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Abstract

We investigate the problem of the existence of filters with some properties. This leads to a
solution of two problems of Ulam concerning cr-fields on the real line.

DEFINITION. Let & be a uniform filter on K. A family si C 3F is a basis for
9 if | si | g K and for every F £ 9> there is some A & si such that A C.F. A
family si C [K ]" is a pseudobasis for & if | si | ^ K and for every F 6 ^ there is
some A E si such that A C F. A subset L C K of the cardinality K is a Lwsm
set./or ^ if | L - F | < K for all F £ ^. Let 9 be a filter on K and let 8 g 2, we
say that ^ has the property U(8) if there exists a family % C [K]£* of pairwise
disjoint sets such that every selector of °ll is ^-stationary.

It is well known that the filter on the real line which is dual to the ideal of
the sets of Lebesgue measure zero has a basis. The same holds for the filter of
comeager sets. It follows from the Continuum Hypothesis CH (or Martin's
Axiom A) that these filters have Lusin sets. For comeager sets see Sierpinski
(1934), pages 36 and 81, and for the Lebesgue measurability see Sierpinski
(1934), pages 80 and 82.

If we assume CH then a Lusin set in our sense for the filter of comeager
sets is a set with the property L in the terminology of Sierpinski (1934), p. 81.
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276 E. GrzegorekandB.Weglorz [2]

A Lusin set in our sense for the filter of sets whose complements have
Lebesgue measure zero is a set with the property S in the terminology of
Sierpinski (1934), p. 81.

Filters without any Lusin set were considered by Prikry (1974), where
they appear under the name of filters "dense modulo sets of power < K". The
property U(S) is connected with some problems of Ulam studied in §.4. of this
paper.

The following theorem presents the relations between the notions
introduced above.

THEOREM 0. Let 5F be a uniform filter on K. The following are true:
(a) If & has a basis, then & has a pseudobasis and & has a pseudobasis if

and only if 5F has the property U ( K ) .
(b) / / 3F has a Lusin set, then & has a pseudobasis.
(c) For K-complete filters, if 9> has a basis, then & has a Lusin set.
(d) If & has the property U(S2), then 9 has the property U(8,) for 8, < S2.
(e) For every uncountable regular K, no K-complete normal filter on K has

the property U(2).
(f) For every regular A S K there is a k-complete uniform filter on K

without the property U(2).
(g) every regular A S= K there is a k-complete uniform filter on K with a

Lusin set and without any basis.
(h) For every regular A I K there is a k-complete uniform filter on K with a

pseudobasis and without any Lusin set.
(i) For every regular k < K there is a A -complete uniform filter on K with a

basis and without any Lusin set.
(j) For every cardinal 8 (finite or infinite) such that 2 S 8 < K and every

regular A S K there is a k-complete uniform filter on K with the property U(6)
and without the property U(S+).

The proof of Theorem. 0, is given in §1. In §2, we investigate the
possibility of extending a A-complete filter on K to a A-complete filter without
the property U(2). Then, in §3, we apply the results of §2, to the problem of
the extension of fields of sets to proper fields of sets which contain selectors of
every family of disjoint sets of power a 2. In §4, we give a negative solution to
two similar problems of Ulam concerning cr-fields on the real line.

The authors wish to thank Professor E. Marczewski who taught us many
of the concepts used in the paper. We are deeply grateful to Professor L.
Pacholski for his helpful advice and substantial criticism while reading
consecutive versions of this paper. Thanks are due also to Mrs. Lidia Weglorz
for her great patience in the time of preparation of this paper.
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[3] Extensions of filters 277

0. Terminology and notation

\X\ denotes the cardinality of X. Small greek letters denote ordinals. If a
is an ordinal then a = {£: £ < a}. The symbols, K, A, cr (with indices if
necessary) denote infinite cardinals and 8 any (finite or infinite) cardinal. The
cofinality of K is denoted by cf(«) and the cardinal successor of K by K+. The
set of natural numbers is denoted by w and «i = <D+. We shall identify 2" with
the set of reals. A cardinal K is a successor cardinal if K = a* for some cr;
otherwise it is a limit cardinal, K is regular if cf(K)=/c; otherwise it is
singular. A cardinal is weakly inaccessible if it is regular and a limit cardinal.
A cardinal K is strongly compact if each K -complete filter can be extended to a
K -complete ultrafilter.

5^(X) denotes the power set of X. Moreover, we use the following
notations:

[X]°={YCX:\Y\ = 8};

[X]" = {YCX:| Y|gS};

[X]<s = {YCX:\Y\<8} and

= {YCX:|X- Y\<8}.

