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Abstract

A multiplicative Schwarz iteration algorithm is presented for solving the finite-dimensional nonlinear
complementarity problem with an M-function. The monotone convergence of the iteration algorithm
is obtained with special choices of initial values. Moreover, by applying the concept of weak regular
splitting, the weighted max-norm bound is derived for the iteration errors.
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1. Introduction

We begin this section with the definitions of the M-matrix (see [3]) and M-function
(see [17]).

DEFINITION 1.1. A matrix A € R"*" is called an M-matrix if it is nonsingular with
nonpositive off-diagonals and nonnegative inverse A~! > 0.

DEFINITION 1.2. Let F be a mapping from a closed convex set K to R". F is called
an M -function if it satisfies the following conditions.

(1) Inverse isotone. Forany y, z € K,y >z if F(y) > F(2).
(2) Off-diagonal antitone. For every pair of indices i # j and for every y € K, the
one-dimensional function f;; : X; — R, defined by

ﬁj(t)EF](ylvvyl—lati }’z+1v,)"n)’ (11)
is nonincreasing, where X; ={t € R | (31, - . -, Yi—1: t, Viglr -« - » yn)T e K}.
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We concern ourselves with the nonlinear complementarity problem (NCP): find
x € K such that

x>¢, F@x)>0 and (x —¢)  F(x)=0, (1.2)

where ¢ € R" is a given vector, and F is a continuous M-function from K = {x € R" |
x>¢}to R". (If F(y) = Ay + b, where A is an M-matrix and b € R" is a constant
vector, the NCP (1.2) degenerates into a linear complementarity problem (LCP).)

Problem (1.2) can be obtained from the discretizations of some variational
inequalities related to nonlinear elliptic operators and to nonlinear parabolic operators.
For example, consider the following nonlinear elliptic variational inequalities: find
uekc HOl (€2) such that

au,v—u)>(fu),v—u), Vvek, (1.3)

where K = {v > ®} (for ® € W>*()) is a closed subset of H(; (Q), 2 C R?is aboun-
ded convex polygon, (-, -) is the inner product of L3(Q), a(u, v) = fQ Vu-Vvdx,
and f(v) € W>*(R) such that 3f(v)/dv > 0. By using the lumped mass finite
element method (see [21]) to discretize the problem above, we obtain a finite-
dimensional problem (1.2) as long as any angle of any triangle element in the
triangulation is not larger than /2.

In this paper we apply a multiplicative Schwarz iteration algorithm to solve the
NCP (1.2). Schwarz algorithms are well-known iterative methods for solving partial
differential equations (see, for example, [14, 20] and the references therein). Since
the calculation of Schwarz algorithms can easily be implemented in parallel, the
algorithms have been widely used to solve finite-dimensional variational inequalities
and complementarity problems (see, for example, [1, 4, 9-13, 19, 22, 25]) for some of
which the monotone convergent results are derived with special choices of the initial
values (see, for example, [24, 25]). In this paper, the monotone convergence of the
multiplicative Schwarz iteration algorithm is obtained with special choices of initial
values. In addition, by applying the concept of weak regular splitting, the weighted
max-norm bound is derived for the iteration errors.

The monotone results of our algorithm which we will obtain are based on the
concepts of super-solution set and of lower-solution set. The super-solution set of
the LCP (see [5]) is the set

S={yeR'|y>=¢, Ay+b=>0} (1.4)

This set is also called the feasible set in the LCP literature (see, for example, [7]). It
is well known that, if A is an M-matrix, the super-solution set has a minimal element
which is just the unique solution of the LCP mentioned above.

For problem (1.2), its super-solution set and lower-solution set are respectively

S={yeR"|y=¢, F(y)=0) (1.5)

and
S={yeR'|y>¢, F(y)<Oory =¢;forl <i <n}. (1.6)
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The following two properties of F are useful for our results.

