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§1. Introduction

Let H be a real Hilbert space with scalar product {- | -),; and power set 2. An operator A: H — 21
is monotone if

(Vx € H)(Vy € H)(Vx" € Ax)(Vy* € Ay) (x—y|x" —y" )y = 0. (1.1)

Cartesian products of monotone operators are important constructs that arise in many foundational
and practical aspects of the theory [3, 6, 7, 16, 22, 37]. Such products can be defined in a straightforward
manner for a finite family (Ax)1<k<p of monotone operators acting, respectively, on real Hilbert spaces
(Hi)1<k<p- Thus, if one denotes by H = H; @ - -- ® H, the Hilbert direct sum of (H);<k<p and by
x = (x1,...,Xp) a generic vector in H, the product operator is [3]

ArH =2 x s (X e H | (Vke{L,...,p}) X, € Arxe ). (1.2)

A fundamental instance of an infinite product arises in [6] in the context of evolution equations.
There, (2, J, ) is a measure space, H is a separable real Hilbert space, A: H — 2H is a monotone
operator, H = L2(Q,F,u;H), and a product operator is defined as

ArH -2 x> {x* eH | VweR) x"(w) € A(x(a)))}, (1.3)

where, following [36], the symbol V¥ means “for p-almost every” Another instance of an infinite
product appears in [1, Section II1.2] in the context of nonautonomous evolution equations, where p is
the Lebesgue measure, (A;)s¢[o,7] is a family of monotone operators from H to 2H H = L2([0,T]; H),
and

ArH — 2" x s x" e H | (Wt e [0,T]) x*(t) € Ar(x(1))}. (1.4)

Similar examples arise in probability theory [4], circuit theory [15], approximation theory [18], cal-
culus of variations [21], partial differential equations [22], variational analysis [32], convex analysis
[35], and evolution systems [37]. In terms of modeling, (1.2) is limited to a finite number of operators,
(1.3) requires that all the factor operators be identical to A, and (1.4) imposes that all the factor spaces
be identical to H and operates with the standard Lebesgue measure space [0, T]. The above examples
are not based on a common mathematical setup and the question of defining a unifying theory for
arbitrary products of monotone operators acting on different spaces is open. This question is not only
of theoretical interest, but it is also motivated by applications in areas such as dynamical systems,
stochastic optimization, and inverse problems. It is the objective of the present paper to fill this gap
by introducing such a framework, studying the properties of the resulting product operators, and
exploring some of their applications.

To support our framework, we bring into play the notion of a direct integral of Hilbert spaces, which
is an attempt to extend Hilbert direct sums from finite families to arbitrary ones. This construction
originates in papers published around World War II [23, 24, 26, 30]. We follow [20, Section IL.§1].

Definition 1.1 ([20, Définition 11.§1.1]). Let (£, JF, u) be a complete o-finite measure space, let
(Hu)weq be a family of real Hilbert spaces, and let [],co H, be the usual real vector space of map-
pings x defined on Q such that (Yo € Q) x(w) € H,,. Suppose that ® is a vector subspace of [],co He,
which satisfies the following:

[A] For every x € G, the function Q — R: @ i ||x(w)]ly,, is F-measurable.
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[B] Forevery x € [[,co Haos
[ (Vye®) Q@ ->R: 0 (x(w)|y(w))y, is F-measurable ] = xeb. (1.5)

[C] There exists a sequence (e,)nen in ® such that (Yo € Q) span{e, () }nen = He-
Then ((Hy)weq, ®) is an F-measurable vector field of real Hilbert spaces.

We shall operate within the framework of [20, Section I1.§1.5], which revolves around the following
assumption.

Assumption 1.2. Let (2,7, ) be a complete o-finite measure space, let ((Hy,)weo, ®) be an -
measurable vector field of real Hilbert spaces, and set

$ = {x €6 ‘ fg”x(a))HZpr(da)) < +oo}. (1.6)

Let H be the real vector space of equivalence classes of y-a.e. equal mappings in §) equipped with the
scalar product

1Y HXH > R (x,y) f9<x<w> | Y()), p(do), 17)

where we adopt the common practice of designating by x both an equivalence class in H and a
representative of it in §. Then H is a Hilbert space [20, Proposition I1.§1.5(i)], called the Hilbert direct
integral of (Hy,)weq relative to ®. Following [20, Définition I1.§1.3], we write

Gre
H = f H,p(dw). (1.8)
Q

We are now in a position to propose a definition for an arbitrary product of set-valued operators
acting on different Hilbert spaces.

Definition 1.3. Suppose that Assumption 1.2 is in force and, for every v € Q, let A,,: H,, — 2H«.
The Hilbert direct integral of the operators (A,)eq relative to ® is

®
feBAw,u(dw): Ho2M x> {x* eH| (VweQ) x"(w) € Aw(x(w))}. (1.9)
Q

In tandem with Definition 1.3, we introduce the following notion of an arbitrary direct sum of
functions defined on different Hilbert spaces. In the convex case, the subdifferential operator will
serve as a bridge between Definitions 1.3 and 1.4. Indeed, we shall establish in Theorem 4.7 that,
under suitable assumptions,

Gro 6ro
6( L} fa,,u(da))) = L) I yu(dw). (1.10)

Definition 1.4. Suppose that Assumption 1.2 is in force and, for every w € Q, let f,: H, —
[—00, +c0]. Suppose that, for every x € $, the function Q — [—0co,+00]: @ - f,(x(w)) is T-
measurable. The Hilbert direct integral of the functions (f,),ecq relative to ® is

Gre
f fou(dw): H — [—co,+0]: x - j fo (x(@)) p(dw), (1.11)
Q Q
where we adopt the customary convention that the integral [, 9du of an F-measurable function

9: Q — [—00,+00] is the usual Lebesgue integral, except when the Lebesgue integral [, max{$, 0}du
is +o0, in which case [, ddu = +co.
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The remainder of the paper is as follows. Section 2 presents our notation and provides preliminary
results. The Hilbert direct integral of a family of set-valued operators introduced in Definition 1.3 is
studied in Section 3. In particular, we establish conditions under which properties such as monotonic-
ity, maximal monotonicity, cocoercivity, and averagedness are transferable from the factor operators
to the Hilbert direct integral. We also establish formulas for the domain, range, inverse, resolvent, and
Yosida approximation of this integral. Section 4 focuses on the Hilbert direct integral of functions of
Definition 1.4. We provide conditions for evaluating the Legendre conjugate, the subdifferential, the
recession function, the Moreau envelope, and the proximity operator of the Hilbert direct integral of
a family of functions by applying these operations to each factor and then taking the Hilbert direct
integral of the resulting family. In Section 5, the results of Section 3 are used to investigate integral
inclusion problems involving a family of linearly composed monotone operators. In this context, we
propose a duality theory and discuss some applications.

§2. Notation and theoretical tools

2.1. Notation

We follow the notation of [3], to which we refer for a detailed account of the following notions.

Let H be a real Hilbert space with identity operator Id¢, scalar product (- | - )¢;, and associated
norm ||-||4. The weak convergence of a sequence (x,)nen to x is denoted by x, — x, and x, — x
denotes its strong convergence.

Let C be a nonempty closed convex subset of H. Then ic is the indicator function of C, dc is the
distance function to C, proj.- is the projection operator onto C, C® is the polar cone of C, and N¢ is
the normal cone operator of C.

Let T: H — H and 7 € ]0,+oo[. Then T is nonexpansive if it is 1-Lipschitzian, r-averaged if
7 €]0,1[ and Idg + 77 }(T — Idg) is nonexpansive, r-cocoercive if

(VxeH)VyeH) (x—-y|Tx—-Ty)y > 7||Tx - Ty||(2H, (2.1)

and T is firmly nonexpansive if it is 1-cocoercive.

Let A: H — 2% The domain of A is domA = {x eH | Ax # @}, the range of A is
ranA = Uyedoma Ax, the set of zeros of A is zerA = {x eH | 0¢€ Ax}, and the graph of A is
graA = {(x,x*) € H x H | x* € Ax}. The inverse of A is the operator A™': H — 27 with graph
graA™ = {(x*,x) € H x H | x* € Ax}. Theresolvent of Ais J4 = (Idz;+A)~", and the Yosida approx-
imation of A of index y € ]0,+oo[ is YA = (Idg — Jya) /y = (yIdg +A~1)~1, Suppose that A is monotone
(see (1.1)). Then A is maximally monotone if there exists no monotone operator B: H — 27 such that
graA C graB # gra A. In this case, dom Jy = H, J4 is firmly nonexpansive, and for every x € dom A,
Ax is nonempty, closed, and convex, and we set *Ax = proj,, 0.

