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On the Generalized d’Alembert’s and
Wilson’s Functional Equations on a
Compact Group

Belaid Bouikhalene

Abstract. Let G be a compact group.
Let o be a continuous involution of G. In this paper, we are concerned by the following functional
equation

/ f(xtytil)dt +/ f(xta(y)til)dt =2g¢(x)h(y), =x,y € G,
G G

where f, g, h: G — (, to be determined, are complex continuous functions on G such that f is central.
This equation generalizes d’Alembert’s and Wilson’s functional equations. We show that the solutions
are expressed by means of characters of irreducible, continuous and unitary representations of the
group G.

1 Introduction, Notations and Preliminaries

1.1 Let G be a compact group endowed with a fixed normalized Haar measure denoted
by dt. The unit element of the group G is denoted by e. We denote by L. (G), the
Banach space of all complex measurable and essentially bounded functions on G.
C(G) designates the Banach space of continuous complex valued functions on G.
The Banach space of all complex integrable functions on G is denoted by L;(G). For
each function ¢ on the group G, we define the new functions b, ¢and § on G by
é(x) = ox7), dx) == o(x) and d(x) := @(x~1), for all x € G. The algebra
of all regular complex measures on G will be denoted by M(G). We recall that the
convolution of M(G) is given by (uxv, ¢) = [ [, #(ts) du(t)dyu(s) and its involution

v

is defined by p* = 77 where (i, ¢) = (u, ¢) and (1, ¢) = (i, ¢) for all ¢ € C(G).
Let f € C(G); f is called a central function (see [3]), if

(1.1.1) flyx) = f(xy), x,y€G.

We recall that a character of a representation (7, 3, ) of G is a complex-valued func-
tion x, defined on G by

(1.1.2) X (x) =tr(n(x)), x€ G,

where tr means trace.
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1.2 The aim of this paper is to solve the following integral equation

(1.2.1) / flxtyt™Y)dt + / f(xto(y)t~ ') dt = 2¢(x)h(y), x,y€G,
G G

where f, g, h to be determined, are in the space €(G) such that f is central. This
equation is a generalization of the d’Alembert type functional equation

(1.2.2) /f(xtyt_l)dt+/f(xta(y)t_l)dt:2f(x)f(y), x,y €G.
G G

It is also a generalization of the Wilson type functional equation

(1.2.3) /f(xtyt_l)dt+/f(xto(y)t_l)dt=2f(x)g(y), x,y €G.
G G

We will show that the solutions are given by means of characters of irreducible, con-
tinuous and unitary representations of G.

1.3 First, we study the functional equation (1.2.2). In Theorems 3.1 and 3.2, we prove
that if f € C(G), then the map h — fG h(x) f (x) dx is a character of the commuta-
tive subalgebra C(P(L;(G))) if and only if f is a solution of the functional equation
(1.2.2), where P(h) = 5(h+ ho o) and C(h)(x) = [, h(txt~')dt, forallx € G.

In Theorem 3.3, we give a description of solutions of (1.2.2). The solutions are
precisely expressed by the formula

¥ =3(p+po0),

where ¢ is a solution of the functional equation

(1.3.1) / lxtyt™") dt = p(x)p(y), x,y€G.
G

For more information about this equation see [3, 6, 8, 9]. As a consequence we obtain
in Corollary 3.4 that f is a solution of (1.2.2) if and only if there exists an irreducible,
continuous and unitary representation (7, H,) of G such that

f (Xx + Xz 00),

1
~2d(m)
where d(7) is a dimension of H ;. In Theorem 3.7, we consider the case where G is
a compact connected Lie group. We prove that the solutions of (1.2.2) are the eigen-
functions of some differential operators associated with left invariant differential op-
erators on G. Secondly, we discuss the functional equation (1.2.3). In Theorem 4.2,
we show that the solutions, such that f is central, are of the form

_ XntXso0 Xo = Xr©O _XastXsoO
= am P a0 8T T 2dm
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where «, 3 range over C.
Finally, we show that the solutions of (1.2.1) can be listed as follows:

pXe) Hxal0) | xx () = X (0 (x))

@) = 2d(m) T A :
 Xa(X) X0 (%) Xa(x) = Xa(o(x))

g0 = b=——5"5 VT S
 xXa(X) + X0 ()

h(x) = QT(T()

where ¥ is a character of an irreducible, continuous and unitary representation 7 of
G, d(m) is the dimension of 7 and a, b, ¢ are complex numbers. This paper contains
also some results concerning the equations (1.2.1), (1.2.2) and (1.2.3) and properties
of their solutions.

