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Abstract

We prove the existence of infinite-volume quermass-interaction processes in a general
setting of nonlocally stable interaction and nonbounded convex grains. No condition on
the parameters of the linear combination of the Minkowski functionals is assumed. The
only condition is that the square of the random radius of the grain admits exponential
moments for all orders. Our methods are based on entropy and large deviation tools.
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1. Introduction

Physicists and biologists are often confronted with problems involving complex random
sets. Micro-emulsions, porous media, liquid-vapor interface structures are all examples of
random geometrical structures that must be studied and comprehended. One admissible model
for these random structures is the Poisson Boolean model, which is a random set, unifying
independent random convex sets that are uniformly distributed in space. This model has been
abundantly studied (see, for example, [8] and [13]). Many authors (see [1], [5]-[7], and [13])
have mentioned the need of developing, via Gibbs measures, an interacting germ—grain model
where the interaction would be a functional of the local geometry of the set. The first such
models are the Widom—Rowlinson model introduced in [14] and afterward, the area-interaction
process in [1], and the morphological model in [7]. Finally, Kendall et al. [5] proposed a
unified general model called the quermass-interaction process, where the interaction is a linear
combination of the fundamental Minkowski functionals (i.e. in R2, the area, the perimeter, and
the Euler—Poincaré characteristic).

The existence results of infinite volume quermass-interaction processes in [1] and [5] are
based on Preston’s approach (see [11]), where the needed assumptions are either the local
stability or the superstability. As the quermass-interaction is never superstable, the existence
results are always for locally stable quermass-interactions, which is only the case for the area
Minkowski functional under some conditions. So, even if very interesting results concerning
the stability of the quermass-interaction have been developed in [5], they do not ensure the
existence of infinite volume quermass-interaction processes in a general setting. Moreover,
these existence results only concern the case of bounded grains. The case of nonbounded
grains is a difficult problem in statistical mechanics because it induces nonlocal Gibbs kernels.
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In this paper we prove the existence of infinite-volume quermass-interaction processes in a
general setting of nonlocally stable interaction and nonbounded convex grains.

Our methods are based on entropy tools developed in [3]. The authors proposed an alternative
proof for the existence of Gibbs measures to that given in [11] or [12]. The main tool is a result
on relative compactness for a family of probability measures having a specific entropy uniformly
bounded. In our paper we essentially follow the same scheme and the unique condition, needed
for the entropy and large deviation tools, is that, for every o > 0,

/ exp(@R*) Q(dR) < o0,
R+

where Q is the distribution on R of the radius of the ball in the reference Poisson Boolean
model.

In Section 2 we give the notation and some elementary results. We prove some basic lemmas
about the stability of the interaction and finally we give the existence theorem. Section 3 is
devoted to the proof of this theorem. We conclude the paper in Section 4.

2. Notation, definitions, and elementary results

2.1. State spaces

We denote by & the space R? x R endowed with the natural Euclidean Borel o -algebra
o (R? x RT) and by B(R?) the set of bounded Borel sets in R>. We denote by M the set of the
integer-valued measures y on & such that, for every A in B (RZ), y(A xRT) e N. Itis endowed
with the o-algebra o (M) generated by the function y > y (A x R*). We denote by M s the
subspace of finite measures in M. Any measure y € M has the following representation:

Y= k)
iel

where I is a subset of N, (x;);cz are elements of R%, and (R;);cz are elements of Rt. The
marked points (x;, R;);ez are not necessarily distinct. The configuration y may be seen as a
marked integer-valued measure on R? with marks in R*. The first coordinates of y denote the
locations, while the second coordinates represent the marks.

We write (x, R) € y if y({(x, R)}) > Oand x € y if y({x} x RT) > 0. For A in R2, we
note that y, is the restriction of ¥ on A x R*, which is just the measure Z(x,R)eymAxR+ 3(x,R)-

We consider a smaller space than M for the space of tempered configurations. For every
K > 1and K’ > 0, we define Mk k- to be the set of y in M such that, for every n > 1,

1 1
— Y. (+RH=<K and sup R<-n+K. 2.1)
di (x, R)EVB©.n) @ R)EvBO.m

So the space of tempered configurations is defined by

We let P (Mg ) be the space of probability measures on My
The germ—grain set associated to y in Mg is defined by

r = U B(x, R),

(x,R)ey

where B(x, r) is the closed ball centered at x with radius R. By the following lemma we can
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easily prove that every y in Mg generates a locally finite germ—grain set I'. It means that, for
every A in B(R?), there is only a finite number of balls in I" hitting A.

Lemma 2.1. Let y be in Mg g (K > 1 and K’ > 0). Then, for every Ry > 0 and every
(x, R) in y such that |x| > 2(R; + K’ + 1), we have B(x, R) N B(0, R)) = &.