We denote by Iy (H) the class of functions f: H — ]|—oo,+00] which are lower semicontinuous,
convex, and such that dom f = {x eH | f(x) < +oo} # 2. Let f € I3(H). The conjugate of f is
Io(H) 3 f*: x* = sup,.cq;({x | x*)4; — f(x)) and the subdifferential of f is the maximally monotone
operator

ofrH—2Mx X" eH | (VyeH) (y—x|x"gy+ f(x) < f(y)} (2.2)

The proximity operator prox; = Jor of f maps every x € H to the unique minimizer of the function
H — |—o0,+00]: y > f(y)+]|x — y||$1/2, the Moreau envelope of f of index y € ]0,+oo[ is 'f: H —
R: x = mingeq (f(y) + ||x - yllg{/(Zy)), and rec f is the recession function of f.
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2.2. Integrals of set-valued mappings

Let (2,5, u) be a complete o-finite measure space and let H be a separable real Hilbert space. For
every p € [1,+oo], set

LP(Q,F, sH) = {x: QO —>H

x is (&, By )-measurable and f ||x(a))||f| p(dw) < +oo}, (2.3)
Q

where By stands for the Borel o-algebra of H. The Lebesgue (also called Bochner [25]) integral of a
mapping x € Z(2,F, y; H) is denoted by [, x(w)u(dw). We denote by LP(Q, F, p; H) the space of
equivalence classes of p-a.e. equal mappings in £ (Q, J, u; H); see [36, Section V.§7] for background.
The Aumann integral of a set-valued mapping X : Q — 2" is

| x@ntdw) - { | st
Q Q

x € L (2,F,1;H) and (Vo € Q) x(w) € X(a))}. (2.4)

2.3. Hilbert direct integrals of Hilbert spaces

Going back to Definition 1.1 and Assumption 1.2, the following examples of Hilbert direct integrals
will be used repeatedly.

Example 2.1. Here are instances of measurable vector fields and Hilbert direct integrals based on
[20, Exemples on pp. 142-143 and 148].

(i) Let p € N\ {0} and let (ax)1<k<p € ]0,+00[P. Set
Q={1,....p}, F=20P and (Vke{1,....p}) p({k}) = a. (2.5)

Let (Hg)1<k<p be separable real Hilbert spaces and let ® = H; X - - - X H,, be the usual Cartesian
product vector space. Then ((Hi)1<k<p, ®) is an F-measurable vector field of real Hilbert spaces

and ®f$ Hop(dw) is the weighted Hilbert direct sum of (Hg)i<k<p, that is, the Hilbert space
obtained by equipping ® with the scalar product

p
(k) 1<k<ps (Yi)1<k<p) = Z o Xk | Y, - (2.6)
p

(ii) In the setting of (i), suppose that (Vk € {1,...,p}) ax = 1. Then

Gre
f Hop(do) =H; & --- ®H, (2.7)
Q

is the standard Hilbert direct sum of (Hg)i<k<p-
(iii) Let (ax)ren be a sequence in |0, +oo[ and set

Q=N, F=2" and (VkeN) p({k}) = a. (2.8)

Let (Hg)ken be separable real Hilbert spaces and set ® = [[ien Hi. Then ((Hg)ken, ®) is an
F-measurable vector field of real Hilbert spaces and ® | g H,, 1 (dw) is the Hilbert space obtained
by equipping the vector space

9H= {(Xk)keN €e®

D allxellfy, < +oo} (2.9)

keN
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with the scalar product

(ke (yidkert) = ) el [y, (2.10)
keN

(iv) Let (£2,J, p) be a complete o-finite measure space, let H be a separable real Hilbert space, and
set

[ (Vw € Q) H,=H ] and 6 = {x: Q—>H]|xis (’J",BH)-measurable}. (2.11)

Then ((Hy)wpeq, ®) is an F-measurable vector field of real Hilbert spaces and
Gre
f Hop(do) = L*(Q,F, u; H). (2.12)
Q

The following results are given as remarks in [20, Section II.§1.3]. We provide proofs for complete-
ness.

Lemma 2.2. Let (Q,F,u) be a complete o-finite measure space and let ((Hy)peq, ®) be an F-
measurable vector field of Hilbert spaces. Then the following hold:

(i) Letx andy be in ®. Then the function Q — R: o — (x(w) |y(w))y,, is F-measurable.
(ii) Letx € [0 Hw andy € ® be such that x = y p-a.e. Then x € 6.
(iii) Let &: Q — R be F-measurable and let x € 6. Then the mapping &éx: w — &(w)x(w) lies in 6.
(iv) Let (xp)nen be a sequence in ® and let x € [],co He. Suppose that (Vo € Q) x,(w) = x(w).
Then x € 6.

(v) There exists a sequence (Uy)nen in ® such that

(et | funC)lfy ad) < s -
2.13

Vw € Q) {“"(“’)}neN = H,.

Proof. (i): Since ® is a vector subspace of [[,co Hyp, x +y € ® and x — y € ®. Hence, by prop-
erty [A] in Definition 1.1, the functions Q — R: 0 — [x(0) +y(o)lly, and Q@ — R: o
lx(@) — y(w) ||y, are F-measurable. Therefore, the assertion follows from the polarization identity
(Voo € ©) 4(x(0) | (@), = (@) + y(@)I, - Ix(w) - y(@)I? .

(ii): Take z € ®. Then (VYo € Q) (x(®) |z(0))y, = (y(w) [ z(w))y,,. At the same time, since y
and z lie in ®, we deduce from (i) that the function 2 — R: 0  (y() | z(w))y,, is F-measurable.
Hence, the completeness of (€2, &, i) implies that the function Q — R: 0 — (x(w) [ z(w))y,, is also
F-measurable. Consequently, property [B] in Definition 1.1 forces x € 6.

(iii): We have éx € [, co Hw. On the other hand, for every y € ®, it results from (i) that the
function w — (&(w)x(w) |y(w))y, = E(w){(x(0) | y(®))y,, is F-measurable. Hence, we conclude via
property [B] in Definition 1.1 that {x € ®.

(iv): Let £ € F be such that y(5) = 0 and (Yo € CZ) x,(w) — x(w). Moreover, set

[ (VneN) y, =1pzx, ] and y=1czx, (2.14)

and let z € ®. For every n € N, it results from (iii) that y, € ® and, in turn, from (i) that the function
Q > R: 0 (Yp() | z2(0))y,, is F-measurable. Additionally,

(Vo € Z)  lim(yn(0) | 2(0))y, =0 = (y(o) | 2(0))y, (2.15)
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and

(Vo € CE)  lim(yn(w) | 2(0))p,, = lim(x, (@) | 2(0))y, = (x(0) | 2(0))y, = Y(0) | 2(0))y,,.
(2.16)

Hence, the function Q — R: 0 — (y(®) |z(w))y,, is F-measurable as the pointwise limit of a se-
quence of F-measurable functions. Therefore, appealing to property [B] in Definition 1.1, we deduce
that y € ®. Consequently, since x = y p-a.e., (ii) yields x € ©.

(v): Property [C] in Definition 1.1 guarantees the existence of a sequence (ey)nen in ® such that
(Yo € Q) span{e, (w)},en = He- Now let (r,,),en be an enumeration of the set

{Z arer | n € N and (ax)o<k<n € Q”“}. (2.17)
k=0
Then

(VneN) r,e® (2.18)
and

Vo € Q) {rn(a))}neN = H,. (2.19)

Since (Q,J, ) is o-finite, we obtain an increasing sequence (Qj)xen in F of finite p-measure such
that ey Qk = Q. Set

(VneN)(VmeN)(Vk e N) E, .k = {w € O | I (w)lly, < m} and  symi =1z, . Tn. (2.20)

Enmk' N

For every n € N, it results from (2.18) and property [A] in Definition 1.1 that the function Q —
R: @ = |[rp(@)lly,, is F-measurable. Therefore, for every n € N, every m € N, and every k € N,
Enmk € J and we thus infer from (iii) and (2.18) that s, ,,x € ® whereas, by (2.20),

fQ||sn,m,k<w)||2ku<dw) < 1(Enmp)m < p(Qi)m < +oo. (2.21)

Next, take w € Q, x € H,,, and € € ]0, 1[. By (2.19), there exists n € N such that ||r,(w) — x|l <e&.In
turn, the triangle inequality gives ||, (@)ly, < €+ [[x]ly . However, since ey 2k = Q, there exists
k € N such that w € Q. Therefore, upon choosing m € N such that m > & + ||x||}; , we deduce that
@ € Zpm k- Thus, combining with (2.20) yields [[spm (@) = x|y = [Irn (@) = x|y, <e. 0O

Lemma 2.3 ([20, Proposition 11.§1.5(ii)]). Suppose that Assumption 1.2 is in force and let (x,)nen be a
sequence in H which converges strongly to a point x € H. Then there exists a strictly increasing sequence
(kn)nen in N such that (Vo € Q) xi, (0) = x(w).

§3. Hilbert direct integrals of set-valued operators

We study the properties of the Hilbert direct integrals of set-valued operators introduced in Defini-
tion 1.3. Let us first point out an important special case of Definition 1.3.
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Definition 3.1. Suppose that Assumption 1.2 is in force and, for every w € €, let C,, be a subset of
H,,. The Hilbert direct integral of the sets (C,)neq relative to ® is

®
feBCw,u(da)) = {x eH | VweR) x(w) € Cw}. (3.1)
Q

We first record the following facts, which are direct consequences of Definitions 1.3 and 3.1.

Proposition 3.2. Suppose that Assumption 1.2 is in force and, for every w € Q, let A,,: H,, — 2H be
a set-valued operator. Set

®
A= f@ App(dw). (3.2)
Q

Then the following hold:

(i) domA = {x eH|(Tx*eH)(Vwe Q) x(w) € Aw(x(w))}.
(ii) ranA = {x* eH| (Fxe H)MVMw e Q) x*(w) € Aw(x(w))}.