2 General Properties

In this part, we are going to study the general properties. Let G be a compact group.
For all f € C(G), we put

(Cf)(x) :/f(txtfl)dt, x,y € G,
G

and
8(G)={feLi(G): flxy) = f(yx), =x,y € G}.

S(G) is a commutative subalgebra (under the convolution) of the %-Banach algebra
L,(G). For the notion of central function, see [3].

Proposition 2.1 For all f € (G), we have the following properties:

M ChHE=fo.

(i) (Cf)=Cfand(Cf)=CF.

(iii) C(Cf) =Cf.

(iv) f iscentral ifand only if Cf = f.

(v) themap f +— Cf is an orthogonal projection on the commutative Banach algebra
8(G).

Proof By easy computations. |

Proposition 2.2 Any solution of the functional equation (1.2.2) has, forallx,y € G,
the properties

flee=1, foo=f, Cf=f and /f(xtytil)dt:/f(ytxtil)dt.
G G

Proof By easy computations. |
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The next proposition explains why we restrict ourselves to continuous solutions.

Proposition 2.3 Let f € Lo (G) verifying the functional equation (1.2.2), then f is
continuous.

Proof If we replace x by xs in (1.2.2), after integration we obtain

/G /G Flesyt) dsdt + /G /G f(xsa(y)t)dsdtzZ( /G f(xs)ds) ), xy€G.

Let f € Loo(G) be a solution of (1.2.2) and let y = dt, then for all ¢ € L,(G) and
y € G, we have

pxpx fru(y)+pxoxfxpoo(y)

= [owfent s [ ox et ot

G G

://f*u(x_lty)¢(x)dtdx+//f*p(x_lta(y)w(x)dtdx
cJaG ¢Ja

_/G/G/Gf(x tys)¢(x)dsdtdx+/c/c/cf(x 10 ()5 (x) dsdtdx

:Zf(y)//f(xfls)qﬁ(x)dsdx
GJa
=2(¢x f, 1) f(y).

Consequently f is continuous. ]
For later use we note the following results:
Proposition 2.4 ([2]) Let f € C(G). Then we have

W) o [ flatxt™ sys™ ) dtds = [, [, f(ztyt ™ sxs™1) dtds, z,x,y € G.
(ii) If f is central then f satisfies the condition:

/f(xtyt_l)dt:/f(ytxt_l)dt7 x,y € G.
G G

Proposition 2.5 Let f,g € C(G) such that f is not identically 0 and (f, g) is a solution
of (1.2.3). Then g is a solution of (1.2.2). Conversely if g is a solution of (1.2.2), then
forany a € G, (L,g,g) is a solution of (1.2.3).

https://doi.org/10.4153/CMB-2005-047-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2005-047-3

Generalized d’Alembert’s and Wilson’s Functional Equations 509

Proof Leta € Gsuch that f(a) # 0. Then

2f(a)( /G glxtyt™) dt + /G g(xm(y)rl)dt)

://f(asxtyt_ls_l)dsdt+//f(asa(y)ta(x)t_ls_l)dsdt
¢Ja GJa

+ / / f(asxto(y)t_ls_l) dsdt + / / f(asyta(x)t_ls_l) dsdt
cJaG cJG
= 2/ flasxs™") dsg(y) + 2/ f(aso(x)s~ ') dsg(y)
G G
= 4f(a)g(x)g(y).
from which we deduce that g is a solution of (1.2.2). [ |

Proposition 2.6  Let g be a solution of (1.2.2). Let a € G and define the function

flx) = /g(xtat_l) dr + / g(xta(a)t_l) dt, xe€G.
G G
Then (f,g) is a solution of (1.2.3).

