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Abstract

We prove that if u(x, t) is a solution of the one dimensional heat equation and if siu(x, i) is its Appell
transform, then u(x, t) has the semi-group (Huygens) property in a domain D if and only if s4u(x, t)
has the semi-group property in a dual region. We apply this result to simplify and extend some results of
Rosenbloom and Widder.

1991 Mathematics subject classification (Amer. Math. Soc): 35K05,42C99.

1. Introduction

There are remarkable parallels between the behavior of some solutions of the heat
equation in one space variable and harmonic and analytic functions. These parallels
clearly carry the investigation of solutions of the heat equation to situations which
cannot be realized in a physical sense; however, the same is true of analytic function
theory. We refer the reader to [3] where an extensive list of analogies between analytic
functions and solutions of the heat equation is given.

One important feature of analytic function theory is the incorporation of the point
at infinity. It gives a systematic treatment of a number of important results which
could, however, be stated and proved without reference to the point at infinity.

The complex plane with the point at infinity incorporated is visualized using the
Riemann sphere. The corresponding construction for the heat equation consists of
wrapping the (x, 0-plane into a cylinder which we propose to call the Appell cylinder.
The role of the south pole of the Riemann sphere is taken by the line {(x, 0) : x e R}.
The role of the north pole is taken by the line {(x, oo)}.

The point at infinity in analytic function theory is handled by the transformation
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/(z) —>• / ( l / z ) /z . The line at infinity for temperature functions is similarly handled
by the Appell transform, which is defined for t ^ 0 by [1]:

(1) s/u(x,t) = k(x,t)u(-, —

where

( 2 ) k{x, t) = 4 2 / 4

is the heat kernel.
If u(x, t) satisfies the heat equation on (—oo, oo) x /, / = (a, b), then srfu{x, t)

satisfies the heat equation in (—oo, oo) x / where

(3) I = {t : -l/tel}.

The structure of the Appell cylinder changes our notions of time intervals and linear
ordering. We will denote by (a, b) when a < b (an interval of the first kind) the set
of all a < t < b. When b < 0 < a, (a, b) (an interval of the second kind) will denote
the complement of [b, a] (including t = oo).

If / is of the first kind and a < t\, t2 < b then we say tx </ t2 if ?i < h- If / is of
the second kind, then we say t\ </ t2 if either t\ < r2 < b, a < t\ < t2 or both t\ > a
and t2 < b. It can be seen that the new order is consistent with the Appell transform
in the following sense: t </ s if and only if — \/t <j —l/s.

Observe that if / is of the first kind and contains t = 0, then / is of the second kind
and vice versa. Observe also that (/) = / .

DEFINITION 1. A solution of the heat equation u(x,t) satisfies the semi-group
(Huygens) property in / = (a, b) if and only if for —oo < x < oo, a <, t' <, t </ b
we have

(4) u(x, t)= I k{x — y , t - t')u{y, t') dy.
JR

We then write u(x, t) e //*(/).

If / is an interval of the first kind, this definition coincides with the usual one, see
for example [2].

We will show that there exist solutions of the heat equation which satisfy the semi-
group property in time intervals of the second kind. This corresponds to functions
which are analytic or harmonic in {z : \z\ > r}.
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A first example of this phenomenon follows from a reinterpretation of a calculation
of Rosenbloom and Widder (see [2]). They showed that if 1 — 4 At > 0, then we have

(5) f k(x - y , t)eAyl dy =
JR

eAx2/(l-4At)

Their interpretation of this calculation was to give an example of an initial tem-
perature distribution for which the semi-group property holds for a limited time only:
0 < t < 1/4A. However, if we take A = — I/4s with s negative we can view their
result as a manifestation of the semi-group property for the heat kernel with negative
times. With this interpretation we observe that the condition 1 — 4At > 0 prevents us
from exiting the time interval of the second type (0+, 0—).

We will get the Rosenbloom-Widder result, (5), as an immediate corollary of
Theorem 1 below.

2. The Appell transform and the semi-group property

THEOREM 1. / /

(6) u{x,t) e //*(/)

then

(7) &?u(x,t) e //*(/).