6ro
(iii) zer A = L} zer A, p(dw).

6Gro
(iv) A7l = JQ Al p(dw).
(v) Suppose that, for every v € Q, A,, is monotone. Then A is monotone.

Remark 3.3. Regarding Proposition 3.2(i), consider the setting of Example 2.1(iii) and suppose that,
in addition, (Vk € N) Hi = R. For every k € N, set Ax: Hy — Hg: x — k/+/ax. Then

Q

Gre
dom( f Aa,,u(da))) = Q. (3.3)

The following result examines the interplay between the properties of the direct integral and those
of its factor operators.

Proposition 3.4. Suppose that Assumption 1.2 is in force and, for every v € Q, let T,,: H,, — H,, be

strong-to-weak continuous. Set

®
T = f® Tou(dw) (3.4)
Q

and suppose that the following are satisfied:

[A] Forevery x € ), the mapping w — T, (x(w)) lies in ®.
[B] There exists z € $ such that the mapping v — T, (z(w)) lies in $.

Then the following hold:
(i) Let B € [0,+00]. Then the following are equivalent:
(a) For p-almost every w € Q, T,, is B-Lipschitzian.

(b) domT = H and T is B-Lipschitzian.
(ii) Let t € ]0,+oo[. Then the following are equivalent:
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(a) For p-almost every w € Q, T,, is T-cocoercive.
(b) domT = H and T is t-cocoercive.

(iii) Let a € )0, 1[. Then the following are equivalent:
(a) For p-almost every o € Q, T, is a-averaged.
(b) domT = H andT is a-averaged.

Proof. Observe that T is at most single-valued. On the other hand, Lemma 2.2(v) states that there
exists a sequence (up)nen in  such that

Vo € Q) {un(w)}neN =H,. (3.5)
(i)(a)=(i)(b): Let = € T be such that u(Z) = 0 and, for every w € CZ, T,, is f-Lipschitzian. Then
(Vx € 9)(Vy € 9) (Yo € LZ)  [[Tu(x(w)) = To(y(@))[|,y < Bllx(@) = y()lly,,- (3.6)

In turn, since ® is a vector subspace of [],cn He, we infer from [A] and (1.6) that, for every x € §
and every y € $, the mapping v — T, (x(w)) — T, (y(w)) lies in H. Thus, [B] implies that, for
every x € $), the mapping w +— T,(x(w)) lies in § as the sum of two mappings in £, namely
w P Ty(x(w)) - Ty(z(w)) and w +— T, (z(w)). Therefore dom T = H. Additionally, it results from
(3.6) and (1.7) that T is f-Lipschitzian.

(i)(b)=(i)(a): Fix temporarily n € N and m € N. For every & € F such that y(5) < +co, since
lzu, € $ and 1gu,, € 9 thanks to Lemma 2.2(iii), we derive from (1.7) that

LHTw (1 (@)) = Tos (1 (@) [, 1(d) = 1T (1z200) = T (1) 3
H < P Izt~ 1zunlZ,
= [ Fllun(@) - un @)l n(do). 67)
Hence, since (2, F, i) is o-finite, there exists =, ,, € F such that
p(Enm) =0 and (Yo € CZnm) [T (1(©)) = To (tn(@))[lyy < Bllun(®) = (@), - (3.8)

Now set = = U,en men Snm, let o € C=,letx € H,, and lety € H,,. Then, = € F with 4(Z) = 0 and,
in view of (3.5), there exist sequences (ky,)nen and (In)pen in N such that uy, (w0) — xand u, (0) — y.
At the same time, by (3.8),

(Vn e N)  |[To (uk, (@) = To (4, (@) [l < Bllug, (@) = up, (@), - (3.9)

Thus, since || ||y, is weakly lower semicontinuous, letting n — +oc0 and invoking the strong-to-weak
continuity of T,,, we get ||[Tox = Toylly, < BlIx =yl
(ii) and (iii): Argue asin (i). 0O

Proposition 3.5. Suppose that Assumption 1.2 is in force and, for every w € Q, let A,,: H,, — 2He be
a set-valued operator. Set

6ro
A= f App(dw) (3.10)
Q
and let y € 10, +0o[. Then
Gro Gro
ha= | Dapdo) and TA="[ A, p(do). (3.11)
Q Q
9
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Proof. SetT = ® [ S Jya, p(dw). We derive from Definition 1.3 and [3, Proposition 23.2(ii)] that

(VxeH) Tx={peH|(VweQ) pw)ef,(xw)}
={peH | (MweQ)y(x(o) - p(w) € Au(p(w))}
={peH |y (x-p) € Ap}
= Jyax. (3.12)

Likewise, upon setting R = (5[3 YA, pi(dw), we deduce from Definition 1.3 and [3, Proposition 23.2(iii)]
that

(Vx e H) Rx-= {p eH| Vo e Q) plw) € YAw(x(w))}
= {peH | (V0 € Q) p() € Au(x(0) - yp())}
={peHIpeAlx-yp)}
= YAx, (3.13)

which completes the proof. [
Assumption 3.6. Assumption 1.2 and the following are in force:

[A] For every w € Q, A, : H,, — 2" is maximally monotone.
[B] For every x € $, the mapping o +— Ja  (x(w)) lies in ®.
[C] dom ®[& A, u(dw) # .

Proposition 3.7. Suppose that Assumption 3.6 is in force. Then the following hold:

(i) Foreveryw € Q, A ': H, — 2% is maximally monotone.
(i) For every x € $, the mapping w — Ja-1(x(w)) lies in .
(iii) dom ®[& A7 u(dw) # .
Proof. We infer from Assumption 3.6[A] and [3, Propositions 20.22 and 23.20] that, for every v € Q,
Al is maximally monotone and ] Azt = Idp,—Ja,,- Inturn, for every x € §, since ® is a vector subspace
of [Tyeq He, it follows from Assumption 3.6[B] that the mapping @ +— Jx-1(x(w)) lies in ® as the

difference of the mappings x and w +— Js_ (x(w)). Finally, Proposition 3.2(iv) and Assumption 3.6[C]
yield dom Gfg AJlp(dw) = ran Gfg Aou(dw) +@. 0O

The main result of this section is the following theorem, which establishes the main properties of
Hilbert direct integrals of maximally monotone operators. Special cases of items (i) and (ii) corre-
sponding to scenarios described in Example 2.1 can be found in [1, 3, 6, 18, 32].

Theorem 3.8. Suppose that Assumption 3.6 is in force and set

®
A= f@ App(dw). (3.14)
Q

Then the following hold:

(i) A is maximally monotone.
(ii) Lety € ]0,+0o[ and x € §. Then the following are satisfied:

10
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Gro
(@) The mapping w = Jya, (x(w)) lies in H and J ax = f JyAn (x(w))p(dw).
Q

®
(b) The mapping w — YA, (x(w)) liesin  and YAx = fﬂa YAu (x(w))p(dw).
Q

52 52

- ®
domA,, p(dw) = f domA,, p(dw).

- ®
(iii) dom A = f
Q

Q

Gre Gre
(iv) Tan A = f ran A, p(dw) = f ran A, p(dw).
Q Q

(v) Letx € § be such that (Vw € Q) x(w) € domA,,. Then the following are satisfied:
(@) The mapping o — A, (x(w)) lies in 6.

(b) Suppose that x € domA. Then the mapping w + °A,(x(w)) lies in § and °Ax
Gre

f A, (x(w))p(dw).
Q

Proof. (i): By [3, Proposition 23.2(i)] and Assumption 3.6[C], ran J, = dom A # @ and there thus ex-
ist z and r in H such that r € Jyz or, equivalently, z — r € Ar. Hence, for p-almost every w € €,
z(w) — r(w) € A,(r(w)) and, therefore, the monotonicity of A,, yields r(w) = Ja,(z(w)). Thus,
because r € §, we infer from Lemma 2.2(ii) that the mapping v +— Jx,(z(w)) lies in $. In turn, ap-
pealing to Assumption 3.6[B], we deduce from Proposition 3.4(iii) (applied to the firmly nonexpansive
operators (Ja,,)weq) and Proposition 3.5 that J4: H — H is firmly nonexpansive. Consequently, [3,

Proposition 23.8(iii)] guarantees that A is maximally monotone.
(ii): Use (i), Proposition 3.5, and Lemma 2.2(ii).

(iii): By (i) and [3, Corollary 21.14], dom A is a nonempty closed convex subset of . Fix temporarily

x € 9, let (yn)nen be a sequence in ]0, 1[ such that y,, | 0, and set

p=projg—,x and (Vne€N) p,: o Jya, (x(0)).

We infer from (ii)(a) that, for every n € N, p, € $ and p, = Jy,ax. Thus, it follows from (i) and [3,
Theorem 23.48] that p, — p in H. In turn, Lemma 2.3 ensures that there exist a strictly increasing
sequence (k,)nen in N and a set = € J such that 4(2) = 0 and (Yo € CZ) Pk, (@) = p(w). On the
other hand, we deduce from Assumption 3.6[A] and [3, Theorem 23.48] that (Vo € (Z) Pr, (@) =
Ty A (X(0)) — Projgoma, (x(w)). Therefore (Vo € C2) p(w) = Projgoma, (x(w)). Hence, because
p €9, it results from Lemma 2.2(ii) that the mapping v +— projg— A, (x(w)) is a representative in $)

of projg-— , x. This confirms that

6o
Proji— 4 = L} projEAw u(dw).

