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ON THE EISENSTEIN SERIES FOR THE PRINCIPAL
CONGRUENCE SUBGROUPS

AKIO ORIHARA

Let I be a Fuchsian group (of finite type) acting on the upper half plane.
To each parabolic cusp #; (i =1, «++, h), corresponds a Eisenstein serie

Ei(z,s) = 2} y(o7'or)’
r,\r

where I'; is the stationary subgroup of I" with respect to «; and ¢; is an
element of SL(2,R), such that ¢;0 =«#;. (Here we denote by y(c) the
imaginary part of z.)

Then,
E(z,s)
E(z,s) = satisfies the functional
E,(z,s) .
equation:
E(zr,s) = @(s) E(z,1 —s). (%)

(For details, see Kubota [1].)

In this paper, we shall give an elementary proof of the functional
equation () in case I'= Iy (the principal congruence subgroup of Stufe N).
For the explicit form of @(s), see Proposition 1,2 in §2 (the case N= p™) and
Theorem in §3 (general case).

§1
For a positive integer N>1 and a pair of integers a = {a,,a,}] we put

6(t; a,a) = e-mtimeEn|t/,
{m,n}={a1, a2} (N)

where - = 2 + iy, y > 0.
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2m ay, az
1

. __1 by, bz ‘
) Ot apa) = e, 5 eV I lO(G 1 bt

Proof is omitted.
To a pair {a,,a,} such that (@,,a, N)=1, there corresponds a Eisenstein
series for I'y

E(z,s5a,ay) = -y .

(e85 01, {m,n>s{§,a2} @y |me + n|?
(m,n)=1
Since {al,ag} and {—a,, —a,} give rise to the same Eisenstein series,

there are N2 E[V< — %2- distinct series for N>2. (For N=2, there are

?
three such serles.)
Moreover, we put

s

E¥z,s; ay,a,) = Yy
(7,55 @1, @2) {m,n}stTz"l.az} wy |mr + n|?

These series converge uniformly on compact sets in the upper half plane,
if Re s>1.
From the definition, we have

(2) S: O(t; ay, an)ts~'dt = a~°I'(s)E*(z,s; a1, a,) .
For a character mod N, such that x(—1) =1, we put

6(t;a,1) = 23 Xu) 6(t; uay, ua,).

(u,N)=1
% mod N
From (1), it follows that
2ni |ay, as
, . _ 1 N | bz' L
1 olt;an) = 3 e (th,bx)

E(z,s;a,x) and E*(c,s;a,x) are defined in the same way.
LeEmMMA 2.
E*(z,s;a,%0) = II (1 — p~2%)5(28)E(r, s a,%), if x=2=1
3) PN
= L(2s,1)E(z,s; a,X) , ifx=2,.

Proof. (1) If x= 2, we have
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= =23 ) E(c, s; dua,, dua
Bessan=_3 (.3 (3. ) Ele, s; dua,, duay)
% mod N d mod
= d -2 E(z, s} a, X
<d§>=1x( )dq;lﬂ(mq (zy 85 a,%)
dmod N

(2) Let x=1%. If N=ph ... pk is a factorization into prime factors,
then we have

= B R g

(g, N)=1 11,00, 15 Pii"'P{J lg

=8@s) X (=1 (psy -+ pi))7E

Since, as in (1), we have

E*e,s50%) =( 3 ) B3 0,%)

(¢, N)

we obtain the desired result.
Remark. As is seen from the definition,

; E(T’ S, a, x) = E(T,S; a, az)-

Therefore, the functional equation of E(r,s; a;,a,) can be obtained from that
of E(z,s; a,x).

§2
In this section, we shall prove the functional equation of E(r,s;a,2) in
case N= p".

Since E(r,s; a,x) is a x-homogeneous function, i.e.
E(z,s;ua,x) = H(u)E(z, s; a,%), (ua= {uay,una,}, (#,p)=1)
we may restrict ourselves to the case a € I, where
I={(a,a);a=1o0r aa=1, a,=0 (p)}.

