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WEIGHTS FOR COVERING GROUPS OF SYMMETRIC
AND ALTERNATING GROUPS, p # 2

G. O. MICHLER AND J. B. OLSSON

Introduction. In his fundamental paper [1] J. L. Alperin introduced the idea of
a weight in modular representation theory of finite groups G. Let p be a prime. A p-
subgroup R is called a radical subgroupof Gif R = O, (N(;(R)). An irreducible character
¢ of Ng(R) is called a weight character if ¢ is trivial on R and belongs to a p-block of
defect zero of Ng(R)/ R. The G-conjugacy class of the pair (R, ¢) is a weight of G. Let
b be the p-block of Ng(R) containing ¢, and let B be a p-block of G. A weight (R, ¢) is
a B-weight for the block B of G if B = b, which means that B and b correspond un-
der the Brauer homomorphism. Alperin’s conjecture on weights asserts that the number
I*(B) of B-weights of a p-block B of a finite group G equals the number /(B) of modular
characters of B.

At present, a theoretical proof of Alperin’s conjecture seems to be inaccessible. How-
ever, its truth has been proved for several classes of groups. In [2] J. L. Alperin and
P. Fong have verified it for the p-blocks of the symmetric and the general linear groups,
where p # 2.

It is the purpose of this article to show that for odd primes p Alperin’s weight conjec-
ture holds for the p-blocks B of the covering groups S*(n) or A*(n) of the finite symmetric
groups S(n) or alternating groups A(n) of degree n, respectively; see Corollaries 5.3 and
5.5.

Recently, the second author [13] has determined the number /(B) of modular charac-
ters of a p-block B of $*(n), A*(n), and A(n). Using the methods of our joint paper [11]
we construct in Section 4 all B-weights, (R, ) of B having the same radical p-subgroup
R; see Theorem 4.11. This result and a counting technique of Alperin and Fong [2] en-
able us in Section 5 to compute the number /*(B) of all B-weights of B, see Theorems 5.2
and 5.4. In each case it turns out that /(B) = [*(B), which is the assertion of Alperin’s
conjecture.

In Section 1 we restate some subsidiary and known results about irreducible modular
characters of covering groups. By Alperin and Fong [2] we may assume that B is a spin
block of S*(n) or A*(n) with width w. In Section 3 we reduce the conjecture to the case
where B is the principal spin block of S*(pw), which has a Sylow p-subgroup X of S*(pw)
as a defect group, see Reduction Theorem 3.4. Now let R be any radical subgroup of

The authors gratefully acknowledge financial support by Deutsche Forschungsgemeinschaft and Statens
Naturvidenkabelige Forskningsraad, Denmark.

Received by the editors March 21, 1990 .

(© Canadian Mathematical Society 1991.

792

https://doi.org/10.4153/CJM-1991-045-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-045-6

WEIGHTS FOR COVERING GROUPS 793

S*(pw) contained in X. In Section 2 the group structure of the normalizer N* of R in
S*(pw) is determined. With these subsidiary results, the above mentioned theorems are
proved in Sections 4 and 5.

Concerning our terminology and notation we refer to Feit [5], Gorenstein [6] and
James and Kerber [9].

1. Preliminaries. Throughout this paper p is an odd prime. A large amount of no-
tation and many introductory results from our paper [11] are needed here. We give a
condensed version of the most important concepts in order to make this paper more self-
contined and refer the reader to [11], § 1-2 for further details.

We consider the covering group S(n) = S$*(n) of the symmetric group S(n) defined by
the generators and relations

Z=lLa =z (@am) =z

(n) = |ay,a; ap-1,2 lana] = 2 if)i—j| >2

The other covering group of S(n), which plays a minor role, is denoted by S(n). We let 7
be the canonical epimorphism

m: §*(n) — S(n) with kernel kerm = (z).
When H is a subgroup of S(n) we define
H' =n"'(H), H =n"'(HNA®).

Moreover S~ (n) = A(n)* = A~ (n) is the covering group of A(n). The exceptional 6-fold
covers of A(6) and A(7) are denoted by Cs and C7, respectively. When H C S(r) and P is
a normal p-subgroup of H, then P may also be considered as normal p-subgroup of H*.
In this situation we often write H*/ P as [H/ P]* for notational convenience.

I(G) and I(B) denote the sets of ordinary irreducible characters of the group G or of
a p-block B of G, respectively. The corresponding sets of irreducible Brauer characters
are denoted by IBr(G) and IBr(B). Moreover, Dy(G) is the set of irreducible characters
of p-defect 0 of G. When H C S(n) and ¢ is a sign, a character of H®, which does not
have z in its kernel, is called a spin character of H®. We let

SI(H®) C I(H®), SIBr(H®) C IBr(H*)
be the subsets of spin characters and
SDo(H?) = SI(H®) N Do(H?).

A p-block B of H® is called a spin block if I(B) C SI(H®). The principal spin block is the
one containing the principal spin characters. Two characters x, ¥ € I(H®) (or € IBr(H¢))
are called associate if

X =y (e = =D orxu- = Yu- (e = ).
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If x has only itself as an associate character we call x selfassociate (s.a.) and put x? = x.
Otherwise, x is called non-selfassociate (n.s.a.) and we let x“ be the unique character
# x which is associate to x. Each spin character x has a sign, which is given by

1 ify = x?
w00 {1) X e

We define SDy(H?), and SDo(H¢)_ to be the set of s.a. characters and the set of pairs
of n.s.a. characters in SDo(H*), respectively. Thus, if

do(H®)s = | SDo(H*)o )|

then
do(H?) = do(H® ), + 2do(H?)—.

Since p is odd, we get easily the following

LEMMA 1.1. IfH* # H~ then for any signs €,0
do(H)g = do(H™" ).

Suppose now that the subgroups H,, ..., H, of S(n) operate on disjoint sets, i.e., that
forall i,j,1 <i<j<uanyelementof {1,...,n} is fixed by at least one of the groups
H;, H;. Then H,,...,H, form a direct product H = H, X --- x H, and

HY = H“l*;( Lo R H:,
where X denotes a twisted central product defined by Humphreys [7].
LEMMA 1.2. There is a surjective map @
SI(H}) X -+ - x SI(H}) — SI(H")
X155 Xu) = X1® - - OX
The basic properties of the map & are listed in [11], Proposition 1.2.

LEMMA 1.3. For each sign o,
dO(H+)CI = Z dO(HT)Ux Tt dO(H:)G,,a
{(01,-00)}
where (01, ... ,0,) runs through all u-tuples of signs satisfying 0,0, ---0, = 0.

The labels of characters and blocks in S§¢(n) are described in [12] and [14]. To each
block B there is associated a non-negative integer w(B), called the width of B. (In our
paper [11], it was called the weight of B, but the name is changed to avoid confusion).
Moreover, each block has a core Y (B), which is a partition of a special type (a p-bar core,
if B is a spin block, a p-core otherwise). We have

n = w(B)p + |Y(B)|.
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Furthermore, a spin block B has a sign 6 (B) (see [11], § 1).