Proof. Lety bein Mg g/, and let (x, R) be in y such that |x| > 2(R; + K’ + 1). Then

x| = R > |x| — 3([Ix1+ 1) — K’

>m_K/_l
-2 2
> Ri+3

> Ry,

where [|x|] denotes the integer part of |x|. So, the intersection of the balls B(0, R1) and B(x, R)
is empty.

2.2. Interaction

We define the quermass-interaction energy as in [5]. Let us begin with the energy of the
finite configurations. Throughout the paper, 61, 6>, and 63 are three fixed real numbers. They
may be positive or not.

Definition 2.1. For every y in M ¢, we define the energy of y by

H(y) = (91A+92£+G3x)< U B(x,R>),
(x,R)ey

where 4, £, and x are the three fundamental Minkowski functionals: area, perimeter, and the
Euler—Poincaré characteristic.

See [5] for more details about the functionals 4, £, and x. Let us remark that the energy
of a finite configuration is always defined. However, it is not easy to define the local energy
of an infinite configuration inside a finite window A. If the germ—grain model associated to
the configuration y is not local, the energy may be not defined. The restriction to the space of
tempered configurations is needed.

Definition 2.2. Let A be in B(R?), and let y be in M5. We define the energy of y inside A
by the following limit:

Ha(y) = Alinﬂéz[H(VA) — H(ya\n)1,

where A \ A is the set {x € A such that x ¢ A}.

Let us prove that the limit defined above is always well defined. Let us show that, for large
enough A, the difference H (ya) — H(ya\a) is constant. Since y is in Mg, the configuration y
isin Mg g’ for some K > 1 and K’ > 0. There exists R such that A is included in B(0, Ry).
Let Ry equal %Rl + K + % So, thanks to definition (2.1), for every (x, R) € ya, B(x, R) is
included in B(0, Ry). By Lemma 2.1, for a bounded set A containing B(0, 2(R; + K’ + 1)),
we find that, for every (x’, R") € yac, the balls B(x, R) and B(x’, R’) are disjoint. Therefore,
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noting that A is included in A and from the additivity of the Minkowski functionals,
H(ya) — H(ya\n)

=W< U B(x,R))—W( U B(x,R)>

(x,R)eya (x,R)eya\A

- W< U B, R)) - w<< U B, R)) N ( U B R)))
(x,R)Eyn (x,R)Eyn (x,R)Eya\A

- W< U B(x, R)) - W< U B(x, R) N B(x/, R’)),
(x,R)EA (x,R)EYA

" RNEYB0.2(Ry+KH\A

where W is the additive functional 614 + 62L + 63 x. The last equality shows that H (ya) —
H (ya\a) does not depend on A being large enough.

In the following lemma we prove the additivity of the energy Hp, which will be needed to
satisfy the compatibility of the Gibbs kernels defined in (2.2), below.

Lemma 2.2. Let A C A’ be sets in B(R?). Then, there exists a Sfunction o s from Mg to R
such that, for every y in Mg,

Hy(y) = HA(Y) + oa.n (V).
Proof. Let A C A’ be sets in B(R?), and let y be in M5 . Then

Hpy(y) = AliI%z[H(VA) — H(ya\a)]

= lim [H(ya) — H(ya\a)]l + lim [H(ya\a) — H(ya\an)]
A—R2 A—R2

= Hx(y) + oa,a(Yao).
Now, let us show some stability properties for the energy.

Lemma 2.3. There exists a constant C such that, for every y in My,

|H(y)| < c( > a +R2>>.

(x.R)ey

Proof. This result is obvious for the part of the energy coming from the functionals A
and £. Concerning the contribution of x, Kendall et al. [5, Theorem 4.3] proved that the
Euler—Poincaré characteristic x of a union of n balls is bounded from above by 3n — 5.

It is more difficult to prove the stability of the local energy Hy .
Lemma 2.4. Let A be a set in B(Rz). Let K > 1 and K' > 0 be constants. Then, there exists

a constant C' such that, for every y' in M and every y in Mg g,

|HA(vA +va)l <€ > (14 RY).
(x,R)eyy
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Proof. Let A be a set in B(R?), and let K > 1 and K’ > 0 be constants. Let y’ be in M
and y be in Mg k. There exists Ry > 0 such that A C B(0, R{), and we define

Thanks to Lemma 2.1, putting A = B(0, 2(R;+R+K'+1)), wehave B(x, R)\NB(x', R') = @
for all (x, R) € yac and all (x’, R') € y; . So,

|HA (YA + vao)|l = [H(ya + vara) — H(yaa)l-

From Lemma 2.3 and the properties in (2.1),

HA(yA +ya)l <C > (A+RH+C Y (1+RY

(x,R)EY,\+yaa (x,R)E€ya\a
<C Y (d+RH+2C > (14 R?)
(x,R)eyy (x,R)ey

[X|<2(R{+R+K'+1)

<C Y (+RH+2CKrQR +R+K +1)+1)
(x.R)ey)

<C' Y (+RY.

