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Abstract

Recently, Keith used the theory of modular forms to study 9-regular partitions modulo 2 and 3. He
obtained one infinite family of congruences modulo 3, and meanwhile proposed an analogous conjecture.
In this note, we show that 9-regular partitions and 3-cores satisfy the same congruences modulo 3. Thus,
we first derive several results on 3-cores, and then generalise Keith’s conjecture and get a stronger result,
which implies that all of Keith’s results on congruences modulo 3 are consequences of our result.
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1. Introduction

A partition of a positive integer n is a nonincreasing sequence of positive integers
whose sum is n. For a positive integer ¢, a partition is called ¢-regular if none of its
parts is divisible by £. We denote the number of {-regular partitions of n by b(n), and
follow the convention that b,(0) = 1. The generating function of b,(n) satisfies

Zb(”)q (4"; q)) ,

where (a; @)oo = (1 —a)(1 — ag)(1 —ag?) - --.

In recent years, the divisibility and distribution of b,(n) modulo m has been widely
studied in the literature; see [1, 2, 5-10, 13, 15-22]. Recently, infinite families of
congruences modulo 2 and modulo 3 for b,(n) have received a great deal of attention.
For example, Andrews et al. [2] gave some infinite families of congruences modulo
2 and modulo 3 for 4-regular partitions. In [22], Webb studied an infinite family of
congruences modulo 3 for 13-regular partitions.
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More recently, Xia and Yao [24] derived several infinite families of congruences
modulo 2 for bg(r). In [14], Keith considered congruences modulo 3 for bg(n) and
obtained the following main result.

Tueorewm 1.1 [14, Theorem 3]. Foralln > 0and a > 1,

L4e-1 _
1047 -1 l)so (mod 3). (L.1)

b9(4“n +

Furthermore, Keith proposed the following conjecture on congruences modulo 3
for bg(n).

ConiecTure 1.2. Foralln >0,a>1and k = 3,13, 18 or 23,

2a-2

5
b9(52“n e 52“‘2k) =0 (mod 3) (12)

and

o 45. 45
Zbg(Sn +3)g" = q—(q 29 e

d 3). 1.3
por (@ 4o (mod 9 (1

Equating the coefficients of ¢°"*! and ¢°", ¢*"*2, ¢>"*3, ¢>"** on both sides of (1.3)
respectively, we obtain that

by(25n + 8) = bg(n) (mod 3), (1.4)
and for k = 3,13, 18 or 23,
bo(25n+k)=0 (mod 3). (1.5)

From (1.4) and (1.5), and induction on a, it is not hard to obtain (1.2).

Thus to confirm the conjecture, we only need to prove (1.3). Recently, Xia and
Yao [23] have found a proof of (1.3) by employing some g-series identities discovered
by Ramanujan and Hirschhorn. An attempt to present an elementary proof of Keith’s
conjecture is the motivation for this note.

We aim to derive the following main result, which generalises (1.3) and leads to an
affirmative answer to Keith’s conjecture.

THeOREM 1.3. Let p =2 (mod 3) be a prime. Then

oo 9p. 9

> bg(pn L2 1)q" = ronldd s g3y (1.6)
— 3 (47347

Remark. This result follows from Theorem 2.3, which can also be derived by two
results of Hirschhorn and Sellers [12]. Based on a special case of Ramanujan’s 1y
summation formula, Theorem 2.3 is deduced immediately. In contrast to Hirschhorn
and Sellers’ work, the techniques we use here are more elementary and direct.
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2. Some results on 3-cores

Let a,(n) denote the number of partitions of n that are t-cores, where a partition is a
t-core if it has no hook numbers that are divisible by #. Then it is well known that the
generating function of a,(n) satisfies

s . 0\
Z a(n)q" = —((q jq))oo.

n=0 9 Do

First we present a simple relation concerning b,>(n) and a,(n) for any prime p.
LemMma 2.1. Given a prime p, for all n > 0,
by (n) =ay(n) (mod p). 2.1
Proor. It is straightforward to check that
(9% =(q":¢")» (mod p).

Replacing g by ¢”, we obtain

(@":¢")% = (@"3¢" ) (mod p)

and ., )
P*. P P 4P
(4”3 9" )oo _ (4”3 9" (mod p).
(4 P (4 P
This yields that b,2(n) = a,(n) (mod p). O
As an immediate corollary of Lemma 2.1, we have
byo(n) = az(n) (mod 3), (2.2)

which prompts us to shift our attention from 9-regular partitions to 3-cores.
We now introduce the following special case of Ramanujan’s j; summation
formula, which will play a key role throughout the note.