Therefore, using Definition 3.1, we get

mA:{xE?Hx:proijx}
= {x eH | Vo € Q) x(w) = Projgoma, (x(w))}
={x e H | (Vo € Q) x(v) € domA,}

Gre
= f domA,, p(dw).
Q
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Thus @fﬁ; domA,, p(dw) is a closed subset of H. Consequently, we deduce from Proposition 3.2(i) and
Definition 3.1 that

2] @

Gro_ _
domA,, p(dw) C f domA,, p(dw) = dom A, (3.18)

- ®
domA C f
Q

Q

which furnishes the desired identities.

(iv): In the light of Proposition 3.2(iv) and Proposition 3.7, the claim follows from (iii) applied to the
family (A1)oeo.

(v): Let (yn)nen be a sequence in 10, 1[ such that y,, | 0, and set

pr o Ay (x(w) and (VneN) p,: o A, (x(w)). (3.19)
Then, on account of (ii)(b),
(VneN) p,e€$ and p,="Ax. (3.20)

(v)(a): For every w € £, since A, is maximally monotone and x(w) € dom A,,, [3, Corollary 23.46(i)]
yields p,(w) — p(w). Hence, thanks to Lemma 2.2(iv), we obtain p € 6.

(v)(b): Set g = %Ax. It follows from (3.20), (i), and [3, Corollary 23.46(i)] that p, — g in H. Thus, we
infer from Lemma 2.3 that there exists a strictly increasing sequence (k) en in N such that (VFw € Q)
Pk, (@) = q(w). In turn, p = g p-a.e. and we conclude by invoking Lemma 2.2(ii). 0

Example 3.9. Consider the setting of Example 2.1(iii) and suppose that, in addition, (Vk € N) o =1
and Hx = R. Then H = ¢?(N). Now define (Vk € N) Ax: Hr — Hy: x — 2€x. Then

6 o
dom( f Aw.u(dw)) = {(Xk)keN € £*(N)
Q

6Gro
Z 4R x| < +oo} # t*(N) = f domA,, p(dw). (3.21)
keN Q

The closure operation in items (iii) and (iv) in Theorem 3.8 can therefore not be omitted.

Corollary 3.10. Let (2,5, u) be a complete o-finite measure space, let H be a separable real Hilbert
space, and for every w € Q, let A,: H — 2H pe maximally monotone. Set H = L*(Q,F, u; H) and

ArH - 2" x> {x* eH | (Vo e ) x*(w) € Aw(x(a)))}. (3.22)
Suppose that dom A # @. Then the following are equivalent:

(i) A is maximally monotone.
(ii) For everyx € H, the mapping Q — H: w — Ja x is (F, By)-measurable.
(iii) For every open setV in H & H, {a) €eQ|VngraA, # @} eJ.

Proof. In the light of Example 2.1(iv), H is the Hilbert direct integral of the F-measurable vector field
((Ha))weQ, (5) defined by

[ Vw € Q) H,=H ] and ® = {x: Q—>H|xis (?,BH)-measurable}. (3.23)

Additionally, by (3.22),

®
A= f® App(dw). (3.24)
Q

12
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(i)=(ii): We havedom A # @ and J4 : H — H [3, Corollary 23.11(i)]. Thus, invoking Proposition 3.5
and Lemma 2.2(ii), we deduce that

(Vx € Z*(Q,F, ;;H))  the mapping Q@ — H: w > Ja, (x(w)) lies in £*(Q2,F, s H).  (3.25)

Next, take x € H. Since (0, J, 1) is o-finite, there exists an increasing sequence (Q,)nen in F of
finite p-measure such that J,qq 2, = Q. In turn, {1g, x},eny C ZL2(Q,F,;H) and (Yo € Q)
1o, (w)x — x. Hence, on account of (3.25), we deduce that, for every n € N, the mapping Q@ —
H: 0 = Ja,(1g,(w)x) is (J, By)-measurable. In addition, the continuity of the operators (Ja,,)weo
yields (Vo € Q) Ja, (10, (w)x) = Ja,x. Altogether, it results from Lemma 2.2(iv) that the mapping
Q — H: 0 Ja, xis (F, By)-measurable.

(ii)=(i): Applying [14, Lemma III.14] to the mapping Q X H — H: (w,x) > Ja X, we deduce that,
for every x € ®, the mapping w — Ja_ (x(w)) lies in ®. Therefore, in the setting of (3.23), the family
(An)weq satisfies Assumption 3.6. Consequently, we conclude via (3.24) and Theorem 3.8(i) that A is
maximally monotone.

(ii)e(iii): Combine [1, Lemme 2.1] and [1, Théoreme 2.1]. 0O

Remark 3.11. The implication (iii)=(i) in Corollary 3.10 is stated in [32, Theorem 5.1].

Proposition 3.12. Suppose that Assumption 1.2 is in force. Let G be a separable real Hilbert space and,
foreveryw € Q, letL,: G — H,, be linear and bounded. Suppose that, for every z € G, the mapping

eLz: w i L,z (3.26)
lies in ®. Then the following holds:
(i) The function Q — R: w > ||Ly|| is F-measurable.
Suppose additionally that fQHLwllZ,u(dw) < +o0 and define
L:GCoH:z— ez (3.27)
Then the following hold:

(ii) L is well defined, linear, and bounded with ||L|| < 1/fQ||Lw||2,u(da)).

(iii) Let x* € ®. Then the mapping Q — G: v — L, (x*(w)) is (T, Bg)-measurable.
(iv) Let x* € $. Then the mapping Q — G: w — L} (x*(w)) is Lebesgue pi-integrable.
(v) L*: H - G: x* — [, L5 (x*(w))p(dw).
Proof. (i): Let {z,},c; be a dense subset of {z €eG | lzllg € 1}. On the one hand, property [A] in

Definition 1.1 ensures that, for every n € N, the function Q — R: v — ||L,z,|l,y,, is F-measurable.
On the other hand, thanks to the continuity of the operators (L) ve0,

(Yo € Q) |[Loll = sup [ILuzlly, = supllLwzally,- (3.28)
zeG neN
llzllg<1

Altogether, the function Q — R: w — ||L, || is F-measurable.
(ii): For every z € G, we deduce from (3.26) that

f ez (@), u(dw) = f ||sz||awu<dw)<||z||éf Lo lu(de) < +o0 (3.29)
Q Q Q
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and, in turn, from (1.6) that e; z € $. This confirms that L is well defined. In addition, the linearity of
the operators (L, ),en guarantees that of L. The last claims follow from (3.29) and (1.7).

(iii): For every z € G, Lemma 2.2(i) implies that the function Q — R: 0w — (z|L] (x"(0)))g =
(Loz|x*(@))y,, is F-measurable. In turn, invoking the separability of G, as well as the fact that
(2,3, 1) is complete and o-finite, we derive from [36, Théoréme 5.6.24] that the mapping Q —
G: w— L) (x"(w)) is (J, Bg)-measurable.

(iv): By the Cauchy-Schwarz inequality,

J

Lo, (x" ()| #(de) < fQIILwII llx™ (@), 1(de)

< \/ anLwnzy(dw)\/ fgllx*(w)llﬁwﬂ(dw)

< 400, (3.30)

Hence, the assertion follows from [36, Théoréme 5.7.21].
(v): Take x* € H. It results from (1.7), (3.27), (3.26), (iv), and [36, Théoréme 5.8.16] that

(V2€G) (z]L'x")g = (Lz] ")y
- fQ<sz|x*<w>>ku<dw>

- J:Q<Z
- < . LZ(X*(w))u(dw)>

which completes the proof. [

Ly (x"(w)) >G u(dw)

(3.31)

G

§4. Hilbert direct integrals of functions

We study the Hilbert direct integrals of families of functions introduced in Definition 1.4.
Lemma 4.1. Let H be a real Hilbert space and let T: H — H. Then the following hold:
(i) There exists f € Io(H) such that T = prox; if and only if T is nonexpansive and cyclically

monotone, that is, for every 2 < n € N and every (x1, ..., Xu41) € H™! such that x,41 = x1,
n
D (et = x| Txe) <0, (4.1)
k=1

(i) There exists a nonempty closed convex subset C of H such that T = proj.. if and only if
(VxeH)(VyeH) (Ty—-Tx|x—-Tx)<0. (4.2)

Proof. (i): The core of our argument is implicitly in [28, Corollaire 10.c]. Suppose that there exists

feTly(H)suchthat T = proxg. Then, on account of [28, Corollaire 10.c] and [3, Proposition 22.14], T

is nonexpansive and cyclically monotone. Conversely, suppose that T is nonexpansive and cyclically

monotone. Then T is monotone and it thus follows from [3, Corollary 20.28] that T is maximally

monotone. Therefore, Rockafellar’s cyclic monotonicity theorem [3, Theorem 22.18] guarantees the

existence of a function ¢ € I;(H) such that T = dp. We conclude by invoking [28, Corollaire 10.c].
(ii): See [38, Theorem 1.1]. [
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Remark 4.2. In connection with Lemma 4.1(i), a characterization of proximity operators based on
firm nonexpansiveness and an alternative cyclic inequality is provided in [2, Theorem 6.6].