Let H C S(n). A block B of H° is called proper if it contains s.a. and n.s.a. characters.
Examples of proper blocks are spin blocks of positive defect (i.e. positive width) in §*(n)
and ordinary blocks of positive defect (width) in S*(n) with a symmetric core.

Let B* be the unique block of H~ (# HF) covering B (when ¢ = —1) or covered
by B (when € = 1). We call B and B* corresponding blocks. If B is proper we let [,(B)
and /_(B) be the number of s.a. and the number of pairs of n.s.a. Brauer characters of B,
respectively. The following result follows immediately.

LEMMA 1.4. [,(B) = l_,(B*) for each sign o.

When )\ is a partition, A\ denotes its conjugate (dual) partition. If A = A9, then
A is called symmetric. When r,w € N we let K(r,w) = {(\1,..., ;) | A\ partition
and Y| \i| = w} and k(r,w) = |K(row)|.IfN = (Ap,...,\) € K(r,w) let A’ =
A2 ... A0). An r-tuple N of partitions is called self-dual, if A = A" The set of all

such self-dual A is denoted by
K(r,w)={N€K(r,w) | A = )\0}

and K*(r,w) = |K(r,w)|.
In [13] the second author computed the number of modular characters of a p-block of
the covering group of S°(n). In particular, he showed the following two results:

PROPOSITION 1.5. Let B be a block of S(n) of width w(B) = w > 0 and core Y (B).
(1) IfY(B) is nonsymmetric and B* is the block of A(n) covered by B, then

IB) = I(B*) = k(p — 1, w).

(2) IfY(B) is symmetric, then

1
-(B) = 5k(p —1,w) = L(B)),

where

s <[00

PROPOSITION 1.6. Let B be a spin block of S°(n) of width w(B) = w > 0 and with
sign 6 (B) = 6. Then for every sign o,

I,(B) = {/(;((p— D/2.w) ifo €é = (=1,

otherwise.
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2. Normalizers of radical subgroups. In this section the group structure of the
normalizers of the radical p-subgroups in the covering S*(n) of the symmetric groups
S(n) is determined.

The proofs of these subsidiary results depend on the following constructions and lem-
mas of Alperin and Fong [2] describing the structure of the normalizers of the radical
p-subgroups of S(n).

Let S(n) = S(V) be the symmetric group of degree n acting on a set V withn = | V|
elements. For each positive integer c, let A, be an elementary abelian p-subgroup of S(n)
with order |A;| = p°, embedded regularly as a subgroup of S(p°). It is well known that
Cspe(Ac) = A, and Nype)(Ac) [ Ac = GL(c, p).

For each sequence 7 = (cy, ¢z, . .., Cyr)) of positive integers, let A, = A, LA, -+ -2
A, and d(r) = i c¢;. With this notation Alperin and Fong [2] have shown

i=1

LEMMA 2.1. a) A, is embedded uniquely up to conjugacy as a transitive subgroup

ofS(pd(r)).
(b) Ns(pd(r))(Ar)/Ar g GL(CI,P) X GL(CZ»p) X e X GL(CX(T)’p)'

The group A, is called a basic p-subgroup of S(p®”) with degree deg(A;) = p*" and
length I(A;) = s(7).
Lemmas (2A) and (2B) of Alperin and Fong [2] are restated as

LEMMA 2.2. Let C be the set of sequences r = (ci, 2, . .., Cyr)) Of positive integers.
Let R be a radical p-subgroup of G = S(n) = S(V). Then the following assertions hold:

a) There exist decompositions
V=WVWUVvViuWu---uV,
R=Ry XRy XRy xX---XR,

such that Ry is the identity subgroup of S(Vy), and foreach i € {1,2,...,u} R; # lisa
basic p-subgroup A, of S(V;) for some sequence r € (.

b) For each r € C let V(r) = U;V;, R(r) = II; R;, where i runs over all the indices
i such that R; = A;. Let ( (1) be the multiplicity of Ay in R(r). Then ( is a function
C — N U {0} satisfying 5y { (r)p?™ < n and the following assertions hold:

R = Ry x [[R(r),
N(R) = S(Vo) X HNS(V(,)) (R(n)

NG(R)/ R = S(Vy) x T,INS(V( )(R<r>)/R(r>.

)

¢ is called the multiplicity function of R.
c) If Vr denotes the underlying set of A; in 'V then

NS(vm) (R(1)) = [Nsvn(AnT1 S(¢ (1),
Ny (i) (RD)/ R 2 N5t (Ar) Al S(C (D).
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d) For each r € C A; is a basic p-subgroup of S(p®™) with length I(A;) = s(r) and
degree deg(A;) = p*", and

R H H (Ar)((f).

d>1 {rd(r)=d}

e) The G-conjugacy class of the radical p-subgroup R is uniquely determined by the
multiplicity function(: C — N U {0}, i.e,

R=R =] II ).
d>1{r|d(r=d}

PROOF. a) follows at once from (2A) of [2]. Assertions b) and c) are restatements of
(2B) of [2]. Certainly, d) is a consequence of a). The final statement follows from d) and
Lemma 2.1a).

DEFINITION.  For every radical p-subgroup R with multiplicity function{ the number

wlR =3 > (mpt!

d>1{r|d(r)=d}

is called the width of R.
We now turnto the covering groups S*(n) of S(n). The semidirect product of the groups
H and N is denoted by N X H, where N is assumed to be normal.

LEMMA2.3. Let p # 2 and let ¢ be a positive integer. Then the following assertions
hold:

a) GL(c,p) = SL(c,p) X C, where

a 0 - -0
0 1 :

C= <m= : 1 : | € GL(c,p) | @ € GF(p)* with O(a) = p — 1>.
: .0
0 -+ -+ 0 1

b) m is an odd permutation of S(p°) having p°~" fixed points and p°~" orbits of length

p— 1L
c) SL(c, p) consists of even permutations of S(p°).
d) GL(c,p)* = SL(c,p) ® C*, where

p =7 (mod 8) and c is odd,

Cx1/21 ifp=1 (mod 8), p =3 (mod 8) and c is even,
o {
Z/2(p—1)Z otherwise.

PROOF. a) holds trivially as det(m’) # 1 for 1 <i<p—1.
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b) The matrix m operates on the GF(p)-vector space A, = GF(p)° by matrix multipli-
cation. Therefore, m has p°~! fixed points and %’ﬁ)— = p*~! orbits of length (p — 1).

¢) holds because SL(c, p) and the alternating group A(p©) are both perfect subgroups
of the symmetric group S(p°).

d) Since p is odd, the Schur multiplier of SL(c, p) is trivial by [4], p. XVI. Hence
SL(c,p)* = SL(c,p) X Z/2Z, and GL(c,p)* = SL(c,p) @ C*. The assertions on the
structure of C* follow from b) and Lemma 3.6 of [11].