(x,R)ey,

The last inequality is due to the fact that R is equal to one of the radii of the (x, R) points in YA-
Obviously, C’ depends on A, K, and K'.

2.3. Quermass-interaction process: the Gibbs property

Denote by A the Lebesgue measure on R?, and let Q be a probability measure on R+,
Suppose that 7 stands for the Poisson process on & with intensity measure zA ® Q (z > 0),
where Q is the reference measure for the marks of the point process. For every A € B(R?),
7 denotes the Poisson process on A x R with intensity measure zA, ® Q. We assume the
following assumption for the probability measure Q.

(H) Foralla > 0,
/ exp(@R*) Q(dR) < +o0.
R+

In [9], the authors showed that the minimal assumption on Q, to define kernels (2.2) in the
following definition, is assumption (H) with the constant o equal to —6;m (if 6; < 0). In
our paper we need more to prove the existence of infinite Gibbs measures. In fact, only
assumption (H) will be needed to apply some entropy and large deviation tools.

Now, let us introduce the Gibbs kernels.

Definition 2.3. For every A in B(R?), the kernel E 4 is a function from M5 x P (Mg ) to R
defined as follows: for every y € Mg and every bounded positive measurable function f from
Mg to R,

1
F@HEAy. dy) = /M Fyp + vae) =———exp(—Ha(y5 + yac))ma(dyy), (2.2)

My ZA(yAc)
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where
INCZO) =/ exp(—Ha (yp + yac)ma(dyy).
M

Let us remark that the kernel &, is well defined since, by Lemma 2.4 and assumption (H),
for every y in My,

Za(yae) < /Mexp(C’ > (1+R2)>ﬂA(dV}\)

(x,R)eyy

+OO 1 , k
< e<IAl kz(j) € )k(ZIAI)k< /R X eXp(C’RZ)Q(dR)>

geerxp<eC’z|A|/ exp(C’Rz)Q(dR))
R+
< 400.

Now, we are able to give the definition of the quermass-interaction process.

Definition 2.4. (/5].) A probability measure p in & (Mq) is a quermass-interaction process
if, for every A in B(R?) and every bounded positive measurable function f from My to R,

Fpdy) = / FNEA(y, dy)u(dy). (2.3)
Mg Mg J Mg

These equations for all A are called DLR (Dobrushin, Landford, Ruelle) equations.

See [11] for a general presentation of Gibbs measures and DLR equations. Our result is the
following.

Theorem 2.1. Under assumption (H), for every 61, 62, and 03 in R, there exists a quermass-
interaction process.

3. Proof of Theorem 2.1
3.1. Sketch of the proof

In Section 3.2 we define a family of finite-volume Gibbs measures ({i,) on [—n, n)? (see
(3.1), below), and the aim is to prove that these measures converge to a measure & which will
be the infinite-volume Gibbs measure we seek. The topology used here is the weak* topology
induced by the local and tame functions on M. Georgii and Zessin [4] proved that a set of
measures is relatively compact if and only if the specific entropy of these measures is uniformly
bounded (see Proposition 3.2, below). Therefore, we show via the fundamental Proposition 3.3,
below, that the specific entropy of the measures (/i,) is uniformly bounded and we obtain the
convergence of a subsequence (fly(x)) to a measure fL.

In Section 3.3 we study some properties of the measures & and (f,). First of all,
Lemma 3.2, below, implies that, ji-almost surely, the configuration y is in M. Moreover, to
prove that [ satisfies the DLR equations in the following section, we need a uniform property
for the supports of measures (fi,). So, we show in Lemma 3.3, below, that, for every ¢ > 0,
there exists K’ large enough such that, for every n > 1, f,(Mg/) > 1 — g, where Mg is
defined in (3.8), below, and is equal to Mg/ 1 oo.
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In Section 3.4 we prove precisely that the measures [i satisfy the DLR equations, (2.3).
This part is based on some approximation techniques inspired by Preston’s results in [11]. In
general, we have to prove that the finite-volume Gibbs measures satisfy the DLR equations
and we pass the limit through them to obtain the DLR equations for the limiting measure.
Unfortunately, the measures ({i,) do not satisfy the DLR equations since they are the stationary
periodic Gibbs measures. So we introduce the measures (i) (see (3.13), below), which are
asymptotically equivalent to (fi,) and which satisfy the DLR equations. Afterward, via some
technical approximations, we are able to pass the limit through the DLR equations satisfied by
(f1,) and we obtain the DLR equations for /.