In [27, 28], Moreau showed that the convex combination of finitely many proximity operators acting
on the same Hilbert space is a proximity operator. Here is a generalization of this result.

Theorem 4.3. Suppose that Assumption 1.2 is in force. Let G be a separable real Hilbert space and, for
every w € Q, letf, € Iy(H,) and let L,: G — H,, be linear and bounded. Suppose that the following
are satisfied:

[A
(B
[C
(D

For every x € $, the mapping w — prox; (x(w)) lies in ®.
There exists z € $) such that the mapping w — prox; (z(w)) lies in $.
For every z € G, the mapping e z: @ — L,z lies in 6.

Jalltol?u(do) < 1.

—_— e —

Then

(g € I,(G))(¥z € G) prox, z = L} L, (proxfw(sz)),u(dw). (4.3)

Proof. SetT = ¢ | g prox; p(dw). Then, on account of Proposition 3.4(i), T: H — H is nonexpansive.
Next, items (ii) and (v) of Proposition 3.12 ensure that the operator L: G — H': z > ¢, zis well defined,
linear, and bounded, with ||L|| < 1, and its adjoint is given by

L'"H—->G:x"— f L) (x* (w)) p(dw). (4.4)
Q
Hence, L* o T o L: G — G is nonexpansive and

(VzeG) L*(T(Lz)) = JQ L, (proxfw(sz)),u(da)). (4.5)

Therefore, in the light of Lemma 4.1(i), it remains to show that L* o T o L is cyclically monotone.
Towards this end, let 2 < n € N and let (zy,...,zy41) € G™! be such that z,4; = z;. Then, appealing
to the cyclic monotonicity of the operators (prox; )ueco,

n

(Vo € Q) Z(szk+1 — Lozi | prox;, (Luzi)),, < 0. (4.6)
k=1

Thus, it follows from (1.7) that

Z(Zkﬂ - 7;| L*(T(Lzg)) ), = Z(szﬂ — Lzi | T(Lzk) )94

k=1 k=1

n
= Z L}(szkﬂ — Loz |proxfw (szk)>Hw,u(da))
k=1

n
= f Z(szkﬂ — Loz |proxfw(szk)>Hw,u(da))
Qi
<0, (4.7)

which concludes the proof. [
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Remark 4.4. Identifying the function g in (4.3) is a natural question, which led to the introduction
of the notion of integral proximal mixtures in [12].

Proposition 4.5. Suppose that Assumption 1.2 is in force and, for every w € Q, let A,,: H,, — 2He be
maximally monotone. Set

®
A= f@ Aup(dw). (4.8)
Q

Then the following hold:

(i) Suppose that there exists f € Iy(H) such that A = 9f. Then, for u-almost every w € €, there
exists f,, € I;(Hy,) such that A, = of,.

(ii) Suppose that there exists a nonempty closed convex subset C of H such that A = N¢. Then, for
p-almost every w € Q, there exists a closed convex subset C,, of H,, such that A, = Nc,,.

Proof. Lemma 2.2(v) asserts that there exists a sequence (u,)nen in $ such that

(Vo € Q) {un(@)} s = Hon (4.9)

(i): Set I = {(ik)1<k<n+1 eN™ | 2<neNand ip = il}, fix temporarily i = (ix)1<k<ns1 € L
and let © € J be such that y(©) < +co. Then, by Lemma 2.2(iii), {1leui }1<k<n € 9. In turn, since
Ja: H — H, it follows from Proposition 3.5 and Lemma 2.2(ii) that, for every k € {1,...,n}, a
representative in ) of Ja(1leu;, ) is the mapping

. if o-
o @), foce; w10
A0, ifwel(Co.
At the same time, for every k € {1,...,n}, a representative in $ of 1gu;, is the mapping
. if o-
oo |Ul@) o c; (4.11)
0, ifwe(Co6.

Hence, since J4 = prox is cyclically monotone by virtue of [3, Example 23.3] and Lemma 4.1, we
derive from (1.7) that

f@ Z(uik+1 (0) = uj (w) |]Aw (i, (60))>Hw/1(d60) = Z(leuik+1 - lou | Ja(loui))gr < 0. (4.12)
k=1

k=1
Therefore, thanks to the fact that (2, F, y) is o-finite, there exists 5; € F such that

n

p(Z) =0 and (Yo € C5) Z(uikﬂ(w) = 3, (@) | I, (15, (@), <0. (4.13)
k=1

Now set = = [J;¢1 5i- Since I is countable, = € F and p(=) = 0. Additionally, (4.13) implies that

n

(Vi = (i)1<kenns € 1) (Yo € CZ) D" (uy,, (@) = i (0) [ Jn,, (13 (@), < 0. (4.14)
k=1
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To proceed further, take w € C=,let2 < n € N, and let (X1 - - -» Xn+1) be a family in H,, such that
Xn+1 = X;. For every k € {1,...,n}, we infer from (4.9) that there exists a sequence (ik )men in N
such that u;, , (©) — x¢.Set (Ym € N) i1, = iy m. Then, for every m € N, because (ik,m)1<k<n+1 € L,
it results from (4.14) that

D (i (@) = i, (@) | Jn, (W, (@) )y, < 0. (4.15)
k=1

Therefore, the continuity of J , forces 37! (Xg+1 — Xk | Ja, Xk) < 0. Consequently, since Ju , is non-
expansive, we conclude via Lemma 4.1(i) that there exists f,, € I3(H,) such that ], = prox .
(ii): Argue asin (i). O

Let us collect the main properties of Hilbert direct integral functions under the umbrella of the
following assumption.

Assumption 4.6. Assumption 1.2 and the following are in force:

[A] Forevery w € Q,f,, € IH(Hy).

[B] For every x € $, the mapping w  prox; (x(w)) lies in ©.

[C] There exists r € $ such that the function & — f, (r(®)) lies in £1(Q, F, 1; R).
[D] There exist s* € § and & € Z1(Q, F, 1;R) such that

(Vo e) f,2(-|s @)y, +9w). (4.16)

The following theorem presents the main properties of Hilbert direct integrals of convex functions.
In the literature, such properties are available only in the setting of Examples 2.1(i) and 2.1(iv); see [3,
11, 14, 35], where different techniques are employed which are not applicable in our general context.

Theorem 4.7. Suppose that Assumption 4.6 is in force and define

G e
f= L) fou(dw). (4.17)

Then the following hold:

(i) f is well defined.
(i) f e Ih(H).

Gre
(iii) of = f of pp(dw).
Q
(iv) Lety € 0,400 and x € §. Then the mapping v Prox,¢ (x(w)) lies in © and prox, ¢ x =

Gro
fQ prox, (x(w))p(dw).

- Gro____ Gro
(v) dom f = f domf, u(dw) = f domf,, u(dw).
Q Q

Gre
(vi) Argmin f = f Argminf, p(dw).
Q

(vii) Let B € [0, +oo[ and suppose that, for every w € 2, domf,, = H,, andf, is Gateaux differentiable
on H,,. Then the following are equivalent:
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(a) For p-almost every o € Q, V£, is -Lipschitzian.
(b) dom f = ‘H, f is Fréchet differentiable, and V f is f-Lipschitzian.

Gro
(viii) Lety € ]0,+co[. Then¥f = f fopu(dow).
Q
Gre
@) 1= | foutdo).

Gro
(x) recf = L) recf,, p(dw).

Proof. According to (4.16), there exists = € J such that

u(E) =0 (4.18)
and

(Vx € 6) (Yo € CE) fu(x(w)) > (x(@) |s* (@), + Hw). (4.19)
Let us define

p: @ > prox; (r(®) +s*(w)). (4.20)

Since r + s* € §, Assumption 4.6[B] ensures that p € ®. In addition, we deduce from [3, Proposi-
tion 16.44] that

(Vo € Q) r(w)+s"(0) — p(w) € df,(p(w)) (4.21)
and, in turn, from (2.2) and (4.19) that
(Vo € CZ2) fu(r(w) = (r(w) |s" (@)n,
> fo (p(@)) + (r(@) = p(@) | r(@) +5" (@) = p(@)),, = (r(@) |s" (@),

= fu(p(@)) = (p(@) | s* (@), + lIr(w) = p(o)Ify,
> 9(w) +|Ir(w) = p(w) I}, - (4.22)
On the other hand, thanks to items [C] and [D] in Assumption 4.6, the function w +— f,(r(w)) —

(r(w) [s*(0))y, — F(w) lies in L1(Q,F, 1;R). Therefore, it results from (4.22) that r — p € $ and,
since r € $ by Assumption 4.6[C], we get

pPESYD. (4.23)
Now set
®ro
A= f of pp(dw). (4.24)
Q

Assumption 4.6[A] and [28, Proposition 12.b] imply that the operators (df,,),eco are maximally mono-
tone. Moreover, since r + s* € §, we infer from (4.21) and (4.23) that p € dom A. Moreover, Assump-
tion 4.6[B] and [3, Example 23.3] guarantee that, for every x € §, the mapping w — Js, (x(w)) lies
in . Altogether,

the family (df,,),ecq satisfies the assumption of Theorem 3.8. (4.25)
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Hence, it follows from Theorem 3.8(i) that

