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Higher Moments of Fourier Coefficients of
Cusp Forms

Guangshi Lü and Ayyadurai Sankaranarayanan

Abstract. Let Sk(Γ) be the space of holomorphic cusp forms of even integral weight k for the full
modular group SL(2,Z). Let λ f (n), λg(n), λh(n) be the n-th normalized Fourier coeõcients of
three distinct holomorphic primitive cusp forms f (z) ∈ Sk1(Γ), g(z) ∈ Sk2(Γ), and h(z) ∈ Sk3(Γ),
respectively. In this paper we study the cancellations of sums related to arithmetic functions, such
as λ f (n)4λg(n)2 , λg(n)6 , λg(n)2λh(n)4 , and λg(n3

)
2 twisted by the arithmetic function λ f (n).

1 Introduction

Let Sk(Γ) be the space of holomorphic cusp forms of even integralweight k for the full
modular group Γ = SL(2,Z). Suppose that f (z) ∈ Sk1(Γ), g(z) ∈ Sk2(Γ) and h(z) ∈
Sk3(Γ) are primitive cusp forms. We shall denote their corresponding normalized
Fourier coeõcients by λ f (n), λg(n), and λh(n).
Fourier coeõcients of cusp forms are mysterious objects, and it is of interest to

study their distribution. In 1927,Hecke [7] proved that

S(x) = ∑
n≤x

λ f (n)≪ f x
1
2 .

Subsequent improvements on S(x) weremade by Wilton [34],Walûsz [33], and im-
plied by the work of Kloosterman [13], Davenport [1], Salié [27], andWeil [35]. As a
corollary of the Ramanujan–Petersson conjecture proved by Deligne [2], it is known
that for any ε > 0,

S(x) = ∑
n≤x

λ f (n)≪ f , ε x
1
3+ε .

Further improvements are due to Hafner and Ivić [6], Rankin [24], andWu [36].
In the 1930’s, Rankin [23] and Selberg [28] introduced a method (the Rankin–

Selberg method) and showed that

∑
n≤x

λ2
f (n) = c0x + O f (x

3
5 ), ∑

n≤x
λ f (n)λg(n) = O f , g(x

3
5 ) ( f /= g).

Nearly half a century later, the work ofMoreno and Shahidi [22] implied that:

∑
n≤x

λ4
f (n) ∼ c1x log x , x →∞.

In 2001, Fomenko [3] strengthened and then generalized these results by showing that
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(a) For any ε > 0, we have
∑
n≤x

λ3
f (n)≪ f ,ε x

5
6+ε .

(b) For any ε > 0, we have

∑
n≤x

λ2
f (n)λg(n)≪ f ,g ,ε x

5
6+ε .

(c) Let F1 be the Gelbart–Jacquet li� on GL3(AQ) associated with f , and let F2 be
the Gelbart–Jacquet li� on GL3(AQ) associated with g. If F1 and F2 are distinct,
then for any ε > 0, we have

∑
n≤x

λ2
f (n)λ

2
g(n) = c2x + O f ,g ,ε(x

9
10+ε).

(d) For any ε > 0, we have

∑
n≤x

λ4
f (n) = c1x log x + c3x + O f ,ε(x

9
10+ε).

In a series of papers [18–20], the ûrst author further improved Fomenko’s results and
was able to consider more general higher moments of Fourier coeõcients of cusp
forms. For instance, the following results were established:
(a) for any ε > 0,

∑
n≤x

λ6
f (n) = xP1(log x) + O f ,ε(x

31
32+ε),

where P1(x) is a polynomial of degree 4;
(b) for any ε > 0,

∑
n≤x

λ8f (n) = xP2(log x) + O f ,ε(x
127
128+ε),

where P2(x) is a polynomial of degree 13.
In fact, it is clear that for two distinct primitive cusp forms f and g, the earlier ex-

isting methods are able to establish asymptotic formulae with acceptable error terms
(or nontrivial estimates) for sums of the type

∑
n≤x

λ f (n)iλg(n) j ,

for any 1 ≤ i , j ≤ 4; and for one primitive cusp form f , for sums of the type

∑
n≤x

λ f (n) j ,

for any 1 ≤ j ≤ 8.
More recently, in [21] it was shown that the changes of sign in λ f (n)λg(n) cause

cancellations on the twisted sums related to the positive-valued functions λ f (n)4 and
λh(n)4, namely,

∑
n≤x

λ f (n)5λg(n)≪ x
31
32+ε , ∑

n≤x
λ f (n)λg(n)λh(n)4 ≪ x

31
32+ε .

