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Abstract We further develop the abstract representation theory of affine Hecke algebras with arbitrary
positive parameters. We establish analogues of several results that are known for reductive p-adic groups.
These include: the relation between parabolic induction/restriction and Hermitian duals, Bernstein’s
second adjointness and generalizations of the Langlands classification. We check that, in the known cases
of equivalences between module categories of affine Hecke algebras and Bernstein blocks for reductive
p-adic groups, such equivalences preserve Hermitian duality.

We also initiate the study of generic representations of affine Hecke algebras. Based on an analysis
of the Hecke algebras associated to generic Bernstein blocks for quasi-split reductive p-adic groups, we
propose a fitting definition of genericity for modules over affine Hecke algebras. With that notion we prove
special cases of the generalized injectivity conjecture, about generic subquotients of standard modules
for affine Hecke algebras.
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Introduction

Affine Hecke algebras typically arise in two different ways:

e from a presentation with generators and relations,
e from a Bernstein block of smooth representations of a reductive p-adic group.

The former is more general because the g-parameters for roots of different lengths can be
chosen independently, whereas for p-adic groups there is always some algebraic relation
between the various g-parameters. Affine Hecke algebras are simpler than p-adic groups,
and that has made it possible to derive many results about representations of reductive
p-adic groups by studying Hecke algebras.

The motivation for this paper comes from two directions. Firstly, there are well-known
results in the representation theory of p-adic groups for which no Hecke algebra version
has been worked out. Here we are thinking mainly of more algebraic aspects, roughly
speaking the parts of Renard’s monograph [25] that also make sense for Hecke algebras.
We want to prove analogues of those results using only Hecke algebras, which should be
easier than for p-adic groups.

Secondly, we are interested in the generalized injectivity conjecture [7], about generic
subquotients of standard representations of quasi-split reductive p-adic groups. While
this has been verified in many cases [11], it remains open in general. We hope that an
approach via Hecke algebras can provide new insights in that conjecture.

Hermitian duals

In the representation theory of groups, contragredients of representations play a
substantial role. Therefore it would be desirable to develop a notion of contragredient
representations for Hecke algebras. While that can be done, there is a problem. Namely,
given a smooth representation 7 in a Bernstein block for a reductive p-adic group G,
the contragredient 7V need not lie in the same Bernstein block. So, if this Bernstein
block would be equivalent to the module category of an affine Hecke algebra #, a
notion of contragredience for H would never agree with contragredience for smooth
G-representations.

Instead, we prefer to use Hermitian duals of complex G-representations, that is, the
contragredient of the complex conjugate of a representation. The main advantage is
that Hermitian duality for reductive p-adic groups always sends representations in one
Bernstein block to the same Bernstein block [35, Lemma 2.2].

For an affine Hecke algebra H, with underlying (extended) affine Weyl group W x X
and positive g-parameters, there is a natural conjugate-linear involution. In the Iwahori—
Matsumoto presentation, it is given simply by 7. = T,,-1 for all w € W x X. The
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Hermitian duals and generic representations for affine Hecke algebras 3

Hermitian dual of an H-representation (m,V) is defined as the vector space VT of
conjugate-linear functions V' — C, with the action

m(MA(w) = X(x(h*)v) veV, eV (1)

Before we formulate our first result, let us point out that the affine Hecke algebras that
arise from reductive p-adic groups are often of a slightly more general kind. Let I" be a
finite group acting on #, preserving all the structure used to define H. (See Section 8
for the precise setup.) Then we can form the crossed product H x I', which is sometimes
called an extended affine Hecke algebra. We may also involve a 2-cocycle f: I'? — C*,
which gives rise to a twisted affine Hecke algebra H x C[T',j]. Of course I" may be the
trivial group, in which case H xT' and H x C[T,j] reduce to H. We prove all our results
first for H, and we generalize them to H x T or H x C[[',f] in Section 8.

Theorem A (see Theorem 5.3 and Section 8). Let G be a reductive group over a non-
archimedean local field and let Rep(G)® be a Bernstein block in the category of smooth
complex G-representations. Suppose that Rep(G)* is equivalent to the module category of
a twisted affine Hecke algebra H x C[I,b], via a Morita equivalence as in [13] or [34, §10].
Then the equivalence Rep(G)® = Mod(H x C[[,l]) preserves Hermitian duals.

The Hermitian duals from (1) play a crucial role in our new results about representations
of affine Hecke algebras; they are involved in the proofs of all the main results mentioned
below.

Representation theory of affine Hecke algebras
For good notions of parabolic subalgebras, parabolic induction and parabolic restriction
for H x C[I',t] with T nontrivial, we need some conditions on subgroups of I'. These are
listed in Condition 8.1, which we assume for the remainder of the introduction. In our
setup, the root system R underlying H comes with a basis A, and parabolic subalgebras
HE x C[[p,5] are parametrized bijectively by subsets P C A.

Let wa be the longest element of W = W(R) and define P°? = wa(—P). This is a
subset of A, which plays the role that an opposite parabolic subgroup plays for reductive
groups. There is a *-algebra isomorphism

Yap: HExC[Cph] — HT” xC[Tpor,i
T’w = T’LuAu)pwwpr weWP[XX,

where wp is the longest element of Wp = W (Rp).
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Theorem B (see Propositions 2.5, 2.7 and Section 8).

(a) Let p be a representation of HY x C[['p,t]. Then indZﬁSg[’IE]P i (pT) is canonically

HXC[T, ]
et (P

(b) Let w be an H x C[T,b]-representation. There is a canonical isomorphism

isomorphic to ind

HXC[T, ~ HxC[T,
ResHﬁx[C[Fth] (nT) = Resﬂﬁop[xé][rpom] () otpap.

For Hecke algebras it is easily seen that the parabolic restriction functor

Resy ot i Mod(H x C[D,]) — Mod(H” x C[T'p, f])

is the right adjoint of the parabolic induction functor

indy¢ 2T Mod(HP % C[Cp,f]) — Mod(H x C[T,1]).

Like for p-adic groups, it requires more effort to find the second adjointness relation
for parabolic induction. For graded Hecke algebras that had been achieved in [2], the
arguments for affine Hecke algebras are somewhat more complicated.