A is maximally monotone (4.26)
and from Theorem 3.8(ii)(a) and [3, Example 23.3] that

(Vy €10, +00[)(Vx € §) the mapping » > prox, (x(w)) lies in $. (4.27)

(i): We must show that, for every x € $, the function Q — ]—co,+0]: 0 — f,(x(w)) is F-
measurable. To do so, we employ a Moreau envelope approximation technique inspired by [1]. Take
x € 9. For every y € ]0,+oo[, let ¥, be the mapping defined on [0, 1] X Q by

(V(t, w) € [0,1] x Q) ¥ (t,w) =r(w) +1(x(w) - r(w)) —Prox,¢ (r(o) + t(x(w) —r(w))) (4.28)
and define
$y: [0,1] x Q2 - R: (t,w) = <x(w) - r(w) | v, (t, w)>Hw. (4.29)

Then, for every y € |0, +oo[, the continuity of the mappings (¥ (-, w))weq ensures that the functions
(¢y (-, ®))weq are continuous, while (4.27) and Lemma 2.2(i) ensure that the functions (¢, (¢, -))se[0,1]
are F-measurable. Hence, the functions (¢y),ejo,+c0 are Bjo,1) ® F-measurable [14, Lemma II1.14]. In
turn, invoking the fact that (Q, &, 1) is o-finite, we deduce that, for every y € ]0,4+oo[, the function
Q-Rwm- fol ¢y (t, w)dt is F-measurable. Therefore, for every y € ]0,+oo[, since [3, Proposi-
tion 12.30] implies that

1 1
Yo € Q) M, (x(w))-"f,(r(w)) = y_lfo (x(w) -r(w) | Y (t, w))det =y fo ¢y (t, )dt, (4.30)

we infer that the function Q — R: w — ¥f, (x(w)) = ¥f,(r(w)) is F-measurable. However, [3, Propo-
sition 12.33(ii)] and Assumption 4.6[C] give

(Vo € Q) fu(x(w)) = fu(r(e)) = nﬁ)l(ww (x(@)) = "o (). (4.31)
Y

Hence, the function Q — ]—co, +c0]: w > f,(x(w)) — f,(r(w)) is F-measurable. Consequently, in-
voking Assumption 4.6[C] once more, we conclude that the function Q — ]—o00, +c0]: w - f, (x(w))
is F-measurable.

(ii): By (4.19), (4.18), and Assumption 4.6[D],

(Vx e H) f(x)= f £ (x(0))u(do) > f <x<w)|s*<w)>Hwy<dw)+f §(w)p(dw) > —oo, (4:32)
Q Q Q
which yields
—oo ¢ f(H). (4.33)

At the same time, since the functions (f,),eo are convex by Assumption 4.6[A], so is f. Moreover,
Assumption 4.6[C] implies that dom f # @. Therefore, it remains to show that f is lower semicontin-
uous. Take & € R, let (x,),en be a sequence in H, let x € H, and suppose that

sup f(x,) <& and x, — x. (4.34)
neN
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Then Lemma 2.3 asserts that there exists a strictly increasing sequence (kj,)nen in N such that (Vo €
Q) xx, (0) = x(w). Let us define

(VR eN) g, Q — ]—00,+00]: w > f,(xx, (@) = (x%, (@) | s* (@)n,,- (4.35)

By (i) and Lemma 2.2(i), the functions (g, )nen are F-measurable. Additionally,

(VneN) p, >3 p-ae and JQ on(w)p(dw) = f(xk,) = (xk, | S ) (4.36)

and, since the functions (f,,),cq are lower semicontinuous, (Vo € Q) f, (x(®)) — (x(®) | s*(0))y,, <
lim o, (). Thus, we derive from Fatou’s lemma and (4.34) that

ﬂm—uwijgmuw»—wwnfw»Wﬂwm
<fgm&wmwm
Q

<lim | ou(o)n(do)

= lim(f (xx,,) = (xK, 15" )
< E-(x|s )y (4.37)
Hence f(x) < ¢ and we conclude via [3, Lemma 1.24] that f is lower semicontinuous.

(iii): Let (x,x*) € graA and let © € J be such that 4(©) = 0 and (Vo € CO) x*(w) € af,(x(w)).
For every y € H, thanks to the inequality

(Vo € CO)  (y(w) - x(w)

x*(w)>Hw +fu(x(w)) < fo(y(w)), (4.38)

we obtain (y — x| x")¢ + f(x) < f(y). Hence, (x,x*) € gradf and we thus have graA C gradf.
Consequently, the monotonicity of df and (4.26) force of = A.
(iv): Combine (ii), [3, Example 23.3], (iii), (4.25), and Theorem 3.8(ii)(a).
(v): We derive from (ii), [3, Proposition 16.38], (iii), (4.25), and Theorem 3.8(iii) that
®

N - Gro__ Gro_
dom f = domdf = f dom of , u(dw) = f domf, p(dw). (4.39)
Q Q

This shows that © | g domf,, p(dw) is a closed subset of . On the other hand, for every x € dom f,
it results from Definition 1.4 that, for p-almost every v € Q, x(w) € domf, and, therefore, that
X € (ﬁfg domf,, p(dw). Consequently,

@ @

Gro__ -
domf, p(dw) C j domf, p(dw) = dom f, (4.40)
Q

ﬁfccﬁj

Q

which yields the desired identities.

(vi): This follows from Fermat’s rule, (iii), and Proposition 3.2(iii).

(vii): Appealing to (4.25), we deduce from Theorem 3.8(v)(a) and [3, Proposition 17.31(i)] that, for
every x € §, the mapping w +— °(of,)) (x(w)) = Vf, (x(w)) lies in G. In addition, by (iii),

®ro
of = L Vf, u(dw). (4.41)
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Furthermore, for every w € Q, [3, Corollary 17.40] asserts that Vf,: H, — H,, is strong-to-weak
continuous. Consequently, in the light of [3, Proposition 17.41], the assertion follows from Proposi-
tion 3.4(i) applied to the operators (Vf,),eq-

(viii): Take x € $ and define q: w — Prox, (x(w)). Then (iv) asserts that g € § and q = Prox, s X.
Hence, we derive from (ii), [3, Remark 12.24], and Definition 1.4 that

Yf(x) = f(prox, ; x) + (2y) " llx — prox, s x|,
= [ (falate)) + @) x@) - g1}, Jutdo)
= L} ", (x(w))p(dw), (4.42)

as claimed.
(ix): Let x* € 9, let (yn)nen be a sequence in |0, 1[ such that y,, | 0, and define

(YneN) 8,: Q- R:w "(f)(x* (o). (4.43)
For every n € N, since Moreau’s decomposition theorem [3, Theorem 14.3(i)] gives

(Yo € Q) 9(0) =y I (@), = 7o (v7'x" (), (4.44)
it follows from (viii) that 8, € .Z'(Q, F, u; R). Further, we deduce from [3, Proposition 12.33(ii)] that

(Yo € Q) (9n(®)),y is increasing and 9, (w) T £}, (x"(w)) (4.45)

and, therefore, that the function Q2 — ]—c0, +00]: w = f (x*(w)) is F-measurable. On the other hand,
invoking (4.44), (viii), Moreau’s decomposition theorem, and [3, Proposition 12.33(ii)], we obtain

| on@imtao) = [ (17 @), =700 (@) ado)
Q Q

= v Il W3 = f ')
=""(f)(x")
— f*(x") as n — +oo. (4.46)

Thus, in view of (4.45), we infer from the Beppo Levi monotone convergence theorem [5, Theo-
rem 2.8.2 and Corollary 2.8.6] that

ff(x*) = limj I (w)p(dw) = f lim 9, (w) p(dw) = j £ (x" () p(dw). (4.47)
Q Q Q
(x): Assumption 4.6[C] ensures that (Vo € Q) r(w) € domf,. Now take x € H and set

(Vor € 10, +00[) Gz @ — ] =00, +00]: @ + folr(e) + “x(;:’)) ~fo(r(©). (4.48)

Then, for every a € |0, +co[, since r + ax € $ and r € 9, it results from (i) that 8, is F-measurable.
On the other hand, by Assumption 4.6[A] and [3, Propositions 9.27 and 9.30(ii)], we obtain

(Yo € Q)  the net (6,(w))

a€]0,+o0|

is increasing and (recf,,) (x(w)) = lTim Oy (w). (4.49)
a’|+oo
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Altogether, we infer from the Beppo Levi monotone convergence theorem, Assumption 4.6[C], (i),
and [3, Proposition 9.30(ii)] that

f (recf,) (x(®))p(dw) = f lim 6,(w) u(dw)
O O al+eo

- lim | 6u(op(do)
= O}gr:o é(ﬁ) foo (r(w) + ax(w))p(dw) - L) fw(r(a))),u(da)))
o f ) — )
al+oo a
= (rec f)(x), (4.50)

which completes the proof. [

Remark 4.8. Consider Theorem 4.7 in the special case of Example 2.1(iv). Then (ii), (iii), (iv), (ix), and
(x) were obtained, respectively, in [34, Corollary, p. 227], [34, Equation (25)], [3, Proposition 24.13],
[34, Theorem 2], and [4, Proposition IL.1]. On the other hand, in the special case of Example 2.1(iii),
(iv) was obtained in [18, Corollary 2.2].