LEMMA 1.3. If F : K — R"is an M-function, then foranyy € K, fii(t) (¢t = ¢;; 1 <
i < n) is strictly monotone increasing, where f;;(t) is defined by (1.1).

PROOF. Suppose that f;;(¢) is not strictly monotone increasing for some y € K and
some i. Then there exist 71, t, such that t, > t; > ¢; and f;;(#2) < f;i(t1). By the
off-diagonal antitone property of F, we have f;;(t2) < f;;j(t) for j #i. Therefore

F(yh~--7Yi—1,t2,}’i+1,-~-,yn)§F(y17---’yi—lvtl»yi-i-l’-~-’yn)- We haVe
tp <t by the inverse isotone property of F. This is a contradiction, so the lemma
holds. O

LEMMA 1.4. Let F: K — R" be an M-function and let I and J be sets satisfying
T1UJ=N={1,2,...,n}and INJ =0. Ifvectors y, z € K satisfy y; <zj and
Fr(y) < Fi(2), then 'y < z.

PROOF. Let J'={i € N | y; < z;}, I’ = N\J’ (without loss of generality, we assume
that I’ ={1,2,...,k}and J'={k+1,...,n}). Suppose that I’ is not empty. By
the definition of J’, we know that J C J’ and I’ C I. To be more precise,

Fp(y)<Fp(2), yr>zr, yy=<zy. (L.7)

Combining (1.7) with the off-diagonal antitone property of F leads to

Fr(yr,zy) < FrQr, yp) < Frzr, zy0). (1.8)
Since ypr > zy» by (1.7), we have, by the off-diagonal antitone property of F,
Fyp(yr,zy) = Fpzp, zy). (1.9)
Combining (1.9) with (1.8), we have
FQyr,zp) < Fzp, zy). (1.10)

By the inverse isotone property of F, we have yy <zp. This contradicts (1.7).
Therefore I’ = ¢ and J' = N, which means that y < z. d

In this paper, our statements assume that problem (1.2) has a unique solution. The
rest of the paper is organized as follows: in Section 2 we propose a multiplicative
Schwarz iteration algorithm for solving problem (1.2) and give some basic properties
of the proposed algorithm; in Section 3 we obtain the monotone convergence of the
iteration algorithm; and in Section 4 we estimate the weighted max-norm error bound
for the iteration algorithm.

2. Multiplicative Schwarz iteration algorithm

In the rest of this paper, we assume that there exists an M-matrix A such that, for
any y,z€ K and y > z,
F(y) = F(z) <Ay —2). 2.1

https://doi.org/10.1017/5S0004972710000389 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710000389

356 Y. Jiang and J. Zeng [4]

Based on (2.1), we propose a multiplicative Schwarz iteration algorithm for solving
problem (1.2). To be specific, let V; C R",i =1, 2, ..., m, be subspaces such that

m

Y VisfveViv=v+ - tuopveVii=1....m}=R" (2.2)

i=1
That is, the bases of the subspaces V; together span the whole space. Let n; = dim(V;)
be the dimensions of subspaces V;, i =1, 2, ..., m. We consider both overlapping
and nonoverlapping subdomains which correspond to the cases » ;. n; >n and
Y 'L, ni = n, respectively. For simplicity, we identify V; with R". Let R; : R" — R"
be the restriction operator. In our context, R; is an n; x n matrix with rank(R;) = n;.
Its transpose RiT :R" — R" is a prolongation operator. Moreover, we choose
the bases of V; appropriately such that the images of the bases of V;, under the
prolongation operator Rl.T , are linearly independent unit elements in R". In other
words, the columns of Rl.T consist of columns of the n x n identity matrix. Formally,
such a matrix R; can be expressed as

R; =1[1; O]m; = 0, (2.3)

where [; is the n; x n; identity matrix and 77; is some n X n permutation matrix. In
this case, matrix A; is an n; X n; principal submatrix of A, which is also an M-matrix.