Let S' be a filter on K. CF is proper ii 0 fc 3F; 3F is uniform if | X | = K for
everyXE & and & is non- trivial if ^""(K) C 9. A filter 9 is A -complete if for
every a<\ and every {F(: £ < a}Q& we have r\(^aF(e9. All filters
considered in our paper are proper and non-trivial.

We use similar terminology for fields of sets, for example 53 C tf (K) is a
proper field if 39 / tf (K). It is A -complete if for every a < A and every family
{B{:£<a}C38 we have C\(<aB( G 98. A set X C K is unbounded if it is
cofinal in «, that is, for all £ < K, there exists 17 G X such that £ g 17. It is
closed if it is closed in the order topology on K. It is well known that if
C{(K)> (o then the filter generated by the family of all closed unbounded
subsets of K is a proper cf(/<)-complete filter on K. We call it the closed
unbounded filter on K.

We shall adopt some of the terminology used for the closed unbounded
filters. Let ^ be a filter on K, a set X C K is ̂ -stationary if X D F^ 0 for
every F G f . A filter & on K is normal if for each ^-stationary set X C K and
every regressive function f:X—>K (f is regressive if for all non zero £
belonging to X, /(£)< f) there exists an ^-stationary set Y C X and /3 G K
such that /(£) = /3 for all t; £ Y. The well known Fodor's Theorem, (Fodor
(1956)), says that for a regular cardinal K > CJ the closed unbounded filter on K
is K -complete and normal. A family % is a partition of a set X if U % = X,
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0 £ °U and elements of %L are pairwise disjoint. A set S is a selector of a family
si of sets if |S n A | = 1 for all A £ si and S C U i .

Let & be a filter on K and A . B C K . We say that A and B are 3F-almost
disjoint if A fl B is not ^-stationary. By sat(S'), we denote the smallest
cardinal 8 such that every family of pairwise ^-almost disjoint ^-stationary
sets is of cardinality less than S. If / : K —> K then for A C K we denote by / * A
the set {/(£):££ A}; similarly for a family ^ of subsets of K, f * si =
{f*A:A(Es#}.

The following two combinatorial facts will play an essential role in our
considerations.

FACT A. (Sierpiriski). Assume that 'S C.[K]K has cardinality Si K. Then
there exists a family %C C [K ]" of pairwise disjoint sets such that | S€ | = K and /or

e S and H&W we have \G C\H\ = K.

For the proof see Sierpinski (1934), page 113, Theorem 1.

FACT B. (Solovay). Let SF be the closed unbounded filter on a regular
cardinal K > a>. Then every 3F- stationary set A can be decomposed into K
pairwise disjoint &-stationary sets.

For the proof see Solovay (1971).
CH denotes the Continuum Hypothesis, that is the statement 2" = w,. AK

denotes a version of Martin's Axiom from Martin and Solovay (1970). For
consequences of AK used in §4, see Martin and Solovay (1970).

1. Proof of Theorem 0
PROOF OF (a). Obviously if & has a basis, then 9 has a pseudobasis.

Suppose that si is a pseudobasis for 2F. By Fact A., there exists a family
dK C [K]", |$f | = K, of pairwise disjoint sets, such that for every A G si and
H £ $f, we have \A D H\ = K. Let / be a mapping of "X onto si. Clearly, the
family 'S = {H D f(H): H G $f} is a pseudobasis for & consisting of pairwise
disjoint sets. But then every selector of <6 is ^-stationary and hence & has the
property U ( K ) .

Suppose that 9 has the property U ( K ) . Let °U C[/c]K be a family of
pairwise disjoint sets such that every selector of "U is ^-stationary. Obviously
°U | S K. We claim that "U is a pseudobasis for 2F. If not, then there exists

F £ & such that for each U £ % we have U - F^ 0. Let S be a selector of
the family {U - F: U £ aU}. Then S n F = 0, so S is not ^-stationary which is
imposible since S is a selector of °U.

PROOF OF (b). Let L be a Lusin set for 3F. Let si be any partition of L

such that si C [L]" and \si\ = K. We claim that ^ is a pseudobasis for 9.
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[5] Extensions of filters 279

Indeed, take any F £ f . Since \L-F\<K, the family ( A £ i : A - F ^ 0 )
has cardinality less than K. Thus there exists A G si such that A C.F.

PROOF OF (C). (Compare with P8 and P8 a of Sierpiriski (1934).) Suppose
that & is a K -complete filter with a basis si = {At: £ < K }. We can assume that
X( = PI ^ A , , - A f ^ 0 , for all £ < K. Then any selector of {Xf: £, < «} is a
Lusin set for ^ .

PROOF OF (d). It is obvious by the definition.

