism)

ôo,όo of /Oβ onto Jo0. On the other hand oo D δ0, hence there exists the injection

homomorphism poo.oo of Js0 into /θ0 such that

where α runs over divisors of degree zero on C^.

L E M M A 2. 7Γo0,o0po0,s0 = ttί7o0.

Proof. Let ά be a divisor of degree zero on C ί . Then we have

This proves the lemma.

PROPOSITION 7. poo,o0(/s0) and Δυ0 generate J0o and Poβ.ϋ0(/ϋβ) Π j£Oβ /s α

whose elements are of order n. Moreover B0o = SO0,D0-

/. Let Λ; be a generic point of J0o over ^. Then ( Σ ? ( ϋ ) * is a generic

point of Poo.όoί/o,,) over k. First we shall prove that (nδJθo- Σ^(sv))^ is a

generic point of BoQ over ^. Denoting by xu . . . , jpw independent generic

points of /oo over A, we defined BΌo as the locus of ^(dJoo-yj(ev))x^ over A.

Since /^ has only a finite number of given order, any point of J0o is divisible.

Hence we can put x, = ny^ (v = 1, 2, . . . , n). We observe that

This shows that (nδJθQ- Σ ? W ) * is a generic point of j§ϋn over k. On the

other hand
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is a generic point of JθQ. This proves the first assertion. Let y be a point of

PCO,D0(JO0) Π J5o0 Then we can put jy= (wδj«β — Σ^(εv))z. SinceΣ^Uv) 2
V = 1 V = 1

G Po0,oΰ(Jo0), nz belongs to Poo,δ0(7ϋ0). This shows that ny = 0. This proves the

second assertion. By virtue of the second assertion there exists a homomorphism

μ of AΌΰ onto Jo0 such that τr0o.o0 = μβo0 and AΓHO) is a finite group. This shows

that J5θo = £ϋo,o0.

3.3.

LEMMA 3. βo,ό(sv) (z> = l, 2, . . . , n) are k-rational.

Proof. Let k' be a finitely normal extension of k such that there exists a

^'-rational point P on Cί Then we have a canonical mapping ψ0 of C? into Jo

defined over kf such that ftxft-^ ^O(OJ - Q2) is a mapping of C* xCo into

Jo defined over k. Let a be any automorphism of k'/k and Γ be the graph of

ψό on Co x/o Then Γ" is the graph of the canonical mapping ψl and ψo — ψo

is a constant mapping of Cί onto a point c of JΌ. On the other hand Q->Qεv

(z> = l, 2, . . . , M) are mappings defined over k, hence we have pεv~lσ = p σ ε v

(Ϊ/ = 1, 2, . . . , n). Therefore we observe that

= ίto,θ^o(εv) = Λo,o"(βv) (w = 1, 2,

This proves the lemma.

We denote by / 0 (»ι\ Aim), Aim) and /o(m) the subgroups consisting of

all the points of order dividing m on /0, -4, Λ and /o respectively. We denote

by /o( , &), Λ( , k)y Λ{ y k) and Jo( , Λ) the (abstract) subgroups consisting of

all the ̂ -rational points oί Jo, A, A and Jo respectively.

LEMMA 4. oco^oSJoSn}) = AOo,oo(w).

Proof. Let 9 be the subgroup of points a in poo,o0(Jo0) such that wά G

Then we have aθ0,oS^) = A0o,o0(w). On the other hand /O β(n) = { α - 6 | β

Gpoo,o0(/oo), ^εJ5o0 )p0, na - nb) and any points of /o0 is divisible; hence

we have ftCΛΛw) and ccΰ0to0(JoSn)) = AOn,o,(n). Namely we have aOn,oQ(Q)
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= aΌo,θo(/oo(w)). This proves the lemma.

LEMMA 5. If k is a finite field, then

aΌ,ϋ(]i k)) = Λo,ό( , ft).

Proof. Let a be a point of A0,ό( , k) and a be an algebraic point of Jo

over k such that «o,o0 = «. Let a be a generator of the galois group of k(a)/k.