Lemma 2.2. For gl < |x] < 1,

(4; 9% (ax; @)oo/ ax; @)oo

LT —ag (@ e(q/a 9o Dolg/x e’ -
Proor. For a proof of (2.3), see [2]. O
TueoreMm 2.3. Let p =2 (mod 3) be a prime. Then
o B = GEE
and - .
HZ(; as(pn + 2P - : )q” = Z:‘) ax(m)g" AP, 2.5)
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Proor. Employing the generating function of as(n), the second statement follows
immediately from the previous one, so it suffices to prove (2.4).
With ¢ replaced by ¢°, x by ¢?, a by g in (2.3), we deduce that

2n

@P): <~ g
A8 Jeo S S— 2.6
(4 Qoo Z 1 — gbn+! (20)

n=-oo

We first consider the case p > 5. According to the congruence classes modulo p,
we obtain

; § § 2(17"+k) io p§_1 ? 2(pn+k)+(6(pn+k)+1) j
_ pn+k)+(6(pn+k)+1)j
1 - 6n+l 1 - 6(pn+k)+l q : (27)
n=—oo n=—o00 k=0 n=—00 k=0 ;=0

Write kg = (5p—1)/6 andy(p) = 2p—1)/3. Let0 <k < p — 1. If k # ko, then 6k + 1 is
not divisible by p. Hence, 2k + (6k + 1)j = y(p) (mod p) holds if and only if j = y(p)
(mod p). If k = ky, it is clear that, for any j > 0,

2(pn + ko) + (6(pn + ko) + 1)j = y(p) (mod p).

Extracting those terms in (2.7) whose power of ¢ is congruent to y(p) modulo p and
using (2.6),

oo o p-1 o
Z az(pn + y(p)g""® = Z Z AP OO+ (P +y(P)
n=0 n=-00 k=0 j=0
kko
" Z Z q2(pn+k0)+(6(pn+ko)+l)j
n=-oco j=0

o BZL 2(pntl)ry(p)6(pr+k)+1)

Z Z g 1 - qp(6(pn+k)+1)

n=—oo k=0
ki

~

2(pn+k0)

0
+ Z 1_ 6(pn+k0)+l

Dividing both sides of the above equation by g”” and replacing ¢” by q yields

o0 4(pn+k) sl q2n+1
Z a(pn+y(p)g" = Z Z 1 — gbpn+hl Z 1 — gon+5
n=0 n=—o00 k=0 n=—o0o
k#ko
6n+1 1 _ 6(pn+k0)+l 1 - q6n+5 :
n=-—co
Employing the fact that
0 0 0 2n+1
Z 6n+1 Z —6n 5" Z 6n+5’
n=-oo
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and applying (2.3) with x = ¢*?,a = ¢°7, g = ¢°”

(9]

4pn

2613(P"+7(P))6] = —¢* Z m

n=0 n=-o0o

P T 0 S R S U SO
(@7 4%7)00(473 4°P)oo(@*P5 4P oo (@%P5 4P ) oo
1w 1 = a7 @5 4% (q°"; 4°P)3,

1—g (973 97)w
_ q(p_z)/3 (41317; QSP)go '
(4" 9")e
We now consider the case p = 2. Since
i 6n+1 i ianq(GnH)k’
n=—co n=—c0 k=0
we have
oo ) g
Zas(zn + gt = Z Zanq(6n+l)(2k+l) — Z 1_ —,
n=0 n=-oc0 k=0 n=—oo0
and thus
o o0 4n
Za3(2n +1)q¢" = Z ]_q—q6n+l
n=0 n=—co
0 (4%99%(°: 49)e0(q: 400
(43905 40)eo(q*; 40)oo (975 ¢0)eo
_(q% 9%
(@5
This completes the proof. O

Remark. Applying (2.2), we can immediately obtain our main result, Theorem 1.3,
on 9-regular partitions which is analogous to Theorem 2.3 on 3-cores.

As a consequence of Theorem 2.3, we can obtain the following result by comparing
the coefficients of ¢" on both sides of (2.5).