Given an initial value x° > ¢, xk > ¢ is the approximation to the solution of (1.2) at
the kth step. The multiplicative Schwarz algorithm consists of the following substeps.

ALGORITHM MSA (Multiplicative Schwarz algorithm). Fori =1, 2, ..., m, do the
following.

(Restriction): restrict the matrix A and the vector ¢ — x¥T(=1D/m go that
A; = R;AR!, (2.4)
S0 = Ri(¢p — xkHG=D/m). 2.5)
Solve the local problem of finding x** € R™ such that
xki > ki Axki 4 R F(xkH=D/my > )
ki — g Akl 4+ Ry F (K +HGE=D/myy — g,

kF/m = kb G=Dfm g Rk =1 2 m. 2.7)

(2.6)

=x

REMARK 2.1. Since A is an M-matrix, A;, the n; x n; principal submatrix of A, is
also an M-matrix.

It will be convenient to denote

E; = R!R;, E=ZEJ-, i=1,2,....m, 2.8)

m
j=1

where for each i, R; is defined by (2.3). It is easy to verify that
0<E;<I (2.9)
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and E is a diagonal matrix with positive diagonal elements, with [ denoting the
identify matrix.

We conclude this section by giving some notation that will be used in the analysis of
the convergence of the algorithm. We denote the matrix (|a;;|) and the vector (|x;|) by
|A| and |x|, respectively. Similarly, the matrix inequalities A > B and A > B, and the
vector inequalities x > y and x > y are understood to be elementwise. Let 7 € R"*"
be a permutation matrix. We set A, = 7AnT ,x; =nx, Fy = F,and ¢, = nw¢. For
i=1,...,m,since

0

is the n; x n; submatrix of Ay, we can represent the matrix Ay, in the form

Ai=RiART =[I; 0]A, [If]

(2.10)

u‘ B .
xni:|:u,l:|7 ¢7T,': (fl:|,
ic i

where u; = R;x € R"™ and ¢; = R;¢p € R™.

3. Monotone convergence

In this section we show the monotone convergence of algorithm MSA. First, we
prove some useful properties for the algorithm.

LEMMA 3.1. Let xk! be the solution of problem (2.6). If x¥*(=D/m c'§ for i e
(1,2, ..., m)}, then x* <0.

PROOF. We have x¥t(=D/m ¢ g that is, F(xkt@=D/my > and xk+0-D/m > o 1t
follows from (2.3) and (2.5) that ¢*/ < 0. Then it is easy to verify that 0 € R™ is a
super-solution of problem (2.6). Since, foreachi =1, ..., m, A; is also an M-matrix,
x*1 is the minimal element of the super-solution set of LCP (2.6). Thus xki<0. O

LEMMA 3.2. Let {x*} be generated by algorithm MSA. Ifxk € S, then x**1/™ ¢S (for
i=1,2,...,m)and therefore x**1 € §.

PROOF. It suffices to show that x**/™ €S, ie{1,2..., m}, if XAT0=D/m 3
Assume that xk+(’_1)/.m €S. Let R;, E; be defined by (2.3) and (2.8), respectively.
By (2.5) and (2.6), x*! > R;(¢p — x*T(=D/m) Then

xki/m _ ke =D/m RiTxk,i

= ¢+ (I — E)Fri=bim _g)
> ¢,

(3.1)
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where / is the identity matrix. The last inequality is obtained by (2.9) and xkHE=D/m ¢
S. By Lemma 3.1, we know that xki < (. Therefore, by (2.1),
F(xk-‘ri/m) _ F(xk-‘r(i—])/Wl) — F(xk-‘r(i—l)/m + R_Txk,i) _ F(xk-‘r(i—])/Wl)
L
> A(RT xk.