Then cf - a-b is a point of Bo,o. Therefore, if we prove that there exists a

point bί in βo,o( , kia)) satisfying b = bΐ — bι, we get a point β ^ β —δi in

Jo( > k) such that tfo,otfi = tf. Let q be the number of elements in k and p be

the endomorphism of Bo,o induced by the automorphism x -> xq of the universal

domain. Then we may assume that tf = p&. Since b - an - a, we have

where d=Zk(a) : k]. On the other hand (̂ /?Ojo - p)"1(0) is the group of all k-

rational points of Bo,o, hence 8BO,O-P is an onto endomorphism. Therefore

we have a point bι in B0,ό such that (£uo,o — p)^ι = ̂ . Hence we have

This shows that ^ e JBO,O( ,

THEOREM 2. // all the indices of ramification of L/K are coprime to p,

then we have

^ G(L/K).

Proof By virtue of proposition 7, we have

() ίi/ = l, 2, . . . ,

r Λ/

Let o = H Π Γ i m?y be a local ring of L satisfying of lDo and π^tiO)
i -1 j ~ 1 '

=" G(L/K), where o = o Γ)K. By virtue of Proposition 5, such a local ring always

exists. We denote by ro,o0 the natural homomorphism of Jo onto /Oo. Then there

exists a homomorphism r of Ao,o onto ΛOc,ό0 such that γaΌ,o = aroef5erofoo and

r«o,o(εv) =#oo,o0(sv) (ε*GG(L/K)). Since the kernel of τo,oo is an affine group,

the kernel of γ is also an affine group. Therefore, for any integer r coprime to

p, there exists no element in r"2(0) whose order is r. This shows that the

kernel of the homomorphism tfo,ό(εv) -* aOtJ,oυ(εΛ (ε*&G(L/K)) is contained in

the ί-sylow group of {ao,dU»)) Let L* be the subfield of L such that [L : Lλ~]
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is coprime to p and [L* : Kl is a p's power. Then If IK is unramified.

Therefore, by virtue of Proposition 5, τrZ*,A-(O) = {aL*,κU) l e e G(L*/K)} is iso-

morphic to G(L*/K). On the other hand there exists a homomorphism r* of

L̂o0,oo onto /ΪL*,K such that r*aϋ0,o0(ε^) = flfj.*,x([ev]), where [ε v] is the class of

εv in G(L*/K). This shows that the ^-sylow group of TΓ^O/O) is isomorphic

to that of G(L/K). Therefore rc^o/O) is isomorphic to G{L/K).

Let μ be the homomorphism of /s0

 o n t o -^o0,oβ such that 7r0o,ό0μ = wfcϋo

Then we have μπθ0,o0 = wfcoβ.ϊjb» ^όo!o<>(0) = μ(/δo(tt)) and /f HO) = τro,f 3β(-Aoβ.3β(»)).

This shows that π~lϋo(O) ^ Jόo(n)/μ'Hθ) == Jό0(n)/π0o,o0(Ά0oό0(n)). Hence, by

virtue of Lemma 4, we have

hQ(n)/πθ0>o0(Jo0(n))^G(L/K).

THEOREM 3. If k is a finite field, then there exists a local ring o of L such

that

M , k)/π0,o(Jo( , k))^G(L/K),

ivhere o = o Γ\K.

Proof. Let o be the local ring in Theorem 1. Then we have πόϊo(O)

= G(L/K). Let Q be the number of elements in k. We denote by pjΌ and p20,τ>

respectively the endomorphisms of Jό and Ao,o induced by the automorphism

x -> xq of the universal domain. Then we have pjoπo,ό = 7Γo,δ-p3o,ό. Therefore

UJU - pjj,) TΓo.ϋ = 7fo.ϋ(too,u - PaOiϋ). Let μ be the homomorphism of /u onto AJ,O

such that μπD,ό = (5AO,U " foo,u). Then, since 7ro,δΛ«7rD,ό = Jΐo,0(^,0 -p3o,o)

= (fcu - feu) TΓO.O, we have δjΌ - pjy = πΌtoμ. Hence we have π~^(Q) = /i(/( , A?))

and /Γ1 (0) = π0,0 (^o, 0 ( , ^)) . Therefore ^ό/o (^ ̂  must be isomorphic to

7ϋ( , ^)/7Γo,o(Ao,ϋ( , ft)). From Lemma 5, we get G(L/K)^Jo( , ft)/τrOfo(/o( , ft)).