LEMMA 2.4. For each sequence r = (cy,¢z,. .. ,Cs) of positive integers c; withd =
3_, ci the following assertion holds:

v VAR
[Ns@a(A]*/ Ar = GL(c1,p)"| GL(c2,p)*| - - - | GL(cy, p)",
v
where | denotes the (untwisted) central product.

PROOF. By Lemma 2.3 GL(c;,p) = SL(c;,p) X C;, where C; = (m;) is generated
by an odd permutation m; of S(p") having p' fixed points and p ' orbits of length
p — 1. Therefore,

(m)*(m)* = (m))*(m;)* fori # j
by the proof of Lemma 3.7 of [11].

Furthermore, Lemma 2.3 asserts that SL(c;, p) consists of even permutations of S(p").
As p is odd, SL(c;, p) is generated by even permutations x; of odd order. Now let i # j,
and assume that x{ and x are preimages of odd order in S*(p®) and S*(p“), respectively,
such that [x},y;] = z. Then (xl*)_‘(y]f')(x;“) = y;z has even order, a contradiction. Thus
[xf,y;1 = 1fori # Jj. Hence GL(c;,p)* = SL(c;, p)CT and GL(¢;,p)* = SL(c;, p)C;}
commute elementwise for i # j. This completes the proof.

DEFINITION. For x € S(n) and any positive integer k the k-fold diagonalization of x
in S(nk) is denoted by A.x.

For example, if x = (1, 3,4) € S(5) then

Asx = (1,3,4)(6,8,9)(11, 13, 14) € S(15).
With the notation of Lemma 2.2 and Section 1 the following subsidiary result holds.

LEMMA 2.5. Let p # 2. Let R be a radical p-subgroup of S(n) with multiplicity
function(. Then

‘o + o [S(¢m) ifp? D=1 (mod 4),
s(c)’ = apsico)] = {0 0=

PROOF. Since p¥™ is odd, the result follows immediately from Lemma 3.5 of [11].

As in Section 1 the twisted Humphreys product of two or finitely many groups is
denoted by X or [], respectively. The Humphreys product of u copies of a group U is
denoted by [T U. With this and the notation of Lemma 2.2 we have
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PROPOSITION 2.6. Let p # 2. If R is a radical p-subgroup of the covering group
G* = S$*(n) of S(n) with multiplicity function , then

@) Nox(®) = SR TN ) (RO)T*
b) Ng+(R)/ R = S* (Vo)X r:I[N () (R())1*/R(r)

N

o) [N

S(vin) (R)]" = [Nson@n ]t s )]
d) [N

(o) RO)] /R = [[Nswyan/ arTes(c )]
e) If M, denotes the base subgroup of the wreath product [NS(V,-)(A,-) / A,] N S(C (r)),

then [NS(V(r))(R(r))]+ /R(r) = M’;s+(g(r)), MiN S(C (r))+ = (2), M} &

(@JNS“"“”)(A)T/ Al
+ o [3(Cm) PP =1 (mod 4),
[S(C(T))] = {S(C(T)) ifpd(r) =3 (mod 4). .

f) If r = (c1,¢2,...,cyn) and s = s(r), then

\% \%
[Nsgany(An)]/ Ar & GL(c1.p)"| -+ | GL(cep)",

v
where | denotes the (untwisted) central product.

PROOF. Assertions a), b), ¢) and d) follow immediately from the remarks in Sec-
tion 1 and Lemma 2.2. Lemma 2.5 implies e). The final statement f) is a restatement of
Lemma 2.4. This completes the proof.

3. Reduction Theorem. Let B be a proper block of S¢(n) of positive width. A B-
weight (R, ) is called s.a. (n.s.a.) if the character ¢ is s.a. (n.s.a.) as a character of
Nge(n)(R). We let [;(B) be the number of s.a. B-weights and [* (B) the number of pairs
of n.s.a. B-weights. In the last section Alperin’s weight conjecture will be verified by
showing I, (B) = I}(B) for any sign o.

PROPOSITION 3.1. Let B and B* be corresponding blocks of S°(n) and S (n), re-
spectively. Let o be a sign. Then

[(B) = I ,(B").

PROOF. Assume that B is a block of $*(n) and let (R, ¢) be a B-weight. Lemma 2.3
and Proposition 2.6 imply |Ns+«u)(R): Ns-»(R)| = 2. By a result of Blau ([11],
Lemma 2.3) (R, ¢*) is a B*-weight whenever ¢* is a constituent of the restriction of
¢ to Ns-¢,)(R). Since all B*-weights may be obtained in this way, the result follows in
the case £ = 1. Now Lemma 1.4 completes the proof.

https://doi.org/10.4153/CJM-1991-045-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-045-6

800 G. O. MICHLER AND J. B. OLSSON

NOTATION. Let B be a proper spin block of S*(n), w(B) = w > 0. Let (R;, ) be a
B-weight. Thus

Ns-m(R) = S* (Vo)X ];[[NS(V(T)) (R(n)]

in the notation of Section 2. By Lemma 1.2 we may write ¢ = po®p,, where ¢ €
A +
SI(S* (Vo)) 1 € SI(IrI[NS(V(r)) (R)]).

Since ¢ has defect 0 as a character of Ng+(,)(R) / R, Proposition 1.2(1) of [11] implies
that g € SDO(S“(VO)). With this notation we state:

PROPOSITION 3.2.  Let B be a spin block of S*(n) with sign § (B), positive width w(B)
and p-bar core Y(B). Let (R, ) be a B-weight with radical p-subgroup R of width w(R).
Then:

(1) w(B) = w(R)

(2) o is an irreducible defect zero spin character of S*(Vy) labelled by Y (B).

(3) a(po) = 6(B).

PROOF. By the general remarks in [2], Section 1, there exists a block b of RCys:+(,)(R)
with R as defect group, such that b° = B. Thus (R, b) is a self centralizing B-subpair
in the sense explained in [3], Section 3.8(e). Moreover, by the proposition proved there,
the core of B has to be a partition of n — w(R)p, which proves (1). (2) is a consequence
of the description of the inclusion of subpairs given in [3], Theorem A. (3) follows from
the definitions.

THEOREM 3.3 (REDUCTION THEOREM). Let B be a spin block of S¢(n) of positive
width w and sign 6 (B) = 6. If 0 is a sign then
I5(B) = [5(Bo),
where By is the principal spin block of S° (pw).
PROOF. Let B* be the block of $7°(n) corresponding to B and B be the block of
58 (wp) corresponding to By. By Proposition 3.1
L;(B) =" ,(B"), [5(Bo) = I",(Bp).

We may therefore assume that ¢ = 1, so that B is a spin block of $*(n). Let (R, ¢) be
a B-weight. In the notation above ¢ = @@y, where y is a spin character labelled
by Y(B). Moreover, by Proposition 3.2(1) R may be considered as a radical subgroup of
S*(pw). Thus (R, 1) is a weight in S*(pw). Since only the principal spin block Bf; of
S*(pw) has width w, (R, @) is a Bj-weight. Conversely, if (R, ¢) is a B}-weight, then
(R, ¢o® ) is a B-weight. Using [11], Proposition 1.2(1), we see that

o (po®p1) = a(po)a(p1) = §(B)a(py).