T

Since the equalities 777 = 77’ = I hold for any permutation matrix 7,

F(xktiimy > F(xkH=D/my 1 ART xki
_ F(xk+(i—1)/m)+AniT[8]xk,i

2
_ F(xk—i-(i—l)/m)_i_niTAm |:gi|xk,i (3.2)

_ F(kar(i1)/m)_|_n,iT|:2€|xk,i’
1

where the last equality follows from (2.10). Obviously, A, is an M-matrix. This
implies that H; < 0. It follows from (3.2) and x5 <0 that

Fxkrilmy > F(xk+(i—l)/m)+niT|:1?)zi|xk,i

— F(RHE=D/my | T [g]Aixk,i
= FQAH=D/my o RTA Xk (3.3)
— (I _ Ei)F(xk+(i—1)/m)
2 0’
where the second equality is obtained by (2.3), the second inequality by (2.6) and the
last inequality by (2.9) and F (x¥T(=D/my > q, ]
The following theorem shows the monotone convergence of algorithm MSA.

THEOREM 3.3. Let {xX} be generated by algorithm MSA. If x° €S, then {x*}
converges to the solution x* of problem (1.2). Moreover, for any k > 0,

el and x* <x*t' <k,

PrOOF. Since x° € S, x* € § holds for any k by Lemma 3.2 (to be more precise,
xk“:/’” € Efor'i €{1,2,...,m}). Moreover, by (2.7) and Lemma 3.1, x**! < ... <
xkFi/m < pktG=D/m < .. < xk holds for any k. So {x*} is bounded below by ¢ and

convergent. Let x* — X. Clearly, ¥ < x* for all k and x**/” — %. Taking limits on
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both sides of (2.7) yields x50 as k — oo by rank(Rl.T) = n;. Therefore, taking
limits in (2.6), we deduce that

—Ri(¢—x)>0, R;F(x)=>0

and
(—Ri(¢p — )" R F(x)=0.
It then follows that, foreachi =1, 2, ..., m,
RIRi(x—¢)=0. R/RiF(x) =0 (3:4)
and
x—®) ' RIR; F(x)=0. (3.5)

Let E=)1" ,Ei=>1, Rl.TR,-. Summing (3.4) and (3.5) over i =1,2,...,m,
respectively, we get
E(x—¢)=0, EF(x)>=0 (3.6)

and
x—¢)EF(x) =0. (3.7)

Since E is a diagonal matrix with positive diagonals, (3.6) and (3.7) are equivalent to
F-¢>0, F(®)=0, (&—-¢)FE =0.

This shows that x is the solution of (1.2), and the lemma follows from the uniqueness
of problem (1.2). O

Similarly, we can obtain the following theorem.

THEOREM 3.4. Let {x*} be generated by algorithm MSA and x* be the solution of
problem (1.2). If x° € S, then {x*} converges to the solution of (1.2). Moreover, for
any k > 0,

x¥ €S and x* > k1 > yk,

4. Weighted max-norm bound

In this section we assume that there exists an M-matrix A such that for any
y,z€ K(y=2), )
Ay —2) = F@y) — F(2). 4.1

We will obtain the weighted max-norm bound for the iteration errors of algorithm
MSA. We first introduce the concepts of the weighted max-norm (see [6]) and
weak regular splitting of a matrix (see, for example, [18, 23]) and some relevant

results.
Let w € R" be a positive vector. For a vector y € R", the weighted max-norm is
defined by
Yj
lyllw = max | =~
I<jzn|w;
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For a matrix A € R"*", the weighted max-norm is defined by

[Allw = sup {[Ayllw |y € R"}.
Iyllw=1

Obviously, if w=(,..., l)T, the weighted max-norm reduces to the usual
maximum norm of matrices.

LEMMA 4.1 [2]. Let P be a matrix, w a positive vector and y a positive scalar such
that
|Plw < yw. 4.2)

Then ||Plly <vy. In particular, |Px|y <yllx|lw for all x. Moreover, if strict
inequality holds in (4.2), then | P ||y < y.

DEFINITION 4.2. For a matrix A € R"™", we call A=M — N a weak regular
splitting of Aif M~' > 0and M~!N > 0.