3.4. In the following, if 0' and 0' are respectively local ring in the function

field L and K such that NLIKO' CO1', we shall mean by /0 ', Bo'.u' and Ao'.u'

respectively the objects associating with the system (L, K, o, 6') corresponding

to /ϋ, -Bo.u and AD,o associating with the system (L, K, 0, 0)

LEMMA 8. Let Λ be a commutative group variety defined over k and λ be a

homomorphism of A onto Jv ivhose kernel λ'HO) is a finite group consisting of

h-rational points of A, Let y be a point of A* such that λy is a generic point of

<fv(Cp. Then, if ψΰ is defined over ft' and ft'D ft, k{y) is normal over k(λy)
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and the galois group G(k'(y)/kf(λy)) is isomorphic to Λ'^O).

Proof. Let y' be a conjugate of y over k(λy). Then we have λy1 = λy. Let

β be the group of all the points t of A such that y +1 is a conjugate of y over

k'(λy). Then QCΛ'HO). Let T? be the natural homomorphism of A onto Λ/0

and ξ be the homomorphism of A/Q onto /u such that λ = £77. Then, since

k'(y]y)/k'(λy) is purely inseparable, by virtue of Lemma 1 in §2, £ must be

purely inseparable. This shows that

;- 1 (0)=fi and Gik'(y)/k'{λy)) ^ λ~Hθ).

LEMMA 9. Z,£f C &£ the locus of y in Lemma 8 over kf and o be a local

ring in k'(y) such that Nk'w!k\\y\θ ϋ o. Tfr£/2 ί/zer£ £#/s£s a homomorphism μ

°f Jo onto A such that λμ = πo,o-

Proof. Let C' be a copy of C and / be the biregular mapping of C* onto

C. Let r be a positive integer greater than 2(dim/o) and Qlt ©2, . . . , © / • be

independent generic points of C | over &. Then f{Qι-\- . . . -f ©/•) is a generic

point of Λ over k. Let / be an integer such that (i) r ^ / and (ii) there exists

a ^-rational positive divisor of degree / Si + S 2 + . - . -f Si on C*. Put i 7 | = {(Ji

x Q 2 x . . . x QilQitE C*, f o ( ( Q i + . . . + © / ) - ( & + . . . + S ) ) = 0 } and /f?

= { / ( ( O i + . . . + © z ) - ( S ι + . . . +Sι))\QιxQ2x . . . xQiE:Hp. T h e n i/o

is a subvariety of A. From Nk'(y)ik\λy)θCo, we have λiHo) = 0 . On the other

hand Hd is irreducible, hence we have Hd = 0.

LEMMA 10. L /̂ L/K be purely inseparable. If o = &+ Π mv*

+ Π iff/', ί/ί̂ w 7ro,ϋ is purely inseparable.

Proof. From the inseparability of L/K, we have NLIKUCQ and deg ni/

= degiπ/ (i = 1, 2, . . . , r). This shows that πo,ό exists and the dimension of

Jo equal to that of Jo. Let Qu Q2, . . . , Q^ be independent generic points of

Ct over -̂ , where g is the dimension of Jo. Then fo(Qi+ . + Qg) and

πo,dψo(Qi+ . . .Qg) are generic points of Jo and Jo, respectively. Since

k(Qi)/k(πoMQi)h we observe that ~k(<fD(Qi+ . . . +O^)) = ̂ (Oi, , β*)s is

are purely inseparable over Ή(πo,d<fd(Qi + . . . + Qg)) = k(πo,Όψo(Qι), - . >

τro,ofo(^))s, where ^( )s means the subfield of ^( ) consisting of all the

elements fixed by any permutation of sufficis. This prove that πΌ,o is purely

inseparable.
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LEMMA 11. Let L be the maximal separable subfield of k'(y) in Lemma 8

over k'(λy) tvritting o = k+ ΠΠ m)}9 we put o = H Π Π ( m,y Π L)w. Tfterc there

exist a purely inseparable homomorphisms C and ξ of Ao,o respectively onto A

and Λo,o such that πo,o = λζ and πd, δ = no, o ξ. Moreover there exists a purely

inseparable homomorphism β of A onto A0,Ό such that λ = 7ro,oβ.

Proof Since a^(0) D (αo,δ7Γofo)"1(0), there exists a homomorphism ξ of

Ao,o onto ΛOio such that 7fo,o = 7fo,δf. By virtue of Lemma 10, ί must be purely

inseparable. Let μ be the homomorphism of Jo onto A such that πd.o — λμ.