If 6(B) = 1, By = By and the map (R, p;) — (R, ©o®¢1) induces a sign preserving
bijection between the sets of the weights of By and of B. If 6 (B) = —1, then B = B{. If
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(R, 1) isas.a. Bj-weightthen (R, po®;) and (R, Q) is a pair of n.s.a. B-weights. If
(R, 1) and (R, pf) is a pair of n.s.a. Bj-weights then ¢oQp; = 0o®¢f and (R, 0o ® ¢;)
is a s.a. B-weight. This shows that [} (By) = I5(Bf) = I_,(B). Since [(B}) = I* ,(By),
the result follows in this case, too.

THEOREM 3.4. Let p # 2. To prove the weight conjecture for all spin p-blocks of
S¢(n), it suffices to do so for the principal spin p-block of S*(pw), w € N.

PROOF. By Proposition 3.3 and Proposition 1.6 it suffices to prove the result for the
principal spin blocks of S°(wp), w € N. But the result for ¢ = —1 follows from the
corresponding result for e = 1 by Proposition 3.1 and Lemma 1.4.

We turn to the case of the alternating groups.

NOTATION. Let B be a block of S(n) of positive width w(B) = w > 0. Let (R, p)
be a B-weight. As before we may write ¢ = ¢o ® ¢, where ¢¢ € DO(S(VO)) and

o1 € I(HrNS(V(r)) (R))-
As already noted in [11] with this notation the following result holds.

PROPOSITION 3.5. Let B be a block of S(n) of positive width w(B) = w > 0. Let
(R, p) be a B-weight. Then:

(1) w(B) = w(R)

(2) g is an irreducible defect zero character of S(Vy) labelled by Y (B).

THEOREM 3.6. Let p be odd. To prove the weight conjecture for all p-blocks of A(n),
it suffices to do so for the principal p-block of A(pw), w € N.

PROOF. Let (R, p) be a B-weight in S(n), where B is a block of S(n) of width w =
w(B) > 0 covering the block B* of A(n). Write ¢ = ¢o® ¢ as above. As ¢ = pf® pf
it follows that ¢ is s.a. if and only if both ¢¢ and ¢, are s.a.

Suppose first that Y (B) is non-symmetric. Then ¢y is n.s.a., since ¢ is labelled by
7Y (B). This means that the restriction ¢* of ¢ to Ny,)(R) is irreducible. Therefore, it is
clear that the map (R, ¢) — (R, ¢™) is a bijection between the sets of B-weights and
B*-weights. Thus [*(B) = [*(B*). By Proposition 1.5 /(B) = I(B*). Since /(B) = I*(B) by
Alperin and Fong [2] the weight conjecture is true for blocks of A(n) with non symmetric
core.

Suppose next that Y (B) is symmetric. Thus ¢y is s.a. Hence ¢ s.a. if and only if ¢
is s.a. Moreover, if By is the principal block of S(wp) then (R, ¢;) is a By-weight. Using
Proposition 3.5 we see that the map (R, ¢) — (R, 1) is a bijection between the sets of
weights of B and By preserving s.a. and n.s.a. weights. Thus I} (B) = [} (Bp). Similarly,
1,(B) = 1,(Byp), by Proposition 1.5(2). Now By covers the principal block Bj of A(wp).
Therefore, by Proposition 3.1 and Lemma 1.4 we get I3 (B*) = I}(By), I,(B*) = I,(B}),
which proves our claim.
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4. Construction and parametrization of the weight characters. In this section
we construct all irreducible weight characters ¢ having the same radical p-subgroup
R with ¢: C — N U {0} as multiplicity function. Again let d(r) = ) ¢; for all
r = (c1,¢2,...,cxn) € C. By the results of Sections 1 and 2 it suffices to determine the
p-blocks of defect zero in

Ni = [Nspany(Ar)/ Ar 0 S(C ()] forall T € C,

where A, denotes a basic p-subgroup of S*(p?(") with length s(r) and degree p?(".
Let M be the base subgroup of the wreath product Ny = Ngpany(Ar)/ Ar 2 S (( (r)).
Then by Proposition 2.6

Ni=M;-S*(¢(n), MinS$*(¢(n)=(z), and

M} = T [Nspany(An)/ Ar]" < NF,
¢(n

where ﬁ U denotes the Humphreys product of m copies of the group U.
m

The defect zero characters § of M; are easily determined by means of Lemmas 2.3
and 2.4. In order to find the irreducible constituents of their induced characters 8"+ the
following subsidiary results and notations are needed.

As in [7] let G denote the class of finite groups G* with central involution z # 1 and
a homomorphism s: G* — Z /27 with s(z) = 0. Let G be the quotient group G*/ (z)
and let 7 be the natural epimorphism G* — G. An irreducible representation p: G* —
GL(n, F) is called a spin representation of G*, if p(z) = —I,, where I, € GL(n,F)
denotes the identity matrix.

Certainly, S*(n) € G, where for each x € S*(n)

1 if w(x) € S(n) is an odd permutation

D=0 ifr(x) € An)

In this context the homomorphism s: $*(n) — Z /2Z is also denoted by §.

In [7], p. 450, Humphreys constructed for each pair of groups Gf € G,i = 1,2,a
uniquely determined group G{ X G € G with involution z.

For the sake of an easy reference the following result is stated.

LEMMA 4.1. Let Gf = (G},si,z) € G, i = 1,2. Suppose that G; = 7(G}) has
a perfect normal subgroup H; and a cyclic subgroup C; such that H; N C; = 1, and
G; = H,C;. If H; has trivial Schur multiplicator H*(H;,C) = 1 and si(H; X (z;)) = O for
i= 1,2, thenGf = H; ¥ Cf fori= 1,2, and

G'RG} = (Hy X Hy) % (CIRCY).

PROOF. Consider the direct product Gi X G; with twisted multiplication

s1(8))52(82)

(%) (g1,82)(g), &) = (2, 218}, 8285).
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Let Z be the subgroup ( 1y, 1), (z1,22)) . Then by [7] G} XG3 = (G} X G3)/ Z.
Since H! = H; and H*(H;,C) = 1 we have G} = H; % C}. Therfore using (*) the
final assertion G XG3 = (H; X H) X (C}XC3) follows.

DEFINITION [7].  If P is an irreducible spin representation of G* € G, then its asso-
ciate spin representation P? of G* is defined by

P*(g) = (—1)"®P(g) for every g € G*.

P is called self associate (s.a.) if P = P¢, and non self associate (n.s.a.) otherwise.

Since the covering groups S(n), S(n) of the symmetric group S(rn) belong to G, this
definition is easily seen to be a generalization of the corresponding one given in Section 1
for the s.a. or n.s.a. irreducible spin representations of S*(n).