The concept of weak regular splitting has been widely used to analyze the convergence
of various splitting algorithms [15, 16]. We will use this concept later in the
estimation of the weighted max-norm error bound for the proposed multiplicative
Schwarz algorithm.

LEMMA 4.3 [2]. Let A=M; — N; (i =1, ..., m) be weak regular splittings of an
M-matrix A, E; i =1, ..., m) be defined as in (2.8) and

T=0—ExM,"AYI - Ep M A) - (I — EtM[' A)
where 1 is the unit matrix. For any vector R" 2 e > 0, w = A le > 0, there exists a
positive y € (0, 1) such that p(T) < ||T||lw < y.
For algorithm MSA, we have the following lemmas.

LEMMA 4.4. Let x* be the solution of (1.2) and x%1 be the solution of problem (2.6).
If xHE=DIm — x* fori e {1, ..., m}, then x*' =0.

PROOF. Since x* — ¢ >0, F(x*) >0 and (x* — ¢)T F(x*) =0, it follows from the
nonnegativity of R; that
0— ¢4 = Ri(x* — ¢) =0,
’ (4.3)
A0+ R;F(x*)=R; F(x*) > 0.

Multiplying these two inequalities and noting (2.8) and (2.9), we have
0 < (0—¢*)HT(A;0+ R F(x*)
= (x* — ) RIR F(x¥)
<@ =) F(x")
= 0,
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and hence .

0= ¢*HT (A0 + RiF(x*)) =0. 4.4)
It follows from (4.3) and (4.4) that x*! =0 is a solution of (2.6), which is unique
since A; is an M-matrix. The proof is complete. U

LEMMA 4.5. Let x* be the solution of problem (2.6) and x,li;r(i_l)/m = [”k’i] with

ki
ubl = RyxkTU=D/m g R Let y&' € R be given by y*! = x*1 4 yki, T}?en vkl is
the solution of the following LCP on R™ :
y = ¢,
Aiy 4 Ry F (xFH=D/my — pyki > 0, (4.5)
=) (Aiy + R FF =DMy — Akt =0,

where ¢' = R;¢.
PROOF. The lemma is obvious by (2.6). 0
Lemmas 4.4 and 4.5 imply the following useful corollary.

COROLLARY 4.6. Let x* be the solution of problem (1.2). Then u™' = R;x* is the
unique solution of the following NCP in R"i :

Y= Ayt RiF(x*) — At >0,

. ) (4.6)
(v — ¢ (Aiy + R F(x*) — Aju™') =0,

where ¢ = R;¢.

LEMMA 4.7. Let {_xk} and {x*} be generated by algorithm MSA. If x* > x* at step k,
then x*+i/m > gk+i/m for any 1 <i < m. Therefore x*+1 > gk+1.

PROOF. It suffices to show that x¥+/m > gkti/m j (1,2 . m}, if xk+E=D/m >

xkt@=D/m — Suppose that xk+E=D/m > gk+G=D/m for j €{1,2,...,m}. Let

x,]:r(l_l)/m = [;‘kk;] and )E,Iijr(l_l)/m = [;:;] Let y*/ and 3%/ be defined in the
k,i

in Lemma 4.5. Since 7%/ > ¢' (¢’ defined in Lemma 4.5), the
ki

same way as y _
components of y*' can be divided into the following two parts: I = {;j | yf” = (p}}

and J ={j | yf”' > (p?}. Obviously y];’i > )—z];’i. By Lemma 4.5, for j € J,

(A5 4 R F@FHEDImy  pughly =0 4.7)

and
(AT 4 R F(FHE=DImy 4kt > 0. (4.8)