_is means that sequences {λ f (n)λg(n)} and {λ f (n)4} (or {λh(n)4}) are asymp-
totically orthogonal as x →∞.

In this shortnote,we study cancellationson sums related to λ f (n)4λg(n)2, λg(n)6,
λg(n)2λh(n) j , λg(n2)3, and λg(n3)2 twisted by λ f (n). More precisely,wewill prove
the following theorems.
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_eorem 1.1 For any ε > 0, we have

∑
n≤x

λ5f (n)λg(n)2 ≪ f , g , ε x
184
187 +ε , ∑

n≤x
λ f (n)λg(n)6 ≪ f , g , ε x

63
64+ε .

_eorem 1.2 For any ε > 0, we have

∑
n≤x

λ f (n)λg(n)2λh(n) j ≪ f , g , h , ε x
1− 1

2 j+2 +ε ,

where 2 ≤ j ≤ 4.

_eorem 1.3 For any ε > 0, we have

∑
n≤x

λ f (n)λg(n2
)
3
≪ f , g , ε x

26
27 +ε , ∑

n≤x
λ f (n)λg(n3

)
2
≪ f , g , ε x

15
16+ε .

Remark 1.4 _e proofs of_eorems 1.1, 1.2, and 1.3 make use of the j-th symmet-
ric power li�s with j ≤ 4 and the Rankin–Selberg convolution theory. In addition,
we shall also exploit the important progress on the Langlands program, namely the
functorial product for GL2 ×GL3 (see [15]).

2 Some Lemmas

Suppose that f (z) ∈ Sk1(Γ), g(z) ∈ Sk2(Γ), and h(z) ∈ Sk3(Γ) are primitive cusp
forms. According toDeligne [2], for any prime number p there are α f (p) and β f (p)
such that

λ f (p) = α f (p) + β f (p) and ∣α f (p)∣ = α f (p)β f (p) = 1.

We shall also use the notations αg(p), αh(p), βg(p), and βh(p)with the samemean-
ings. _eHecke L-function L( f , s) is deûned by

L( f , s) =
∞
∑
n=1

λ f (n)
ns =∏

p
( 1 − α f (p)p−s)

−1
( 1 − β f (p)p−s)

−1
.

_e j-th symmetric power L-function attached to f is deûned by

(2.1) L(sym j f , s) =∏
p

j
∏
m=0
( 1 − α f (p) j−mβ f (p)m p−s)

−1
∶=∏

p
Lp(sym j f , s)

for Rs > 1.
It is well known that for every f ∈ Sk1(Γ), there is associated an automorphic

cuspidal representation π f of GL2(AQ). _is representation factors as a restricted
tensor product of local GL2 representations π f = ⊗v

′π f ,v ,where v runs over all places
of Q. If v = p is ûnite, π f ,p is an unramiûed principal series representation, and one
associates with it a semi-simple SL2(C)-conjugacy class

g♯f (p) = (
α f (p) 0
0 β f (p)

)

♯
.
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It should be stressed that this g♯f (p) and g f (p) below are related to π f , and the
reader should not confuse them with g(z) and πg from the context. _e automor-
phic L-function associated with π f is deûned by

L(π f , s) =∏
p
det( I − p−s g f (p))

−1
,

which coincides with L( f , s). It is well known that

λ f (p j
) =

j
∑

m=0
α f (p) j−mβ f (p)m = tr( sym j

(g f (p))) ,

where sym j denotes the symmetric j-th power representation of the standard repre-
sentation of GL2. _us the local L-function of the j-th symmetric power L-function
is given by

Lp(sym j f , s) =∏
p
det( I − p−s sym j

(g f (p))
−1

.