Proof By easy computations. |

3 On the Functional Equation

/f(xtyt_l)dt+/f(xta(y)t_l)dt=2f(x)f(y)
G G

The following results explain some relations existing between solutions of the func-
tional equation (1.2.2) and continuous characters of the commutative algebra
C(P(L1(G))).

Theorem 3.1 Let f € C(G) be a solution of (1.2.2). Then the map h — (h, f) =
fG h(x) f (x) dx is a continuous character of the commutative Banach algebra

C(P(L:(G)))-
Proof Let f € C(G) be a solution of (1.2.2). Let h, g € L1(G), then we have

h+hoo +goo
) (82

= i/G/G{(g(x)h(}’)+g(x)(hoa)(y)+(gog)(x)h(y)

(C(Ph) xC(Pg), f) = (C(

’f>

+(goa)(®)(ho J)(y))/ Flatyt™) dt} dxdy.
G
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Since f is central and f o o = f, we get
(€ wCBe). ) =5 [ [ ety e+ flatatye ) delddy
GJG

— / f(x)g(x) dx / f(y)g(y)dy
G G

_ / SR EOW) / fipAT e,
G G

= (C(Ph), /)(C(PY), f)- n

Theorem 3.2 Let x: C(P(Li(G))) +— C* be a continuous character of C(P(L1(QG))).
Then there exists f € C(G) solution of the functional equation (1.2.2) such that x(h) =
(h, ), forallh € C(P(Li(G))).

Proof Let x beanon-zero continuous character of the Banach algebra C(P(L,(G))),
since the map L,;(G) — C*: g — x(C(Pg)) is continuous and linear, then there

exists f € Loo(G) such that x(C(Pg)) = (g, f). Since (g, f) = x(C(Pg)) =
X(C(P(Cg))) = (Cg, f) = (g,Cf). It follows that f is central. On the other hand we

have x (C(Pg)) = x(C(XLEL0)) — (P(C(g)), f) = (g, P(CS)) = (g, Pf). Then
we get f = Pf,ie, foo = f.Nowforallg, h € L,(G), we have

(C(Ph)xC(PY), f) = %//g(x)h(y)[f(xtyt”)dt+f(xta(y)t*1)dt] dxdy
GJG
= (C(Ph), f){C(Pg), f)
= / f(x)h(x) dx / f(»)g(y)dy,
G G

hence it follows that [, f(xtyt™") dt+ [ f(xto(y)t~") dt = 2f(x)f(y), forallx, y €
G, which concludes the proof of the theorem. |

Now we are going to determine all non-zero complex-valued continuous solutions of
the functional equation (1.2.2). We adapt the proof used in [4].

Theorem 3.3
The only continuous non-zero solutions of the functional equation (1.2.2) are the

functions of the form

p(x) + p(o(x))

) eG
5 x

fx) =

where @ is a solution of (1.3.1).
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Lemma 3.3.1 Let f € C(G) \ {0} be a solution of (1.2.2). For a fixed « € C and
a € G, we define

px) = flx) + /f(xtat )dt — /f(xtcr dt) x € G,

then f = (p+@oa)/2

Proof Usingthat f = foo, f(xy) = f(yx), [ flxtyt™")dt = [ f(ytxt™")dbt,
x,y € G, we get

o(o(x)) = f(a(x))+a( / Flo(x)tat™) dr — / f(a(x)to(a)t_l)dt>
G G

- f(x)+a( / Flxto (@)t di — / f(xmfl)dt).
G G

Adding this to ¢(x) we find that p(x) + p(o(x)) = 2f(x). [ |
We will next examine whether ¢ is a solution of (1.3.1).

Lemma 3.3.2 Let f € C(G) be a solution of (1.2.2). For any x, y € G, we define
n(x,y) = p)p(y) — / p(xtyt™") dt,
G
then we have the following identities

) =[ [ frotyn e — [ foayeyae

az(/f(am(a)t—l)dt—/f(atat_l)dt) +%}
G G

Proof Letx, y € G, then we have
n(x, y) = ex)p(y) — / o(xtyt™) dr

% /f(xta(y)t Dy de — /f(xtyt l)dt}

—g//f(xtytflsas’l)dtds

2 JeJg

+g//f(xtyt_lsa(a)s_l)dtds+g//f(xtat_lsa(y)s_l)dtds
2 Je g 2 JeJs

- g//f(xml‘_lsa(y)s_l)dtals
2 GJG
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+g[//f(ytxt_lsas_l)dsdt+//f(yto.(a)t—lsa_(x)s_l)dtds
2 GJG GJg