DEFINITION [7]. Let M; be a ns.a. irreducible spin representation of G} =
(G},si,z) € G, i = 1,2. Then the spin representation M;QM, of G} XG} is defined
by (M,QM)(g1Xg2) = (Ml(gl) + (—I)XZ(KZ)M'.‘(gl)) ® M>(g>) forall g; € G, i = 1,2.

The spin representation M;®M, is called the Humphreys product of M| and M,. It is
an irreducible spin representation of G| X G5 by Theorem 2.4 of [7].

LEMMA 4.2.  Suppose that the groups G = H,C € G, i = 1,2, satisfy the hypoth-
esis of Lemma 4.1. Let 6; be a G{-stable irreducible representation of H;, and let \; be a
linear spin representation of G} for i = 1,2. Then the following assertions hold:

a) P; = 0; ® \; is a n.s.a. irreducible spin representation of G}.

b) P{ =0, ® M.

c) P1®P, = (8; ®80,) X (\|®X\,) is an irreducible spin representation of GT X G} =
(Hy X Hy) X (CYXC3).

PROOF. As ker s; is a proper subgroup of G}, each linear character \; of G} is n.s.a.
by Theorem 1.1 of [7]. Since G}/ H; = C} or G}/ (H; X (z)) = C; is cyclic, the stable
irreducible representation 8; of H; can be extended to an irreducible representation of G}
by Corollary 11.22 of Isaacs [8], p. 186. Hence a) follows from Corollary 6.17 of [8],
p. 85, because H; X (z) C kers; by hypothesis.

b) is an immediate consequence of a).

By Lemma 4.1 each g; € G = H; x C} has a unique representation g; = h;c; with
h; € Hiand ¢; € C/,i = 1,2. Since H; is perfect, it follows that ker \; > H;. By a),
Corollary 6.17 of [8], p. 86, and the definition of P;QP, the following equations holds.

(P\®P2)(81%82) = [P1(g1) + (— 1)) P{(g1)] ® Pa(g2)
= [(6) ® (i) + (=1)2"BD0; @ A )(hic1)] ® (62 @ Aa)(hacy)
= [01(h)X(c1) + (=D* D01 (h)A{(c1)] ® O2(h2)Xa(c2)
= 01 (hp)[Mi(c1) + (=1 DA (1)] ® 82 (h2)Xa(c2)
= 01(h1) ® 02(h) @ [Ai(cr) + (=D PA{ ()] ® Ma(ca)
= [(8i ® 02)(h1 X )] ® [(M®X)(c1Re2)],
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because A; and A{ are linear characters. Now Lemma 4.1 completes the proof.

The following subsidiary result is proved in our paper [11]. In order to restate it the
following notation is needed.

For every positive integer t let s = [%] In [14], p. 450, I. Schur constructed ¢ complex
2* x 2° matrices F;, 1 <i < tsatisfying the following relations

(4.3) F} = E, F;Fj = —F;F;fori # j,

where E denotes the 2° X 2° identity matrix.
With these matrices F; we constructed in [11] a selfassociate spin representation D of
the covering group S; with degree 2° as follows.

LEMMA44. LetD; = (—1)"”“,/—%(F,_,- +F ) for1 <i<t—1. Let D:Sf —
GL(2°,C) be defined by

N_ | Di if S = S, _
D(“')‘{ﬁp IS S risision

D(z) = —F in each case,

where m(a;) = (i,i + 1) € S(¢). Then D is a s.a. spin representation of the covering
group S} of the symmetric group S(t) with degree 2°. If t is odd, then D is the principal
spin representation of Sy, and if t is even, then D is the direct sum of the principal spin
representation and its associate representation.

PROOF. See Lemma 4.2 of [11].

LEMMA4.5. Let 1 = (c1,C2,...,¢5) € C be a sequence of positive integers. Let A,
be a basic p-subgroup of S(p°) of length s and degree p°. Let S} = { a1, a, ... ,a,-1,2}
be a covering group of S(t), where w(a;) = (i,i+ 1) € S(t). Then:

a) Each element u € N7, = [(Ns(pd)(Ar)/Ar ! S(O]* can be represented by a
(t+ D-tuple p = (x1,%2,...,%,a), where x; € [Ns,ai(Ar)/Ar]*, a € S} and
(X1,X2,...,X%) € M;,,, where My, is the base subgroup of Nr,.

b) The multiplication of the group Ny, is given by

(x19x29 e ,xt,ai)(Yl,)’Z, ... 9yha) = (XIYT» LI ’xty);vaia)ze7
where

Yirl Hfj=1

{)’j ifj#ii+1
i =
Vi l_]=l+1

and e = Ti<j<k<e dY7)6 (i) + Zse{ml) O+ )

PROOF. See Lemma 3.10 of [11].
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LEMMA4.6. Letr = (c1,¢C2,...,Cs) € C be a sequence of positive integers. Let A,
be a basic p-subgroup of S(p*™) of length s(r) = s and degree p* = p*™. For every
positive integer t let M, be the base subgroup of the wreath product

N = NS(p")(Ar)/Arz S(t) = My, X S(b).

Then the following assertions hold:
v

v v
a) [Nspa(Ar)/ Arl* = GL(c1,p)*| GL(c2,p)*| -+ | GL(cs, p)*
b) GL(ci,p)* = SL(ci,p) ® Cf, 1 < i < s, where C; is a cyclic group of order
p—1L
c) Each irreducible defect zero spin representation 8 of [Ny (Ar)/ Ar]* is of the
form
s s
0 = @(SLEdN) = (@ St)® A,
i=1 i=1
where St; denotes the Steinberg representation of SL(c;,p), A is a n.s.a. linear
spin representation of C;, and A\ = ®}_, \i.
d) [Nspa(Ar)/ Ar)* has e(r) = %(p — 1) pairs of n.s.a. irreducible defect zero spin
representations 6, and d()([Ns(p.:)(Ar)/Arr)+ =0.
e) Each Ni,-stable irreducible defect zero spin representation of M7, is the t-fold
Humphreys power @0 of a n.s.a. irreducible defect zero representation 8 of
[NS(pd)(Ar)/Ar]+~

PROOF. a) holds by Lemma 2.4.

b) is arestatement of Lemma 2.3d).

c) By Steinberg’s tensor product theorem each irreducible defect zero representa-
tion @ of GL(c;, p)* is of the form 8 = St; ®;, where St; denotes the Steinberg
representation of SL(c;, p), and J; is a linear representation of GL(c;, p)*. From
Lemma 2.3 follows that 8 is a spin representation if and only if ); is a spin rep-
resentation. Thus c¢) holds.

d) Now Lemma 4.2 asserts that GL(c;, p)* has %(p — 1) pairs of n.s.a. irreducible
defect zero spin representations, each of which is of the form St; ®\;, where \; #
Af. Since the center of GL(c;,p) is in the kernel of St;, it follows from a) that
[Ngpa(Ar) / Ar]* has (p—1)* irreducible defect zero spin representations 8 , which
are pairwise n.s.a. Thus e(r) = %(p — 1), and do([Ns(pd)(Ar)/Ar]+)+ =0.