Theorem C (see Theorem 3.1 and Section 8).

(a) The left adjoint of indZ?E[cFﬁEL,u] s

* HXC[T,h . HXCIT,h
YApoO ResHﬁop[Nc][Fpopm] DT ReSH;‘op[NC][FPDPVH] (m)otap.

HXC[T,f]

(b) The right adjoint of Resyirwcirp,y

. HXCIT,g . . HXCIT,g -1
deP"P[xc][rpop,h] oYaps:p deP"P[wc][rpop,h] (potap)-
This is useful in several ways, for instance to find a filtration of the functor parabolic

induction followed by parabolic restriction (Proposition 8.3).
Recall that the Langlands classification for a reductive p-adic group says:

(i) Every standard G-representation has a unique irreducible quotient.

(ii) This yields a bijection between the set of standard G-representations (up to
isomorphism) and the set of irreducible smooth G-representations (also up to
isomorphism).

By definition a standard G-representation is of the form I§(r ®x), where P = MU is
a parabolic subgroup of G, 7 is an irreducible tempered M -representation and x is an
unramified character of M in positive position with respect to P. In [25] the positivity
of x was relaxed to a more algebraic regularity condition, such that (i) remains valid.
Via contragredients or Hermitian duals, one can easily derive a version of the Langlands
classification with subrepresentations instead of quotients.

For affine Hecke algebras the normal version of the Langlands classification is known
from [12, 31], but variations like those mentioned above had not been worked out yet.
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We say that an H? x C[['p,f]-representation 7 is WT, P-regular if: for all weights ¢ of 7
and all w € Wpl"pr’P7 wt is not a weight of 7, where

DYP ={deWT:d(P)c R*,d"(P)C R",d¢Tp}.
This notion relates to standard H-modules in the following ways (Proposition 4.8).

e Suppose that an irreducible tempered H-representation 7 is twisted by a weight
t in positive position for #¥. Then 7 ®t is W, P-regular.

e Suppose that an irreducible tempered H'-representation 7 is twisted by a weight
t in negative position for H”. Then (1 ®t) oy p is a W,P%P-regular HI"-
representation.

Theorem D (see Theorem 4.7 and Section 8). Let P C A and let m be an irreducible
representation of H x C[T'p,f].

(a) Suppose that w is WT',P-regular. Then indZﬁS[&’ﬁLm () has a unique irreducible

quotient, namely indzﬁg[&lﬂ]}j fl (m) modulo the kernel of the intertwining operator

associated to (wawp,P,).

(b) Suppose that wog[;;}; is WT', P°P-reqular. Then indzﬁgg{lﬁ;h] (m) has a unique irre-

ducible subrepresentation, namely the image of the intertwining operator associated
to (wpwa, PP, o p).

Genericity of representations

For quasi-split reductive p-adic groups, the notion of genericity is well-known. For
irreducible representations it is equivalent to the existence of a Whittaker model. It is
especially useful for the normalization of intertwining operators, for ~-factors via the
Langlands—Shahidi method and to select one member from an L-packet in the local
Langlands correspondence.

For arbitrary connected reductive p-adic groups, a similar definition of genericity is
available [4]. In that generality it is convenient to consider representations which are
simply generic, meaning that the multiplicity one property of Whittaker functionals holds
by assumption.

For (extended) affine Hecke algebras no independent definition of genericity was known,
so we provide one. The elements T,, with w € WT span a finite dimensional subalgebra
H(W,qg)) xT of HxT. Let detx be the determinant of the action of WT on the lattice
X. The Steinberg representation of H(W,q*) xI' has dimension one and is defined by
St(Ty) = detx (w). We say that a representation 7 of H x I is generic if its restriction to
H(W,q*) x T contains St. This definition is justified by the following result.

Theorem E (see Proposition 6.2 and Theorem A.1). Let G be a connected reductive
group over a non-archimedean local field. Let Rep(G)® be a Bernstein block of smooth
complex G-representations, such that the underlying supercuspidal representations are
simply generic.
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(a) Rep(G)® is equivalent to the module category of an extended affine Hecke algebra
H 3T with parameters in R>;.

(b) With the normalizations from [35, §2], the equivalence Rep(G)® = Mod(H = T')
preserves genericity.

For affine Hecke algebras with g-parameters in R>;, one can hope for a version of
the generalized injectivity conjecture. Using our previous findings in the representation
theory of Hecke algebras, we take some steps in that direction.

By definition the maximal commutative subalgebra A = C[X]| of H is the unique
minimal parabolic subalgebra of H xI'. The basis A of R determines a positive cone
in Hom(X,Rxg).

Theorem F (see Propositions 7.6 and 8.6). Let H x T be an extended affine Hecke algebra
with g-parameters in R>q.

a) For t € Hom(X,C*), the parabolically induced representation ind’?>Y(¢) has a
A
unique generic constituent, say my.

(b) When |t| lies in the closure of the positive cone in Hom(X,Rso), m is a
subrepresentation of indj”r(t).

(c) When |t~1| lies in the closure of the positive cone in Hom(X,Rxq), 7; is a quotient
s AHXD
of ind’; ™ ().

In spite of this result, the generalized injectivity conjecture does not always hold for
standard H-representations that are induced from parabolic subalgebras other than A,
see Example 7.7. The problem seems to be that arbitrary ¢-parameters (in R>q) offer
too much freedom. We expect that the generalized injectivity conjecture does hold for
affine Hecke algebras H whose ¢-parameters come from reductive p-adic groups. To all
appearances such g¢-parameters are geometric in the sense of [33, §5.3], so that algebro-
geometric techniques to study representations of such Hecke algebras are available.

1. Preliminaries

We fix notations and recall a few basic notions about affine Hecke algebras. For more
background we refer to [20, 23, 33].

Let R be a root system with basis A and positive roots RT. Let R = (X,R,Y,RY,A)
be a based root datum. It yields a Weyl group W = W (R), with set of simple reflections
S ={sq:a€A}. For a € R such that " € RV is maximal with respect to AV, we define
the simple affine reflection

s X = X
r = se(@)ta=z+(1—{(z,aV))a.