+a2/f(xtaf‘)dt/f(ymt*l)dt
G G
—az/f(xtat”)dt/f(yta(a)tfl)dt
G G
—%[ /G /G Flyext~so(a)s™)) deds + /G /G f(ytat_lsa(x)s_l)dtds}
— A2 -1 d —1 d
« /Gf(xta(a)t ) t/Gf(ytat ) dt

+a2/f(xta(a)tfl)dt/f(ytr(a)tfl)dt.
G G

Since

//f(ytxtilszsfl)dtds://f(xtyt’lszs’l)dtds,
cJe ¢Je

/f(ytxt*l)dt:/f(xtyfl)dt,
G G

f oo = f, it follows that

e(x)p(y) — / olxtyt™") dt
G

_ %[ /G Flxto(y)t)dt — /G f(xtyrl)dt}

0[2
+7{///f()/txtfllsasflalfl)dtdsdl
GJGJIG
+///f(}’tthlZSU(a)sfla(a)lfl)dtdsdl}
GJGJG
aZ
+7{///f(o(y)txtillsasfla(a)lfl)dtdsdl
GJGJG
+ / / / f(o(y)txt—llsas—la(a))dtdsdz}
GJGJG
042
_7{///f(ytxt_llsas_la(a))dtdsdl
GJGJG
+ / / / f(ytxt_llsas_la(a)l_l)dtdsdl}
GJGJIG
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_a_z{///f(o(}/)txt_llso(u)s‘la(a)l—l)dtdsdl
2 b/eleJs

+ / / / f(a(y)txt_llsas_lal_l)dtdsdl}
GJGJIG

- [ / Flxto(y)e—)dr — / f(xtyrl)dt}
G G

X {az(/Gf(ata(a)t*‘)dt—/Gf(atat”)dt> + %}

Proof of Theorem 3.3
Case 1: If there exists a € G such that

/f(atat_l)dt— / flato(a)t™ ") dt # 0,
G G

then we may choose o € C such that

042{/f(atU(a)tfl)dt—/f(atatfl)dt} + 1_ 0.
G G 2

That is to say o(x)p(y) = [, (xtyt™") dt.

Case 2: Suppose that [ f(xtxt™")dt = [ p(xto(x)t™")dt, for all x € G. Noting
that in this case

/f(xtxt_l)dt:/f(xta(x)t_l)dt:f(x)z, Vx € G.
G G

Let X = [ f(xtyt™")dt,Y = [ f(xto(y)t") dt. Thenwe have X +Y = 2f(x) f(y)
and by computation we show that XY = f(x)f(y)*. Making use of this we obtain
that X = f(x)f(y) = [ f(xtyt™") dt. Conversely, for all ¢ satisfying the functional
equation (1.3.1) it is easy to see that f = %(g@ + @ o 0) is a solution of (1.2.2). [ |

Corollary 3.4 Let f € C(G) \ {0}. Then f is a solution of (1.2.2) if and only if there
exists an irreducible, continuous and unitary representation (7, H) of G such that

1
f= 20 (Xx + Xx 00),

where d() is a dimension of H..

Proof By [3, 5, 6], we have that ¢ is a solution of (1.3.1) if and only if there exists
(m, H;) an irreducible, continuous and unitary representation of G such that ¢ =

%, where d(7) denotes the dimension of the space ;. [ |
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Next, we suppose that G is a connected compact Lie group, and we shall character-
ize the solutions of (1.2.2) in terms of eigenfunctions of some differential operators.

For each fixed a € G, we define the left (resp. the right) translation operators as
follows (L, f)(x) = f(a~'x) (resp. (R,f)(x) = f(xa)) and we will say that the opera-
tor T is left (resp. right) invariant if (L, T) f = T(L,f) (resp. (R,T)f = T(R,f)). Let
ID(G) denote the algebra of left invariant differential operators on G and Z(G) denote
the center of D(G).