As a part of the far-reaching Langlands program, there exists an automorphic cuspidal
self-dual representation, denoted by sym j π f = ⊗v

′ sym j π f ,v of GL j+1(AQ) whose
local L-factors L(sym j π f ,p , s) agree with the local L-factors Lp(sym j f , s).

_anks to the works ofGelbart and Jacquet [4], Kim and Shahidi [15, 16], and Kim
[14] in which it is established that the automorphy of the j-th symmetric power li�s
(up to 4), the predicted analytic properties and functional equations of the symmet-
ric power L-functions L(sym j f , s) ( j = 2, 3, 4) actually hold, we have the following
lemma.

Lemma 2.1 Let f (z) ∈ Sk(Γ) be a primitive cusp form. _e j-th symmetric power
L-function L(sym j f , s) is deûned in (2.1). For j = 1, 2, 3, 4, there exists an automorphic
cuspidal self-dual representation, denoted by sym j π f = ⊗′ sym j π f ,v of GL j+1(AQ)

whose local L-factors L(sym j π f ,p , s) agree with the local L-factors Lp(sym j f , s) in
(2.1). In particular, for j = 1, 2, 3, 4, L(sym j f , s) has an analytic continuation as an en-
tire function in thewhole complex planeC, and it satisûes a certain functional equation
of Riemann-type.

Proof _is lemma follows from Gelbart and Jacquet [4] for k = 2, and from the
recent works of Kim and Shahidi [15, 16] and Kim [14] when k = 3, 4.

Besides Lemma 2.1,we need the result ofKim and Shadihi [15] on the automorphy
of the tensor product transfer from automorphic representations on GL2 ×GL3 to
GL6.

Lemma 2.2 Let π and π′ be cuspidal automorphic representations of GL3(AQ) and
GL2(AQ), respectively. _en there exists an isobaric automorphic representation π⊠π′

of GL6(AQ) such that
L(π ⊠ π′ , s) = L(π ⊗ π′ , s),

where L(π ⊗ π′ , s) is the Rankin–Selberg L-function associated with π and π′.

We shall also use the special case of the cuspidality criterion for the functorial
product GL2 ×GL3 proved by Ramakrishnan andWang [26] which is embodied in :
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Lemma 2.3 Suppose that f (z) ∈ Sk1(Γ) and g(z) ∈ Sk2(Γ) are distinct primitive
cusp forms, and L(π f ⊗ sym2 πg , s) is the Rankin-Selberg L-function associated to π f
on GL2(AQ) and sym2 πg on GL3(AQ) . _en there exists a cuspidal representation
π f ⊠ sym2 πg ∶= Π f ,g on GL6(AQ) such that

L(π f ⊗ sym2 πg , s) = L(Π f ,g , s).

Proof _eorem 3.1 in Ramakrishnan andWang [26] implies that π′ ⊠ π is cuspidal
if (i) π′ is not dihedral and (ii) π is not a twist of the adjoint square Ad(π′).

Since dihedral forms arenotpresent in our case (holomorphicprimitive cusp forms
for the full modular group), π f is not dihedral. It is also clear that the equivalence
Ad(π f ) ≅ Ad(πg) (namely sym2 π f ≅ sym2 πg in our case) implies that π f ≅ πg . _is
shows that π f ⊠ sym2 πg ∶= Π f ,g is cuspidal.