It is easy to see that, for a,b € I,

<a,b) =

Qy, ay
by, by

=0 (p* if and only if a=b (p*) 1 Zk =< n).
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1) The case x =%,
(a) Let n=2. Then, for a€ I, we have from (1)’

1
O(t; a,x) — —— ;a
(¢5 a,%0) » a’eI,a’sa(p"‘l)@(t’ a'y %)

_ 1 1.
= St e(v)6( it 50,%) -

27
I cah
7 S*% _0. Therefore, ¢(b) = 0.

2mi
<a,b> 1

If =0 (p) » —
) P ael,a =alpr1)
For b I, we have
2ni 2nt
S<ab>t 1 <d >t
(b) = fe? o e?
(¢,p) =1, t mod p» P & =a(p1)
a' el

If 5+ a (p*'), then, as we noted above,

Cayby=1pu (k<n-—1, (u,p) =1).

Therefore we have
RLLEP 2mi
(¢,p)=1, ¢ mod p»

t

27
=t

=Ht;1=107 X ¥ '=q,
(¢,2)=1, £ mod pr

27ni
it . .
because . 121 dNe #(N) (Mobius function) and r =n —k=2.
,N)=1, ¢ mo

Hence, ¢(b) =0.
If b=a (p*'), we have
*2;,—1'<a’,b>t %g,i<a’,b>t »27:
= e = e =0.
a =a (p*1), a’el a’=b (p*l), del v mod p

Therefore

2L bt
T =" —prt if a=b

c(b) =
(¢,p)=1, t mod p»
2miy

P=—prt if a=xb.

Ht; t=1 (p)} 2 e
(¢,p)=1, ¢ mod p

Thus we have proved the following formula:
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(111) @(t a, XO) - 7 werl tz'2~a - 1)@(t; a, XO)

elo (s 10 =5, B ® (i)

Now we denote by E,(z,s;a,X) the Eisenstein series for I'yn.  Then, it is
easy to see that

E;kz('[’ S5 a’, xo) = E;):—l(fs S; a, XO)-
ael, o =a (p*1)

We put
G(s) = z7°I'(s){(2s) (1 — p~2*) [En(f, S5 @y Xo) — —;; E, (7,55 a xo)]
In view of (2), (3) and (1), we have

cls) =, |05 a1 — L

o(t; @', 1)) to-tdt
P ael, a=a (pv1) ( » @ XO)

n(1-28) —_— -
+praofl (60 an) - L5160 2] 10dr
From this immediately follow the analytic continuation of G(s) into the
whole s-plane and the functional equation
(4) G(s) = p*¢2 G(1 — ).

(b) In case » =1, a similar argument shows that

) 1. 1 1.,
6(t; a,X,) — +1 aE 6(t; a', %) = —— ip {G(tpg 5 4 Xo) I aé]6<l‘p2 > a’xo>-
Therefore, as in (a), we can prove that

G(s) = =~ I(9)¢(2s) (1 — p=*) {Eule, 53 8, %) — -

p_}f-T E(e, s)}

is an entire function and satisfies the functional equation

(5) G(s) = p'-**G(1 — s)

s

where E(z,s) = (mz_.;zl aTTETEE

is the Eisenstein series for the full modular group.
As is well known, E(r,s) is meromorphic in the whole s-plane, and satisfies
the functional equation
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— 1
/= (s =) £z —1)
I'(s) &(2s)

(6) E(z,s) = E(z,1—35s).

From (4), (5) and (6), we can obtain the following result.

ProrosITION 1. Let E,(z,s; %) be the column of the p™+ p™-' functions
E,(t,s5a,%), (ac I).

