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ABSTRACT 

T h i s i s an i n t r o d u c t o r y a r t i c l e on Chaos g i v i n g t h e d e f 
i n i t i o n of Chaos, sou rce and t o o l s of Chaos, r o u t e s t o c h a o s , 
measurement of c h a o s , c h a o s t h r o u g h r e s o n a n c e . The Duff ing 
equa t ion h a s been ment ioned a s a problem of d o u b l e r e s o n a n c e 
leading t o c h a o s and f i n a l l y some problems r e l a t i n g t o c h a o s 
in t h e Solar system have been d e s c r i b e d . 

INTRODUCTION 

The d i s c o v e r y of new t y p e s of dynamic behaviour i n p h y 
s i ca l sys t ems i n t h e l a s t d e c a d e h a s b rought abou t new a n a l y 
t i c and e x p e r i m e n t a l t e c h n i q u e s i n dynamics . P r i n c i p a l amongst 
these new d i s c o v e r i e s i s t h e e x i s t e n c e of c h a o t i c , u n p r e d i c t 
able behaviour i n many n o n - l i n e a r d e t e r m i n i s t i c sy s t ems . Ob
s e r v a t i o n s of c h a o t i c and p r e c h a o t i c behaviour have been o b 
served i n a l l a r e a s of c l a s s i c a l p h y s i c s i n c l u d i n g s o l i d and 
f lu id m e c h a n i c s , t h e r m o - f l u i d phenomena, e l e c t r o - m a g n e t i c 
systems and i n t h e a r e a of a c o u s t i c s . 

To men t ion a few, t h e f o l l o w i n g s c i e n t i s t s have c o n t r i 
buted t o t h e deve lopment of c l a s s i c a l and modern t e c h n i q u e s 
studying c h a o t i c behav iour of a dynamica l sys tem. 

a) C l a s s i c a l : Newton, Lagrange , Hamil ton, P o i n - c a r e , 
Birkhoff 

b) Modern : Kblomogrov, Arno ld , Moser (KAM); Kenon, 
Feignenbaum, Vvisdom, Henrard, C h i r i k o v , 
Cohen, F r o s c h l e , D e p r i t , S z e b e h e l y , C o n t r o -
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polus , Brumberg, Bhatnagar, Baty, Moon, Lie 
and many o t h e r s . 

Determinist ic and chaot ic motion 

In the Newtonian de t e rmin i s t i c system, i n i t i a l cond i 
t i ons determine an o r b i t . 

A de t e rmin i s t i c system i s one in which the va lues of 
x . for i >_ (n+1) can be determined from the va lues of x . , 
i <_ n. In the simplest case t h i s i s v r i t t e n in the form 

x n + l = f k „ > 

This can be recognized a s a d i f ference equat ion. The idea can 
be general ised for more than one v a r i a b l e . 

CHAOS 

Def. 1; If with very s l i gh t changes in the i n i t i a l cond i 
t i o n s of a de te rmin i s t i c system, the o r b i t i s random, then 
the motion i s said to be c h a o t i c . 
Def. 2; Almost a l l bounded motions with a t l e a s t one p o s i 
tive^ "" Liapunov c h a r a c t e r i s t i c exponents (L.C.E) a r e c h a 
o t i c . 

SOURCE AND TOOLS OF CHAOS 

The modern advances in non-l inear dynamics in both ma
thematical theory and a n a l y t i c a l techniques have been match
ed by the development of new experimental and numerical t o o l s 
for studying t h e dynamics of non-l inear systems. The l i s t of 
experimental and numerical t o o l s to study systems with chao
t i c , dynamics includes the following: 
- Phase plane methods 
- Pseudo phase plane methods 
- Bifurcation diagrams 
- Fas t Fourier transforms 
- Auto-corre la t ion funct ions 
- Poincare maps 
- Double poincare maps 
- Reduction to one-dimensional maps 
- Liapunov exponents 
- Frac ta l dimensions 
- Invariant d i s t r i b u t i o n s 
- Chaos diagrams 
- Basic boundary diagrams 

These techniques expand the s c i e n t i s t a b i l i t y to analyse 
the dynamics of complex systems. The specif ic technique d e 
pends in par t on the p a r t i c u l a r nature of the system. Ifewever 
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in the case of simple one degree-of-freedom non-l inear s y s 
tems, a simple procedure has been developed to look for chao
t i c behaviour. 