Lemma 2.4 For Rs > 1, deûne

L j−1(s) =
∞
∑
n=1

λ f (n)λg(n)2λh(n) j

ns ,

where j = 2, 3, 4. _en we have

L1(s) = L(π f , s)L(π f ⊗ sym2 πg , s)L(π f ⊗ sym2 πh , s)

× L((π f ⊗ sym2 πg)⊗ sym2 πh , s)U1(s),

L2(s) = L(π f ⊗ πh , s)2L(π f ⊗ sym3 πh , s)L((π f ⊗ sym2 πg)⊗ πh , s)2

× L((π f ⊗ sym2 πg)⊗ sym3 πh , s)U2(s),

L3(s) = L(π f , s)2L(π f ⊗ sym2 πh , s)3L(π f ⊗ sym4 πh , s)L(π f ⊗ sym2 πg , s)2

× L((π f ⊗ sym2 πg)⊗ sym2 πh , s)3L((π f ⊗ sym2 πg)⊗ sym4 πh , s)U3(s),

where U j(s) are Dirichlet series, which converge uniformly and absolutely in the half
planeRs ≥ 1/2 + ε for any ε > 0.

Here L(π f ⊗ sym j πg , s), L((π f ⊗ sym2 πg) ⊗ sym j πh , s) (with j ≤ 4) are the
Rankin-Selberg L-functions associated with corresponding automorphic cuspidal repre-
sentations.

Proof _e Rankin-Selberg L-function L(π f ⊗ sym j πg , s) is initially deûned by

L(π f ⊗ sym j πg , s) =

∏
p

j
∏
m=0
(1 − α f (p)αg(p) j−mβg(p)m p−s

)
−1
(1 − β f (p)αg(p) j−mβg(p)m p−s

)
−1 .

_e product over primes also gives a Dirichlet series representation for
L(π f ⊗ sym j πg , s): for Rs > 1,

L(π f ⊗ sym j πg , s) =
∞
∑
n=1

λπ f⊗sym j πg(n)
ns ,
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where λπ f⊗sym j πg(n) is amultiplicative function that satisûes

λπ f⊗sym j πg(p) = λ f (p)λg(p j
),

when p is a prime.
Similarly, theRankin–Selberg L-function L((π f⊗sym2 πg)⊗sym j πh , s) isdeûned

by

L((π f ⊗ sym2 πg)⊗ sym j πh , s)

=∏
p

j
∏
m=0
(1 − α f (p)αg(p)2αh(p) j−mβh(p)m p−s

)
−1

× (1 − β f (p)βg(p)2αh(p) j−mβh(p)m p−s
)
−1

× (1 − α f (p)αh(p) j−mβh(p)m p−s
)
−1
(1 − β f (p)αh(p) j−mβh(p)m p−s

)
−1

× (1 − α f (p)βg(p)2αh(p) j−mβh(p)m p−s
)
−1

× (1 − β f (p)βg(p)2αh(p) j−mβh(p)m p−s
)
−1 .

By using similar notations, one can easily check that λ(π f⊗sym2 πg)⊗sym j πh(n) is amul-
tiplicative function, which satisûes

λ(π f⊗sym2 πg)⊗sym j πh(p) = λ f (p)λg(p2
)λh(p j

),

when p is a prime and j = 2, 3, 4.
On the other hand, from the recursive relations (coming from theHecke_eory),

we have

λh(p)2 = 1+λh(p2
), λh(p)3 = 2λh(p)+λh(p3

), λh(p)4 = 2+3λh(p2
)+λh(p4

).

_en

λ f (p)λg(p)2λh(p)2 = λ f (p) + λ f (p)λh(p2
) + λ f (p)λg(p2

)

+ λ f (p)λg(p2
)λh(p2

);

λ f (p)λg(p)2λh(p)3 = 2λ f (p)λh(p) + λ f (p)λh(p3
) + 2λ f (p)λg(p2

)λh(p)

+ λ f (p)λg(p2
)λh(p3

);

λ f (p)λg(p)2λh(p)4 = 2λ f (p) + 3λ f (p)λh(p2
) + λ f (p)λh(p4

) + 2λ f (p)λg(p2
)

+ 3λ f (p)λg(p2
)λh(p2

) + λ f (p)λg(p2
)λh(p4

).