Then, E,(t,s;X,) is a meromorphic function in the whole s-plane and satisfies
the following functional equation :

En(fy S5 xo) = (pn(s)En(Ts 1—s; Xo)

where ©,(s) = o(s) { c™(a, b) >
(matrix of degree p™ + pr-1)

2 (s —-L
o= L (=) o
I(s) g(2s)
¢ (a, b) = ?7225:—711— pr-Da-2) if a=b
n+r 2e-1 1 r(1-2s , — r
= prrn B T e if a=b (p")

0=rn-1).
Proof. As is easily seen,

_ 1 p2s—2 1 1 _
c(“) a,b = n(l-28) + T F 1 — = +_~_C(7l' 1) a’b n >2
(@b)=| p ? ) » (@b) (n=2)

1 —_— p—2s
1-2e 1—p%2 ¢ 1 N\, 1 =
L (1 p+1 )+ p+1 (n=1)
if a=0b
_ _ _ 1 - p23-2 1 _
— — mn(l-2s)-1 4+ Aln-1) —_
P T + p ¢ (a,b) (n=2)
_ _p1—28_ 1 —_ pisi -‘1“‘_ -
pFL 1—p % T pil (n=1)
if pr-lla—0
= % c®=1 (g, ) if pla—b O<k<n—2).

Hence, by induction on =, follows the desired result.
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2) The case x =,
a) Let x be a primitive character.
For a = {a,a,}, such that (a;,a,) = p*u (k=1, (u,p) =1), we have

Ot;a,n) = 31 xu)(
(u,p)=1
% mod p*

r=n—kFk<mn)

x(t))@(t; ua,, ua,) = 0.
t=1"(p")

Therefore, from (1), it follows that

2ni .
.. _ 1 > <a,b>u
ot;a0) = o 2, 2 e 2() 6 <szn ;b x).
« mod p*

o2ni

We put S,= >} e”—"ux(u) (Gauss sum). Then,

% mod pr
. _ 1 B 1 ., 5
™) Ot a,1) =~ Lo 3 i< 0,03 6(~ 3, 7).
By (2), (3) and (7), we obtain

I (s)L(2s, DE(r, s} a,%) = S”@(t; a, 1)t -1dt

1/pm
(8) .
+- 51 S1y(a, b>)§ o(t; b, Ht-*dt .
P kel
1/
As is easily seen, we have
a0 D, a7 D) = P .o (a,a" € I).
Moreover, |S,12=p™ and S, = Sz if x(—1) = 1.

Therefore, from (8), immediately follows the functional equation

(9) G(39 a, X) = p-Zns Sibg X(< asb>) G(l - S, b9 z)
where G(s,a,2) = a~°I'(s) L(2s,X) E(z, s; a,X).

By the functional equation of Dirichlet L-function

H(s,x) == % r(_g-) L(s,7) = Syp~ H(1 — s, %),

(9) can be written as follows.
Let E(r,s;x) be the column of the p™ + p»-! functions El(z,s; a,2).

https://doi.org/10.1017/5S0027763000024491 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000024491

136

AKIO ORIHARA

Then,

E(c,s; %) =9(s, )E(r,1 — s,X)
where

ﬂ&m=p;gf?féff%> L2

— R *’V, ); 72
e ,( ,) P ( _) <p X(( a, b >)>
b) VV € denote by V4 the integer min{m; X(Zi)

=1, if v=1 mod p™}.
In a) we considered the case » = n.

Let r <un —1.
First we note

2ni

et TP 3 ’ ’
t mod pnx<t) ¢ ’ = X(C )Sxp"” 1f c=cC pn—r, (C ,P) = 1
=0 otherwise.
. Mp;><a’ b>u pn <a b>u 27;i v .
Since 3] e =e 2 e =0, if a=b (p),
a’'=a (pv'1), ol » mod p

(10) Ot a0 —< 3 6t

P = lry

= Ht_i)wpn S, 31 7 L@b2 @(71 _ . p z) )

_ o -1 on
1;7 2@ ) P »
On the other hand, we have

La,b)

o(t; 0',x)
= nr n-r
e @ ) ®

b =b (pr1)
el
= < Q’é >_ : 1) =
N bsaz(p"‘r) {b’ Ebzgp"‘l)x( pr- } @(t > & l) 0.
beI vel
Therefore, (10) is unchanged, if 6(¢; b,2) is replaced by

a(t; b, %) —Lp olt; v, 7).