3.2. Convergence of the sequence (jt,)

Letn > 1. We set A, = [—n, n]?, and the finite-volume Gibbs measure MUy on A, is
defined by

e HW)

1
n(d = - dy),
M (dy) Z A, (dy)

n

where
Zn Z/e_H(y)nAn(dy)~

By Lemma 2.3, p,, is well defined since Z, < +o0.

We need to define a stationary finite-volume Gibbs measure (i, as in [3]. First of all,
[, denotes the measure on Mg relative to which the configurations in the disjoint blocks
An + 2n + )i, i € 77, are independent with identical distribution s,. Let I, be the set

A, N7Z2%, and let
1

N ~ -1
Mn=mZMn°ﬁi , 3.1
iel,

where ©¥; is the translation on R? or M(Rz) by the vector i in 72 and fLn © 191._1 is the probability
measure defined by

fin 0 971 (A) = fin({y € M, D;(y) € A}) forall A € o(M).

Let us remark that fi, is invariant under the translations (¢;);cz2. Our aim is to obtain the
convergence of [i,, to the Gibbs measure p. So let us define precisely the convergence topology
that we use.

A function f is called local and tame if there exists A in B([R?) and A > 0 such that, for
every y in M,

f)=f(ya) and If(y)|5A<1+ > (1+R2>).

(x,R)eyn

We denote by ‘W the set of local and tame functions from M to R. The topology tw of local
convergence on & (M) is then defined as the weak* topology induced by ‘W, i.e. as the smallest
topology for which the mappings P +> [ f dP (with f € W) are continuous.

Now, let us define the specific entropy which is our main tool. Let i and v be probability
measures in & (M). The relative entropy of p with respect to v on the set A, is defined by

/fln(f)dvAn if wa, 2 va,, with f =duy, /dva,,
In, (| v) =

+00 otherwise,
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where 1p, < va, means that pp, is absolutely continuous with respect to va,. The specific
entropy of u with respect to v is defined by

. 1
T(w|v) =n1}I}rloolA—n|IA,,(u | v).

The specific entropy is always defined and we have the following proposition (see [2] for a
general presentation).

Proposition 3.1. Let u and v be probability measures in P (M). We have
(1) the application p +— I (u | v) is affine,
(i1) the application n — (1/|A,|)Ia, (e | v) is increasing.

Now, in the following we choose v to equal . So, we define

T(w) =T(u | m).
We have the following fundamental proposition due to Georgii and Zessin [4].

Proposition 3.2. ([4, Proposition 2.6].) For every A > 0, the set
e PM)| I(n) <A}

is relatively compact for the topology t.

Let us remark that Assumption 2.1 of [4] with the function v/ : R — 1 4+ R? is exactly our
assumption (H). So, it plays a fundamental role at this part of the proof of Theorem 2.1.

By Proposition 3.2, to ensure that the set (/i) is relatively compact, we just have to prove
a uniform boundedness of the specific entropy. We have

) 1 o
1 = — 1 2
() = Gy 2200

l

= I(itn)
1

li —_ 7T (L
Lm m DA Cm+1) A, (Hn | 7T)

lim —————Qm+ 12T
e G ¥ D2, F D A (i [ )
1

= |An|IA,L(an | 7). (3.2

From (3.2), we show in Proposition 3.3, below, that the uniform boundedness of the specific
entropy is equivalent to that of the relative entropy of u, divided by the volume of A,,.

Proposition 3.3. There exists a constant A > 0 such that, for everyn > 1,
IAH(U«n | ﬂAn) < AlA,l.

Before giving the proof, we need the following elementary large deviation lemma.
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Lemma 3.1. Let (X,,)nen+ be a set of independent, identically distributed random variables
such that, for every 6 € R, L(0) = E(exp(60X1)) is finite. Then, setting S, = Zzzl Xi, we

have, for every a > E(X1),
P(ﬁ > a) <ei@,
n

where L* is the Cramer transform of L.
We know that the function x + L*(x) is a convex function from R to R which is null at
x = E(X1) and goes to oo when x goes to 0o.

Proof of Proposition 3.3. We have

I, (n | A,) = —/ H(y)un(dy) —In(Z,).

