
NOTES AND PROBLEMS NOTES ET PROBLEMES 

Thi s d e p a r t m e n t w e l c o m e s s h o r t n o t e s and p r o b l e m s 
be l i eved to be new. C o n t r i b u t o r s should include so lu t ions 
w h e r e known, or background m a t e r i a l in c a s e the p r o b l e m is 
unsolved . Send a l l c o m m u n i c a t i o n s c o n c e r n i n g t h i s d e p a r t m e n t 
to I. G. Connel l , D e p a r t m e n t of M a t h e m a t i c s , McGil l U n i v e r s i t y , 
M o n t r e a l , P . Q. 

ON SIMPLE RINGS WITH MAXIMAL ANNIHILA TOR 
RIGHT IDEALS 

Kwangil Koh 

THEOREM. If R is a s imp le r ing with 1 which con ta in s 
a m a x i m a l ann ih i l a to r r igh t idea l then R is the e n d o m o r p h i s m 
r i n g of a uni ta l t o r s i o n - f r e e module ove r an i n t e g r a l domain . 

We f i r s t p rove the following: 

LEMMA. Let R be a r i ng with 1. If a € R such that 

(a) = { r € R | a r - 0} i s a m a x i m a l ann ih i l a to r r igh t i dea l then 
Horn (aR, aR) i s an i n t e g r a l domain . 

R 

Proof. Let N = { r * R | r • ( a ) r C (a)*"} . Then by 

[ 1 ; T h e o r e m 1, p. 25] , Horn (aR, a R ) = N / ( a ) r . Let K = N / ( a ) r 

R 
r 

and le t k , k € K such that k ~n + (a) for some n € N, 
1 2 i i i 

r r 
n M a ) , i = 1, 2. If k k = 0 then n n € (a) and 

l 1 2 1 2 
r _ r r r r 

(an ) -rMa) s ince n (a) C (a) and n € (an ) but 
I f 1 — 2 1 

r r 
n t (a) . T h i s is i m p o s s i b l e s ince (a) is a m a x i m a l 

ann ih i l a to r r ight ideal of R. Thus K m u s t be an i n t e g r a l doma in . 

r 
Proof of T h e o r e m . Let a e R such that (a) is a m a x i m a l 
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ann ih i l a to r r i gh t i dea l and let L = { r e R | r • (a) = (0)} . If 

r r 
I € L, n + (a) e K w h e r e n € N, we define £ • (n + (a) ) = £ • n. 

r 
Since £ • n • (a) = (0), L b e c o m e s a r i g h t K - m o d u l e by th i s 

r r 
defini t ion. If x € L and x ^ 0 then (x) - (a) s ince 

r r 
x- (a) = (0) and (a) i s a m a x i m a l a n n i h i l a t o r r i gh t i dea l of R. 

r 
Hence if x • (n + (a) ) = x • n = 0 for some non- z e r o e l e m e n t 

r 
x € L and s o m e e l e m e n t n +(a) € K, then a • n = 0. T h u s L 
is a t o r s i o n - f r e e K - m o d u l e . Now, define a mapp ing f f r o m R 
into Horn (L , L) by f(r)£ = r • £ for a l l r € R and £ e L. it 

K 
is e a s y to see tha t f i s a r i n g h o m o m o r p h i s m of R into 
Horn (L, L). The k e r n e l of f is z e r o s ince s i m p l i c i t y of R 

i m p l i e s tha t ll = { r € R | r • L = (0)} =(0 ) . Le t t € Horn (L , L) 
n -^ 

and £ € L. Since R i s s i m p l e , R = LR and 1 = 2 f r for 
i = i i { 

s o m e £ € L, r € R and some pos i t ive i n t e g e r n. 
i i 

n n 
t ( ! ) = t ( l •£) = t ( 2 I.- r.- 1) = 2 t ( | )r J s ince t is a 

• * 1 1 • A 1 X 

1 = 1 1 = 1 
K - h o m o m o r p h i s m and r • JM N for a l l 1 < i < n. Let £. - t{£ ). 

i — — x -L 
n n 

Then t(i ) = ( 2 T . r . ) i and t = f( S F . r . ) . 
1 = 1 1 = 1 

R E F E R E N C E 

N. J a c o b s o n , S t r u c t u r e of R i n g s , A m e r . Math. Soc. 
Co l loqu ium Pub l i c a t i on (1956)-

N. C. State U n i v e r s i t y a t Ra l e igh 
Ra le igh , N. C 

668 

https://doi.org/10.4153/CMB-1965-050-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-050-6