¥ =b (p»1)
el

We put

G(s,a,%) = ==°I'(s)L(2s, i){Eﬂ(r, s;4,1) — = E,_(c,s; a x)}
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Then, since Z(} 1)E,.(':, s;a,X) = Epy(r,s; a,%)
a’=a (p~
a’el

(we note that » <n —1), we have

G(s,a,x)=r{@(t;a,x)——1~ >3 @(t;a',x)}t*-‘dt

a/=a (p1)
1/pn » a'el

s ompersy 3 (<8 Neowsnn - L 5
e b=a'r ver

olt; b',x)} t-dt

= pomprersy 3 A(X%02 )6 —s,5,D).
= A P

(see the remark below)
From this and the result in @), we obtain the following

ProrosiTiON 2.

En('ry S35 X) = Qn(ss X)En('z'y 1— NN Z)

where O,(s,%) = ¢(s,%)  c™(a, b)>
1/—7rf<s — L) _
o =T 2 L(2s —1,X)
els,2)=p I(s) L0,
n —_— -28)(Nn—-7r—~ - < a’ b >
e, b) = pi-soxn-r-n-i (LB )

if prEKa,b> 0=<k=n—7)

=0 otherwise.

Remark. Let a=b (p*-r). Then,

(<80 Yy (KBS pr et it a=

c=a (pn7) . pr-T
cel

=—pt if prtla—b

0 otherwise.

§3
Let N=pji---p% be a factorization into distinct primes.

We put N = Np¥ 1=i=<2).
Let us choose a set of integers {d,, « - -, d;}, such that

d;=0 (Ng), =1 (p%) (Q=i=2).
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Then, the mapping
a
Z's{a, -, q}—>a= Z}ldiaie Z

1
induces a ring-isomorphism of Z/(N) onto II Z/(p%).
=1

It is obvious that
1) (@®,a®,N)=1 1if and only if (a®,a?,p;)=1
) (u,N)=1 if and only if (u;,p;) =1 l=i=z2)

Let 7I=1,x --- x I;, where I, = {(a;,a,) mod p% ;a, =1 or a, =1, a,=0 (p,)}.
We denote by V(I) the space of functions on 1.

Then V) =V{U)® - - @V,

For a character ¥ mod N, there exist characters x; mod p% such that
2
xa) = 11 Yi{a,).
Let 7, = r(X) =0 1=ign
=0 (r+1=Zi=Z2).
Then there exists a primitive character Z mod N = ﬁ P}, such that
i=1
x(a) = ¥a) if (a,N)=1.
We put

T=T,Q - ®T,

where 7, is a linear transformation in ¥, = V([;), defined by

T.f(a) = fla) — L by f@) if n,>1 and n,>7;
P: adel, a=a (p,7)
= —_ v‘—l— 4 1 P— ;==
= f(a) Pl a,XG‘.[if(a y if m;=1 and 7,=0
= f(a) if n,=r.

Moreover, we define an endomorphism of V = ¥(I) by

Af(@) = 3 Ala,b)f ()
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Algb)= 3 Z@e™ 7"
u, N)=1
% mod N
We have
A=cA,® -+ ®A; (c=SzNN)
where

A= 1" ($822) if a=b ()
0

otherwise 1=igy)

if a=0b

I
_

s
|

Wpr) i axb, a=b (pi)

0 otherwise

For, we have

A 5 2Li<a- b, >uc, d.
Aab) =T 3 wlwens =t (o= 41
i=1 (4, p;)=1 N,,
u; mod p;*i
- a;, b;
= II p3"%i(c;)S7, X i%-f—}‘>
i=1 Pt e

4 -2'”—1<a b>u
X I Xewn~%77" 4f pkilla—b

i=p-+1
=0 otherwise
» L _
and I 2(c;)Sz,= T X(p%)Sz.
i=1 i=p+41

From the results obtained in §2, we have

T:A; = AT,, AALT,= p}:T; 1=i=2)
(11) =ip)T,, for i>p
= A; , for iZp

Therefore we have

TA = AT and AA*T = N°T.
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LemMa. For fla,s,x) = a ' ($)E*(c,s; a,X), we have
(12) Tf(+,5%)=N2ATf( - ,1—5,X).