_ese identities essentially determine Lemma 2.4.
To illustrate this, we consider L3(s). Since λ f (n)λg(n)2λh(n)4 is amultiplicative

function, we have

(2.2) L3(s) =∏
p
( 1 +

λ f (p)λg(p)2λh(p)4

ps +
λ f (p2)λg(p2)2λh(p2)4

p2s + ⋅ ⋅ ⋅ ) .
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On the other hand, we have

L(π f , s)2L(π f ⊗ sym2 πh , s)3L(π f ⊗ sym4 πh , s)L(π f ⊗ sym2 πg , s)2

× L((π f ⊗ sym2 πg)⊗ sym2 πh , s)3L((π f ⊗ sym2 πg)⊗ sym4 πh , s)

=∏
p
( 1 +

λ f (p)
ps + ⋅ ⋅ ⋅)

2
( 1 +

λπ f⊗sym2 πh(p)
ps + ⋅ ⋅ ⋅)

3

× ( 1 +
λπ f⊗sym4 πh(p)

ps + ⋅ ⋅ ⋅)( 1 +
λπ f⊗sym2 πg(p)

ps + ⋅ ⋅ ⋅)
2

× ( 1 +
λ(π f⊗sym2 πg)⊗sym2 πh(p)

ps + ⋅ ⋅ ⋅)
3
( 1 +

λ(π f⊗sym2 πg)⊗sym4 πh(p)
ps + ⋅ ⋅ ⋅)

=∏
p
( 1 +

λ f (p)λg(p)2λh(p)4

ps + ⋅ ⋅ ⋅) .

(2.3)

Here we have used

2λ f (p) + 3λπ f⊗sym2 πh(p) + λπ f⊗sym4 πh(p) + 2λπ f⊗sym2 πg(p)

+ 3λ(π f⊗sym2 πg)⊗sym2 πh(p) + λ(π f⊗sym2 πg)⊗sym4 πh(p)

= 2λ f (p) + 3λ f (p)λh(p2
) + λ f (p)λh(p4

) + 2λ f (p)λg(p2
)

+ 3λ f (p)λg(p2
)λh(p2

) + λ f (p)λg(p2
)λh(p4

)

= λ f (p)λg(p)2λh(p)4 .

By comparing (2.2) with (2.3), we ûnd that

L3(s) = L(π f , s)2L(π f ⊗ sym2 πh , s)3L(π f ⊗ sym4 πh , s)L(π f ⊗ sym2 πg , s)2

× L((π f ⊗ sym2 πg)⊗ sym2 πh , s)3L((π f ⊗ sym2 πg)⊗ sym4 πh , s)U3(s),

whereU3(s) is a Dirichlet series,which converge uniformly and absolutely in the half
planeRs ≥ 1/2+ ε for any ε > 0. Here we have used the Ramanujan–Petterson bound
∣λ f (n)∣ ≤ d(n) (established by Deligne).

Lemma 2.5 For Rs > 1, deûne

A(s) =
∞
∑
n=1

λ f (n)5λg(n)2

ns , B(s) =
∞
∑
n=1

λ f (n)λg(n)6

ns .

_en we have

A(s) = L(π f , s)2L(sym2 π f ⊗ π f , s)3L(sym4 π f ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 π f ⊗ (π f ⊗ sym2 πg), s)3L(sym4 π f ⊗ (π f ⊗ sym2 πg), s)U(s),
and
B(s) = L(π f , s)2L(sym2 πg ⊗ π f , s)3L(sym4 πg ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 πg ⊗ (π f ⊗ sym2 πg), s)3L(sym4 πg ⊗ (π f ⊗ sym2 πg), s)V(s),

where U(s) and V(s) are Dirichlet series, which converge uniformly and absolutely in
the half planeRs ≥ 1/2 + ε for any ε > 0.
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Proof _e proof of this lemma is similar to that of Lemma 2.4. Recall that

λ f (p)4 = 2 + 3λ f (p2
) + λ f (p4

),

where p is prime. _en this lemma is based on the following two identities:

λ f (p)5λg(p)2 = λ f (p)4(λ f (p) + λ f (p)λg(p2
))

= 2λ f (p) + 3λ f (p2
)λ f (p) + λ f (p4

)λ f (p)