THeEOREM 2.4. Let p =2 (mod 3) be a prime and 0 < r < p — 1 be an integer with
r# (p—2)/3. Then, for any n > 0,

pr -1

a3(p2n + ) = az(n) (2.8)

and

2p—1
a3(p2n + pr+ p3 ) =0. 2.9)
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Based on Theorem 2.4 and by induction, we have the following corollary.
CorOLLARY 2.5. Let p =2 (mod 3) be a prime and 0 < r < p — 1 be an integer with
r# (p—2)/3. Then, foranya > 1 andn > 0,

p2a/_1

a3(p2“n + ) = as(n) (2.10)

and

2 2a—1 _ 1
p—) 0. 2.11)

a3(p2“n + pz"_lr + 3

Remark. Hirschhorn and Sellers [12] derived (2.9) and (2.10) by establishing an
explicit formula for as(n) in terms of the factorisation of 3n + 1. Baruah and Nath
[3, 4] presented two different proofs of (2.10).

Another application of Lemma 2.2 to the study of 3-cores is as follows.
TraeorREM 2.6. For alln >0,
az(n) =d3(3n+ 1) —dr33n + 1), (2.12)
where d,3(n) denotes the number of positive divisors of n congruent to r modulo 3.

Proor. Replacing ¢ with ¢°, x with ¢, a with —g in (2.3),

O i i( g q" ) 2.13)
. - 1 4 3n+l ez T 3n+l )" :
(@D N+ L+ g 1+ g
Thus,
sl © 6n+4 3n+1
3n+1 q q
Za (}’L)q Z(l + q9n+6 * 1+ q9n+3)
n=0 n=0
_ Z Z ((_1)k q(3n+2)(3k+2) " (_l)k q(3n+1)(3k+1))
n=0 k=0
_ Z Z( gOm DOk _ Gred)6keS)  (Grel)(OkeD) _ (e 1)(6k+d))
n=0 k=0
— Z Z (gC@rTVBkD _ (GriBke2)y
n=0 k=0
This yields that
am= > 1= > 1=di3Gn+D-d3Gn+1),
0<d|(3n+1) 0<d|(3n+1)
d=1 (mod 3) d=2 (mod 3)
which completes the proof. O
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Remark. Theorem 2.6 was first proved by Granville and Ono [11] using the theory of
modular forms. Hirschhorn and Sellers [12] presented an elementary proof of (2.12).
Recently Baruah and Nath [4] gave a new proof of Theorem 2.6 with the help of a
classical result by Lorenz.

3. Generalisation of Keith’s conjecture

We now present a stronger result, which includes Keith’s conjecture as a special
case.

Tueorem 3.1. Suppose that R is a positive integer and R = []_, rizy", where the r; are
distinct primes congruent to 2 modulo 3 and y; > 1. Then, for all n > 0,

bg(Rn + ) = bo(n) (mod 3) 3.1

and
bo(Rn +1)=0 (mod 3), (3.2)
provided that there exists 1 <i < n such that ord,,(3t + 1) is odd and less than 2vy;.

Proor. Applying (2.2) and (2.10), forany @ > 1 and n > 0,
p2a/ -1
o+ 2

) = bo(n) (mod 3), (3.3)

where p =2 (mod 3) is a prime.
From (3.3),

P 1)

o[+ =) =bo(m) - (mod 3).

It follows that if j # i then

byo(n) = bg(rz.Yj (r.zyin + - ) + i )

A 3 3
2_7./' }".2% -1
- bg(rf” P+ L (mod 3).
Repeating this argument yields (3.1).

Assume that ord,, (3t + 1) = 26; — 1 with 1 < ; < ;. Then 3¢ + 1 can be written as

3t41=d-r?!
where d is not divisible by r;. It is easy to see that d must be congruent to 2 modulo 3
and J_2
N # fi 3 (mod r;).
Let (d —2)/3 =Ir; + s with 0 < 5 < r;. Then we can rewrite Rn + ¢ as
28-1
(R _ 2r T =1
Rn+t= rl.zﬁ’(z—n +l)+ A S R
rlﬁi t 3
]

Hence, (3.2) follows immediately from (2.2) and (2.11). This completes the proof. O
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Remark. Forfixeda > 1,letR=5*andt = %(52“‘2 —1)+5%2k. Whenk = 3,13, 18
or 23, it is easy to see that ords(3f + 1) = 2a — 1. According to the second part of
Theorem 3.1, the first claim of Conjecture 1.2 holds.

The following corollary is an immediate consequence of Theorem 3.1.
CoroLLARY 3.2. Let p =2 (mod 3) be a prime. Fora>1,0<b<aandn > 0,

2b+1 _

3

whenever ¢, =2 (mod 3) and is not divisible by p.

Cp P

bg(pzan + ) =0 (mod 3), (3.4)

Remark. In fact Theorem 1.1 is a special case of (3.4). Letting p=2,b=a—1 and
¢ =5, Theorem 1.1 follows immediately.
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