By (2.1) and the condition x*t(=D/m > gkt(=D/m “we have F(xk+E=D/m)
F(xkt=D/my < g k+G=D/m _ gk+G=1/my 1t follows from the subtraction of (4.7)
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and (4.8) that
0< (Ai(yk,i _ -k,i) + Ri(F(xk+(i—l)/n1) _ F(fk—i-(i—l)/m)) _ Ai(uk,i _ —k,i))j
< (Ai(yk,i _ }-]k,i) + RiA(xk+(i_1)/’” _ )?k-i-(i—l)/m) _ Ai(uk,i _ l/_tk’i))j
= (AN =35 + Gihie — ko))
< (AR =55,

(4.9)

where G; is defined by (2.10), the last inequality by x*+(=D/m > gk+G=1/m apq
G; <0. Therefore
0 < (A5 =550y -
= (A7 O = 3D + (A OF =31
< (Ai)J,J(y?l - )71}’1),

where the second inequality is obtained from (A;);; <0 and yl;’i > j}l;’i. Since
(A;)s.s is an M-matrix, we have yﬁ” — )71;” > 0. That is, y©/ > y%i. Therefore,
xk-H/m > )Ek-i-i/m‘ O

Let x* be the solution of problem (1.2). By Lemma 4.4, we know that if Xk =x*,
then xkTi/m = x* for i € {1,2,...,m}. So Lemma 4.7 has the following two
corollaries.

COROLLARY 4.8. Let {x*} be generated by algorithm MSA. If x* > x* at step k, then
KM > 3% for any 1 <i < m; therefore x*t1 > x*,

COROLLARY 4.9. Let {xKY be generated by algorithm MSA. If x* < x* at step k, then
xkti/m < xX* forany 1 <i < m; therefore xktl < %,

LEMMA 4.10. Let x* be the unique solution of (1.2) and let (x*} be generated by
algorithm MSA. Let x;‘;l_ = [I:‘:,i], i=1,...,mand uk’i, ukic be as in Lemma 4.5.

Let y&! = x50 4 uk and y*i = u™t = Rix*. If x* > x*(or x* < x*), then
AYET =y = = (A = ADET — ™) = Gl —ute, (4.10)

where the submatrices Ai, Gi of A are defined in the same way as A;, G; in (2.10).

PROOF. We show that (4.10) holds elementwise. Because of the similarity of thg
proofs, we only consider the case xk > x*, By Lemma 4.7, we know that yk" > y*r,
We consider the following two cases.

Case I: (yk’i) = (y*’i )j. Here, A; is a matrix with nonpositive off-diagonal
elements, G; <0 and A; — A; <0 (this can be easily verified by (2.1) and (4.1)).
Inequality (4.10) follows from the fact that its left-hand side is nonpositive while its
right-hand side is nonnegative.
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_Case 1I: (yk*i)j > (y*’i)j. Since (y*’i)j > ((pi)j, it is obvious that (yk'i)j >
(¢') j, where ¢' = R;¢p. By Lemma 4.5 and Corollary 4.6,

(Aiyk,i 4 RiF(xk-‘t-(i—l)/M) _ Aiuk,i)j =0

and
(Aiy™ 4+ R F(x*) — Aju™"); > 0.

It then follows that
(A O — y* 0y 4 Ry (F (FFE=D/my — F(x*)) — A — u*T)); <0. (4.11)

Since )ngr(i*Wm > x* for any k and ie{l,2,...,m} by Corollary 4.8, we have
F(xkHE=D/my _ F(x*) > A(xkTE=D/m _ x*) by (4.1). Then by (4.11),

0 > (Al (yk,i _ y*,i) + RiA(.xk+(i_1)/m _ x*) _ Ai(uk,i _ u*,i))j
= (A5 = y* D)+ (A — AN @R —uthy + Gl — utiey) ;.