PROOF OF (e). Let K be regular and uncountable. Let & be a K-complete
normal filter on K. We claim that fF does not have the property U(2). Suppose
to the contrary that 3> has the property U(2). Hence there exists a family
< & C [ K ] " of pairwise disjoint sets such that every selector of % is &.-
stationary. Choose, for each U G aU, two distinct elements l-v, T]V of U such
that £v<Vv. Let S = {£„: UE°U} and T = {vi>: UG°U}. Note that both S
and T as selectors of % are ^-stationary sets. Hence define a function
/ : T^> K by / (TJ U ) = &,, for all 1/ E %.

Then / is regressive and one-to-one, which contradicts the normality of SF.

PROOF OF (f). By (e), we can restrict ourselves to the case where « is
singular. In the case K = u> any uniform ultrafilter is sufficient. The proof
below works in the case where K is limit and uncountable.

Suppose that K is singular and A < K is a regular cardinal. We show that
there exists a A-complete uniform filter on K without the property U(2). Let
K = Uf<c,(K)A4, where {A(: $ <cf(«)} are pairwise disjoint and for every
£ < i 7 < c f ( « ) , \A(\ is regular, \^\Af\ and '2(<:t,\Ac\<\Av\. For every
f < cf(K), pick an \A( |-complete uniform filter 3i

i on A( without the property
U(2). Define a filter 9 on K by: X G 9 if for each | < cf (K) , A( D X E ^4.
Note the following two facts:

(1) 3F is a uniform A -complete filter on K (in fact £F is f A0|-complete).
(2) A set X C K is ^-stationary if and only if for some $ < cf(/<), A(C\X

is ^-stationary.
We check that 9 does not have U(2). Let °U = {U(: £ < y}C [K]2 be any

family of pairwise disjoint sets. Put Te = {17 < y: Uv C A(} and Re =
{T/ < y: ^ n A « / 0 and UVC\AC/O for some £ < f}. Let T = Ul<cf(K) T(

and R = U€<cf(K) R4. Note that T n R = 0 and r u R = y .
Since ^ does not have U(2), for all £, < cf(»c), the family {Un : t ) G T { } C

[A{]2 has a selector Sf C A{ which is not ^-stationary. Consequently, by (2),
S = U{<cf(K)S^ is a selector of the family {[/,,: 17 GT} which is not &-
stationary.

For each ^ < cf (K) , let Y( = U^ e R { [/, D A(. By the definition of R(, it
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follows that Y4 is a selector of {Uv: v £ R(}. Moreover | Y( | S S{<{ \A(\<
\A(\. Thus y€ is not ^-stationary. Whence, by (2), Y= U {<rf(K>Y{ is a
selector of the family {[/„: 17 £ R } which is not ^-stationary. Thus, S U V i s a
selector of 'U which is not ^-stationary.

Observe that in the proof above we used only the fact that K is a limit
uncountable cardinal.

PROOF OF (g). Let & = {FC K X K: |{£: ( T J , £ ) £ F} | < A for all T J < K } .

Then ^ is a A-complete uniform filter on K X K. We claim that 5F does not
have any basis. Suppose to the contrary that M = {Af: £ < K} is a basis for ^ .
For TJ < /c, let Bv = A,, D {(TJ, £): £ < /<}. Since A, £ &, we have Bv^ 0. Pick
( i ) , y £ B , and put C = (K X K ) - { ( T / , £,): T/ < K}. Then C E ^ . It is clear
that (17, £„) G A, - C. Thus ^ is not a basis for &. On the other hand 9 has a
Lusin set. Indeed, L = {(0, £): f < K} is a Lusin set for ^\

The example above was suggested to us by E. Marczewski.

PROOF OF (h). Let J # C [ K ] K be a maximal family of almost disjoint
subsets of K such that \si j > K. That is, for every distinct Ao, A i E ^ w e have
| Ao n A11 < K, and for every X £ [K ]" there is A £ si such that | X D A | = K.
The existence of such a family follows from Sierpiriski (1938). Let ^ = {X C
K: there exists ^ ' C ^ such that j ^ ' | < A and X D (« - U.s/')}. Obviously ^
is a A-complete uniform filter without any Lusin set. Moreover, & has a
pseudobasis. Indeed, fix i 0 C i with cardinality K. For each A E .s/o, let
9°A C [A ]" be a partition of A such that 13PA j = K. It is easy to see that
<3> = U {0>A : A £ ^0} is a pseudobasis for ^ .

The example above was suggested to us by B. Balcar (compare Balcar
and Vopenka (1972)). Our original example was the following: Let

? = { E C K X K : | { T J : ( T / , £ ) £ E for some £ < K } | < A }

and let 3F be the filter defined in the proof of (g). Let <S be the filter generated
by <? and &. Taking a suitably large A in the definition of % we get that 'S has
no Lusin set but has a pseudobasis.