The a b i l i t y to c l a s s i f y the nature of o s c i l l a t i o n s can 
provide a c lue a s to how to cont ro l them. For example, if 
the system i s thought to be l i n e a r , l a rge per iodic o s c i l l a 
t ions may be t raced to a resonance e f f e c t . Ibwever, if the 
system i s non- l inear , a l i m i t cyc le may be the source of p e r 
iodic v i b r a t i o n , which in t u rn may be t raced to some dynamic 
i n s t a b i l i t y in the system. 

In order to i d e n t i f y non-periodic, or chaot ic motions 
the following check l i s t i s provided: 
i) Iden t i fy nonlinear elements in the system 
i i ) Check for sources of random input in the system 
i i i ) Observe time h i s to ry of measured s ignal 
iv) look a t phase plane h i s t o ry 
v) Observing l i m i t cyc le 
vi) Examine Fourier spectrum of signal 
v i i ) Take poincar€ map of s ignal 
v i i i ) Vary system parameters (bifurcat ion diagram). 

Now we shal l d i s c u s s b r i e f l y the above mentioned eleme
nts through which we iden t i fy non-periodic or chaot ic motions: 
1. fbnlinear Elements 

A chaot ic system must have nonlinear elements or proper 
t i e s . A l i n e a r system cannot exh ib i t chaot ic behaviour. In a 
l inear system per iodic i n -pu t s produce per iodic ou t -pu t s of 
the same per iod . 

In a nonlinear system per iodic inputs can produce p e r i 
odic or sub-harmonic or chaot ic motion. 

2; Random Inputs 
By d e f i n i t i o n , chaot ic motion a r i s e from de te rmin i s t i c 

physical systems or de t e rmin i s t i c d i f f e r e n t i a l or d i f fe rence 
equations. A very low input d is turbance i s required if one i s 
to a t t r i b u t e non-periodic tor chao t ic ) response to a de te rmi
n i s t i c system behaviour. 

3. Time History 
Usually the f i r s t c lue to chaot ic motion, in genera l , i s 

obtained, through the study of amplitude with t ime . Non-perio
d ic i ty and i n s t a b i l i t y l eads to chaos . 

The motion i s observed to exh ib i t no v i s i b l e pa t t e rn or 
pe r iod ic i ty . 
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4. Limit Cycle 
Def: An i so la ted per iodic o r b i t i s a l i m i t cycle JTol l -

owing a r e examples of 1 - l t . cyc le , 2 - l t . cyc le , 3 - l t c y c l e . 

® Q Q 
Fig. 1(0) Fig. K b ) F ig . l (c ) 

l -Lt .Cycle 2 - L t . Cycle 3 - L t . Cycle 

In general 3 - l t cycle leads to chaos. 

5. Phase Space b r phase plane in the case of one-degree 
of freedom) 

Def: The phase-space i s defined a s the set of po in t s 
(x,x) or (x,p) or (q ,g) . 

Khen the motion i s per iodic (Fig. 2) , the phase-plane 
o r b i t t r a c e s out a closed curve . Whereas chaot ic motions on 
the other hand have o r b i t which never c lose or r epea t . 
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r 

Fig.2(o) Fig. 2 (b) 

6. Poincare Map 

Def: The [x (t ) ,x (t ) ] i s ca l led a Poincare map, where "t,, 
i s selected according to some r u l e (Fig. 3) 

1 

* * • * * 

* * ' * 

• 1 • 

I 

% » * 
• • 

• , .". 

^ 
Poincore ma 
Chaotic mot 

Fig. 3 
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a) When t -1 -per iod , the o r b i t c o n s i s t s of one po in t . 
b) Khen t = 2-period, the o r b i t c o n s i s t s of two p o i n t s . 
c) 3-period leads to chaos. 

Be ample: x, = c, s in (w, t + d, ) + c 2 s in(w2t + d-)> 

This r ep re sen t s 
wl 

a) a per iodic motion, when — i s r a t i o n a l . 
w 2 

w l 
b) quas i -pe r iod ic , when — i s i r r a t i o n a l . 

w2 
c) chaos. 