For any differential operator D on G, we define the differential operator D by

(DF)(x) = %D{C(Lrl )+ CLyr ) 0 7o),
where f € C*°(G) and x € G.

Proposition 3.5 Let D be a differential operator on G, then D satisfies the following

properties:

(i) D=D.

(i) D e Z(G).

(iii) IfD € Z(G), then D = 1{D+ D"}, where D° = D(f o o) 0 0.

(iv) (Df)(e) = 1D{Cf +Cfoo}(e). Inparticularif Cf = fand f oo = f, then
we have (Df)(e) = (Df)(e).

(v) If f is a solution of (1.2.2), then (Df) = (Df)(e)f = A\(D)f.

Proof By easy computations we have (i) and (iv).

(ii) Let f € C*°(G) and leta € G, for all x € G, we have
L(DA) = (Df)ax)
= DU raf) + Clliraf) 0 0}@
= I DICU(Laf) + L (L)) 0 5@
= D(L,f)(x)
and

Ry(Df)(x) = (Df)(xa)

D{Ca-1 )+ Cllia1) 0 0@

%D{C(fol (Raf)) + C(Le-1(Raf)) 0 o }(e)
= D(Rof) ().

Then we obtain that D € Z(G).
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(iii) Let D € Z(G); for all x, y € G, we have

C(Ly1 f)(y) = /(Lx—lf)(tyt_l)dt,
G

and

D(C(Ler () = / (L DF) eyt~ .

G
Then we get
D(C(Ly-1f))(e) = (Df)(x)

and

D(C(Ly-1f) o o)(e) = (D(f o o) o 7)(x),
and then

(Df) = %{Df+D(foa) oc}.

(v) Let f € C*°(G) be a solution of (1.2.2), then

ClLer ) + ClLas (o) = / Flxtyt™") de + / Flxto(y)e) de
G G
— 20 ().

For y = e, we get

(Df) = f(Df)(e) = A(D)f. n
Proposition 3.6 Let f € C°°(G) be a non-zero solution of (1.2.2), then f is analytic.

Proof Let L be the Laplace-Beltrami operator on G, we have L € Z(G) and L =
2{L + L°}. In addition this operator is elliptic, and f is an eigenfunction of L, we
deduce that f is analytic. ]

Theorem 3.7 Let G be a compact connected Lie group and let f € C>°(G). Then the
following statements are equivalent:
(1) f isa solution of (1.2.2).
(2) ) fle=LCf=fandfoo=f,
(ii)  f is analytic,
(iii) f is a eigenfunction of the operators D, for all D € D(G).

Proof (1) = (2) follows directly from Propositions 3.5 and 3.6. Conversely, suppose
that (2) holds, with Df = A(D)f, for all D € D(G), where A(D) = (Df)(e). For a
fixed x € G, we define the function

F(y) = %{/Gf(xtyt_l)dt+/Gf(xta(y)t_l)dt}, yEG.
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Since f is central and f o o = f, then we get

F0) = 5{ [ Lo D01+ [ Raors i dt}

Consequently, for all D € D(G), we have

_ 1

0P = 3{ [ DL D1+ [ Do £y e}

Since D € Z(G), then we obtain
(DF)(y) = Df(e)F(y).
In particular for y = e, we have
(DF)(e) = Df (e)F(e).
Hence, by Proposition 3.5(iv), it follows that
(DF)(e) = D(f)(e)F(e),

ie.,
D(F — F(e)f)(e) = 0,

for all D € D(G). Since F — F(e) f is an analytic function on the connected Lie group
G, then by [5, Ch. II], we obtain

F—Fle)f =0

on G. We conclude that

/f(xtyt_l)dt+/f(xtcr(y)t_l)dt:2f(x)f(y), x,y € G. [ |
G G

Corollary 3.8 Let G be a compact connected Lie group and let f € €>°(G). Then the
following statements are equivalent:
(1) f isasolution of (1.2.2).
(2) i) fle=1,Cf=fandfoo=f,
(ii)  f is analytic,
(iii) 2(Df +Df o o) = X(D)f, forall D € Z(G).