PROOF OF (i). Consider the following two cases.

Case I. K = cf(x). Let A be a regular cardinal less than K. Let {Q: £ <
A} C [K]K be a partition of K. Define a filter 'S = {G C K:C( C G for some
•q < A and all £ such that 17 < £ < A}. Then $ is a A-complete uniform filter
on K with a basis. Let X be an arbitrary subset of K of cardinality K. We claim
that X is not a Lusin set for <S. Indeed, since A < K = cf(/<), there exists £0 < A
such that \XnC4o\ = K and hence ( X - U^(<xQ\ = K. But U f c < l < A Q £ «
which proves our claim.
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Case II. c/(«)< K. Let A < K be a regular cardinal and take a regular
A,g A such that cf(/<)< A, < K. Let {Q: f < A J C I K ] " be a partition of K.

Define a filter S S = { G C K : Q C G for some 17 < A, and all £ such that
17 < £ < A,}. Then ^ is a Arcomplete uniform filter on K with a basis. Let X
be an arbitrary subset of K of cardinality K. We claim that X is not a Lusin set
for <§. Indeed, since \X\ = K and cf(«)<Ai, there exists 170< A, such that
U S S w Q n X | = K. But U^< t < A l C t e» and |X - U W<I<A,Q | =

|Xfl U ismC( | = K which proves our claim.

PROOF OF (j). Suppose that a cardinal 5 with 2 S 8 < K and a regular
cardinal A S K are given. Without loss of the generality we can assume 5 < A.
By (/), there is a A-complete uniform filter SF on K without the property U(2).
Let CS = {XQK xg : Y X S C X for some Y £ ^ } . Of course « is a A-
complete uniform filter on K X S. We claim that $ has the property U(8).
Indeed, let A4 = {£} x 8 for £ < K. Then K X S = U f <K A{ and | A41 = S for all
f < K. Let S be any selector of the family {A(: £ < K). If S is not ^-stationary
then there exists some F e f such that S n ( F x g ) = 0. But F x 5 =
Ufe3tA{, which gives a contradiction. Thus $ has the property U(5).

Now, we show that 'S does not have the property U(S+). Let {Y(: £, < y}
be any family of pairwise disjoint subsets of K X 8 such that | Y( | g 5+ for all
f < y. For a given £ < y, let Y(v = Ye n (K X {T/}). Then Y4 = U,,<s y{T, and
so there exists rj( < S such that | Y(V( | g 2. Let A, ={ Y^s: ^ < y and i?{ = 17}.
Since ZF does not have the property U(2), there exists a set S , C K such that
S^X{TJ} is a selector of A, and S,, is not ^-stationary. But then S-
U^<5 (S^ x {77}) is a selector of {Y4: £ < y} which is not ^-stationary by the
A-completeness of (S.

2. Extensions of filters

THEOREM 1. Suppose that 9"(K)Q&XQ&2, f,?^ ^2 and &x is a A-
complete filter with a basis. Then there exists a A -complete uniform filter <g such
that f | C ^ C f 2 and <g has no basis.

PROOF. Let A be an ^-stationary set such that K - A G ^2. Since
Sf"(K)C&u and ^ , is A -complete we have A S cf(«), | A | = K and 9X \ A is a
uniform A-complete filter on A. Let 38 be a basis for ^ , and take
3 8 f A = { B n A : B e S 8 } . Then 38 f A is a basis for ^ , f A and every element
of 58 f A has cardinality K. NOW, by Fact A, there exists a partition {X{: £ < K }
of A such that each X4 is ^1 \ A -stationary, and therefore ^i-stationary.

By Theorem O.(g), there is a cf(«)-complete uniform filter 2F0 on K
without any basis. We put
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# 0 = ( Y C K : Y D ( ( J X() U (K - A) for some C G &0 .

Put ^ = {Fo n F,: Fo e #0 and F, e ^ , } . Obviously # is a A -complete uniform
filter on « and ^ , C <£ To check that <S C &2. Take any G £ « Then
G = Fo D F, for some Fo G #0 and F, G 3v Since Fo D K - A, we have
F() G ^ 2 and Ft £ ^ 2 and so G G ̂ 2 .