If the Boincare map does not cons i s t of e i the r a f i n i t e 
se t of p o i n t s or closed o r b i t then the motion may be c h a o t i c . 
7 . Fourier Spectrum 

VChenever the re i s the appearance of a broad spectrum of 
frequencies in the output when the input i s a s ingle f requen
cy harmonic motion there i s a p o s s i b i l i t y of a chaot ic motion. 
EUppose i n i t i a l l y t he re i s a dominant frequency a precursor 
to chaos i s the appearance of sub-harmonics in the frequen
c i e s spectrum w_/n, mw/n; m,n e I . 

8. Resonance 

Consider the system 
2 

x + n x = f ( x ) ; f (x) i s of period m.If m and n a re com
mensurable, resonance occurs . 

Def: If the basic frequencies of a dynamical system a r e com
mensurable, the phenomenon of resonance occurs . 
Ex ample: (i) In the solar system the s a t e l l i t e hyper ion i s 
probably trumbling c h a o t i c a l l y . 
( i i ) Double resonance leads to chaos. I t i s shown by the 
study of the Duffing equat ion. 

9. Routes to Chaos 
i ) Var ia t ion of parameter 

In varying the con t ro l l ing parameter, the appearance of 
subharmonic per iodic terms leads to chaos. Several models of 
prechaotic behaviour have been observed in both numerical 
and physical experiments. 

i i ) Period Doubling 
In the period doubling phenomenon, one s t a r t s with a 
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fundamental period motion. Then a s some experimental parame
ter i s va r i ed , say^the motion undergoes a b i furca t ion or 
change to a per iodic motion with twice the period of o r ig ina l 
o s c i l l a t i o n . AsMs changed, fu r the r , the system undergoes 
bifurcation to per iod ic motions with twice the period of the 
previous o s c i l l a t i o n . 

Feigenbaum has discovered a very i n t e r e s t i n g r e s u l t for 
the c r i t i c a l va lues of X: 

- 2 ii_i- , 6 = 4 .6692016 . . . , n -» ~ 
An+1 " An 

In p r a c t i c e , t h i s l i m i t approaches by the t h i r d or 4 th 
bifurcat ion. 

This process accumulates a t a c r i t i c a l value of the 
parameter a f t e r which the motion becomes c h a o t i c . 

i i i ) Qua s i -pe r iod i c 

Deft An o r b i t on a t o r u s i s quas i -per iod ic if i t i s c losed . 
In case t h e o r b i t on a t o r u s i s not c losed, i t l eads to 

chaos. 

iv) In te rmi t tances 
In t h i s ca se , one observes long per iods of per iodic mo

tion with burs t s of chaos. As one v a r i e s the con t ro l l i ng pa
rameter the chaot ic bu r s t s become more frequent and longer . 

v) F ix ed Bo i n t s 

Def: If f (x ) = x then x i s ca l l ed a fixed p o i n t . 
There a re s t ab le fixed po in t s and uns tab le fixed p o i n t s . 

Unstable fixed p o i n t s lead t o chaos. 

Strange A t t r a c t o r s ; When in the neighbourhood of a fixed point 
we get s imilar s t r u c t u r e within a s t ruc tu re - we c a l l i t a 
strange a t t r a c t o r . We came a c r o s s s t range a t t r a c t o r s in plasma 
physics. 

vi) Measurement of chaos 
(a) F rac t a l dimension: 

Consider N d i s c r e t e p o i n t s of the o r b i t 
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We d e f i n e d i s t a n c e between two p o i n t s 

S i j = l* i " x j I 

and c o r r e l a t i o n f u n c t i o n 

c (r) = I t -j- (Number of p a i r s of i , j f o r 

n-t-oo N which S . . < r ) 

Def; F r a c t i o n a l d imens ion 

d = I t l o g c (r) 

r -o l o g F P 
1) O r b i t i s p e r i o d i c , when d = 0 
2) O r b i t i s qua s i - p e r i o d i c , when d = 1 
3) O r b i t i s c h a o t i c i f 1 < d < 2 

b) Lyapunov Exponents : 

Lyapunov exponen t s e n a b l e u s t o d e c i d e whether o r no t 
a system i s c h a o t i c . Chaos i n d e t e r m i n i s t i c sys t ems i m p l i e s 
a s e n s i t i v e dependence on i n i t i a l c o n d i t i o n s . T h i s means t h a t 
if two t r a j e c t o r i e s s t a r t c l o s e t o one a n o t h e r i n p h a s e - s p a c e , 
t h e y w i l l more e x p o n e n t i a l l y away from each o t h e r fo r small 
t i m e s on t h e a v e r a g e . 