Then S, := SU{s), : ¥ € RY,...} is a set of Coxeter generators for the affine Weyl group

Waﬂ‘ = <Saﬂ‘> =W X ZR.
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It is a normal subgroup of the extended affine Weyl group W (R) =W x X. The length
function ¢ of W,g extends naturally to W x X. Moreover the set of length zero elements
Q={weWxX:{(w)=0}is a group and

W ix X =Wog Q.
We fix ¢ € Ry and we let A, A* : R — R be functions such that

e if o, € R are in the same W-orbit, then A(a) = A(B8) and A\*(«) = A*(B);
o if ¥ ¢2Y, then \*(a) = A(«).

To every simple (affine) reflection we associate a g-parameter, by
gs. =™ and gy =g .

The Iwahori-Hecke algebra H(Wag,A\,\*,q) can be presented as the vector space with

basis {IV,, : w € Wag} and multiplication rules (for w € Wyg and s € S,g)

NN — Nys if L(ws) =L(w)+1 (11)
U T N+ (@ =g PN, i f(ws) = f(w) 1 '
Notice that q;/Z is unambiguous, because g5 € R~ . The conjugation action of 2 on Wyg
induces an action on H(Wag, A\, A*,¢q). That enables us to construct the affine Hecke algebra

H = H(R,A,)\*,q) = H(Waﬁ‘y)\vA*7Q) A Qv

which has a vector space basis {N,, : w € W x X}. This is a version of the Iwahori-
Matsumoto presentation of H(R,\,A*,q). More common, and already used in [17], is the
same presentation expressed in terms of the basis {T,, : w € W x X}, where T, = q;/st
for s € S,g.

There is another well-known presentation, due to Bernstein. To that end, we define
elements 6, (xr € X) by the following recipe. If z = z1 — x5 where (z1,a") > 0 and
(x2,aV) >0 for all @ € A, then 0, = N, N *.

The set {0, : x € X} spans a commutative subalgebra A of H, canonically isomorphic
with C[X]. Let H(W,q") be the Iwahori-Hecke algebra of W, with respect to the

parameter function ¢* : R — R. According to Bernstein, the multiplication maps
HW, MDA = H — AQH(W,q¢) (1.2)

are bijections. The cross relations for multiplication of elements of (W ,¢*) and of A can
be described explicitly. It follows from those relations that the centre of H is A", where
W acts on A= C[X] via its canonical action on X.

For a set of simple roots P C A we have a parabolic subrootsystem Rp C R and a
parabolic subgroup Wp = W(Rp). The parabolic subalgebra H” C H is generated by
A and the N, with w € Wp. One can identify HY with H(X,Rp,Y, R}, P,\,\*,q). In
particular H? = A and H? = H.

We write T'= Homg(X,C*), this is a complex torus. It has subtori

TP = Homz(X/X NQP,C*),  Tp=Homy(X/P'+,C>),
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where PVt = {z € X : (r,aY) = 0Va € P}. Any t € T gives rise to an algebra
automorphism
¢t : HP — HP
Nyl +—  t(z)N,0, we Wp,x e X.

For an HP-representation 7 and t € T we write 7@t = 7w o),.
We define a conjugate-linear involution * on H by

*
2w N, = E ZoIN,, —1.
(ZwEWxX w “’) wewxx 0w

Here we need g, € R+ for all s € Syg. We can regard * as an R-linear isomorphism from
‘H to its opposite algebra. This involution interacts well with the trace

1 ifw=e
T:H—=C, T(Nw)—{ 0 ifweW®R)\{e} (1.3)
Namely, the formula
<h1,h2> = T(hlh;) hl,hQ ceH (14)

defines an inner product on H, linear in the first variable. The set {N,, : w € W(R)} is
an orthonormal basis of H with this inner product. We note that (1.4) makes the left
regular representation of H pre-unitary (i.e.a *-representation on an inner product space
that need not be complete):

<h1h2,h3> = T(h1h2h§) = T(hghghl) = <h2,h>{h3> hl,h27h3 € H (15)

The parabolic subalgebra H has its own involution *p, which usually differs from x|;#.
In fact H” is typically not a *-subalgebra of H. Let wp be the longest element of Wp.
Recall that wp has order two and that the set of positive roots made negative by wp is
precisely RJIS. We will abbreviate wa, p = wawp, an element that makes precisely the set
of positive roots BT\ R}C negative and has inverse

Wp,A = WpWA :w&lp. (1.6)
By [22, Proposition 1.12]:
#p(02) = NuwpO—pp(2) N - (1.7)

For P = () we get wp =1, 50 *¢(0z) = 0.
For a subset W C W, let H(W) be the linear subspace of H(W,q") spanned by
{Ny :we W} Let

WP ={weW:w(P)c R"}

be the set of shortest length representatives for W/Wp. By (1.2) the multiplication map
HWP)RHE — H is a linear bijection. In particular every h € H can be written as

h= ZwEWP Nyhf  for unique hY € HP. (1.8)

The next result is analogous to [3, Proposition 1.4] for graded Hecke algebras.
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Lemma 1.1. (h*)L = (hD)*? for all h € H.

Proof. By conjugate-linearity it suffices to consider h of the form N0, with w € W and
x € X. From (1.7) we see that

pra_wP(J)Nq;;wal w e Wp,

W= Nuws 0 w¢ Wp.

wA —wA(w)NilN -1 and (hf)*P = {

wattw

We recall from [16, §1.8] that
Lw™) +l(wwa) = £(wa) = L(waw) +L(w™r).

By definition of the multiplication in H(W,¢*):
NypawNup-1 = Nysy = Np-1Nywa, (1.9)
Nua0-wa (@) Noa N1 = Nua s () Noga (1.10)

WWA *

For a simple reflection s € W, Nyt = Ny + (q;W — qi/z)Ne. That and the multiplication
relations in the Bernstein presentation of H [20, §3] show that

OyN; ' =N 10, €A for all y € X. (1.11)

We denote the Bruhat order on W by <. Applying (1.11) recursively, (1.10) can
be expressed as Nux D pew v<wwa N, ta, for suitable a, € A. By (1.9) that equals
EvéW,'uSwwA Nypao-1ay. Here v <waw™, so wav™ > w™.