Progf. From (1’), we have

2ni

To(t; -, 1) = tZl\f2 bmodN(T "

Yol i3,

If 5,=0 (p;), we have

2mi

Te¥ <" 2 (in case n,>7r,)
or O(t; b,2) =0 (in case n; = ry).
27n b -
Hence, TO(t; -, %) = th b}é]IT (M% 1Jc(u )@( t]lvz ; _>

_ 1 1 .. 5
L TA@( INES ’X>'
Therefore
TF( -, 5,0 = S:T@(t; L 0Eeidt

= S”T@(t; L 0)t-1dE 4+ N5 A rT@(t; L 0Ede
YN /N

= N-224Tf(. ,1 —s,%).

Let VE={feV; fld)=fla if d=a(ph)} n=k=n,y
= {0} (k<r7,).

We denote by P, the projection operator on V¥ Q V¢, Then, for f eV,

we have

(13) 3 Py f= 1

where Py = P, Q -+ - Q Py,
LEMMA.

(14) Py, Bile, 53,20 = N'N7 I (04 7(1 = 22D Eg (e, 550, .
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Proof. First we note that

(15) Pfla=2 X fla)—-[-1- = fl@) for k>r
Cr a’=a (%) Cy—1 @’ =a (p*1)
0 for k=7
= ,_]‘_T(p") E f(a')
Cr a’=a (p*)

(ce=p"* or p»+ p-! according as k>0 or k=0).

We have only to prove the following.

1° arzz"'(N’) EY (z,s5a,%) = <1 ) E%(c,s;a,%) if (p,N)=1
ael
2° = EA;/,(‘Z', S5 G,X) if plN.

In case (p,N) =1, we have

E (713 a,X) = 1; X(u)

& =2 (N) 7 {m,n}s{uag,ua‘z’} Wy |mr + n|2
x0 ®

M
% Mo

8

= E*% s;aX)— X Tme + n 2
vty 85 a) %‘X u){m n}( » cu?m a» Ny |mr + n|?
o=

—<l— P )EN,‘Z',S a, X

For the proof of 2°, it is sufficient to note that
{m,n} = {ua®, ua®} (p*-*) if and only if {m, n} = {uvd®, uvb®} (p*
for some b = {bN, p®} =ga (p*-!) and v =1 (p*).

THEOREM. E(r,s;a,%) is a meromorphic function in the whole s-plane and
satisfies the following functional equation.

v F( 7) L(2s —1, %) A -
E(TaS; * sx) = F(S) L(2s X) Q()® ®Q)( )E(t,l—S;',X)

where, for i< p, 99(a,b) = Xi(—<£§’),l_:—>> pli-2k-ntk of pkllg—p

0=EkZn—r)
=0 otherwise

be l > nu’ @(i)(a, b) = (X(pi)pizsA)l_n ?tL ’ Z a= b
Up)p3® —1 4
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Y(m \m 28-1
= ph-n+t X)%Z(’;)?;.u — 11_(X(p) 25-1)-k

if pila—b (0=k=n-1).
Proof. We put 7(s,%) = n‘sl’(s)L(Zs,f).

Since L(s,x)= I (1— -Z(g’T‘)> L(s, %), we have, from (12), (13) and (14),
#<iLi Pi

7(s,0)E(zys; - ,x) T (1— (pz)

u<igh P
= B NN I (1= HBD) (o 1 T () B 55 -]
= —_ m) —_ pw) r—2s AN s~1 —_ P
‘§k50<1 *W“Xl pzzs> N'=2 ANOP, .. (7 T (1= ) Exlz, 1—55+, )}
Since TU=s,X) _ ’/”F( 2> L(2s—1,%) S, N2s-2,
7(s,2%) I'(s) L(2s, X)
we have

VYo Il(s—
E(T,s;‘,l)=~——-——-—< 2> L(2s= 1%) OO@ - - - QPP E(r,1—s; *,7%)

() L(2s,%)
where oD = kz‘ P2 -DTp (1-28) 4O P 1<i<p)

)AD) P+ P,
(p<i=2).

By (11) and (15), ¢” can be written as stated in our theorem. (cf. the proof
of prop. 1,2)
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