Example 4.9. Consider the setting of Example 2.1(iii) and suppose, in addition, that (Vk € N) o =1
and Hy = R. Then H = £?(N). Now set (Vk € N) fr = |-|. Then
Gro Gro
dom( f fw,u(dw)) =¢1(N) # £2(N) = f dom f,, u(dw). (4.51)
Q Q

Thus, the closure operation in Theorem 4.7(v) must not be omitted.

Every maximally monotone operator on R is the subdifferential of a function in IH(R) [3, Corol-
lary 22.23]. The following result is an extension of this fact.

Corollary 4.10. Let (Q,F, u) be a complete o-finite measure space and, for every v € Q, let A,: R —
2R pe maximally monotone. Set H = L2(Q,F, 1;R) and

ArH - 2" x> {x* eH| Vo e ) x*(w) € Aw(x(a)))}. (4.52)
Then the following are equivalent:

(i) A is maximally monotone.
(ii) There exists f € Iy(H) such that A = 9f.
(iii) dom A # @ and, for every x € R, the function Q — R: w +— Ja_x is F-measurable.

Proof. (ii)=(i): Use Moreau’s theorem [28, Proposition 12.b].
(i)=(iii): This is a special case of Corollary 3.10.
(iii)=(ii): Set ® = {x: Q>R | xis ?—measurable}. Then, as seen in Example 2.1(iv), H =
(ﬁfg R pu(dw). For every w € , [3, Corollary 22.23] asserts that there exists g,, € I5(R) such that
A, = 9g,. Next, since domA # @ and (2,7, u) is complete, there exist r and s* in £?(Q, F, i;R)
such that

(Vo e Q) s"(w) € A,(r(w)) =g, (r(w)) (4.53)
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and

Yo € Q) r(w) € domA, C domg,. (4.54)
Now set
Vo € Q) f, =80 — 8u(r(®)). (4.55)

Then the functions (f,),ecq lie in IH(R) and, by [3, Proposition 24.8(i) and Example 23.3], (Yo € Q)
proxg = prox, = Ja,.In turn, appealing to the continuity of the operators (Ja,,)wen, we deduce
from [14, Lemma II1.14] that the mapping 2 X R — R: (w,x) + prox; x is  ® Br-measurable.
Therefore, for every x € £%(Q, F, i1; R), the mapping Q — R: w — prox; (x(w)) lies in ®. Next, we
get from (4.55) and (4.54) that (Vw € Q) f,(r(w)) = 0. Moreover, by (4.53),

(Vo e Q)(Vx €R)  fy(x) =80, (X) — 80 (r(®)) > (x = r(w))s™(®) = xs" (w) —r(w)s*(w). (4.56)

Hence, since w +— r(w)s*(w) lies in £1(Q, F, 1;R), the family (f,)oco satisfies the assumption of
Theorem 4.7. Altogether, we conclude via Theorem 4.7(ii) that

(URXe)
f fpu(dw) € Ty(H) (4.57)
Q

and via Theorem 4.7(iii) and (4.52) that

6ro 6ro 6ro
a( fQ fw,u(da))) = f I pp(dw) = L) App(dw) = A, (4.58)

Q

as desired. [
Corollary 4.11. Let (Ap)xen be a family of maximally monotone operators from R to 2%, and define
A: 2(N) - 25 e = {(X)ke € () | (VK € N) X € A} (4.59)

Suppose that dom A # @. Then A is maximally monotone and there exists f € I(£*(N)) such that
A = of.

Proof. Apply Corollary 4.10 to the case where Q = N, F = 2", and y is the counting measure. [

Corollary 4.12. Suppose that Assumption 1.2 is in force and, for every w € Q, let C,, be a nonempty
closed convex subset of H,,. Set

®
C= f@ Cop(dw). (4.60)
Q

Suppose that C # @ and that, for every x € $, the mapping w +— projc_(x(w)) lies in &. Then the
following hold:

(i) C is a closed convex subset of H.

G, o
(i) Ne = L Ne, pu(dao).
[$]

®
(iii) proj. = L) projc, p(dw).
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o

®
(iv) dé = f déw,u(dw).
Q
Gre
) oc = fQ o, p(de).
Gro
(vi) Suppose that, for every o € Q, C,, is a cone in H,,. Then C° = fg CS u(dw).

Gro
(vil) Suppose that, for every w € Q, C,, is a vector subspace of H,,. Then C*+ = f C u(dw).
Q
Proof. Set (Vo € Q) f,, = ic,,. Then, for every w € Q, f, € I(H,), f, > 0, and prox; = projc .
Moreover, since C # @ and (2, J, i) is complete, there exists r € § such that, for every v € Q,

r(w) € C, or, equivalently, f,,(r(w)) = 0. Altogether, the family (f,),ecq satisfies the assumption of
Theorem 4.7. Therefore, in view of items (i) and (ii) in Theorem 4.7,

Gre
f= j fop(dw) is well defined and lies in I (H). (4.61)
Q
(i): Using Definitions 1.4 and 3.1, together with (4.60), we obtain

(e H) £ = [ e, (x0)utdo)

~ {0, if (Vo € Q) x(w) € Cy;

+00, otherwise

{0, if x € C;

+00, otherwise

= 10(x), (4.62)

and the claim thus follows from (4.61).

(ii)=(v): In the light of (4.61) and (4.62), these follow from items (iii), (iv), (viii), and (ix) in Theo-
rem 4.7, respectively.

(vi): We deduce from [3, Example 6.40] and (ii) that

Gre Gre
C® = N0 = f (Nc,,0)p(dw) = f C® u(dw). (4.63)
Q Q

(vii): Use (vi) and [3, Proposition 6.23]. [

Proposition 4.13. Suppose that Assumption 4.6 is in force. Let G be a separable real Hilbert space and,
foreveryw € Q, letL,: G — H,, be linear and bounded. Suppose that, for every z € G, the mapping
e z: w — Lyz lies in . Additionally, suppose that fQ||Lw||2,u(da)) < 400 and that there exists w € G
such that [ f,(L,w)p(dw) < +co. Define

g: G — |—00,+00]: z > f fo(Loz)p(do). (4.64)
Q
Then the following hold:

(i) g is well defined and lies in TH(G).
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(ii) Let (zz*) € G x G. Then z* € dg(z) if and only if there exist sequences (yn)new in ]0,+co[ and
(zn)nen in G such that

Ynl0, z,—>2z and L} L;, (prox},’-llf(*u (y;lezn)),u(dw) — 7. (4.65)
Proof. Theorem 4.7(i)—(ii) state that

Gre
f= f f,p(dw) is well defined and lies in I (H). (4.66)
Q

On the other hand, according to Proposition 3.12(ii),
L: G — H: z > ez is well defined, linear, and bounded. (4.67)

(i): Because Lw € dom f, it follows from (4.64), (4.66), and (4.67) that

g=foL eIl)(Q). (4.68)
ii): It results from Theorem 4.7(iii), Proposition 3.5, and Moreau’s decomposition [3, Theorem 14.3(ii
p p
that
Gro ®ro
(Vy €10,+00[) Y(of) = f Y(of ) p(dw) = f Prox,-i oy dy, p(dw). (4.69)
Q Q

Hence, for every y € ]0,+o0[ and every w € G, since e, w: @ — L,W is a representative in $ of Lw,
Proposition 3.12(v) implies that

L*("(af) (Lw)) = L} LY (pmxy% (y_lew)) 1(do). (4.70)

In addition, appealing to (4.66), (4.67), and (4.68), we derive from [32, Theorem 4.1] and a remark on
[32, p. 88] that gra dg is the set of points (w,w*) € G X G for which there exist sequences (y,)nen in
10, +0o[ and (wWp)pen in G such that y, | 0, w, — w, and L*(*(9f)(Lw,)) — w;,. Altogether, the
proof is complete. [

§5. Application to integral composite inclusion problems

Let G and (Hg)<k<p be real Hilbert spaces. For every k € {1,..., p}, let Ag: Hy — 2Hk be monotone
and let Ly : G — Hy be linear and bounded. Finite compositions of the form Zi: 1 L © Ak o L arise in
many theoretical and modeling aspects of monotone operator theory [3, 8, 16, 21, 22]. The main object
of this section is to extend this construction to arbitrary families of monotone and linear operators.
More precisely, our focus is on the following monotonicity-preserving operation, which involves the
Aumann integral of (2.4).

Proposition 5.1. Suppose that Assumption 1.2 is in force. Let G be a separable real Hilbert space and,
forevery w € Q, let A, : H, — 2Ho be monotone and let L,,: G — H,, be linear and bounded. Then

M:G—-2%:z j L (Au(Lyz)) p(dw) (5.1)
Q

is monotone.
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Proof. Suppose that (z,z") and (w, w*) are in gra M. Then, by (2.4), there exist x* and y* in [ [ ,co Ho
such that

Vo € Q) x*(w) € Ap(Lyz) and y*(w) € A, (Lyw)
the mappings o — LY (x*(0)) and & — L% (y* (o)) lie in £1(Q,F, 15;G) (5.2)
[o Lh (x*(w))p(dw) =z* and [, LY (y" (o)) p(dw) = w*.