Suppose that w ¢ Wp. Any reduced expression of w~! contains simple reflections not
in Wp, so the same goes for wav~! with v as above. Hence wav~! ¢ Wp, and it can be
written as uw’ with u € W¥\ {e} and w’ € Wp. Thus Ny, ,-1a, € N,HE. That works for
every v < wwa, showing that (1.10) lies in H(W \{e})H. In other words, (h*)F =0.

Suppose that w € Wp. We need to show that H(WT \{e})HT contains

Nua0—wn @) Nt Nuy—1 = Ny 0y () Nog - Nop 1. (1.12)
With (1.9) we rewrite this element as

(NwAe—wA(x)szl pro—wp(w))Nilefl-

P,A wp

Reasoning as above we find
1 o
NwAe—wA(J;)prA - ZUEW,IISUJP,A NwA'uflav-
Here wav™! > wp, so this only belongs to Wp if v =wp . From (1.11) one obtains

Awp A = HwP,A(*wA(i)) = Q*WP(QJ)'

Then (1.12) reduces to

§ N, .-1a,NIN, ..
U6W7v<wp,A WAV viVwp w

The same argument as in the case w ¢ Wp shows that this lies in H(WF \{eHh)HF. O
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2. Hermitian duals

For any complex vector space V, let VT be space of conjugate-linear functions from
V to C. In case V has a topology, it is understood that VT consists of the continuous
conjugate-linear functionals on V. If (7,V; ) is an H-representation, then H acts on V.| by

(h-N)(w)=Xh*v)  heHveV, eVl (2.1)

This defines the Hermitian dual (wf, V1) of the H-representation (m,Vy). For any
(p,V,) € Mod(#H) there is a conjugate-linear ‘transposition’ isomorphism

Homy (m,p') = Homy(p,7")
) = ¢
Here ¢! sends w € V,, to [v+— ¢(v)w] with v € V.
Sometimes a representation is isomorphic to its Hermitian dual. For example, suppose
that V is a Hilbert space and that the representation 7 is unitary:

(2.2)

(r(hyo’) = (R W) 00 € Ve h € Mo

Then (77,V,1) can be identified with (7, V) via the inner product.
Consider the left regular representation of H and its Hermitian dual #f. The bimodule
structure on H makes H' into an H-bimodule, with

(h1¢hs)(h3) = ¢(h}hsh}) é € HT hi,hohs € H. (2.3)
By (2.2) we have
Homy, (m,H") = Homy (H,7") = 7 7w € Mod(H).

The functor t on the category of C-vector spaces is exact, so Homy (?,H") is an exact
functor. In other words, H' is an injective left {-module. Via the inner product on #,
we can identify

T
H ngW(R) CN,. (2.4)

The multiplication on H extends to an H-bimodule structure on HweW(R) CNy,
which contains H = eaweW(R) CN,, as a sub-bimodule. Let us identify ¢ € H with
pe [Tew(r) CNw via the inner product. Then (2.3) becomes

(8,3 hahy) = T(dhahihy) = T(hidhah}) = (hidha,hs). (2.5)

Comparing (2.3) and (2.5), we see that (2.4) is an isomorphism of H-bimodules. We will
often use (2.4) as a presentation of HT.

The module H' enables us to describe Hermitian duals of modules induced from
H(W,q*). We recall that, as H(W,q") is finite dimensional and semisimple, all its
irreducible modules appear in the (left) regular representation. In fact each irreducible
module is the image of a suitable minimal idempotent.
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Lemma 2.1.

(a) Let V € Mod(H(W,q*)) be irreducible, and let py € H(W,q*) be an idempotent so
that V =2 H(W,q*)py. The Hermitian dual of indz(W,qx)V is HT Qn(w, ¢ VT, with
the pairing

(hi®py . he@pv) =T(hipyhs)  hi € H ho € H.
(b) The functor H' @y o») : Mod(H(W,q*)) — Mod(H) is right adjoint to the

.. H
restriction functor ReSH(W,q*)'

Proof. (a) The H(W,q*)-module H(W,q*)p}, is the Hermitian dual of H(W,¢*)py, with
respect to the pairing

(hipyhapy) = T(hapirhs)  hishe € HIW,gY).
We note that H(W,q)py is a direct summand of the left regular representation of
H(W,q*), with complement H(W,q*)(1—py). Applying indZ(quA) yields
ind%(qux)H(W,qA)pv @ indz(WﬂA)H(W,q’\)(l —pv) = Hpv @H(l —pv) =H.
We pass to Hermitian dual modules and obtain
HI=Hipy @H(1-p}). (2.6)
Hence the Hermitian dual of ind%(wﬁqx)H(W, py is

Hiph =1 @ HW,Mpyr=HT o Vi
H(W,q*) H(W,q*)

The pairing comes from the pairing between H and (2.6):
(h1py hapv) = T(hipy, (hapy)*) = 7(hapi h3)

for hy € HT and hy € H. (b) Mod(H(W,q*)) is only involved via functors that respect
(infinite) direct sums. Further H(W,q¢*) is finite dimensional semisimple, so it suffices
to consider its irreducible modules. They are all of the form VT, for some irreducible
H(W,q*)-module V. Let Y € Mod(H). With part (a), (2.2) and Frobenius reciprocity we
compute

Homyy (Y, 1T @2w, ) V1) = Homgy (Y, (ind% ypy 2y V) )
= Homy (indJ{ o)V, YT)
= Homy o) (V,YT)
= Homyy ) (Y, V). O
The relation between Hermitian duals and tensoring with characters can be described
easily:

Lemma 2.2. Let (m,Vy) be an HE -representation and let t € TY . The Hermitian dual of
T®tiswi @t L.
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Proof. Take v € V,A € V.I,w € Wp and = € X. With (1.7) we compute

A((m @) (Nuwby)v) = A(t(2)m(Ny ) )—t( A7 (Nwby)v)

t(2) (7T (Nwbz)™)A) () = t(@) (7T ((Nwb)*7)N) (v)
=t(z) (' ( Nw,,e,wP @) N s Np-1)A) (v)
Nuyp8—wp(2) Nogp Nap=1)A) (0)
(Nwbz)* ")) (v).