e) By Proposition 2.6, M7, is the ¢-fold Humphreys product

A

M:,t = H[NS(pd)(Ar)/Ar]+’

t

Therefore, Propositions 1.2 and 1.5 of [11] assert that each irreducible defect zero
spin character p of M7, is of the form p = 0,%6,® - - - ®6,, where each 6; is an
irreducible defect zero spin character of N s (Ar) / Ar. Let a; € S} map onto the
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transposition w(a;) = (i,i + 1) € S(¢). Then by Lemma 3.11 of [11] S; operates
on pu via
pe = 01a®92a® Tt ®9i?—l®0i+1®0i®0i‘12® T ®0ra~
Hence d) and Proposition 1.2 imply that 4 is stable in N7, if and only if §; = ¢
forall 1 <i <. This completes the proof.
With the notation of (4.3) and of the previous lemmas we can now state

LEMMA4.7. Letr = (cy,¢a,...,Cs5) € C be a sequence of positive integers. Let Ar
be a basic p-subgroup of S(p?) of length s and degree p°. Let S; = (ay,ay,...,a-1,2)
be a covering group of S(t), where m(a;) = (i,i+ 1) € S(t). Let Ny, = [Ns(pa)(A,)/A, l
S(O]* = M7 ,S?, where My, denotes the base subgroup of the wreath product.

Suppose that § = (®;_, St;)® X is an.s.a. irreducible defect zero spin representation
Of[Ns(pd)(Ar)/Ar]+. For every (xi,x2,...,X) € M7, and every a € S; let

s t
Dy (X1, - .. X, a) = QR St) X1 X2, ..., x) @ [[ A )™ ... F*D(a),
i=1 i=1

where D:S; — GL(2!1,C) is the spin representation of S defined in Lemma 4.4, and
where @, i denotes the t-fold tensor power of the representation .
Then the following assertions hold:
a) Dy is an irreducible spin representation of Ny, extending the t-fold Humphreys
power @8 € Irrc(M},) of 0.
b) Iftis even, then Dy is s.a.
c) Iftis odd, then Dy is n.s.a.

PROOF. By Lemma 4.6a) and b)

VooV

[Nspay(Ar)/ Arl" = [GL(c1,p)| - - | GL(cs, p)]*,
and GL(c;,p)* = SL(ci,p) X C/, 1 <i < s, where C; is a cyclic group of order p — 1.
Thus Lemma 4.2 implies that the t-fold Humphreys power

$i0 = SR St ® M = &R St) ® (©i))
i=1 i=1

A VS

vS
€ SI(TTI] .-, SL(c,p)] % TTI] ., C71), and

A VS

&\ € ST =, CTD-

vS
Furthermore, it is S; -stable. Since X is a n.s.a. linear representation of | ,_, C{, it follows
from Lemma 4.6 and the proof of Lemma 4.3 of [11] that

s

t
Dg(x1,x2,...,%,a) = ®[

j=1Y=

t
Sti] @) ® [[ )P ... FD(a)
1 j=1
defines an irreducible spin representation of N7, such that its restriction Dyjpp =

®,[®§:1(St,-) ® A ]. The remaining assertions b) and c) also follow from Lemma 4.3b)
and c¢) of [11].
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PROPOSITION4.8. Let 1 = (ci,¢2,...,¢s) € C bea sequence of positive integers. Let
A; be a basic p-subgroup of S(p®) of length s and degree p°. Let N;, = [Nspa(Ar) [ Ar)R
SO = M;'), - S}, where M, denotes the base subgroups of the wreath product. Then
the following assertions hold:

a) Each Ni -stable irreducible defect zero spin representation ¢ of M, is of the
form p = &0, where 8 is an irreducible defect zero spin representation of
NS(p“)(Ar)/Ar-

b) Each Ny -stable irreducible defect zero spin representation ¢ = &0 of M}, can
be extended to an irreducible spin representation Dy of Ny, and every irreducible
defect zero constituent V of ¢ is of the form V = Dy ® T, where T is an
irreducible defect zero representation of Ny, M7, = S(1).

c) Iftis odd then every irreducible constituent V of o1 is n.s.a.

d) Ift is even then every irreducible constituent V of o e is s.a.

PROOF. a) is a restatement of Lemma 4.6e). b) The existence of the extension Dy
of ¢ = ®, is guaranteed by Lemma 4.7. Therefore, Corollary 6.17 of Isaacs [8], p. 85,
asserts that every irreducible constituent V of cpN;J is of the form V = Dy ® T, where
T is an irreducible representation of Ni,/ M, = S(t). Now V belongs to a p-block of
defect zero if and only if T does. Thus b) holds.

Assertions c¢) and d) follow from Proposition 4.4, a) and b) of [11], respectively.

LEMMA 4.9. Let B be the principal spin block of G* = S*(wp). Let R be a radical
p-subgroup of G* with width w(R) = w. If (R, p) is a B-weight, then the irreducible
defect zero spin character ¢ of Ng+(R)/ R has sign a(¢) = (—1)*.

PROOF. By Lemma 2.2¢) the function ¢ is uniquely determined by the radical sub-
group R of G*. Now Proposition 3.2 asserts that

w=wB) =wR =3 3 ¢(rp*", where (= {re€C|dr)=d}.

d>1re(y

Hence

(*) w=)_ ) ((r)mod?2

d>1re(y

because p is odd.
Furthermore, Lemma 2.2¢) asserts that

R = H H (AT)C(T).

>t re(y

Now Proposition 2.6 implies that

Ne-®)/R = 1 rg [(Nspoan/Ar) 2 S(C )]

a>1
Hence ¢ € SDy (N(;+ (R)/ R) factors as

Y = ®d21[®rea erl,
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where ¢, is an irreducible defect zero spin character of the group [(NS(pd)(Ar) / Ar) 2
scm)]"-

The spin character ¢, has sign o(¢;) = (—1)*(" by assertions c) and d) of Proposi-
tion 4.8. Hence

a(p) = (=" whereu= 3, 5 C(n).

d>1rely
From (*) follows that « = w mod 2. Hence o () = (—1)". This completes the proof.

PROPOSITION 4.10. Let R be a radical p-subgroup of G* = S*(wp) with width
W(R) = Yu>1 Yrecy C(Np?~!, where C; = {r € C | d(r) = d}. For each sequence
r = (c1,¢2,...,¢5n) € C let X(1) be the set of %(p — D" D-tuples (K1, K2, . . ., Ke(ry)
of p-core partitions K; such that Ti_y |ki| = ((r), where e(r) = 3(p — 1)) Let
N; = (Ns(pd(r))(Ar)/Ar) N S(C(r)). Then for each v € ( there is a bijection between
the sets X(r) and SDo(N¥),, where o = (—1)°D. Furthermore, do(N})—, = 0.