PROOF. Since u(x, t) e //*(/), we have

(8) u(x, t)= f k(x-y,t- t')u(y, t') dy
JR

whenever a </ t' </ t </ b. Therefore, if r, x' ̂  0 we have for a </ — 1/r' </
- 1 / r </ b,

k(^-y,^-- A*/u(x, T) = k(x, r)jk(^-y,^-- A u(y, t') dy

+ ) u ( )
X' T X'J \X'' X' ) X

k{x,x) f Jxx'-yx x-x'\ 1
= / k I , I £?u(y, x)dy

x' JR \ xx' xx' Jk(y,x')

= [ k(x-y,T-x')£/u(y,x')dy.
JR
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Therefore since

a <i — </ — </ b
x' x

is equivalent to

Z l < - T ' < - T < - Z i
a b

the theorem is proved except in the case T, T' = 0. In these cases the theorem follows
from continuity and the dominated convergence theorem.

Since 1 e //*(—oo, oo), Theorem 1 shows that

(9) k(x, 0 = f k(x-y,t- t')k(y, t') dy
JR

whenever 0 < t' < t, /' < t < 0 or both t' > 0 and t < 0. This result implies (5).
A simple calculation shows:

THEOREM 2. For t ^ 0, whenever either integral exists,

(10) f g/u(x, -t)s/v{x, t)dx = — f u l-x, - ) v (x, — ) dx.
JR 4TT/ JR V ? / V W

We will show that Theorems 1 and 2 enable us to simplify and extend several
results of [2].

For n = 0, 1, . . . , the heat polynomials of degree n are the unique polynomials of
degree n which satisfy the heat equation, have coefficient of x" equal to unity, and
have homogeneity n. They are defined [2]:

[«/2] (kxn-2k

( H ) Vn{X't) = nlf^k\(n-2k)\-

For n = 0, 1, . . . , define the n'h Hermite polynomial with respect to the measure
e~*2/2 dx as:

(12) Hn(x) = ( -DV'^r^ 2 .
dx"

Then we have [2]:

(13) vn(x,t) = (-2tT/2Hn
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The associated heat polynomials given in [2] are denned for n = 0, 1, . . . , as:

(14) wn(x, t) = ̂ vn(x, t) = -L=e-*2/41 (-) Hn ( ^ )

The sequences [vn] and [wn] form a bi-orthogonal system. For t > 0:

(15) I vm(x,-t)wn(x,t)dx = Smn.
JR

Just as 5^ an z" are natural for the domain \z\ < r, J^ an un are natural for the domain
|f|<<r:

THEOREM 3. (Rosenbloom and Widder [2]) A necessary and sufficient condition
that u(x, t) e H*{-a, a) is that

(16) u(x,t) = Y^anvn(x,t), \t\<a,

where the convergence is pointwise. The coefficients an are then given by:

(17) an = — I u(y,-t)wn{y,t)dy, 0 < t < a.

For expansions in terms of the wn, Rosenbloom and Widder proved:

THEOREM 4. (Rosenbloom and Widder [2]) A necessary and sufficient condition
that u(x, t) e H*{a, oo) and that

(18) / \u(x, t)\ex2/Sl dx < oo, t > o
JR

is that
00

(19) u(x,t) = ^2bnwn(x,t), t>a,
n=0

where the convergence is pointwise. The coefficients bn are given by:

(20) bn = — / u(y, t)vn(y, -t)dy, t > a.

The proof is non-trivial and relies on representations of temperature functions by
Fourier transforms. The role of the integrability condition (18) is clear from the point
of view of the calculations but not in any intuitive way. We will show that Theorem 4
and in fact a stronger version of it, follow easily from Theorem 3 if we take the Appell
cylinder point of view.
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THEOREM5. A necessary and sufficient condition that u(x, t) e H*(a, —a) is that

(21) U(x,t)=J2bn^n(x,t), \t\>a
«=0

where the convergence is pointwise. The coefficients bn are given by (20).

PROOF. We first assume that u(x, t) e H*(a, —a). Then by Theorem 1 $4u(x, t) e
H*(-l/a, I/a) so that by Theorem 3,

(22) ji/u(x, T) = J2a"vn(x, T), |T| < - .

For 0 < T < I / a , we have on appealing to Theorem 2 and changing variables,

an = —^rn \ *fu(y, -r)wn(y, x)dy

= ~v^nir~- / u[-y>-)v><\y> —
n\2n47ti JR \ x) \ x
(-1)" 1

where t — \/x satisfies t > o. Clearly, (22) implies that

°° (x —1
*/2u(x, t) = k(x, t)^anvn I - , —

will converge pointwise for \t\ > a. Therefore, since

we have

u(x,t) =
n=0 «=0

where bn — 4ni(—\)nan are the coefficients in (20).
Conversely, if u(x, t) has an expansion (21), then si/u(x, t) has an expansion (22).