+ 2λ f (p)λg(p2
) + 3λ f (p2

)λ f (p)λg(p2
) + λ f (p4

)λ f (p)λg(p2
)

= 2λ f (p) + 3λsym2 π f⊗π f (p) + λsym4 π f⊗π f (p)

+ 2λπ f⊗sym2 πg(p) + 3λsym2 π f⊗(π f⊗sym2 πg)(p)

+ λsym4 π f⊗(π f⊗sym2 πg)(p),

and

λ f (p)λg(p)6 = (λ f (p) + λ f (p)λg(p2
))λg(p)4

= 2λ f (p) + 3λg(p2
)λ f (p) + λg(p4

)λ f (p)

+ 2λ f (p)λg(p2
) + 3λg(p2

)λ f (p)λg(p2
) + λg(p4

)λ f (p)λg(p2
)

= 2λ f (p) + 3λsym2 πg⊗π f (p) + λsym4 πg⊗π f (p)

+ 2λπ f⊗sym2 πg(p) + 3λsym2 πg⊗(π f⊗sym2 πg)(p)

+ λsym4 πg⊗(π f⊗sym2 πg)(p).

Lemma 2.6 For Rs > 1, deûne

C(s) =
∞
∑
n=1

λ f (n)λg(n2)3

ns , D(s) =
∞
∑
n=1

λ f (n)λg(n3)2

ns .

_en we have

C(s) = L(π f ⊗ sym2 πg , s)L(sym2 πg ⊗ (π f ⊗ sym2 πg), s)

× L(sym4 πg ⊗ (π f ⊗ sym2 πg), s)U ′
(s),

and

D(s) = L(π f , s)L(sym4 πg ⊗ (π f ⊗ sym2 πg), s)V ′
(s),

whereU ′(s) and V ′(s) are Dirichlet series, which converge uniformly and absolutely in
the half planeRs ≥ 1/2 + ε for any ε > 0.

Proof Recall that g♯f (p) is the semi-simple SL2(C)-conjugacy class associated with
π f . _en we have that for a ≥ b,

(2.4) syma g f (p)⊗ symb g f (p) = ⊕
0≤r≤b

syma+b−2r g f (p).

In particular, (2.4) with (a, b) = (2, 2), (4, 2) , and (3, 3) implies that

λg(p2
)
2
= λsym2 πg(p)

2
= 1 + λg(p2

) + λg(p4
),

λg(p2
)λg(p4

) = λsym2 πg(p)λsym4 πg(p) = λg(p2
) + λg(p4

) + λg(p6
),
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and

λg(p3
)
2
= λsym3 πg(p)

2
= 1 + λg(p2

) + λg(p4
) + λg(p6

).

Hence, it is easy to see that

λ f (p)λg(p2
)
3(2.5)

= λ f (p)λg(p2
)(1 + λg(p2

) + λg(p4
))

= λ f (p)λg(p2
) + λ f (p)λg(p2

)λg(p2
) + λ f (p)λg(p2

)λg(p4
)

= λπ f⊗sym2 πg(p) + λsym2 πg⊗(π f⊗sym2 πg)(p) + λsym4 πg⊗(π f⊗sym2 πg)(p),

λ f (p)λg(p3
)
2(2.6)

= λ f (p)(1 + λg(p2
) + λg(p4

) + λg(p6
))

= λ f (p)(1 + λg(p2
)λg(p4

)) = λ f (p) + λ f (p)λg(p2
)λg(p4

)

= λ f (p) + λsym4 πg⊗(π f⊗sym2 πg)(p).

_e identities (2.5) and (2.6) determine Lemma 2.6.

3 Proof of the Theorems

Suppose that f (z) ∈ Sk1(Γ), g(z) ∈ Sk2(Γ), and h(z) ∈ Sk3(Γ) are primitive cusp
forms. _e L-function L((π f ⊗ sym2 πg) ⊗ sym j πh , s) (1 ≤ j ≤ 4) has an analytic
continuation to be an entire function in the whole complex plane C and satisûes a
certain functional equation of Riemann-type.