PROOF. Fixr e C.Lets = s(r),d = d(r),t =((r)and e = e(r) = 3(p — 1)'".
Then N; = (Ns(pd)(Ar)/Ar) L 8(t) = M, x S(t), where M, is the base subgroup of the
wreath product.

By Lemma 4.6 [Ns(pd) ((Ar) / Ar)]+ has e pairs of n.s.a. irreducible defect zero spin

representations 8, and d()([NS(pd)(Ar) / Af]+)+ = 0. Then the representatives of these
pairwise non associated characters 6 can be denoted by 64, 65, ... ,0,.

Let SDo(M7) be the set of irreducible defect zero spin representations ¢ of M;. In
order to parametrize the Ni-orbits of SDo(M7}) we consider the following set

4= {(tl,tz,...,te) € N¢ [ ;ti = t}.

For each e-tuple a = (t1,12, ..., t.) € A there is an irreducible defect zero spin represen-
tation of M} of the form 0, = p1@ur® - - - e, where each p; is a t;-fold Humphreys
power u = ®,.0; of the irreducible defect zero spin representation 8; of [N. spty(Ar) [ A"
Using now Theorem 2.4 and Proposition 3.3 of Humphreys [7] and Lemma 3.11 of [11]
it follows that W = {0, | a € A4} is a complete set of representatives of the N}-orbits
of SDy(M3).

For each a € A let T, be the inertial subgroup of 8, in Nf = M; - S*(r). Then
Lemma 4.6¢) implies

Ta) ME 2= S(1)) X S(t2) X - - - X S(t,)

Therefore Proposition 4.8b) and Clifford’s theorem, see Theorem 7.16 of [10], imply
that every irreducible defect zero spin representation x, of 7, is of the form 6, ® V| ®
Y2 ® --- ® Y., where v; is an irreducible defect zero representation of the symmetric
group S(#;). Now the theorem of R. Brauer and G. de B. Robinson called the Nakayama
Conjecture, see James and Kerber [9], p. 245, asserts that each such representation ;
corresponds uniquely to a p-core partition &; of t; = |k .
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Furthermore, the sign of y, is

e
0(Xa) = 0(0a) = Hl () = (—1)E=r = (=1) = (=17

for each a € A. Hence it follows that there is a bijection between X(r) and SDy(N}),,
where ¢ = (—1) = (—1)*". By Proposition4.8¢c) and d) do(N})_, = 0. This completes
the proof.

After all these preparations we now can show the main result of this section. Together
with the Reduction Theorem 3.3 it gives for any spin block B of S*(n) with positive width
w the number of B-weights (R, ) having the same radical p-subgroup R.

THEOREM 4.11. Let B be the principal spin block of G* = S*(wp). Let R be a radical
p-subgroup of G* with multiplicity function( . Then the number of B-weights (R, ¢ ) with
radical subgroup R is given by:

a) do(Ng+(R)/ R) = do(Ng+(R)/ R) , + 2do(N+(R)/ R) _
b) For any sign o

_ [Mrec do(N7)o(ny  ifo = (—1)"

do(Ng+(R)/ R = r

0( o ®/ )" { 0 otherwise
where o (1) = (=1 forevery r € C.

¢) Foreach r € C dy(N7y)s(r) equals the number of e(r)-tuples (k1,K2, . . ., Ker) Of
p-core partitions Kk; such that Y | k| = ( (1), where e(1) = %(p — 1)y,

PROOF. a) follows immediately from Section 1.
b) Proposition 2.6 asserts that

A

No+(R)/ R = T [(Nspuny(Aar)/ Ar) 1 S(C()]"
reC
Therefore Lemmas 1.2 and 1.3 yield that each ¢ € SDO(NG+(R)/ R)(7 is a
Humphreys product of the form ¢ = ®¢c -, where for each r € C
¢r € SDo([Nsgany(Ar)/ Ar) L S(C()]")

a(r)

By Proposition 4.10 o (r) = (—1)°‘” and do(N})_, = 0. Furthermore, o (p) =
(—1)" by Lemma 4.9. Since a(¢) = [1rec 0(7), Lemma 1.3 completes the proof
of b).

¢) is a consequence of Proposition 4.10. This completes the proof.

5. Proof of Alperin’s weight conjecture for S*(n) and A*(n). In this section the
number [*(B) of all B-weights of a p-block B of the covering groups S$(n) of the sym-
metric and alternating groups is determined, where p # 2. In each case, it turns out that
I(B) = I*(B), which verifies Alperin’s weight conjecture for these groups.

https://doi.org/10.4153/CJM-1991-045-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-045-6

810 G. O. MICHLER AND J. B. OLSSON

LEMMA 5.1.  Let C be the set of all sequences r = (ci,¢2,...,Cxr)) of positive in-
tegers c;. Let d(r) = s(r) | ci for each v € C, and for every natural number d > 0 let
={reC|dr= d}.TheaneC,(p_l)s(r)—(p—l)p

d(r)—1

PROOF. By Alperin and Fong [2] there are (x( n1

p¥" and length I(A;) = s(r).
Hence

) basic subgroups A, of degree

Z@—DM=QZC:D@—W

reCy >1

1
—@—DZ( 1)@—W*

>1
=(@-DIp-D+11"" =@ 1p"!
With the notation of Section 1 we now can state the main result of this paper.
THEOREM 5.2. Let B be a spin block of S¢(n) with width w(B) = w > 0 and sign
0 (B) = 6. Then for every sign o the number I,(B) of B-weights with sign o is
7 0

otherwise.
In particular, l,(B) = I;;(B) for each sign o.

PROOF. We keep the notations of Lemma 5.1 and Theorem 4.11. By the Reduction
Theorem 3.3 I*(B) = I*(By), where By is the principal spin block of $%° (pw). Further-
more, Theorem 3.4 asserts that we may assume that e§ = 1, i.e., that By is the prin-
cipal spin block of S*(pw). By Lemma 2.2 for each By-weight (R, ¢) of G* = S*(pw)
there is a uniquely determined multiplicity function ¢: C — N U {0} such that the
radical p-subgroup R has width w(R) = Y ;> z,ec,g (r)p?~!. Furthermore, Proposi-

tion 3.2 asserts that w(R) = w. Now Ng+(R)/ R = [(NW(,,)(A,) /Ar) 1S(¢(n)] by

Proposition 2.6. Therefore the spin character ¢ of Ng+(R) / R has the Humphreys prod-
uct decomposition ¢ = ®rec<.0r, where ¢, € SDQ[(NS(pd(r))(Ar)/A ) 2 S(C(r))]+

Lemma 1.3. Foreach d > 1 let ps = Qe ¢r. Then ¢ = Qu>1¢p,4. Foreach r € C
let e(r) = 2(p 1)*™. By Theorem 4.11 there is a bijection between the characters

¢r € SDO([(NS(,,M(A,)/AT) 2 S(g(ﬂ)]*) and the e(r)-tuples (K1, K2, .. ., Ke(r) Of p-
core partitions &; such that ngl) |&i| = ¢(r). Using Lemma 5.1 we see that for a fixed

d> 0 ,cc, e(r) = L(p — 1p?™. Since g4 = ®rec, . it follows that each character
(a4 determines uniquely a 1(p — 1)p?~!-tuple of p-core partitions k4 such that

Zlndjl = > C(r) = aqy

reCy

Asw = WR) = Tus1 Treq, ((MP?™! = Tus1a4p?~!, it follows now from (1A) of
Alperin and Fong [2] that ¢ determines uniquely an e-tuple (A1, A2, ..., A.) of partitions
A with ¢ | A] = w, wheree = 1(p — 1).
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Since all the above steps of the proof can be reversed, we have shown that there is a
bijection between the By-weights (R, ) and the set of e-tuples of partitions ); such that
> |Ai| = w. By Lemma 4.9 each By-weight (R, ) has the sign g(¢) = (—1)*. Hence
by Section 1 ] .