Proof By using Proposition 3.5, we have for all D € D(G), D=D,D e Z(G) and
D=LY(Df+Dfoo),forall D€ Z(G). ]

—2
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4 On the Functional Equation

/f(xtyt_l)dt+/f(xta(y)t_l)dt:2f(x)g(y)
G G

In this section, we study the functional equation (1.2.3) and we determine the so-
lutions of this equation in the case where f is central. We shall need the following
proposition during the proof of the theorem.

Proposition 4.1 Let f,g € C(G)\ {0} constitute a solution of the functional equation
@on) [ sty e = g0 + 500, xy €.
Then there exists a constant b € C such that

[ etatye e = gogt) + IS, wy <G,

and f, g have one of the following forms:

(1) there exists a function @ solution of (1.3.1) and a constant ¢ such that

— _¥
f - C@a g - 2 .
(2) there exist two functions 1, @, solutions of (1.3.1) and a constant b such that

b1 — ¢2) g= Y1t 2

= 2 2

Proof Let f,g € C(G)\ {0} be a solution of (4.0.1). If there exists a constant A € C
such that ¢ = Af, then the functional equation (4.0.1) is reduced to

/ flatye™hde =20 f(0) f(y),
G

which implies that 2\ f = ¢ is a solution of (1.3.1) and we have

_r _¥
f_zA’ §=7-

If f,g are linearly independent, then by using equation (4.0.1) we obtain for all
x,y,z2€G

f(x)/Gg(}’tZtil)dl‘+g(X)/Gf(ytzt71)dt

= / flatye™") drg(2) + f(2) / glatyt™") dt.
G G
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Then we get

(%%) f(x)(/g(ytztil)dt—g(y)g(z)) = f(z)(/g(xtytil)dt—g(x)g(y)).
G G

Since f # 0, let zy € G such that f(z) # 0, then

/G glxtyt™h)dt — g(x)g(y) = f(OY(y),

where

[ gtzot™Y) dt — g(y)g(z0)

P(y) = EN)

By using (#*) we obtain
f@fXv(y) = f)f(y)v(2),

from which we see that ¢ is a constant multiple of f, so

b(y) =cf(y) =V f(y), beC,

and the functions ¢ = g+ bf, v, = ¢ — bf are solutions of (1.3.1) |

Theorem 4.2 Let f,g € C(G) \ {0} such that f is central. If (f,g) is a solution of
(1.2.3), then there exist (7, H,) an irreducible, continuous and unitary representation
of Gand o, 3 € C such that

:X‘IF+X7TOU f:aXﬂ+X7TOU /BXW_XWOU
2d(m) 2d(m) 2d(m)

Proof Let (f,g) be asolution of (1.2.3); then by Proposition 2.5 we get that g satis-
fies (1.2.2). We deduce, by using Corollary 3.4, that ¢ = % By decomposing f
into its even and odd parts we write

flay = L0+ [0 | f1) = flot)

= filx) + (%)

We see that fi(o(x)) = f(x) and f,(o(x)) = —f(x),x € G. Since f is central, f; is
central and [, f(xtyt~')dt = [ f(ytxt~')dt. Then we have

(4.0.2) /fl(xtyt_l)dt + / fl(xta(y)t_l)dt =2filx)g(y), x,y€G.
G G

Since f; is central and f; o0 = f, we find that f; = f;(e)g = ag. On the other hand
> is a solution of the functional equation

(4.0.3) /fz(xtyt_l)dt + / fz(xta(y)t_l)dt =2fHx)g(y), xy€G.
G G
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So
(4.0.4) / folytxt™") dr + / flyto(t™hdt =2£(y)g(x),  x,y €G,
G G

and adding the equations (4.0.3) and (4.0.4), and in view of f,(o(x)) = — f(x) and
Jo hlxtyt=")dt = [ fi(ytxt™") dt, we have

/ Aty dt = f0g() + gD A(), xy € G,
G

By using Proposition 4.1(2), there exists (7, H;) an irreducible, continuous and uni-
tary representation of G and o, 8 € C such that

_ XstXgoO Xnr — Xnr©O
f= 2d(m) b 2d(m)

5 On the Functional Equation

[ sty [ gttt = 2gmy)
G G

In this section, we study the properties of the functional equation (1.2.1) and we
determine the solutions of this equation in the case where f is central.