Since Z, > exp(—z|A,|), we deduce by Lemma 2.3 that
I Gun | m0) <€ [ Y 0 Rouatay) + 21,1
(x,R)ey
It remains to prove that
/ Z (14 R pn(dy) = I) + I 4+ I3 < constant|A,|, (3.3)
(x,R)ey

where

Il = / I{Z(X,R)EV(I+R2)§A1‘A”|} Z (l + Rz)ﬂn(dy)»

(x,R)ey

2
I :/I{Z(X,R)EV(I+R2)>A1|A,,|,card(y)>A2\An\} § : (I + RY)un(dy),
(x,R)ey

2
I3 = [1{Z(X,R>Ey<1+R2>>A1\An\,card<y>sAz|An|} > (14 R)pua(@y).
(r.Ryey

The constants A; and A, will be fixed later.
There is no problem with the first term /7 since /1 < Aj|A,|. By Lemma 2.3,

I S/l{card(y)>Az\An|} Z (1 + RH)n(dy)

(x,R)ey
< io &M (2] |)k/~--
= Zy kU
=As|
k k
x /exp<c > a +R?)) > (1 +R})QWR) -+ Q(dRy)
i=1 i=1
400 1
el 3 eI lnn ) [ R expCl+ R)QUR)
k=Az|An| '

k—1
x </ exp(C(1 + Rz))Q(dR)) )
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Thanks to assumption (H), there exists a constant By such that

“+o00
1<21Ak3k< BilA)P(Sia | = As|A
2 < k,(ZI nl) < exp(zB1|Au) P(S|a,| > A2|AnD),
k=AalAnl

where (S;;)mene is a set of random variables distributed by a Poisson law with parameter z Bym.
By Lemma 3.1 we choose A; large enough such that L*(A;) > zBj, and we obtain

Iy < exp(zBi1|Anl) exp(—=zBi1[Axl) < 1.

For I3, we have
Az|Anl

k
1 —z| Ayl 1 k 2
=7 > e o @l AnD /"'/l{sz_1<1+Rz>>A.|AnneXP<CZ<1+Rf>
k=0 i=l1

k
x Y (1+R)QWRy)--- Q(dRy)

i=1

Az| Al 172
= ]; E(ZM”')k(/'”/l{Zé‘1<1+R?)>A1An|}Q(de)"'Q(de)>
k k 2 1,2
x (/.../exp<2c > a +R,.2)) (Z(l +R,.2)) Q(de)...Q(de)>
i=1 i=1
Az|Ay| Ao | Ayl

1/2
> %(zmnnk(Q@AZ'An'( Y (+R) > A1|An|))

k=0 i=1

% <k2/(1 +R2)2e20(1+R2)Q(dR)</ ezc(1+R2)Q(dR)>k_l>l/2.

Therefore, thanks to assumption (H), there exists a constant B, such that

Az | A 1/2A2‘An‘ 1

I < <Q®A2'A"'< > (+RY)> A1|An|)) > F(zIAnDkBé‘
i=1 k=0 ’
Az|Ay|

1/2
< <Q®A2|An|< Z 1+ Riz) > A1|A,,|>> exp(zB2|Anl).
i=1

By Lemma 3.1 we can choose A such that

Az| Al

Q®A2An|< > U+RH> A1|An|) < exp(—2zBa| A, )

i=1
and so I3 < 1. This completes the proof.
We deduce from Proposition 3.3 and (3.2) that there exists a constant A such that
I(i,) <A forallne N 34

By Proposition 3.2, there exists a subsequence (f14(,)) Which converges to a probability measure
fi for the topology t. To simplify the notation, we write ({i,,) to denote (fly)). Let us remark
that [ is stationary under the translations (9;); 72 since it is the case for the measures ().
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3.3. Properties of the measures (fi,) and ji
In the following lemma we prove that the support of the measure [ is included in Mq.

Lemma 3.2. We have (M) = 1.

Proof. Let us show that, for fi-almost every y, there exist K and K’ such that (2.1) is
satisfied. Let us begin with the first property in (2.1).

From the analogue of (3.3) for [i,, there exists a constant A such that [ )" Ryeys, (I +
Rz)ﬂn (dy) < A|A,|. Since fi, is stationary under the translations (9;); 72, we deduce that
i Z(x,R)EJ/lO 2 (14 R*){1,(dy) < A. By the definition of the topology T we obtain the same

inequality for [, i.e.
Y. (+RHady) <A (3.5)
(X,R)GV[O,I]Z
So, by the ergodic theorem of [10] we obtain, fi-almost surely,

. 1
T aeon( X aee)s)

(XvR)GVB(O,H) (X,R)G)/[Oyl]z

where ¢ is the sigma-field of invariant sets. So, the supremum over n € N* of the quantities
(1/mn?) Z(x,R)eymo,n)(l + R?) is ji-almost surely finite. Therefore, for fi-almost every y,
there exists K such that the first property in (2.1) is satisfied.