This shows that (7 ®t)l = T @wpt . But wpt =t because wp € W(Rp) and t €
Homgz(X/X NQP,C*). O

- fE

t
= (=T @wpt 1)(
=((x (

T®wpt

We want to find the relation between parabolic induction (from H* to H) and Hermitian
duals. That will be achieved in a few steps, the first of which is making the relation
between * and xp explicit.

Lemma 2.3. Forw e Wp and z € X:

* kp (Nwew) = NwNwP,AewA,P(ZL’)N’l;p A

Proof. By definition, as w € Wp:
k% p (Ny) = *%(Ny—1) = Ny.
From (1.7) and the anti-homomorphism property of * we obtain
#5p (02) = #(Nyp) % (0—wp @) * (Nwp) = Nop NusOus p @) Nop Nup-— (2.7)
We note that here the lengths of the involved elements of W add up:
l(wp)+L(wp,a) = |Rp|+|RT\Rp| = [R"| = L(wa).

Therefore Ny, Niyp o = Nuw,, and the right-hand side of (2.7) simplifies to N,

N, ; > broving the statement for 6,.
To conclude, we use that **p is an algebra homomorphism. O

wp, AHU)A,P(JC)

For h € H*, let ¢;, : H — H denote conjugation with h. We define
Yap = Cy-1 Ox%p cHE S H.
wp A
Since **p and ¢, -1 are injective algebra homomorphisms, so is YaAp. We write
wp,A
POp = wA(—P) = wAvp(P).

This is a set of simple roots, it may or may not be equal to P. We note that wawpwa =
Wpopr. In comparison with reductive groups, P°P replaces the notion of an opposite
parabolic subgroup.
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Lemma 2.4.

(a) ForweWp and z € X:

wAP(Nwea:) = NwA,pwwp,AHwA,p(:r)'
(b) Yap is an *-algebra isomorphism from HE to HE™", with inverse 1a pov.

Proof. (a) Consider the algebra isomorphism

Ywp a HE" 5 HP

Nw/ﬁz — NwP,Aw/wAwpewpyA(z) w' € Wpoz),x c X. (28)

Then Yapothyp A : HP" — H is an injective algebra homomorphism, and by Lemma 2.3:

@/JAP O’(/pr,A (Nw’ex) = CNE;’,A (N’WP,AU)/U)A,PNU)P,AGIN’(;;,A)
=N! N, Ny, .0

wp, A wp,AYT

(2.9)

P, AW WA, P

Notice that ap 0w, 5 is the identity on A and sends H(Wpor,q*) bijectively to itself.
For o € P°?, N, commutes with the same elements of A as ¥ap 0y, 5 (N, ). That
forces

,IZ)APO'I;ZJUJPYA(NSQ) G(CNe‘i’CNSa

Furthermore YA p 0%y, o (Ns,) has the same eigenvalues q;f and —q;al/Q as Ns_, so it

can only be Ny, or —Ng- L. The involved constructions work for any ¢ € R+, and depend
continuously on ¢. For ¢ =1 we see directly from (2.9) that Yap oy, 5 (Ns,) = N, -
Hence Yap 0 Yup (N, ) cannot be —N ! for any ¢ € Rs.

We deduce that Y)ap 09w, 5 (Nuw) = Ny for w' any simple reflection in Wpop, and then
the same follows for all w’ € Wper. Apply that to w’ = wa, pwwp,a. (b) By part (a) and
(2.9), Yap oYy, is the identity on HP™. As ¢y, o : H™ — HP is an isomorphism,
this shows that ©¥a p is its inverse. By construction wper = wawpwa. From that, part (a)
and (2.8) we see that 1y, , = YApor.

Further, from (2.8) and the definition of 6, we obtain

Vg s (Nr) = Ny swrns,p for all w' € Wpop x X.
This shows that 1., , is in fact a *-isomorphism, and hence so is its inverse. O
Now we can relate Hermitian duals and parabolic restriction.
Proposition 2.5. Let (m,V;) be an H-representation.

(a) The Hermitian dual of the HT-representation Resiip(m) is isomorphic with
RGS%POP (rh)otap.
(b) Reskp(nT) = Resktpon (7)o pap.

Proof. By definition

ReSzP(Tf—)T ZWTO**p :WTOCNWP,A 01/)Ap.
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Since Ny, , € H*, multiplication with WT(NUT;Y ) provides an isomorphism from the
right-hand side to 7 o1ap. By Lemma 2.4.b, that can be regarded as Reszpﬂp (7f)o
Yap. (b) Start with part (a) for P°P. Composing the representations on both sides with
Uapor = Vap gives

Reshtp (nf) = Reszpop ()T oY A Pop = Reszpop (m)T ovap. 0

We note that the pairing underlying Proposition 2.5.a is

Reshpor (V1) x Resitn (V) — C
()\,’U) = WT(NUJP,A)A(U):A(W(NUJA,P)D)'

Similarly the pairing underlying Proposition 2.5.b is given by

Reslip (V1) x Reshpen (Vi) — C
(/\,U) — WT(NUJA,P)/\(U) = /\(Tr(NwP,A)U)'

An important special case arises when P = (). Then ¢ag(6,) = 0., () and Proposition 2.5
provides isomorphisms

Res’t(m)T =2 Res® (n)opag and Res’t(n') = Res’ (m)T oghag. (2.10)

We move on to parabolic induction. Consider an HT-representation (p,V,) and its
induction ind%p(p). The underlying vector space is

ind¥ - (V,) = H@yr V, 2HWT)@c V.

Here W = {w € W :w(P) C R*} denotes the set of shortest length representatives for
W/Wp and H(WT) is the linear subspace of H(W,q*) spanned by the corresponding N,,,.
Following [23, (4.24)] we define a sesquilinear pairing

H(WP)(X)CVJ XH(WP)(X)CVP - C

(W ®@A\h@v) OB (2.11)

As preparation for a more general statement, we consider the left regular representation
of HF. Clearly ind%p (HT) = H, and we already know H' from (2.4). Multiplication in
H induces a linear bijection m : H(WF)® HF — H. The transpose of m is the linear
bijection

ml HT = HWE) T @c HET =2 HWP) @c HET =2 H@yr HET. (2.12)

In the middle of (2.12) we identified H(WF)T with H(W?F) via the inner product on
H. Notice that HT and H @5 HT independently carry H-module structures, the latter
induced from the H-module structure of H'*.