Thus i f d0 i s a measure of t h e i n i t i a l d i s t a n c e b e t 
ween t h e two s t a r t i n g p o i n t s , a t a l a t t e r t ime t h e d i s t a n c e 
i s 

d ( t ) = d 2 (for c o n t i n u o u s o r b i t ) 

d_ = d 2 (for d i s c r e t e o r b i t ) 
n o 

The c h o i c e of base 2 i s c o n v e n i e n t but a r b i t r a r y a r e c a l l e d 
Lyapunov e x p o n e n t s . We have 

A = 
d ( t k ) 

tlT^o" K=I log "̂ v^ 

A - it L- r l o g 2 | « £ ! | 

where d i s c r e t e mapping i s x , = f ^ )* Then t h e c r i t e r i o n 
fo r chaos becomes n 

A,A > 0 c h a o t i c , 

A A < 0 r e g u l a r m o t i o n . 
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vi) Chaos Through Double Resonance 
KAM - Resul t : 
If we a r e given an in t eg rab le system with N degree of 

freedom, then i t s t r a j e c t o r y in the 2N-dimensional phase-spa
ce are constra ined to l i e on N-dimensional surfaces in the 
phase-space. These N-dimensional surfaces a r e ca l l ed KAM sur 
faces. 

If we pe r tu rb such a system by a weak pe r tu rba t ion wh
ich makes the system non- in tegrab le , most KAM surfaces remain 
in t ac t . However, t he pe r tu rba t ion induces resonance zones l o 
ca l ly in the phase-space which make the system chaot ic in the 
region of the chaot ic zones. 

As the per tu rba t ion grows, these resonance zones grow 
and des t roy the KAM surfaces around them. Overlap of two r e s 
onance zones des t roys KAM surfaces . When a l l KAM surfaces a r e 
destroyed, chaos s t a r t s . 

Example 1: Duffing O s c i l l a t o r : Reichl and Zheng 0.987) has 
discussed somewhat in d e t a i l about the t r a n s i t i o n from r e g 
ular to chaot ic behaviour in t h e conservat ive Duffing O s c i l l a 
to r . 

They have analysed the phenomenon of resonance ove r 
lap using renormal iza t ion group methods and have derived and 
discussed mappings which con ta in the e s s e n t i a l f e a t u r e s of 
the passage from regular to chaot ic behaviour in loca l reg ions 
of the phase-space. 
Bcample 2: Chaos in the Solar System: The chaot ic behavi-
our in the Solar system has been reviewed by Wisdom 0.987). 

We may s t a t e here, b r i e f l y some aspec t s of chaot ic 
behaviour in the Solar system. 
1. Saturn s a t e l l i t e hyper ion i s c u r r e n t l y trumbling chao
t i c a l l y , i t s r o t a t i o n r a t e and spin a x i s o r i e n t a t i o n under 
goes s ign i f i can t chaot ic v a r i a t i o n s on a time scale of only 
a couple of o r b i t per iods (Wisdom, Peale, Mignard,l 984 ) . 

2. Chaotic o r b i t a l evolut ion seems to be an e s s e n t i a l i n 
gredient in the explanat ion of the Kirkwood gaps in the d i s 
t r ibu t ion of a s t e r o i d s . The predicted boundary of the Kirk-
rood gap i s in c lose agreement with the observed populat ion 
of a s t e r o i d s (Wisdom,1 985). 

Henrard (1988) has a lso stated t h a t if Wisdom's effect 
can explain the 3/1 gap j u s t a s well a s resonance sweeping 
does, can i t do the same for 2/1 gap? This i s not evident 
according to Henrard. 
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