Concerning the second property in (2.1), let y be in M. For every k = (k!, k?) in Z2, Dy
denotes the cube [k!, k! + 1] x [k2, k2 + 1] and Ry denotes the value max{R, (x, R) € yp,}.
Let (k;)nen be a sequence of distinct elements in Z?,and let 0 < a < b be reals such that

an < |k,|*> < bn and U{kn} =7 foralln e N. (3.6)
neN

It is not difficult to show that such a sequence exists. In fact, (k,) scans Z> by a spiral around
(0, 0). So, using the stationarity of /t and (3.6),

S 1 N 2 1 2
> H(Rk = §|k|) =2 u(1 +RY > Ik + 1)

keZ? keZ?

< Zu< > (1+R2)z%|k|2+1>

kez?  “(x,R)eyp;

< Z“( Y a+rRH= i|kn|2+1>

neN (x,R)eka”

52;1( > (1+R2>z%)

neN (x,R)EyDO

4
:Z(n+1),1<n5— Z (1+R2)<n+1>
neN @ . Rern,
4
<1+ —E; ). )
=1+- #( > 1+R) 3.7)
(X»R)GVDO
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By (3.5), the last term in (3.7) is finite. Therefore, using the Borel-Cantelli lemma, there is
fi-almost surely a finite number of indexes k € Z? such that Ry, > %|k|. So, ft-almost surely,
the second property in (2.1) is satisfied for large enough K’. This completes the proof.

In the following section, to prove that [ satisfies the DLR equations, we need some uniform
property for the supports of the measures ({i,). We would like to prove that, for every ¢ > 0,
there exists K and K’ such that, foralln > 1, i, (Mg ) > 1 — &. We have not been able to
prove this, but we have proved the following weak property which will be sufficient.

Lemma 3.3. For every ¢ > 0, there exists a K' such that, for alln > 1,
fin(Mgr) =1 —¢,
where Mg is the set of y € M such that, for alln > 1,

sup R<in+K' (3.8)
(st)eyB(O,n)

Before giving the proof, we need the following lemma.

Lemma 3.4. ([4, Lemma 5.2].) For every a > 0, every ¢ > 0, and every A in B(R?), there
exists a constant B such that, for every probability measure P on M such that I (P) < a,

EP(I{Z(X‘R)GVA(1+R2)>/3} Z (I+ R2)> =&

(x,R)EYA

Proof of Lemma 3.3. Let e > 0 and ¢ > \/E, which we will fix later. For every n > 1,
following a similar calculation to (3.7),

1
an| Rk > =k
> M(k_2| |)

keZ2\B(o,c)

A~ 2 an
<y m( > <1+R)27)
n>c2/b (x,R)€¥Dy
2

c 4 5
= Ep, (1{(4/a> Z<X‘R)EyDO(1+R2>>c2/b}<1 5t X L+R ))
(. Ry,

4 2
= a Ej, (1{Z(X,R)EVDO(1+R2)ZQC2/4b}( Z I1+R )) 3.9

(x,R)€yp,
Thanks to property (3.4) and Lemma 3.4, we deduce that, for large enough c, inequality

(3.9) becomes
N 1 )
Z Mn(Rk > 5|k|) =< 5

keZ2\B(0,c)

So, foralln > 1,

R Ry, 1 e
o sup  — > <) <. (3.10)
kez\B(O,0) kI 2 2
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Moreover, we can again apply Lemma 3.4 to prove that there exists a K’ large enough such

that, foralln > 1,
A~ ) , &
u( > (1+R)2K)§5,

(x,R)€EYB(0,¢)
and so e
,zn( sup Ry > K’) << (3.11)
keB(0,c) 2
Combining inequalities (3.10) and (3.11) we obtain, for all n > 1, {i, (M%) < e.

3.4. The DLR equations

In this section we prove that i satisfies the DLR equations, (2.3), for every A in BR?).
Let f be a local bounded measurable function from Mg to R. Then f, denotes the following

function
fa i Mg —> R,

y = /f()/)EA(y, dy’),
and (2.3) for A and f becomes

/ Fdi = / Fadi. (3.12)

Let us remark that the function f, is not local even if f is. Indeed, the kernel E 4 is not local
since the support of Q is a priori not bounded and so some far-removed points may contribute
to the energy Hp in A.

It is easy to see that the measures (/i) do not satisfy the DLR equations. So, let us introduce
a family of measures (i, ), asymptotically equivalent to (it ) for the topology T+, which satisfy
the DLR equations.