We show that 'S does not have a basis. Suppose to the contrary that
{Df: £ < K} is a basis of (S. Then, for every £ < /c, there are Df'G #0 and
D >̂ G ^ , such that D4 = Dfn Df. Also, for each £ < K, there exists Q G ^ 0

such that Df'D U^eC4X, U(K - A ) . Since SFa does not have a basis, the
family {C(: £ < K} is not a basis of cF0. Consequently there exists C £ f o such
that C(-C^0 for all f < K. Put £ = U , e f X , U(K-A). Obviously E £ #0,
so £ G «. Hence, there is £ < K such that D( C £. Let f G Q - C. Then
obviously Xc n £ = 0. On the other hand Xc D D( = X{ n Df D D^° =
Xf f lD^ ' /O since X{ is ^-stationary. This gives a contradiction and proves
Theorem 1.

In proofs of other results about extensions of filters the theorem below is
useful.

THEOREM 2. Suppose that 9 is a uniform filter on K with a pseudobasis
and *& is a filter on K for which there exists a partition of K into K ^-stationary
sets. Then there exists a permutation f of K such that the family {F (1 f * G: F G
3F and G G ? } is a uniform filter on K.

PROOF. Since & has a pseudobasis there exists a partition {Y(: £ < K} of
K which is a pseudobasis for & (see the proof of Theorem 0(a)). By the
assumption on % using the fact that \K2\ = K, there exists a partition
{V(: £ < K} of K into K ^-stationary sets such that \G PI V(\ = K for every
G € ? and every f < K. Define f \ Y( to be any one-to-one mapping of Y4

onto Vt for all £ < K. It is easy to see that / fulfils all our requirements.
Actually we shall need the following stronger version of Theorem 2.

THEOREM 2'. Suppose that &• and <£ satisfy all the assumptions of Theorem
2. Then there exists a permutation f of K such that the family X =
{ F n / * G : F £ f and G G $} is a uniform filter on K and in addition there
exists a partition {Zf: f < K} of K into W-stationary sets.

PROOF. Let si be a pseudobasis for &. By Fact A, there exists a partition
{Y(: £ < K} of K such that \Y( <1 A\ = K for every £ < K and every A £ si.
Consequently & \ Yf is a filter on Ye with a pseudobasis.

By the assumptions on 'S, using the fact that | « 2 | = K, there exists a
partition {X(: £ < K } of K such that each X( is the union of « ^-stationary sets
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[9] Extensions of filters 283

{X4v: 17 < K}. Hence G \ X( is a filter on X( for which there is a partition
V( = {XfT): ri < K} of X( into ($ f X€)-stationary sets.

For £ < K, let g4 be a one-to-one mapping of X( onto Y4. From our
construction of 9 \ Y( and cS\Xi it follows that the filters 3f\Yi and
g4*($fXf) satisfy the assumptions of Theorem 2. Hence there exists a
permutation h( of Y4 such that the family

^ = { F n f i f g { * G : F £ f | y { and GE<S[XJ

is a uniform filter on Ye.
Let / : K —* K be a function such that f\X( = higi for all £ < K. Notice

that / is a permutation of K such that / * X( = Y{.
Let 2T = {F n / * G: F G 9 and G £ «}. To show that W is a filter on «

it is enough to check that, for all t; < K, F E & and G £ S , we have
Y$ n F n / * G ^ 0 . But, this follows from the fact that the right hand side of
the equality Y( n F D / * G = (Y{ n F) D / * (G (1 X4) is an element of the
filter 3€(. Moreover, for every £ < K, the set Y( is ^-stationary.

COROLLARY 1. Let & be a A -complete uniform filter on uncountable K with
a pseudobasis. Then there exists a uniform filter f , D f such that:

(a) 3*x does not have the property U(2);
(b) there exists a partition of K into K CF\-stationary sets;
(c) 5Fi is A -complete;
(d) if K is regular then we can require that if"{K)Q 3F,;
(e) if K is singular we can also require that if* («) C &,, but then Sf, will be

only min{\,cf (K))-complete.

PROOF. Suppose that K is regular. Let t§ be the closed unbounded filter
on K. Then <& is K-complete and ^ " ( K J C 8. By Fact B, there exists a
partition of K into K ̂ -stationary sets. By Theorem 2', there is a permutation /
on K and a uniform filter ffl such that 3€ extends &* and f *CS. Hence, we have
9"{K)Q "M. Moreover "M satisfies (b) and (c). Finally, since ® is normal, by
Theorem O.(e), ^ does not have the property U(2). Consequently 3€ does not
have the property U(2) and so (a) holds.

Suppose that K is singular. Then A < K. Let K = U|<cf(K)Af where
{A(: f <cf(/<)} are pairwise disjoint and for all £ < TJ < cf(«), | A( | is regular,
A S | A e | and 2{<, |A( | < |A,, | < K. Choose, for each £ < C I ( K ) , an |Af|-
complete uniform filter 2F( on A( without the property U(2), such that every
^-stationary subset of A( can be decomposed into \A(\ pairwise disjoint
^-stationary sets. (To get such 9s

( we can take, by Theorem O.(e), and Fact B,
a copy of the closed unbounded filter on |AS|).