Therefore srfu(x, t) e H*(-\/a, I/a) so that by Theorem 1, u(x, t) e H*(a, -a).
This completes the proof.

THEOREM 6. A necessary and sufficient condition that u(x, t) e H*(a, oo) with
integrability condition (18) is that u(x, t) can be extended to U(x, t) 6 H*(a, —a).
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PROOF. Assume first that u(x, t) can be extended to U(x, t) e H*{o, —a). Then
for t > a:

U(x, -t) = [ k(x- y, -2t)u{y, t) dy.
JR

Therefore, since the integral converges absolutely, (see [2]), we obtain (18).
Conversely, if u(x, t) e H*{o, oo) with integrability condition (18), then for all

T < —t' we have

f k(x-y,r-t')\u(y,t')\dy<oo.
JR

For t > t' > a we have

[ k(x-z,r- t')u(z, t')dz= I (I k(x - y , x - t)k(y -z,t- t') dy) u(z, t') dz
JR JR JR

= I k(x-y,r -t) f k(y-z,t - t')u(z, t') dz dy
JR JR

= / k(x-y, x -t)u(y,t)dy
JR

so that

(23) f k{x-y,r-t)u{y,t)dy
JR

converges for all r < —t'. Since (23) is independent of t', the integral converges for
all r < —a, and hence by a theorem in [2] converges absolutely.

Therefore, we may define U(x, t) — u(x, t) for t > a and

U(x, t) = / k(x - y, 2t)u(y, -t)dy, t < -a.
JR

We then have U(x, t) e H*(a, —cr), and the proof is complete.

The strong integrability condition (18) enables us to extend u(x, t) to larger time
intervals. This situation is not unique to intervals of the second kind. A simple
calculation shows:

LEMMA 7. A necessary and sufficient condition that

I \u(x, t)\ex2/Sl dx < oo, t > a > 0
JR

is that

f Wu{x, r)\ex2/Srdx < oo, - I / a < r < 0.
JR
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THEOREM 8. A necessary and sufficient condition that u(x, t) € H*{—a, 0) and
that

I |H(JC, t)\ex2/8' dx < oo, -a < t < 0
JR

is that u(x, t) can be extended to a function U(x, t) € //*(—a, a).

PROOF. This follows easily from Theorem 6 and Lemma 7.

The relationship between the {vn} and the Hermite polynomials enabled Rosen-
bloom and Widder to prove:

THEOREM 9. (Rosenbloom and Widder [2]) Ifu{x, t) e H*([-a, 0)) and if

(24) / \u(x, -a)\2k(x, a) dx < oo,
JR

then for 0 < t < a,

(25) lim / \u{x,-t)-y^anvn{x,-t)
n=0

k(x,t)dx =0,

(26) / \u{x,-t)\2k{x,t)dx = Yn\(2ty\an

JR 7=

where an are as in (17).

We will show that the corresponding theorem for the wn 's follows easily from
Theorem 9 using the Appell cylinder point of view.

THEOREM 10. (Rosenbloom and Widder [2]) Ifu(x, t) e H*([a, oo)) and if

(27)

then for t > o,

(28) lin
{x,

where bn are the coefficients in (20).
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PROOF. It is easy to see for x = \/t that

(30)

whenever either integral is finite.
Since u(x, t) € H*(a, oo), we have #/u(x, t) e H*(-\/o, 0) and

I \s/u(x, -t)\2k(x, t)dx = -L-2 f ^ ^ dx
JR (4TT)2 JR k(x, T)

(31) / s/u [x, I k [x,- I dx = —— / -— — dx
JR V ff/ V <*/ (4n)2 JR k(x,a)

Therefore, by Theorem 9, for 0 < t < 1/CT and x = l/t,

2
< OO.

dx

N

2~]bn£?wn(x, —t)\2k(x,t)dx
«=0

converges to zero as « ->• cx> provided 6M is the coefficient in (20). Furthermore,
applying Theorem 9 to the Appell transform of u we have

\u(x,

and the theorem is proved.

,x)\2 j ^ , / 2 V , f c

— r r f * = z- , / l ! (~) |6n
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