The monotonicity of the operators (A, ),eco ensures that

Mo € Q) (z—w

Lo (" (@) = Ly (5" () )g = (Loz = Low | x*(@) = g (@), > 0. (53)
Therefore, using [36, Théoréme 5.8.16], we obtain
z-w|z"=w")g = <z -w ‘ f L, (x*(a))),u(da)) - f L*w(y*(a))),u(da))>
Q Q

- [ eIl @) - Ly @)oo

>0, (5.4)

G

which yields the assertion. 0O

The inclusion problem under investigation involves the integral composite operator (5.1) and is
placed in the following environment.

Assumption 5.2. Assumption 1.2 and the following are in force:
[A
(B

[C
[D

G is a separable real Hilbert space.

For every w € Q, L,,: G — H,, is linear and bounded.
For every z € G, the mapping ¢, z: @ + L,z liesin .
JollLo|Pu(dw) < +oo.

—_— e

Problem 5.3. Suppose that Assumptions 3.6 and 5.2 are in force, and let W: G — 2° be maximally
monotone. The objective is to

find z € G such that 0 € Wz +f L) (A (Lw2))p(dw). (5.5)
Q

In traditional variational methods, duality provides a powerful framework to analyze and solve
minimization problems [3, 21, 35]. More generally, for inclusion problems, notions of duality have
been proposed at various levels of generality [10, 17, 31, 33] in the context of Example 2.1(i), which
corresponds to the inclusion problem

P
find z € G such that 0 € Wz + Z Ly (Ac(Lkz)). (5.6)
k=1

The next theorem extends duality concepts to the general setting of Problem 5.3.
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Theorem 5.4. Consider the setting of Problem 5.3, as well as the dual problem
find x* € H such that (32 € W_l(—f L, (x*(a))),u(da))))(\f”a) € Q) Loz e A (x"(w)), (5.7)
Q

and denote by Z and Z* the sets of solutions to (5.5) and (5.7), respectively. Let I be the Kuhn-Tucker
operator associated to Problem 5.3, that is,

K: GoH — 209

®ro
(zx") (WZ+ fQLZ(x*(w)),u(dw))x(—eLz+ L) A;l(x*(w))y(dw)), (-8)

and let 8 be the saddle operator associated to Problem 5.3, that is,

S8: GCoHoH — 208HeH

Gre
(zx,u*) (WZ + L} L;(u*(a))),u(da))) X ( JQ Au(x(w))p(dw) - u*) X (—erz +x).

(5.9)
Then the following hold:
(i) K and 8 are maximally monotone.
(ii) zer I and zer 8 are closed and convex.
(iii) Let (z,x*) € GXH. Then (z,x*) € zer K = (z,x*) € ZX Z*.
(iv) Let (z,x,u™) € G X H X H. Then (z,x,u*) € zer8§ = (z,u*) € Z X Z*.
V) zerS2 0o zerK+0 072" +0=>7Z+0.
Proof. Set
6ro
A= f App(dw). (5.10)
Q
Theorem 3.8(i) states that
A is maximally monotone, (5.11)
while Proposition 3.2(iv) states that
Gre
Al = f AL p(dw). (5.12)
Q

Moreover, in view of Assumption 5.2, items (ii) and (v) of Proposition 3.12 imply that the operator
L:CoH:z ¢z (5.13)

is well defined, linear, and bounded, with adjoint

L'H—->GC:x" f Ly (x* () p(dw). (5.14)
Q
Hence, we deduce from (5.8) that
K:GoH — 257 (zx) > (Wz+ L*x") x (~Lz+ A™'x¥) (5.15)
27
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and from (5.9) that

8:CoH@®H — 2°°MM: (7 x,u") > (Wz + L*u") X (Ax — u*) x {-Lz +x}. (5.16)
Additionally, the dual problem (5.7) can be rewritten as

find x* € H such that 0 € —-L(W ™' (=L*x")) + A 'x". (5.17)

(i): In view of (5.11) and the maximal monotonicity of W, it follows from (5.15) and [3, Proposi-
tion 26.32(iii)] that K is maximally monotone, and from (5.16) and [9, Lemma 2.2(ii)] that 8 is maxi-
mally monotone.

(ii): Combine (i) and [3, Proposition 23.39].

(iii): Suppose that (z,x*) € zerX. Then, by (5.15), Lz € A™'x* or, equivalently, x* € A(Lz).
Therefore, it follows from (5.13), Assumption 5.2[C], and (5.10) that, for p-almost every w € Q,
x*(w) € A,(Lyz) and, in turn, that L), (x*(w)) € L} (A,(L,z)). Hence, because Proposition 3.12(iv)
asserts that the mapping Q — G: @ — L}, (x"(w)) is p-integrable, we infer from (5.8) and (2.4) that

0eWz +J Ly (x*(w))p(dw) € Wz +J L) (Aw (Lw2))p(dw). (5.18)
Q Q

Finally, since (z,x*) € zer K, it follows from [3, Proposition 26.33(ii)] that x* solves (5.17) and, there-
fore, (5.7).

(iv): Argue as in (iii).

(v): By virtue of (5.15), (5.16), and (5.17), the equivalences zer 8§ # @ © zer K # @ & Z* # @ follow
from [9, Lemma 2.2(iv)], while the implication zer K # @ = Z # @ follows from (iii). 0O

Remark 5.5. Consider the setting of Theorem 5.4, and define A as in (5.10) and L as in (5.13).

(i) zer(W +L* o Ao L) is a subset of Z which, in general, is proper.

(if) According to Theorem 5.4(iii)-(iv), to solve (5.5) and its dual (5.7), it is enough to find a zero
of the operator XK of (5.8) or of the operator 8 of (5.9). This can be achieved by using splitting
algorithms [16]. For instance, to find a zero of 8, each operator A, is decomposed as A, =
A" + A° + AL where A : H,, — 2" is maximally monotone, A?: H,, — H,, is cocoercive,
and A : H,, — H,, is monotone and Lipschitzian. Thus, A is decomposed as

Gro Gre Gro
A= f A" (dw) + f A u(dw) + f Al j(dw). (5.19)
Q Q Q

One can then employ the algorithm of [16, Section 8.5]. It requires the resolvent of 6[3 Al p(dw),
which can be implemented via Theorem 3.8(ii)(a), as well as Euler steps on ® | 3 A¢ u(dw) and

Gfg AZ u(dw), which can be implemented via Proposition 3.4(i)-(ii).

We conclude the paper by providing a few illustrations of Problem 5.3 and the proposed duality
framework; see [12] for further applications.

Example 5.6. In the setting of Example 2.1(i), the primal inclusion (5.5) reduces to (5.6) and Theo-
rem 5.4 specializes to results found in [10, Proposition 1].
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Example 5.7. Suppose that Assumptions 4.6 and 5.2 are in force, let g € I5(G), and suppose that
there exists z* € § such that

(Hw € g’ (—j L (2" (w))y(dw)))(\?’”w €Q) Lyw e af (" (w)). (5.20)
Q

Now set W = dg and (Vo € Q) A, = df,. Then it follows from Theorem 4.7, Proposition 3.12, and
standard convex calculus that every solution to the primal problem (5.5) solves

minimize g(z) +f fo (Loz)p(dow), (5.21)
zeG o)

and every solution to the dual problem (5.7) solves

x*eH

minimize g* (— L) Ly (x* (w)),u(dw)) + L} 5 (x" () p(dw). (5.22)

A noteworthy instance is when p is a probability measure and, for every w € Q,H,, = Gand L, = Idg.
In this setting, (5.21) describes a standard stochastic optimization problem [29]. Our setting makes it
possible to extend such stochastic problems to composite ones involving functions acting on different
spaces (Hy)wen-

Example 5.8. Suppose that Assumption 5.2 is in force, let W: G — 2° be maximally monotone,
and, for every w € @, let B,: H, — 2" be maximally monotone. Additionally, suppose that
dom 6[3 Bopu(dw) # @ and that, for every x € $, the mapping v +— J_(x(w)) lies in ®. Now
let y € ]0,+oo[ and set (Vo € Q) A, = YB,,. Then, by Theorem 3.8(ii)(b) and Proposition 3.4(ii), the
family (A,)weq satisfies Assumption 3.6. Further, the primal problem (5.5) becomes

find z € G such that 0 € Wz +f L (B (Lywz)) p(dw), (5.23)
Q

and the dual problem (5.7) reads

find x* € H such that

(32 € W_l(—f LY (x*(w)),u(dw)))(‘v’”w € Q) Lz € B! (x*()) +yx* (). (5.24)
Q

As in the special case discussed in [19, Proposition 4.1], which is set in the context of Example 2.1(i),
the inclusion (5.23) can be shown to be an exact relaxation of the inclusion problem

find z € zer W such that (Vw € Q) YB,(L,z) =0 (5.25)
or, equivalently, of the so-called split common zero problem
find z € zer W such that (V¥w € Q) 0 € B,,(L,2) (5.26)

in the sense that, if (5.26) has solutions, they are the same as those of (5.23). If we further specialize
to the case when p is a probability measure, W = 0, and for every w € Q, H, = G, L, = Idg, and
B, = Nc,,, where C,, is a nonempty closed convex subset of G, then (5.26) collapses to the stochastic
convex feasibility problem of [13].
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