Proceeding as in the proof of Theorem O.(f), we get a A-complete
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uniform filter $ on K without the property U(2). Let {S^: £ <cf(x) and
17 < | A( |} be a partition of K such that S(v is ^-stationary for all £ < cf(«)
and 17 < I Af |. Then, by our construction, S ,̂ is "^-stationary. Since \{Siv: £ <
cf(/<)and TJ < I Af |}| = K, we have a partition of « into K "^-stationary sets.

Finally, as before, we can use Theorem 2' to get a filter dX which satisfies
the conditions (a), (b), (c) of Corollary 1.

To complete this section we shall consider extensions which increase the
degree of saturatedness of filters.

THEOREM. 3. Let W S A S K and let 2Fbe a filter on K for which there exists
a partition {X(: £ < A} of K into 3F-stationary sets. Let ^ be a filter on A and
define 3*i to be the filter generated by 3* and the family {E C K : E D U{SEGX|
for some G G <S}. Then sat (^.)= sat («).

PROOF. Let 8 <sat($). We construct a family, having cardinality S, of
^-stationary pairwise ^.-almost disjoint sets.

Let 9? be a family, having cardinality 5, of ^-stationary, pairwise
^-almost disjoint sets. Define i * = { U e e R X f : R 6 i } . Obviously | °k * \ = 8.
We claim that each member of 91* is ^,-stationary. Indeed, take Y =
U s e R X s for some R&<31 and let A E 9,. Then A D F n U(£aX( for some
F 6 f and G G % Whence A D Y D F n U{eRnGXj. Since R is <̂ -
stationary there is some £oe R n G. Whence A D Y D FD X&. But Xfo is
^-stationary and so we have A D Y?̂  0.

To complete the proof it remains to show that 01* consists of pairwise
^i-almost disjoint sets. Indeed, let X = U€ e R |X{ and Y = U(eR2X(, where
Ru R2 are distinct members of $1. Then X Pi Y = U{6R,nR2X4. Since R, n i?2

is not ^-stationary, it follows from the definition of 3FU that X D V is not
^-stationary.

In connection with Theorem 3, we introduce the following function:
F(«:) = sup{sat(^): ^ is a filter on K} and F(5)=5+ for 8 < w. The

well-known result of Sierpiriski (1938), states that for every cardinal K we
have sat(^K(K))g/<++. Hence K++ g F ( K ) ^ (2K)+. Thus GCH implies that
F ( K ) = /<++. Also observe that if 2A S K: for some cardinal A then F ( K ) S (2A)+,

(see Sierpiriski (1928)).
The following proposition shows that in the definition of the function

F(K) we can require that filters under consideration be uniform.

PROPOSITION. Let F*(«) = sup {sat (&'): 3* is a uniform filter on K}. Then

PROOF. Obviously F*( /C)SF(K) . Let <S be an arbitrary filter on K such
that sat (<g) = 8. We construct a uniform filter & on K such that s
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sat(^). Let {Xf: £ < K} be a partition of K into sets of the cardinality K. Let
9 = {F C K : for some G G%FD U | e G XJ . It is easy to see that ^ satisfies
all our requirements and so F * ( K ) S F ( K ) .

COROLLARY 2. Let <F be a filter on K for which there exists a partition of K
into 8(^o)) ^-stationary sets. Then for every A <F(5) there exists a filter
f , D f such that saf(^,)gA+. In particular 9X can be choosen so that

PROOF. If F(S) is a limit cardinal then A <F(5) implies that A+<F(5).
By the definition of F(5) there exists a filter <S on S such that sat(<S)s A+.
Whence Corollary 2 follows by Theorem 3.

Suppose that F(5) is a successor cardinal. Then, by the definition of the
function F, there exists a filter S o n S such that sat (®) = F(5) gA*. Whence
again by Theorem 3, we get the required filter 5F,.

3. Extensions of fields of sets

THEOREM 4. Let 38 be a field of subsets of K, and let SF be a filter on K for
which there is a partition V of K into 3F-stationary sets such that \ $ |+ < F(| V |).
Then the field 38 * generated by 3ft and 3F is a proper subfield of 5^(K ). (Note that
if 38 and & are A -complete then 30* is A -complete too).

PROOF. By Corollary 2, there exists a filter f , D f such that sat(^,)>
138 |+. Let $ be the ideal dual for ^, . Note that each element of 38 * is of the
form B AJ for some B E 38 and J G $.