Lemma 2.6. The map m': HT — indzp (HTT) is an isomorphism of H-modules. In
particular ind¥ s (HP1) with the pairing (2.11) is the Hermitian dual of ind2t,(HT).
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Proof. Let a,b € WP hy € HT and A € HPT. For hy € H there are elements
mt(ho-(m")"HN,®)\)) and he-(N,®A) in  ind}e (HFT).

We can compare them by pairing N, @ H(WF)@HE, as in (2.11). In the notation from
(1.8), we compute

<h2'(Na®)\)7Nb®h1>:<h2Na~(1®)\),Nb®hl> (213)
= ZUEWP <Nv(h2Na)5 : (1®)‘)’Nb®h1> = <(h2Na)5')\,h1>.

We note that, for any w € Wp,v € WF:

" _ _ 1 v=bw=e,
(Ny Ny, Ny = (Nyy Ny Ny ) = (Noyy Npy ) = {0 otherwise, (2.14)
This implies
N P [(haNgy)y b=w,
(Nb Nv(hQNa)v)e - {0 b 7& v. (215)
With that the right-hand side of (2.13) can be rewritten as
(NFhaNG)E - Nha) = (N ((NFhaN)E) ™ by ). (2.16)

On the other hand
{(m (ha-(mH) "1 (N, @ N), Ny @h1) = (ha- (mH) " (N, @ N),Nphy)

= ((m") TN (Na®A),h5Noh1) = (No®@Am ™" (h3Ny)hy) (2.17)
=D e (Na®@AN, @ (h3Np)Tha) = (A (h5Ny) g ha)

Using (2.15) we identify the last expression in (2.17) with
* 1% * «\ P
A (NZRENG) ) = (N (N7 heNa)) o).

Lemma 1.1 guarantees that this equals (2.16), which proves that the bijection m is an
‘H-module homomorphism.

By construction m~!: H — H(WT)@HF and m' transfer the pairing between H and
H' to the pairing (2.11). Thus we have realized H = ind¥s (HP) as ind¥- (HPT). O

In the special case P = (), Lemma 2.6 provides an isomorphism of H-modules

ind’f (A") = #1. (2.18)

Here the embedding of AT =[], .y C{z} in H' comes from (2.12):

1 AT = Hi

¢ = (mH Y (N.@a) (2.19)

The next result generalizes [22, Theorem 2.20] and [23, Proposition 4.19].
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Proposition 2.7. Let (p,V,) be an HP -representation. The pairing (2.11) induces an
isomorphism ind2» (p") = ind%r (p)f.

Proof. We abbreviate indﬁp to ind for the duration of this proof.
Recall that {N,, : w € W} is an orthonormal basis of H(W,q") for the inner product
(1.4). Hence H(WP)T =2 H(WPF) and (2.11) identifies

HWP) eV = Heyr V] with (HWP)@cV,) = (Hawr V)"
It remains to show that
(ind(7")(h*)x,y) equals (z,ind(7)(h)y) (2.20)

for all h € H,z € ind(Vf),y € ind(V,).

Choose a surjective HP-homomorphism p: F @ H — V,, where FQHP is a free
HP-module. Dually, that yields an injective H*-homomorphism p' : VpT — (FHD)T.
For A € VI and v € V, with a preimage 0 € F @ H” that means

(o) = (A p()) = (p' (1), 9).
With the functoriality of induction we obtain a surjective H-homomorphism
ind(p) : FOH = ind(F®HT) — ind(V,),
and an injective H-homomorphism
ind(p') : ind(VJ) — ind(FeH)T).

Now we encounter the minor complication that it is difficult to work with (F @ HT)T
when F' has infinite dimension. We overcome that by playing it via finitely generated
submodules. Choose a finite dimensional linear subspace F,, C F' and g € F;, ® H such
that

y =ind(p)y € ind(p)(F, @ H) = ind (p(F, @ H")).
It follows from Lemma 2.6 that
ind}r (Ff @ HPT) = Fi @ indji» (HT) 2 ind}r (F, @ HT)T, (2.21)

where the H-invariant pairing with ind»(F, @ H) is given by (2.11) and the pairing
between F}, and FJ The transpose of the inclusion i, : F, @ H — F®@H? is the projection

il (FoH") = (F,en”) = Flo ™),

To these maps we can also apply ind. In that way (2.20) can be evaluated via the pairing
of ind(F, @ H”) with ind(F} @ (H”)") determined by (2.11). More explicitly:

(,ind () (h)y) = (& ind(m) (R)ind(pi, )7) = (2.ind(pi, )h) = (ind(ip' ), hg).
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By (2.21) the right-hand side equals
(h* ind(i}p1)2,5) = (imd (i} ind (x)(h")2,5)
= (ind(r")(h*)z,ind(piy)g) = (ind(x") (h*)z,y).
This establishes (2.20). O

3. Second adjointness

For affine Hecke algebras the standard adjointness for parabolic induction reads
Homy, (indzp (p),m) = Homyr (p,Res;jp (7)) p€Mod(H"),m € Mod(H). (3.1)

This can be regarded as an instance of Frobenius reciprocity or of Hom-tensor duality
(since ind%p (V,) =H®4yr V,). In terms of reductive p-adic groups, normalized parabolic
induction and normalized Jacquet restriction, (3.1) corresponds to Bernstein’s second
adjointness:

Homg (Ig(a)ﬂ') = Homs (mJ%(T)), (3.2)

where o € Rep(M),7 € Rep(G) and P,P are opposite parabolic subgroups of G with
PN P = M. The comparison between the two settings stems from [5, Corollary 8.4],
but one needs some modifications that lead to [32, Condition 4.1]. By analogy, the first
adjointness for p-adic groups (i.e. Frobenius reciprocity)

Homy (J§ (7),0) = Home (7,1 (0)) (3.3)

should have a counterpart for affine Hecke algebras. In other words, we may expect that
some form of parabolic restriction is left adjoint to some form of parabolic induction. By
Frobenius reciprocity for co-induced modules:

Homy, » (Res}ir (), p) = Homy, (7, Homyr (H,p)), (3.4)

where H acts on Homyr (H, ) via right multiplication on H. However, (3.4) is not yet
satisfactory because it does not provide a left adjoint for parabolic induction.