For every n > 1, we set

D oo (3.13)
ACI?[(AM)

Let us remark that j1, is not necessarily a probability measure since the sum is not over all i
in I,,. Let us show that j, satisfies the DLR equation for A. First of all, it is obvious that
satisfies the DLR equation if the set A is included in A,. Indeed, it is just the compatibility of
the kernels (EA) e g(r2) resulting from the additivity of the energy (see Lemma 2.2). So,

1
/fA()/)/ln(dy) = —(2n m 1)2 Z /f(y/)EA()/, d)//),bLn o ﬂi_l(d}/)
ACH (A
1 o /
= T 1)y Z /f(ﬁi()/ ) C'Aﬂi—l(A)(}/, dyYun(dy)
iel,
ACO;i(An)
1
- @2n + 1)2 ,62[; /f(l%()/))un(d)/)
ACYi (An)
= / fWia(dy). (3.14)

https://doi.org/10.1239/aap/1253281059 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1253281059

Existence of quermass-interaction processes SGSA e 677

Now, we need to prove that (j1,) converges to 1 for the topology tw. The following lemma,
for which the proof is almost the same as the one given in [4], ensures that (/i,) and (j1,) are
asymptotically equivalent for the topology .

Lemma 3.5. For every local and tame function f in ‘W,

[ raa.- [ raa,

Proof. Let f be a local and tame function in 'W. We denote by A its support, and there
exists b > 0 such that, for every y € M,

|f00|§b(1+- > 1+1ﬂ>.

(x,R)eya

lim =0.
n——+00

We choose n large enough such that A and A are included in A,. So the quantity § =
| [ fdin — [ fdji,] satisfies

R e o
_‘(2“1)2 XI: / f@n 007 dy) = o H)z; / FO)in 09 (dy)
ACﬂi(nAn) n
1 " -1
Senyie ,eZI: ’/f(y)unoz?l. (dy)‘,
AUAL ;i (An)

Since A U A is bounded, there exists k > 0 such that A U A C [k, k]z. So,
card(i € I,, suchthat AU A ;(_ Vi(Ay)) <4kQ2n + 1).

Therefore, for any a > 0,

b ~ _
el,

i (x,R)EYA
AUAZ D (Ap)
b 2\~ —1
iel, (x,R)eya
AUAZD; (An)
4abk(2n +1) 4kb2n +1)
(2n +1)2 (2n +1)2
. 4(a + b
2
< b/ I{Z(LR)Q/A 1+R2>a}< Z 1+R )[/Ln(d]/) + W (3.15)

(x,R)€ya

Let, ¢ > 0. By Lemma 3.4, the first term in (3.15) is, for large enough a and every n in N*,
smaller than /2. The second term is, for large enough 7, smaller than ¢/2 too. Therefore, for
large enough 7, § is smaller than ¢ and the lemma is proved.

We have proved that (fi,) converges to & and that, for every n > 1, ji, satisfies DLR
equation (3.12). So we would like to pass the limit through these equations to get the DLR
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equations for i, but this is not possible because the function f, is not local. Let us use some
approximation methods similar as the ones used by [11]. Let ¢ > 0. Our aim is to prove that
=] f fay)n(dy) — f F () (dy)| < e, which implies that § = 0 and so the DLR equation
(3.12) is satisfied. We set M > 0 and

AM = {y € M such that, for all (x, R) € ya, R < M}.

By Lemmas 3.2 and 3.3, there exists Cy > 0 such that, for all K > Cy, K’ > Cy, M > Cy,
andalln > 1,

(Mg x) =1 —e, fin(Mg) > 1—g, and Q,(AY) >1—e. (3.16)
From definitions of (i1,) and (i) we easily obtain
fn (M%) < fin (M)

and
fin ((ABY) < i ((AN©).
So (3.16) becomes

AMgg) =1 =6  gn(Mg)=1—¢ and [,(AY) =1—e. (3.17)

Throughout the remainder of the paper, K and K’ are fixed constants larger than Cy. The
constant M is larger than Cy too and it will be fixed later. Moreover, via a rescaling procedure,
we can suppose that || f||coc < 1. Therefore,

5 < I f looR (M, )+ ‘ /M Fa(idy) - / f(y)/l(dy)'
<ot ’ /M Fa(i(dy) — / f(y)ﬁ(dy)‘. (3.18)

Let A’ be a bounded set in B(R?) such that A and the support of f are included in A’. Then
we define the function g% from M to R by

gl = / Ly YA [ (YA +vana) exp(—Ha (Y + yana))ma(dyy),

ZM (yana)
where
Z¥ (yann) = / Lym (Ya) exp(—Ha (Yp + yana))7a(dy,).
The function g% is a local modification of the function f,. More precisely, we have the
following lemma.