Then /ΓHO) contains JBy.5. This shows that there exists a homomorphism C

of Λo.δ onto A such that 7fo,ό = ΛC. On the other hand the order of π^{0) is

at most that of G(k'(y)/k'(λy)) and G(k'(y)/k'(λy)) is isomorphic to ΉO),

hence C is purely inseparable. Next we shall prove the existence of a purely

inseparable homomorphism β oi A onto A0>ό. Let x be a generic point of Ao.o

over #. Then k'(ξx) is the maximal separable subfield of k'(x) over #'(7ro,o#).

On the other hand the degree of separability of kl(ζχ)/k'(πo,ox) equals to the

order of λ^iΰ), hence k'(Cx) D k'(ζx). This shows that there exists a purely

inseparable homomorphism β of A onto AΌ,o such that λ-πΌ,oβ.

LEMMA 12. In Lemma 8, if λ is separable, k'(y)lk'{λy) is separable.

Proof. Using the notation of Lemma 11, we observe that β must be an

isomorphism. Let z be the point of AΌ,ό such that βy-z. Then, since

k'(z)/kt(λy) is separable, k'(y)/k'(λy) must be separable.

PROPOSITION 8. If k is a finite field, then the canonical mapping ψo(ψo) can

be defined over k.

Proof. Let k1 be a finite extension of k over which ψΌ is defined. We

denote by a the generator of the galois group of k'/k such that an = p a for any

point of Jo( , k')f where p is the endomorphism of Jo corresponding to the auto-

morphism x -* xq of the universal domain. Then ψf - ψo is a constant mapping

of Co onto a ^'-rational point co» and {cσv} satisfies the relation

On the other hand (δJo-p) is an onto separable endomorphism of /0, there

exists a point Z? in Jo such that (&/0-;p)£ = c0. If ^'/^ is of degree α, we have
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d . . . + pd~1)(djo-p)b

— Cryd = 0 .

This shows that fte/0( , k). We put yΌ = φo + b. Then

^ -f- f = ̂ o + Cα + ft" = <?ό - ft + Co + ft" = ψΌ + α̂

This shows that ĉό is defined over k.

PROPOSITION 9. If L/K is ramified, then the mapping ε^-* aL,κ(e^) is not

isomorphic, ivhere aL,Λe^) means the point on the ordinary jacobian variety

corresponding to ao,o(ε^).

Proof. From the proof of Lemma 7 in § 2 it is sufficient to prove the

proposition for any extension of prime degree. Let P be the place of L. Then,

denoting by the same P the point of cL corresponding to P, we have P ? = P.

This shows that

bL(s) =φL(Ps) -yι(ε)φL{P) - (δjfj-7}{e))φL(P)

Hence

aL,κ(e) = aL,κbL(s) - 0.

PROPOSITION 10. If L/K has an index of ramification which is divisible by

p, then the mapping εv -> aθ0,dQ{ε*) is not isomorphic.

Proof. From the proof of Lemma 7 in §2, it is sufficient to prove the

proposition for any extension of degree p. We assume that a0o>d0(^ =^0. Since

JΌ0 has no affine subgroup, A0o,ϋ0 has no affine subgroup. Therefore the maximal

linear subgroup of A0o,o has no point of order p. This shows that aOύ,ΰb{ε) =*F 0.

This contradicts to Proposition 9.

THEOREM 4. Let ψo be any canonical mapping defined over k and § be a

subgroup of Jd{ , k). If k is a finite field, then for the pair {ψo, g) there exists

a separable extension of K such that

{ I ) L/k is regular,

(II) all the place ramifying in L/K belong to o

and

(III) TΓo.o/ί , k) = α for any local ring o in L satisfying.NLIKO C O. Moreover
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for any separable abelian extension L/K satisfying ( I ) and (II) there exist a

local ring o' in K ivhich has the same places as o, a canonical mapping ψo' which

is defined over k and a subgroup g of Jό'( , k) such that L is the extension corre-

sponding to (ψό'9 g).