In fact, fromLemma 2.1, for 1 ≤ j ≤ 4, sym j πh is an automorphic cuspidal self-dual
representation on GL j+1(AQ). From Lemma 2.3, π f ⊗sym2πg is an automorphic cus-
pidal self-dual representation on GL6(AQ). _en from the works about the Rankin–
Selberg theory associated with two automorphic cuspidal representations developed
by Jacquet, Piatetski-Shapiro, and Shalika [10], Jacquet and Shalika [11, 12], Shahidi
[29–32], and the reformulation of Rudnick and Sarnak [25], we know the analytic
properties for the Rankin–Selberg L-functions L((π f ⊗ sym2 πg)⊗ sym j πh , s) with
j = 1, 2, 3, 4.

Remark 3.1 In the sense of Iwaniec and Kowalski [9, Chapter 5], L-functions ap-
pearing in Lemmas 2.4, 2.5, and 2.6:

L(π f , s)L(π f ⊗ sym2 πg , s)L(π f ⊗ sym2 πh , s)L((π f ⊗ sym2 πg)⊗ sym2 πh , s),

L(π f ⊗ πh , s)2L(π f ⊗ sym3 πh , s)L((π f ⊗ sym2 πg)⊗ πh , s)2

× L((π f ⊗ sym2 πg)⊗ sym3 πh , s),

L(π f , s)2L(π f ⊗ sym2 πh , s)3L(π f ⊗ sym4 πh , s)L(π f ⊗ sym2 πg , s)2

× L((π f ⊗ sym2 πg)⊗ sym2 πh , s)3L((π f ⊗ sym2 πg)⊗ sym4 πh , s),

L(π f , s)2L(sym2 π f ⊗ π f , s)3L(sym4 π f ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 π f ⊗ (π f ⊗ sym2 πg), s)3L(sym4 π f ⊗ (π f ⊗ sym2 πg), s),
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L(π f , s)2L(sym2 πg ⊗ π f , s)3L(sym4 πg ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 πg ⊗ (π f ⊗ sym2 πg), s)3L(sym4 πg ⊗ (π f ⊗ sym2 πg), s),

L(π f ⊗ sym2 πg , s)L(sym2 πg ⊗ (π f ⊗ sym2 πg), s)L(sym4 πg ⊗ (π f ⊗ sym2 πg), s),
and
L(π f , s)L(sym4 πg ⊗ (π f ⊗ sym2 πg), s)

are general L-functions of degree 32, 64, 128, 128, 128, 54, and 32, respectively. In
particular, they satisfy the conditions of Lemma 2.4 in Lau and Lü [17], which states
that ifwe suppose that L( f , s) is a product of two general L-functions L1 , L2 with both
deg L i ≥ 2, and L( f , s) satisûes theRamanujan conjecture, then for any ε > 0,we have

∑
n≤x

λ f (n) = M(x) + O(x 1− 2
m +ε),

whereM(x) = ress=1L( f , s)x s/s andm = deg L. _is proves _eorems 1.1, 1.2, and 1.3
in general.

_e results stated in the theorems need not be the best, and it might be possible to
improve them slightly. For instance, the above arguments lead only to

∑
n≤x

λ5f (n)λg(n)2 ≪ f ,g ,ε x
63
64+ε .

_e aim here is to go further. Wemake use of the identity

L(sym2 π f ⊗ π f , s) = L(π f , s)L(sym3 π f , s)

so that we have

A(s) = L(π f , s)5L(sym3 π f , s)3L(sym4 π f ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 π f ⊗ (π f ⊗ sym2 πg), s)3L(sym4 π f ⊗ (π f ⊗ sym2 πg), s)U(s).

We also need the following two lemmas (to be used in the sequel).

Lemma 3.2 Suppose that L(s) is a general L-function of degree m. _en for any
ε > 0, we have

(3.1) L(σ + it)≪ (∣t∣ + 1)
m
2 (1−σ)+ε

uniformly for 1/2 ≤ σ ≤ 1 + ε and ∣t∣ ≥ 1.