Let y be a family of ^i-almost disjoint ^-stationary sets such that
| if | > 38. We claim that Zf£ 38. Indeed, if not, then there are two functions
i : ^ ^ 3 8 and j:Sf->$ such that for each S £ ? w e have S = i(S)A/(S).
Note that if S and 5' are distinct members of S then i(S) D i(S') G $. Finally,
since |S^|>|38|, there are distinct sets S and 5' in if such that i(S)= i(S').
But then i{S)&g and consequently S £ ^ which is impossible.

COROLLARY 3. / / 3* is a K -complete filter on K such that sat (ZF) ^ K * then
for every field 38 of subsets of K such that 138 | = K there exists a proper subfield
38* ofif(K) which contains <% and 9.

PROOF. If s a t ( ^ ) s K
+ then there exists a partition T of K into «

^-stationary sets. Hence Theorem 4 can be applied.

THEOREM 5. Let 38 be any X-complete field of subsets of K =S «, such that
B \* < F(K ) and let 3* be a A -complete filter on K with a pseudobasis. Then there

exists a A -complete filter 3F* D & such that the field 38 * generated by 38 and 3F*
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is a proper subfield of 5^(«) and for each family T C [K]'2 of pairwise disjoint
sets there exists a selector of V in Sft*.

We can additionally require that the filter 9* above contains 5^K(K) but
then it will be only min(A, cf(K))-complete.

PROOF. By Corollary 1, there exists a filter ^ , D f which is A-complete
without the property U(2) and a partition °U of « into K ^,-stationary sets. Let
S3* be the subfield of 5^(K) generated by 33 and ^ , . Clearly by Theorem 4,
S3 * satisfies all the requirements.

To get our additional requirement note that if SF is a A-complete filter
with a pseudobasis then the smallest filter 5F' containing & and 9"(K) is
min(A, cf(«))-complete and also has a pseudobasis. So we can apply Theorem
5, for 33 and &'.

4. An application to Ulam Problems

We deal here with two problems formulated by Ulam:
(I) Let 39 be an &>,-complete field of subsets of the real line 2™, which

contains all Lebesgue measurable sets. Suppose that, for every uncountable
partition V of 2" such that T C 33 and each member of V is uncountable,
there exists a selector of V in 33. Does 33 = 5^(2")?

[Ulam (1935-1940), Problem 34].
(II) Let 33 be an wi-complete field of subsets of the real line 2", which

contains all Borel sets. Suppose that for every partition V of 2™ into
two-elements sets there exists a selector of V in 33. Does 33 = 5^(2")?

[Ulam (1960), page 15].
Using the results of §3, we get the following.

PROPOSITION 1. There exists an wrcomplete field 33 * of subsets of the real
line 2" such that:

(a) all Lebesgue measurable sets are in 33 *;
(b) [2<"]<2" C 33 * and 33 * / Sf(2");
(c) for every family V of pairwise disjoint two-elements subsets of 2" there

exists a selector of V in 33 *.

PROOF. Put in Theorem 5: K = 2", 33 = Borel subsets of 2"; 9 = the filter
dual to the ideal of the sets of the Lebesgue measure zero.

PROPOSITION 2. (Assuming Martin Axiom AK for some K 5=2"'). Under the
hypotheses of Proposition 1, there exists a K-complete field 33* which has the
properties (a), (b) and (c) of Proposition 1.
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PROOF. Let 58 be the field of Borel sets and let & be the filter dual to the
ideal of the sets of Lebesgue measure zero. From AK it follows that cf (2") s «,
9 is K -complete and moreover the field Z£ of Lebesgue measurable sets is
K-complete. Consider 3F* and 58* which exist by Theorem 5. Then 58* has
the properties (a), (b) and (c) of Proposition 1. To show that 38 * is K -complete
observe that the field 58 * is generated by <£ and &* as well by 58 and &*.

5. Miscellaneous remarks

1.1 If 3F is a K-complete filter on K with a basis then there exists a
partition {Q: £ < K } of K such that X G & if and only if | {£ G K : Q £ X} | < K.
Clearly nothing can be said about the cardinality of the Q's.

On the other hand the following two conditions are equivalent for
K-complete filter 2F with a basis:

(*) there exists a partition { Q : | < « } of K such that | Q | = K for all
£ < K, with the property:

X £ f if and only if |{£ G K: Q £ X}| < K ;

(**) there is no Lusin set for ^ in &.
Thus we get the following fact about isomorphism of filters.
/ / SFi and 3P2 are two K-complete filters on K with bases which satisfy the

condition (**) above then there exists a permutation f of K such thatf* ZFX = ^2-
Moreover, if additionally there is a set A G 5Fi such that (K — A) G 3F2, then we
can choose f such that / = /" ' .