Therefore
(A =y < (=(Aj — AD @M —u*y — Gihe —u™'e)) ;. (4.12)
Since y*i — y*i >0, —(A; — A;) = 0, and —G; > 0, we obtain (4.10). O

LEMMA 4.11. Let {x*} be generated by algorithm MSA, let x* be the solution of
problem (1.2) and suppose that €¥+i/m = xk+i/m _ xx [rxk > x*(or x¥ < x*), then,
forany 1 <i <m,

XM < (1 — By Attt bm, (4.13)
where
MizniT[%i AO,-]”"’ i=1,...,m. (4.14)

PROOF. By (2.7),

T yk,i _ y*,i
T yode _ ypeie

k,i i
o e
—= 74 |uk,lc_u*,lc|
L L
< nr[—A,- (Ai — ADS — ™| + Gilube — u**lc|>}
— 1 ’

k *
|Ml'c - Mic|
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where A;, G, u®, y*i, w* and y*7 are as in Lemma 4.10, and the last inequality

follows from Lemma 4. 10 and Al._ I > (. Therefore,

—1 4 —1/
< LT[ li—A A=A G |ek+i=D/m|
— 1 0 Il'(» T
| k—+(i— l)/m| | k-‘r(l 1)/m|+ |:I A IA —Ai_lG‘i}|E§+(i—l)/m|
0 I j

. AL A A LlA .
_ |6k+(1—1)/m|_|_n,iT|: Alb A; Ai() G,]|€]1;;F(L—1)/m|

= [0 — RIATA; Gillegt= D

= |k E=D/m| — RTATL; 0]Ay, |ekHE=D/m)

_ |€k+(i—l)/m| . RiTA,-_][Ii O]niAniTn,ilek-‘r(i—l)/ml
— |€k+(i71)/m| _ RITAi—lRiA|€k+(i*1)/m|

= — E:M[ ' A)le"),

where the third and the sixth equalities follow from (2.3), the fourth equality from
(2.10), and the last equality from the relation RI.T A7 ! R, =E; Ml._l. Therefore, when

xk > ¢ (or xk < ¢),
|KT/m) < (1 — E; M A)|ebti=D/m), O

THEOREM 4.12. Let x* be the solution of (1.2), {x*} be generated by algorithm MSA,

k

A . . . ..
and €k = x¥ — x* be the iteration error. Then there is a positive y < 1 such that

1y < 1€kl (4.15)

PROOF. Let Ej be defined by (2.8) and M; be defined by (4.14). It is easy to verify
that M;, Ny=A — M;, i=1,2, ..., m, are weak regular splittings of A. Then by
Lemma 4.3, there exists a positive scalar y < 1 such that ||T||w <y, where

= — ExM,,'AYI — EpoM,' A - (I — E;M[ ' A).
On the other hand, we known from Lemma 4.11 that when x¥ > x*(or x* < x*),

0< |Ek+1| — |€k+m/m|

A

<...
=

(I — EnMy AYI = Ep ML AY - (1 — Ey My A
— 7€k,
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Therefore, when x* > x*(or x* < x*),

||Ek+l k+1

k k k
lw = 1€ Hlw < ITole"Ilw < YIll€"|Ilw = Y [I€" [lw-

For any initial value x° > ¢, xf > ¢ holds for any k by algorithm MSA. Let

T = max(xk, x*) and J_ck = min(xk, x*), where for y, z € R", max(y, z), min(y, z) €

R™ are defined by (max(y, z)); = max(y;, z;) and (min(y, z)); = min(y;, z;), i =
1,2,...,n. Then x* > xk > gk and x¥ >x* > )_ck. Let x**! and gk“ be generated
by algorithm MSA with ¥, x* as the approximation of the solution of problem (1.2) at

step k, respectively. Then by Lemma 4.7, ¥ ! > x¥*1 > x¥*1_and by Corollaries 4.8

and 4.9, ¥t > x* > gk“. From the above proof, we know that €51, < y €51

and |5 |y < ¥ 11€X |, where €F = x¥ — x* and €F = %X — x*. Therefore,

k+1 —k+1 k+1 —k k k
€ Iy < max (€, 1€ 1w) < v max(I€¥ 1w, 1€ llw) = ll€" [l

The proof is complete. u
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