For p-adic groups, one way to prove the second adjointness relation is via contragredi-
ents and Jacquet modules, see [25, §V1.9.6]. For graded Hecke algebras, a similar proof
works with Hermitian duals instead of contragredients [2, Lemma 3.8.1]. We follow the
latter.

Theorem 3.1. Let P C A and recall that P°? = wa(—P).
(a) The right adjoint of Reszp is indZPOP OYAPx-

(b) The left adjoint of inZP is w*APoRes;[pop.

Proof. (a) Let (m,V;) € Mod(H) and (p,V,) € Mod(H?). By the transposition isomor-
phism (2.2) and Proposition 2.5

Homgy, r (Reszp (7),p") = Homy,r (p,Reszp (W)T) =~ Homyr (p,Reszpop (7" o Yap).
(3.5)
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We know from Lemma 2.4 that yap: HE — HE"" is invertible, so that the right-hand
side of (3.5) becomes isomorphic with

Homy, por (powg}j,Reszpop (7). (3.6)

Now we apply Frobenius reciprocity in the form (3.1) and again the transposition
isomorphism:

>~ Homy (ind%pop (potpap),m') = Homy (ﬂ',indzpop (poap)t). (3.7

Using Proposition 2.7, we identify that with
Homy, (ﬂ,indﬁpw (p'oxp)) = Homy (W,indZPO:D oap(ph)). (3.8)

The first isomorphism in (3.5) and the second in (3.7) are conjugate-linear. The other
isomorphisms above are complex linear, so the composition of (3.5)—(3.8) is again a
complex linear bijection. That proves the desired adjointness relation for (m,p’ = pf),
so whenever p’ is the Hermitian dual of some H'-module. The same argument as in
the analogous situation for reductive p-adic groups [25, p. 232] shows why that implies
part (a) for all (mp’). (b) Reverse the roles of P and P° and apply part (a) with
o' =vAp(p) =poap. That gives isomorphisms

Homy (W,iﬂd%}) (p')) = Homyror (Resipor (1), p).

Left composition with wg}g on both terms of the right-hand side makes this isomorphic
with Homy,r (¢4 p Reshtpon (7),0). O

Next we discuss a topic related to second adjointness, namely expressions for parabolic
induction followed by parabolic restriction. In the setting of reductive p-adic groups
this is known as Bernstein’s geometric lemma [25, §VI.5.1]. A version for affine Hecke
algebras should provide a filtration of the functor ReS%Qindz r. Indeed that was achieved
in [10, §11], but formulated only for tempered representations. As we shall use that result
also for non-tempered representations, we restate it in larger generality.

Let P,QQ C A and let

Whe ={weW:wQ) cR",w(P)c R"}

be the set of shortest length representatives of Wp\W/Wgq. Each d € WPE yields a
bijection d~1(P)NQ — PNd(Q) and an algebra isomorphism
Va: HATHPINQ Ly 4y PNd(Q)

Nwea: — Ndwd_19d(m) ' (39)

We choose a total ordering of W@ such that £: W@ — Zs becomes a weakly
increasing function. For d € W@ and an H%-representation (m,V;), we consider the
linear subspace

(Res}irindie) _,(Vr) = @d,ewwdlgdH(Wpd’WQ)A@oHQ Va (3.10)
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of ind%Q (Vz). To analyse these subspaces, we need a result of Kilmoyer [6, Theorem
2.7.4]:

WpNdWod ' =Wpnyq)  forallde WHe. (3.11)
Using that, the following is shown in [10, (11.3)—(11.6)]:

Proposition 3.2. For each d € WFQ, (ReszpindZQ)<d(Vﬂ—) is an HT -submodule of

ReS?}iPinsz (V). There is an isomorphism of HT -modules
. . . P Q
(Res%pmdzg)Sd(Vﬁ)/(Resﬁpmdzg)ﬁl(vw) &~ 1ndzpm(@ (wd Reszd_l(PmQ (Vﬁ)),

where < d means < d' for the largest d' € W@ which is smaller than d.
In other words, we have a filtration of the functor Reszpinsz, indexed by WP and
. . . . P Q
with successive subquotients 1nd§pm(@ 01gy © Reszdfl(}pm@,
Notice the analogy with Mackey’s restriction-induction formula for representations of
finite groups. From Proposition 3.2 and the two adjunctions, one can derive expressions
for the Hom-space between two parabolically induced H-representations.

4. Variations on the Langlands classification

The Langlands classification for a reductive group G over a local field [19, 25] classifies
irreducible admissible G-representations in terms of irreducible tempered representations
of Levi subgroups of G. The analogous result for affine/graded Hecke algebras can be
found in [12, 31]. Here we want to establish some useful variations, in particular with
subrepresentations instead of quotients.

The complex torus T can be identified with the space Irr(.A) of irreducible represen-
tations of A= C[X] = O(T). If (m,V,) is an H-representation, t € T and there exists
v € Vz\ {0} such that

(0 )v =t(x)v for all x € X,

then t is called an A-weight (or simply weight) of 7. We denote the set of A-weights
of (m,Vz) by Wt(n) or Wt(V;). If V; has finite dimension, then there is a canonical
decomposition in generalized A-eigenspaces:

V, = @teT Vit gon- (4.1)
The t € T for which Vi ¢ gen 7 0 are precisely the A-weights of 7.

Lemma 4.1. Let (m,Vy) be a finite dimensional H-representation. Then Wt(rt) =
—1
{wat " 1t e Wi(m)}.