Proof. Let A be the quotient group variety of Jό by g and μ be the natural

homomorphism of Jό onto A and λ be the homomorphism of A onto Jo such that

;d=δ.70-p. Then A and λ are defined over k and any point of λΉO) is k-

rational. Let y be the point of A such that k(λy) = K and λy = ψό(P) with a

point P of Cj. Then, by virtue of Lemma 8 and 12 k(y)/k(λy) is separable

and G(k(y)/K) = λ"1^). Let o be any local ring in k(y) satisfying Nkw/κθCo

Then, by virtue of Lemma 11, there exists an isomorphism C of Ao,o onto A

such that ^o,o = λζ, where we notice that -η is defined over k. Therefore we

have

, k)=λζAo,o{ y k)

, k)

This k(y) is the extension of K in the theorem.

Conversely we assume that L is an separable abelian extension of K satis-

fying (I) and (II). Let o be the local ring in L such that (i) o Π K has the

same places as o and (ii) π^{ϋ) ^G(L/K) and ψ0 be the canonical mapping

defined over k. By virtue of proposition 5 and 8, such o and φ0 always exist.

We choose the canonical mapping ψo of C | into Jό such that τro,ϋ̂ o = Ŝ7Γo,o.

This ψo is defined over k. Putting α = μσ,ό/ιΛ , k)> we get a system (ψό, g)

which corresponds to L/K

3. 5. In this section, we shall treat the case that ψό is not defined over k.

We need the following A. Weil's theorem on the field of definion of a

variety:

Theorem (A. Weil) Let k'/k be a separable algebraic extension and θ = {au

. . . , ar) be the set of all isomorphism of k1 into £. Let V be a protective

vareity defined over k and Γ U e ^ ) be the ^-conjugate of V. Let foi,o^aitΰj

E:θ) be a biregular correspondence between Vσj and V°\ Then, if {/<?,-,0,}

satisfies the conditions;
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( i ) faitoh ^fouoj ofojtnh for all au <SJ, βh G θ,

(ii) fci<υ,σj<o= (faitoj)w for any automorphism ω of k'/k,

we have a variety VΌ defined over k and a biregular correspondece defined over

k! between Vo and V such that

Moreover VΌ and / is uniquely determined up to a biregular transformation

over k.

LEMMA 13. Let k'/k be a finitely normal extension of k over which ψ0 is

defined. Then there exists a Jo( , k)-valued cocycle {cai)ai&a(k'ik) of G(kf/k) such

that

Proof. We observe that

bσtoj = ψTj -ψo= W - ψo)σ> 4- {ψlJ - Ψo)

= cVi + Cnj.

This shows that (cσ)<jεσ(jfe'/ife) is a cocycle.

We call this cocycle {co)σ^G(kΊk) in the abave lemma the cocycle associatting

with (Co, ψo)'

LEMMA 14. Let Λ be a commtatiυe group variety defined over k and X be

an irreducible subvariety in A ivhich is defined over a finitely normal extension

k! of k. Let (do)o<=G(k/ik) be a cocycle of G(k'/k) valued in Λ{ , k'). If the conju-

gate X° is written X+ dΊ {a G G{k'/k))y then there exist a variety Xo defined over

k and a biregular correspondence f betiveen XQ and X such that

(f°i) o (f°j)-\x+ a^) = x+dσi, where x G X.

Proof. Let P be a generic point of X over k and fa{,o3 be the locus of

(P-\ doίy P+doj). Then, since (dσ)o^G(k'/k) is a cocycle, fσi,oj satisfies ( i ) and

(ii) in the Weils theorem. Therefore by virtue of the theorem, we get XQ and

/ in Lemma 14.

We call Xo and / in Lemma 14 respectively the variety and the biregular

correcepondence associatting with (X, (da)a^G(k/!k)).

LEMMA 15. Let (cσ)aε=G(k'/k) be the cocycle associatting with (Co, ΨΌ) If <xo,υ
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is a biregular, mapping of ψo(C$) onto ao,oψo(Co) then Co and oco.oψo are

respectively the curve and biregular correspondence associatting with (oc0tόψo{Co),

Proof. Put /=tfo,o?o. Then we have fai = ao.dψot and (/" '* (/" 'Γ 1 )

