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ON G O D E M E N T ' S C H A R A C T E R I S A T I O N OF A M E N A B I L I T Y

ALAIN VALETTE

Motivated by a question related to the construction of the Baum-Connes analyti-
cal assembly map for locally compact groups, we refine a criterion of Godement for
amenability: for a unimodular group G, our criterion says that G is amenable if and
only if every compactly supported, positive-definite function has non-negative integral
over G.

1. MAIN RESULT

Godement proved [7, pp.76-77] that a locally compact group G is amenable if and
only if, for every bounded positive-definite measure fi on G one has

/ dnig) > 0
G

(see also Dixmier's book [5, 18.3.6] or Pier's book [12, Theorem 8.9]; we shall follow
Dixmier's notation). Our aim in this note is to sharpen Godement's criterion by proving:

THEOREM 1 . Let G be a locally compact group, with left Haar measure dg and
modular homomorphism A : G —¥ W+. The following are equivalent:

1. G is amenable;

2. for every compactly supported, positive-definite function cf> on G, the func-
tion A~1/2(j) defines a positive element in the full C*-algebra C*G;

3. for every compactly supported, positive-definite function <f> on G, one has
fc(A-^(j))(g)dg > 0.

This theorem is indeed a strengthening of Godement's result, since a compactly
supported function 4> is positive-definite on G if and only if the measure [A~1^2<p)(g)dg
is positive-definite [5, 13.7.6].

Our result illustrates a difference between the full and reduced C*-algebras; indeed,
if 0 is a compactly supported positive-definite function on an arbitrary locally compact
group G, then A~ll2<j> defines a positive element in the reduced C*-algebra C'G [5,
13.7.8].

We shall need the following simple lemma.
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LEMMA 1 . Let n be a unitary representation of a group H on a Hilbert space %•„.
Let T be a bounded operator on Hn that commutes with n(H). For any f 6 Hn, the
function

, f H -»• C
1 h H+ \\T\\2 mh)O ~ (Tt\

is positive-definite on H.

P R O O F : For hu ..., hn € H, Ax , . . . , An 6 C we have

. J - l .=1 .=1 rj

PROOF OF THEOREM 1:

(i) = > (ii) If G is amenable, then C*G = C*G, so that the conclusion follows from
one of the above remarks.

(ii) = > (in) Integration over G defines a character of C*G\ therefore, if A~l^2<f> is a
positive element in C*G, then Jc (A~1^2(f)(g)dg ^ 0.

(Hi) = > (i) We are going to prove that the trivial representation of G is weakly
contained in the left regular representation A of G, that is,

\fcf(9)dg

for every compactly supported, continuous function / on G. Denote by p the right regular
representation of G on L2(G). Fix a compactly supported, continuous function £, with
non-zero integral over G. We apply the lemma with TT — p and T = A(/); it ensures that
the function

, f G -> C

is positive-definite on G. Since / and £ have compact support, so has <j). A simple
computation shows:

Since A(/)£ = / * £ , this gives:

A-V^

By assumption JG (A~l/2<f>)(g)dg ^ 0, so that:

Since £ has non-zero integral, the result follows.
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2. R E M A R K S ON UNIMODULAR GROUPS

Assume from now on that G is unimodular - in this case our Theorem has an espe-
cially simple form. Let <j) be a compactly supported, positive-definite function on G. By
[5, 13.8.6], there exists f € L2(G) such that cf> = f* *f. If f e L'(G) n L2(G), then

/ 0(ff)dp = I / C(5)^5| ^ 0.

This means that, for a non-amenable G, we can find a compactly supported positive-
definite function 0 on G with JG<t>{g)dg < 0, and the associated f will be in L2(G) -
L\G).

Note that functions <j> as above can be explicitly constructed for G non-amenable.
Indeed, since G is the inductive limit of its compactly generated open subgroups, we may
as well assume that G is compactly generated. Let then A" be a symmetric (that is, K =
K~l), open, relatively compact, generating subset of G; denote by h the characteristic
function of K. It follows from the characterisation of amenability in [1] and [4] that

||A(/i)|| < meas(K).

Convolving h with a non-negative, continuous function with integral 1 and small support
around the origin, we get a non-negative, continuous, compactly supported / with

f(g)dg.
G

Then, for any continuous, compactly supported function £ with non-zero integral on G,

the positive-definite function

appearing in the proof of the Theorem, has strictly negative integral on G.

If the group is discrete (and finitely generated), we may take £ = 6e. This gives the

following re-phrasing of Kesten's well-known characterisation of amenability [9].

COROLLARY 1 . Let T be a finitely generated group. Let h be the characteristic
function of a finite, symmetric, generating subset ofV. The group T is amenable if and
only if the positive-definite function <f> = ||A(/i)||2 • 6e — h*h has non-negative sum on F.