Lemma 3.6. For large enough M and A’,

sup | fa(y) — g ()l <e.
VEMK,K’
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Proof. Let us begin by dealing with the functions Z AM and Z,. By Lemmas 2.1 and 2.4, for
every y in Mg g/,

|ZX (yana) = Za(yao)l

2
=< /. l{B(O,Z(Rl+R+K/+l))gA/}U{V;\¢A%} exp(C’ Z 1 + R )JTA(d)/[/\),
(x,R)ey,

where R; is areal such that A ¢ B(0, Ry) and R = sup{R, (x, R) € Vz/\}~ The right-hand side
term does not depend on y and, thanks to the dominated convergence theorem (the assumptions
are satisfied via (H)), it goes to 0 when M goes to oo and A’ goes to R?. So the application
Y Z/A\’I(yA/\A) — ZA(yac) converges uniformly on Mg g’ to 0 when M goes to oo and A’
goes to R

Similarly, we show that the application

y = /IA%(V;\)f(V,/\ + vana) exp(—Ha (Ya + vana))ma(dyy)
- / Fh + yac) exp(—Ha (vh + yas)ma(dyh)

converges uniformly on Mg g’ to 0 when M goes to oo and A" goes to R2. Since Z4 and Z %
are bigger than 75 (@) = e %Al we deduce that g% converges uniformly on Mg g/ to fa.
Lemma 3.6 is proved.

We now fix A’ and M such that the assumptions of Lemma 3.6 are satisfied, and we suppose
for later that
BO,2(Ri+M+K' + 1) Cc A (3.19)

Inequality (3.18) becomes
5<2+ ‘ /M M iy — / f(y)/l(dy)‘
<3e+ ’/g%(y)ﬂ(dy) —/f(y)ﬁ(dy)'.

The function g% is obviously local and bounded by || f|lco < 1, and since the measures (i)
converge to (i for the topology Ty, we fix n large enough such that

<¢ and ‘/f()/)/l(dy)—/f(y)ﬂn(dy)' <e.
(3.20)

‘ / gn(dy) — / g ()itn(dy)
Therefore, from (3.17) and (3.20),
§<S5e+ ‘/g%(ymn(dw - / f(y);znmy)‘

<66+ ‘ /M e inar) - [ f(V)ﬁn(dV)‘.

To finish, we need the following lemma.
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Lemma 3.7. We have

< 2e.

‘ f fa)in(dy) — f gn ()i (dy)
Mg My
Proof. Thanks to a simple conditional calculus,

’ f fa()ita(dy) — f g%(y)ﬁnwy)‘
My My

FWHEA, Y | v € AMY(1 — Ealy, (AX)))jin(dy)

‘ My

+/, FOHEA(y,dy' | v ¢ AADEA(y, (AN an(dy)
K/

- / g%(ymn(dw’
‘MK/
<21 fllso / Ea (s (AM)) i (dy)

FONEAG Y | v € AM)in(dy) — / M iEy)]. G2

My

d
My
We remark easily that the last term in (3.21) is null since, by Lemma 2.1 and property

(3.19), the two kernels are equal on Mg/. The measure i, satisfies DLR equation (3.14),
SO f Ealy, (AJXI)C)[L” dy) = /j,n((A%)C), and thanks to (3.17), the lemma is proved.

By Lemma 3.7 and properties (3.17),
§ <8e+ ‘/M o)t (dy) — / f(y)/fcn(dy)‘
K/

<94 ‘ f FA(in(dy) — f f(ymn(dy)'. (322)

The last term in (3.22) is null since i, satisfies the DLR equation (3.14) for A. Therefore,
8 < 9¢ and so 8 = 0. The DLR equations (2.3) are satisfied for /i and any A in B(R?).

4. Concluding remarks

To conclude this paper, we would like to give some comments about the possible extensions
of Theorem 2.1. First of all, concerning the dimension of the space R4, if d > 2, there is no
a priori problem for the general scheme of the proof. We just have to check that the energy
function H is stable, and so some conditions may appear. For example, the Euler—Poincaré
characteristic x is not stable in dimension 3. Similarly, we think it is possible to apply our
method to the case of general convex grains, which would not be balls, if the energy functions
remain stable.

Now, concerning the form of the interaction H, we think it is possible to extend our result to
some nonadditive functionals as long as the interaction remains local. Indeed, we do not really
use the additive property of the Minkovski functional, except in the justification of Definition 2.2.
A finite-range property would seem to be sufficient. Let us point out that important problems
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may appear if the interaction is not local. We have tried to prove the existence of a Gibbs germ—
grain model for nonlocal interaction, proposed by Mgller and Helisova [9], which is equal to the
number of connected components. But, in this case, some dependence with ‘infinity’ appears
if there is percolation, and so we are not able to prove that the limiting measure [ satisfies the
DLR equations. It is a very interesting problem that remains open.
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