For the case K =wi this is well-known, (see Sierpinski (1934a), Erdos
(1943), Marczewski (1946) and Oxtoby (1971), page 76). Moreover the same
proof works.

2.1. It follows from Theorem 1 that for a regular cardinal K :
(*) for each uniform ultrafilter % on K there exists a K-complete filter

& C °ll without any basis.
Let us compare (*) with the following result by Prikry (Prikry (1974),

Added in proof (2)):
(**) for each uniform ultrafilter °U on K there exists a K-complete filter

9* C °U without any Lusin set.
Obviously (**) implies (*). But, observe that Theorem 1 allows us to

extend a uniform filter with a basis which contains 5^"(K) within any greater
filter to a filter without any basis.

2.2. From Corollary 1, §2, it follows that each A-complete filter <F with a
pseudobasis can be extended to a A-complete uniform filter without the
property U(2). Hence, each A-complete uniform filter on K can be extended
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to a A-complete filter without any pseudobasis. We can not prove in general
that each A-complete filter on K can be extended to a A-complete filter
without the property U(2), even in the case K = A = &>,.

Below we give two partial results:
(1) If X. is strongly compact (or to), then each A-complete filter on K can be

extended to a A-complete filter without the property U(2).
(2) If a K -complete filter 3P on K does not have the property U(n) for some

n < W, n =£ 2, then there exists a A -complete filter ^ on K such that'S D 5F and<6
does not have the property U(2).

PROOF. Let m + 1 be the smallest natural number such that & does not
have U(m + 1). Clearly we can assume that m g 2.

Let %C = {X(: g < K} C [K]"1 be a partition of K such that each selector of
% is ^-stationary. For each F e ^ put F* = {£ < K: X( C F} and F =
U^F-X(. Obviously FCF for each F e f and since X has only 9-
stationary selector, we have f V 0. Let ^ 0 be the filter generated by
{ F : F G &}. Since the family {F:F£ 9} is A-multiplicative, 90 is a proper
A-complete filter and f C f 0 . Let S be any selector of St. Clearly S is
^o-stationary. Let <£ be the filter generated by 90 and S. We show that ^ does
not have U(2).

Let ^ C [ K ] 2 be any family of pairwise disjoint sets. Let s£0 =
{A E si: A - S/ 0}. Obviously s£0 has a selector which is not ^-stationary.
To show that 'S does not have U(2) it is enough to find a selector of the family
38 = si - si0 which is not ^-stationary. Let CB = U{Xe: X( C\ B/0} for each
B £ m. Clearly |CB | = 2m > m for all B e 38 and the family { C 8 : B £ 38}
consists of pairwise disjoint sets. Since 9 does not have the property [/(2m)
there exists a selector T of {CB: B G 38} which is not ^-stationary. Moreover,
for each B E 38 we have B£K - T, Whence there exists a selector of 38
which is not ^o-stationary.

2.3. We remark that the idea of the proof of Corollary 1, yields the
following more general fact:

Suppose that F is a family of filters on K such that:
(1) there exists a filter 9 G F for which there exists a partition V of K into K

9-stationary sets;
(2) if f is any permutation of K and f E F then / * f E F ; and

(3) i / f E F and 9 C <S then 9 E F .

Then each filter on K with a pseudobasis has an extension in F.

2.4. We remark that if K = 8* then in the proof of Corollary 1, Ulam
matrices (see Ulam (1930)), can be used to get a partition V of K into K
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^-stationary sets. (Compare our proof of Corollary 1.) If K is limit then we
can adapt the method of the proof of Theorem 0.(0- In the weakly
inaccessible case we get by this method only min (A, A ^-completeness of ^
for any A'< K.

3.1. Note that in both Propositions 1 and 2 of §4, we can replace
everywhere "Lebesgue measurability" by "Baire property". Other results of
this type can be easily obtained from our Theorem 5.

ADDED IN PROOF. (Dec. 10, 1975). We can replace (c) in Proposition 1 of
§4, by the following stronger condition:

(c') for every partition V C [T]-" there is a selector of Y in 3*.
A corresponding strengthening of Proposition 2 can be also proved.

1. AN OPEN PROBLEM. Let % be an wi-complete field of subsets of the real
line 2", which contains all Lebesgue measurable sets. Suppose that for every
partition Y C <<? of 2" there exists a selector of Y in <£. Does <<? = V (2*°)? Our
conjecture is NO, at least in ZFC + CH.

2. ALAIN LOUVEAU has proved in 1975, answering one of our questions,
that there exists a filter ? o n w such that 5F does not have the property U(2)
and there exists a partition of w.into a> ^-stationary sets. It easily follows
from Louveau's result that our Corollary 1 and Theorem 5 formulated for
K > to are also true for K — <o.
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