3. RELATIONS WITH THE B A U M - C O N N E S C O N J E C T U R E

Our actual motivation for this paper was not to obtain a Godement-type criterion
for amenability. Rather, it came from questions related to K-theory of group C*-algebras,
and it is only subsequently that we realised that it was connected to Godement's result.

Let us be more precise. For G a locally compact group, Baum, Connes and Higson
[2] give a conjectural model for the K-theory groups Ki(C*G) (i = 0,1). Namely, they
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consider a space EG which is universal for proper G-actions (if G has no non-trivial
compact subgroup, this is the total space EG of a contractible principal G-bundle), take
the G-equivariant K-homology with compact support Kf(EG), and construct an index

map, or analytical assembly map

H? : Kf{EG) -> Kii^G) (i = 0,1)

which they conjecture to be an isomorphism. Here we wish to emphasise only those
parts of the construction that pertain to group representation theory. So let us just say
that an element of Kf(EG) is given by a quadruple (X, a, n,F) where X is a locally
compact space endowed with a continuous, proper action of G by homeomorphisms such
that the orbit space G\X is compact, and a is a ^representation of the commutative C*-
algebra CQ{X) on some Hilbert space H, which is covariant with respect to the unitary
representation n of G on %, meaning:

<*(g(f)) = *{g)*{fHg-1)

(f € C0(X), g 6 G); finally F is a G-equivariant abstract elliptic operator on X, that is,
F is a Fredholm operator on T-L satisfying a number of compatibility conditions with a
and 7T, as listed in [2, Definition 3.6]. The map /jf converts this quadruple into a K-theory
element of C*G, that is, a pair (£, T) where £ is a left Hilbert C*-module over C*G, and
T is a Fredholm operator on £ (in the sense of Hilbert C*-modules - this is Kasparov's
version of K-theory for C*-algebras, see [10]). To construct £, one considers the subspace
a(Cc(X))'H, and views it as a left module over the convolution algebra CC(G); as a
consequence of the properness of the G-action on X, for any £,r/ € a(Cc(X))H, the
function g H-> {^(g)^) has compact support on G. One defines then a Gc(G)-valued
scalar product on a[Cc(X))H by the formula

ii\r,)c-{9) = A-l/2(gmn(g)V)

(j g G). (In passing, notice that the formula for this scalar product in [2, p.252] is
correct only for unimodular groups, since it overlooks the factor A"1/2.) For the abstract
reason mentioned in the beginning of this paper (namely, if 0 is a compactly supported
positive-definite function on G, then A"1/2^ defines a positive element in C*G), for any
£ € a(Cc(X))'H the scalar product (£|£)c defines a positive element in C*G. Therefore,
we may complete a(Cc{X))'H with respect to (-|-)c- and obtain the left Hilbert C*-
module over C*G. Then one checks as in [13, Section 2] that F leaves a(Cc(X))H

invariant, extends to a bounded operator T on £, and that J- is Fredholm on £, so that
(£,T) defines an element of Ki(C;G).

It has been noticed by several people (see for example, [3, p.99], [6, Section 6], [8])
that the assembly map fif factors through the K-theory of the full C*-algebra C*G, that
is, there exists a map

f ° K i ( C * G ) ( i = 0,1)
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such that nf = A, o Jlf. If, as above, we start with a quadruple (X, a, TT, F) e Kf(EG)
and wish to describe its image under Jlf, as above we would like to complete a(Cc(X))H
into a left Hilbert C*-module over C*G. For this, we need to know that, for £ £
a(Cc(X))'H, the scalar product (£|£)c- defines a positive element in C*G. At this point,
we want to stress the fact - never mentioned explicitly in the literature - that the abstract
reason that works for C*G fails in general for C*G\ indeed, the main result of this note
shows that this abstract argument only works for G amenable.

To prove that (£|£)c* is a positive element in C*G, we have to exploit in a deeper
way the properness of the G-action on X. It follows from the slice map theorem of Palais
[11] that the action of G on X is locally induced from actions of compact subgroups,
that is, that X is locally of the form G x # 5 , where if is a compact subgroup of G
and 5 is a locally compact space with a if-action. On the other hand, it follows from
the representation theory of abelian C*-algebras that the representation a of CQ(X) is
unitarily equivalent to the representation by pointwise multiplication on L2(X, v), for
some G-invariant measure v with multiplicity on X. By a partition of unity argument,
one may then embed the representation TT of G as a subrepresentation of ooA, the direct
sum of countably many copies of the left regular representation A. If £ : G —> £2(N)
is continuous with compact support, one checks easily that, for every positive-definite
function ip on G, one has:

[ (Z\Oc-1>(g)dg > 0,
JG

which proves the announced statement; see [13, Section 2] for details.
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