Proof _is is the convexity bound for L(s), which can be proved by the functional
equation, the asymptotic properties of the Γ-function, and the Phragmén–Lindelöf
theorem.

Lemma 3.3 Let f is a primitive holomorphic cusp form and ε > 0. _en we have

∫

T

0
∣L( f , 58 + iτ)∣

4
d τ ≪ε T 1+ε

uniformly for T ⩾ 1, and

(3.2) L( f , σ + iτ)≪ f ,ε (∣τ∣ + 1)max{(2/3)(1−σ), 0}+ε

uniformly for 1
2 ⩽ σ ⩽ 2 and ∣τ∣ ⩾ 1.
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Proof See, e.g., [8,_eorem 2, (1.8)] and [5, Corollary].
Recall that

A(s) =
∞
∑
n=1

λ f (n)5λg(n)2

ns

= L(π f , s)5L(sym3 π f , s)3L(sym4 π f ⊗ π f , s)L(π f ⊗ sym2 πg , s)2

× L(sym2 π f ⊗ (π f ⊗ sym2 πg), s)3L(sym4 π f ⊗ (π f ⊗ sym2 πg), s)U(s)

can be analytically continued to be an entire function in the half-planeRs > 1/2.
By the Perron formula (see [9, Proposition 5.54]), we have

∑
n≤x

λ5f (n)λg(n)2 =
1

2πi ∫
b+iT

b−iT
A(s)

x s

s
ds + O(

x 1+ε

T
) ,

where b = 1 + ε and 1 ≤ T ≤ x is a parameter to be chosen later.
_en wemove the line of integration to Rs = 5

8 . By Cauchy’s theorem, we have

∑
n≤x

λ5f (n)λg(n)2 =
1

2πi
{∫

5
8+iT

5
8−iT

+∫

b+iT

5
8+iT

+∫

5
8−iT

b−iT
}A(s)

x s

s
ds + O(

x 1+ε

T
)

∶= J1 + J2 + J3 + O(
x 1+ε

T
) .

(3.3)

For J1, we have

J1 ≪ x
5
8 ∫

T

1
∣L(π f ,

5
8
+ it)

5
L( sym3 π f ,

5
8
+ it)

3
L( sym4 π f ⊗ π f ,

5
8
+ it)

× L(π f ⊗ sym2 πg ,
5
8
+ it)

2
L( sym2 π f ⊗ (π f ⊗ sym2 πg),

5
8
+ it)

3

× L( sym4 π f ⊗ (π f ⊗ sym2 πg),
5
8
+ it) ∣ t−1dt + x

5
8+ε .

By Lemmas 3.2 and 3.3, we have

J1 ≪ x
5
8 T

2
3× 3

8+(2× 3
8 )×3+5× 3

8+(3× 3
8 )×2+(9× 3

8 )×3+15× 3
8+ε ∫

T

1
∣L(π f ,

5
8
+ it) ∣

4
t−1dt

+ x
5
8+ε

≪ x
5
8+εT

179
8 +ε .

(3.4)

For the integrals over the horizontal segments,we use (3.2) (for the factor L(π f , s)5

whose degree is 10) and (3.1) (for rest of the factors) with m = 118 to bound

J2 + J3 ≪ max
5
8 ≤σ≤b

xσT(59+
10
3 )(1−σ)+εT−1

≪ max
5
8 ≤σ≤b

xσT
187
3 (1−σ)+εT−1

= max
5
8 ≤σ≤b

(
x

T
187
3
)

σ
T

184
3 +ε ≪

x 1+ε

T
+ x

5
8+εT

179
8 +ε .

(3.5)

From (3.3), (3.4), and (3.5), we have

(3.6) ∑
n≤x

λ5f (n)λg(n)2 ≪
x 1+ε

T
+ x

5
8+εT

179
8 +ε .
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On taking T = x
3

187 in (3.6), we have

∑
n≤x

λ5f (n)λg(n)2 ≪ x
184
187 +ε .

_is completes the proof.
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