(x + <xo,oCoj) =ΛΓ + αo,δCσί, where ^ e <χΌtόψo(C$). This shows that Co and /

are respectively the curve and biregular correspondence associatting with

THEOREM 5. Let k'/k be a finitely normal extension of k over which ψd0 is

defined and (co)a&κkΊk) be the cocycle associatting with (CfoJ ψόX Let k" be the

minimal normal extension of k over which all the points in {a\na = ca *,

a&G(kf/k)} are rational. Let 9 be a subgroup of 7so(w) such that α-fg

(a e Jo0(n)) are k-rational cycle as cycles of dimension zero on JdQ and (zω)ως=G(k"/k)

be a relative cocycle of G{k"/k) valued in Jόo( , k') modulo g, such that nzw

= C[ω], where M is the class of ω in G(k'/k). Then for the system of (f ό0, 8,

(z<o)) there exists a separable άbelian extension L of K satisfying the following

conditions:

( I ) L/k is regular,

( I I ) the indicts of ramification of L/K are all coprime to p,

(III) all the placis of K/k ramifying in L/K belong to oo,

(IV) if o is a locall ring of L such that NL/κθ C Co, then πo>d0Jo(n) = 9.

( V ) if μ is the homomorphism of Jό0 onto Ao,o0 such that πo.όoju^nδj^y

then (μziO) is the cocycle associatting with (C*> oco,o0ψo).

Moreover for any separable abelian extension satisfying ( I ) , (II), (III) there

exist a subgroup g of Jo0(n) and a relative cocycle (zw)tϋ^G(k"/k) such that L is

the extension corresponding to (ψoD, 9, {zω)).

Proof Let μ be the natural homomorphism of Jd0 onto ^ = / δ o / 9 and λ be

the homomorphism of A onto /s 0 such that μλ = nδA. Then A and λ are defined

over k and each point of ^"Hθ) is ^-rational. Let y be the point of A such that

λy is a point of ψd0(Coΰ) and k(P) = K, where ψό(P) = λy. Then, by virtue of

Lemma 8, we have G{k'(y)/k'(λy)) ^ λ'^O).

Let C be the locus of y over kf. Then, if a is an element of G(k'/k), we

have C° = C + μzw with ω&G(kft/k), where ω is a representative of a in

G(k"/h). Denoting Ctϋ instead of C\ we have C° = C + μzjωe G(k"/k)).
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Since (μziO)wς=G{k"ik) is a cocycle,' there existe curve C* defined over k and a

biregular correspondence / of C* and C which are associatting with (C,

(μz(O)wi=Q{k"ik)). Let P be the point of C* such that / ( P ) = ;y. We denote by εt

the automorphism of &(P) defined as follows PH =f~Kf(P) + t) U e

Then the conjugate ejϋ of εt is defined as follows

p'*** = (/ ί υ )- 1 ((/ < ϋ )" 1 (P) + ί) (ω e G(*"/*)) .

Now we observe that

J - (/(P) + /*«, +f)

This shows that PH'° = PH. Namely εt (t G λ~\Q)) are defined over k.

Next we shall prove that the maximal separable subfield L of k(P) over

K is the extension satisfying ( I ) , (II), (III) and UV). Since λ is an unramified

covering mapping and {εt} are defined over k, L/K is a separable abelian ex-

tension satisfying ( I ) and (III). Let 0 be a local ring of L such that NL/κθ C δ0.

Then, by virtue of Lemma 12, there exists a purely inseparable homomorphism

β of A onto Ao,o0 such that λ -πo.oβ- This shows that

9 = λΛ(n) = πΌ)oβΛΰSn) == ίo,D0Ao,ϋ0(w) = 7ΓΌ,OU/DO(«).

Hence L/ϋC satisfies (IV). By virtue of proposition 10, we observe that L/K

satisfies also (III).

Conversely for any separable abelian extension L/K satisfying ( I ) , (II),

(III), (IV) we shall constract a relative cocycle (zfϋ),„£=<?(&"/£;. Let ψΌ(s be the

canonical mapping of Ctύ into J0o such that 7Γo0,o0̂ ϋo = YU0KOQ,OQ and knt/k be the

normal extension of k over which <fCo is defined. Let (c-)-z^G(k'///k) be the cocycle

associatting with (C50> ψo0)- Then (aθQ,d0c~)~t=G(k"/k) is a cocycle and

πΌ,ό<XΌ,ϋCτ =ψlo(P) -ψo0(P) =Cστ

with σ~θ:G(kf/k). Since there exists a homomorphism μ satisfying /.ίrro0,δ0

= nδ20o,ΰ0> there exists a relative cocycle (zto)ωf=onk"/k) valued Jo0( , k") modulo

fl SUCh t h a t /Λ2στ = Λoo.δo^T.
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