Theorem 5.1 Let (f,g,h) € (C(G) \ {0})? be a solution of the functional equation
(1.2.1). Then

(i)  hisa central functionand ho o = h.
(ii) If f is central, then g is central.
(iii) There exists a function ¢ solution of the functional equation (1.2.2) such that
(g, ¢) and (Pvz, gzvb) are solutions of (1.2.3).
(iv) If G is a connected Lie group, then g and h are eigenfunctions of the operators D
for all D € D(G). Precisely we have
Dg = (Dg)(e)g.  Dh = (Dd)(e)h, D eD(G).

Proof By easy computations we have (i) and (ii).
Leta, b € G such that g(a) # 0 and h(b) # 0. Then for all x, y € G we have

2h(b)( / glatxt—") dt + / g(ata(x)rl)dt)
G G
:/2h(b)g(atxt*1dt+/2h(b)g(ata(x)t*1)dt
G G

://f(atxt_lsbs_l)dsdt+//f(atxt_lsa(b)s_l)dsdt
cJaG ¢Ja

+//f(ata(x)t_lsbs_l)dsdt+//f(ata(x)t_lso(b)s_l)dsdt
¢JG fele
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:2g(a)/h(xtbt_l)dt+2g(a)/h(xta(b)t_l)dt.
G G

Let
700 = ;</ glarxt™) di + / glato ()" dr)
2g(a) \ Jg g
_L . |
= zh(b)(/ch(xtbt )dt+/Gh(xtg(b)t )dt),
Then we get

2g(a)( / hixtyt") dt + / h(xm(y)t—l)dt)
G G

://f(asxtytilsfl)dtds+//f(aso(x)ta(y)tilsfl)dtds
GJG ¢JG

+//f(asxta(y)tilsfl)dtds+//f(asa(x)tytilsfl)dtds
GJG cJa

:2h(y)</g(asxs_l)ds+/g(asa(x)s_l)ds),
G G

ie.,

/h(xtytfl)dtjt/h(xto(y)tfl)dt:2h(y)¢(x),
G G

and

zh(b)( / glxtyt~ V)t + / g(xm(y)t-l)dt)

G G
://f(xtyt_lsbs_l)dtds+//f(xtyt_lsa(b)s_l)dtds

cJG GJa
://f(xto(y)tilsbsfl)dtds+//f(xto(y)tilso(b)sfl)dtds

el e GJa
:2g(x)(/h(ysbs’l)ds+/h(ysa(b)sfl)ds),

G G

ie.,

/g(xtyt_l)dt+/g(xto(y)t_l)dt:2g(x)¢(}’)~
G G

(iv) follows by using Theorem 3.7. |

In the next theorem, we assume that ¢ = f in (1.2.1). As immediate consequences,
we obtain the following theorem:
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Theorem 5.2 Let (f,h) € (C(G) \ {0})? be a solution of the functional equation
(1.2.3), then

(i)  hisa central functionand hoo = h.
(ii)  his a solution of (1.2.2).
(iii) If G is a connected Lie group, then Df = (Dh)(e) f, for all D € D(G).

Applying Theorem 5.1, we get the following theorem:

Theorem 5.3 Let f,g,h € C(G) \ {0} such that f is central, verifying the functional
equation (1.2.1). Then these functions are given by

ab@(x) + p(o(x)) . actp(X) — p(o(x))

fx) = ; : 7
2(x) = RaC)) +;0(a(x)) G —zsp(g(x))’
hx) = o F¥ PO

= : 7

where a, b, ¢ are arbitrary complex numbers and o is a solution of (1.3.1).

Corollary 5.4 Let f,g,h € C(G) \ {0} such that f is central. Then (f,g,h) is a
solution of (1.2.1) if and only if there exists (w,H ) an irreducible, continuous and
unitary representation of G such that

abXﬂ(x) + Xﬂ(a(x)) + Xﬂ'(x) - XW(U(X))

o) = 2d(m) S Yo ’
9 = PP X06) | o) = xa(0(0)
g§X = 2d(7) 2d(m) ’
 Xa(X) + Xa(o(x))
h(x) = QT(’/T),

where a, b, ¢ are arbitrary complex numbers and d(m) denotes the dimension of the rep-
resentation .
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