* _ [k(e,w) ifo =(—1)"

Lo (Bo) = { 0 otherwise.
Thus the first assertion holds. Together with Proposition 1.6 it implies that [, (B) = I.(B)
for each sign o. This completes the proof.

COROLLARY 5.3. Let p # 2. Then Alperin’s weight conjecture holds for all p-blocks
B of the covering groups S*(n) of the symmetric groups.

PROOF. If B is a spin block of S*(n), then I(B) = [(B) +2I_(B) and I*(B) = I}(B) +
2[* (B). Hence I(B) = I*(B) by Theorem 5.2. If B is a block of S(n), then I(B) = I*(B) by
Theorem (2C) of Alperin and Fong [2]. Thus Corollary 5.3 holds.

It remains to prove Alperin’s weight conjecture for the alternating groups. Therefore
we show

THEOREM 5.4. Let p # 2. Let B be a p-block of A(n) with positive width w. Then
lo(B) = [I;;(B) for each sign o.

PROOF. By Theorem 3.6 we may assume that B is the principal p-block of A(pw). Itis
covered by the principal p-block By of S(pw). Therefore Lemma 1.4 and Proposition 3.1
assert that for each sign o we have

l;(By) = l_¢(B) and I;(By) = I* ,(B).

Hence it suffices to show that [;(By) = [ (By). As I(Bo) = [.(By) +2/_(By) = I}(Bo) +
2I* (By) = I*(By), by Theorem (2C) of Alperin and Fong [2], it is enough to show that
1.(Bo) = I3(Bo).

The principal p-block By of S(pw) has the symmetric p-core (. Thus 1,(By) = k*(p —
1, w) by Proposition 1.5. Therefore it remains to show that there is a bijection between the
s.a. Bp-weights (R,¢) and the self-dual (p — 1)-tuples (A, A2,...,0p—1) =
A LAY 5., A9, AD) of partitions ); satisfying Zf:,’ |\j| = w, because the number
of these (p — 1)-tuples equals k°(p — 1, w) by definition.

Now let (R, ) be a s.a. Bp-weight of G = S(pw) with multiplicity function ¢ . Then
w(R) = w. By Lemma 2.2

NG(R)/R = HC(NS(,,M)(A,) /Ar) 1S(C(n)
re

Hence ¢ has a tensor product decomposition

¢ = ®rec@r. where ¢ € Do|(Nsany(Ar)/ Ar) 1S(¢(D)]
By Proposition 1.2 of [11] ¢ = ¢ if and only if ¢, = ¢¢ forall r € C. Lemma 2.1b)
asserts that for each 7 = (¢y,¢2,...,¢c5n) € C

s(r)

Ur = NS(pd(f))(Ar)/Ar = H GL(c;, p).

i=1
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Therefore U has e(r) = (p — 1)*” irreducible defect zero characters by Steinberg’s
tensor product theorem, which are denoted by 6, 6, . . ., 0. . Hence for each irreducible
defect zero character 8 of the base subgroup M, of N, = (Ns(pﬂm)(Ar) / Ar) 1S (Q (r))
there are integers n; € N such that § = ®z(:ri(®,,k0k) and((r) = Zzg ni. Furthermore,
by Theorem 4.3.34 of James-Kerber [9], p. 155, 6 can be extended to its inertial subgroup
T@®)inNyand T(0)/ M = Tk S(m).

By Theorem 7.16 of [10] for each s.a. irreducible defect zero character ¢, of N there
is a s.a. irreducible defect zero character # of M, and an irreducible defect zero character
u of its inertial factor group 7(0) / M, = TIi S(ny) such that ¢, = (8 ® u)M. By the
Nakayama Conjecture [9], p. 245, p determines uniquely an e(r)-tuple (K1, K2, - . . , Ke(r))
of p-core partitions ki of ny = |kx| such that Zig |ke| = ¢(r). By Lemma 2.3 and
4.2 none of the e(r) characters 6; of U, is s.a. Hence the 8; may be ordered such that
0ka = 98(1-)4.17/(. Since

e(r) e(r)

0 = Q(®r,0) = 0 = Q (D), Oe(ry+1-4)
=1 k=1
it follows that

0 0 0 0 .0
(K1,K2,... ,Kze(r)) = (He(,), Ke(ry—15-- - ,"52,51) = (K1,K2,--+» ﬁe(r))-

In particular, each s.a. character ¢,, r € (C, corresponds uniquely to a self-dual e(r)-
tuple (K1, K2, . . ., Ke(r)) Of p-core partitions &; satisfying 3" |k;| = ((r). Applying now
Lemma 5.1 and assertion (1A) of Alperin and Fong [2] as in the proof of Theorem 5.2
it follows that there is a bijection between the s.a. By-weights (R, ¢) and the self-dual
(p — 1)-tuples (\i, Az, ..., Ap—1) Of partitions satisfying ij;ll |A\j| = w. This completes
the proof.

COROLLARY 5.5. Let p # 2. Then Alperin’s weight conjecture holds for all p-blocks

B of the covering groups A*(n) of the alternating groups A(n) and of the exceptional
6-fold covers C¢ and C7 of A(6) and A(7), respectively.

PROOF. For the blocks B of A*(n) the result holds by Theorems 5.2 and 5.4. Alperin’s
weight conjecture holds for any block B of any finite group G with a cyclic defect group
§(B) by Theorem 2.1 of Feit [5], p. 275. Since |Cs] = 2*-33 .5 and |C7] = 2*-
3357, only the 3-blocks of G € {Cs, C7} have to be checked. Now G contains a
central subgroup Z of order 3 such that G/ Z € {A*(6),A*(7)}. By Lemma 4.5 of Feit
[5], p. 204, there is a bijection between the 3-blocks of G and the ones of G / Z, which is
weight preserving. Furthermore, corresponding blocks have the same number of modular
characters by Corollary 2.13 of [5], p. 102. Now the conjecture holds for A*(6), A*(7) as
remarked above. This completes the proof.
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