Proof. Let s € T be a weight of 7', with an eigenvector A € V.1 \ {0}. For any v € V,z € X
we compute, using (1.7),

s(@)A(v) = (71 (02)A) (v) = A7 (02)0) = AT (Nuws 05 () Nuwa )0)- (4.2)
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Write 7’ = wocy, , so that

wA

(mVe) — (7', Vi)
v = T(Ny, v

is an isomorphism of H-representations. We can rewrite (4.2) as
A(s(z)v) = M7 (0—w, (2))V)-
Equivalently, for each x € X,v € V. the kernel of A contains
T (0_wa (@) — 5(2))v =7" (00 —S(—wa(2)))v=7"(0 —was *(z'))v,

where we abbreviated @’ = —wa (z). Thus 7’ (975/ —W‘l(x’)) is not surjective, for any
' € X. Since V; has finite dimension, we can use the decomposition, which shows that
was !is a weight of 7', Via the isomorphism 7’ 2 7, it is also a weight of 7.

Hence s +— Was ' maps the weights of 7' to the weights of 7. As dimV, < oo, rft=x
and the same arguments apply with the roles of 7 and 7' exchanged. Therefore we have
found a bijection between the set of weights of 7! and of 1, with inverse t — @_1. O

For any ¢t € T we have |t| € Homy(X,R<o) and log|t| € Homyz(X,R) =Y ®7zR. Given
P C A we define the positive cones
(Y @zR)PT ={yeY®zR: (a,y) =0Va € P,(a,y) >0Va € A\ P},
TPt =exp((Y®zR)"T) TP,

The same can be done in X ®7 R, and then taking anti-duals yields the obtuse negative
cones
- _ \/ .
(Y®zR)p = {Zaepcaa tca €R<o},
Tp =exp((Y®zR)p)  CTp.

By definition, a finite dimensional H¥-module V is tempered if |t| € T for all t € Wt(V).
Similarly we say that V is anti-tempered if |¢|~! € T for all ¢ € Wt(V). These two
properties are preserved by taking Hermitian duals:

Lemma 4.2. Let (m,V;) be a finite dimensional H-representation. If Vi is tempered
(resp. anti-tempered), then VI is tempered (resp. anti-tempered).

Proof. Since —wa stabilizes A, was™' € T2~ if and only if s € T2~. Apply that to
s=|t| (resp. s = [t|71) for a weight t of Vj;, and use Lemma 4.1. O

The following result is an obvious generalization of the Langlands classification for affine
Hecke algebras [12, 31].

Theorem 4.3. Let w € Irr(HY) and t € TY. Suppose that (i) or (ii) holds:

(i) 7 is tempered and t € TT+,

(ii) 7 is anti-tempered and t~1 € T+,
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(a) The H-representation ind%;:(w@t) has a unique irreducible quotient L(P,m,t). It
is the unique irreducible subquotient p of indzp (mr®t) which admits an injective
HP -homomorphism 7 @t — Resir (p).

(b) Every irreducible H-representation is of the form L(P,m,t), for unique (P,m,t) as
in (i). This also holds with (i) instead of (i).

Proof. (i) The Langlands classification, as in [12, Theorem 2.1] and [31, Theorem 2.2.4],
states (a) and (b). Although the characterizing property of L(P,m,t) is not made explicit
in these sources, it plays an important role in [12, §2.7] and in [31, proof of Theorem
2.2.4.a]. (ii) The same proof as for (i) applies, when we rewrite all the arguments in
Y ®z R with respect to —A instead of A. O

An H-representation ind%p (mr®t) as in Theorem 4.3.i is called a standard module, and
L(P,m,t) is called its Langlands quotient. With the usage of Hermitian duals, we can
deduce a version of Theorem 4.3 in terms of ‘Langlands’ subrepresentations.

Proposition 4.4. Let m € Irr(HY) and t € TY. Suppose that (i) or (ii) holds:

(i) m is tempered and t=1 € TTH,

(ii) 7 is anti-tempered and t € TTT.

(a) The H-representation indlie(m @t) has a unique irreducible subrepresentation,
which we call the Langlands subrepresentation E(P,ﬂ',t). It is the unique irre-
ducible subquotient o of indzp (r®1t) that admits a surjective H' -homomorphism
Resktpor (0) 0hap — T® 1.

(b) Every irreducible H-representation is of the form L(P,m,t) for unique (P,m,t) as
in (i). This also holds with (ii) instead of (i).

Proof. We assume (i). The proof when (ii) holds is completely analogous, only using the
other assumption in Theorem 4.3. (a) By Proposition 2.7 and Lemma 2.2

ind?p(r@t)t =indl, ((W@ﬁ)f) = ind %, (rf ®ffl). (4.3)

Here =t because it is real-valued, and we know from Lemma 4.2 that 7' is tempered.
Theorem 4.3.a says that (4.3) has a unique irreducible quotient L(P,n,¢+=!), which can
be characterized by the existence of an injection

mt@t™! = Resls (L(P,wT,t_l)).

Passing to Hermitian duals and using (2.2), we find that ind?» (7 ®t) has a unique
irreducible subrepresentation o = L(P,WT,t_l)T. Via Proposition 2.5.a, the characterizing
property becomes a surjection Reszpop (o) o)ap = T®t. (b) Let 7 € Irr(H). With
Theorem 4.3.b we write 71 = L(P,m,t) for suitable P C A, tempered 7 € Irr(H?) and
t € TP+, Then (2.2) gives an injection

72 L(P,mt) — ind¥s (r @)t
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From the proof of part (a) we know that the right-hand side is isomorphic with
ind¥s(r®t1), where (P,m,t™') is as in (i). Then part (a) says 7 = L(P,m,t~"). The
uniqueness in Theorem 4.3.b implies the uniqueness of (P,m,t~1). O

We would like to express the unique Langlands quotient or subrepresentation from
Theorem 4.3 and Proposition 4.4 as the coimage or image of a suitable intertwining
operator. To that end we establish the uniqueness (up to scalars) of those operators.

Lemma 4.5. Let 7 € Irr(H) and assume that the W-stabilizer of t is contained in
Wp for all t € Wt(r). Then Resltrind¥o (¢.7) is a direct sum of H -representations

ind%}:md(@) (Vastpysr) with d € WP Q| whose sets of Z(HE)-weights are mutually disjoint.

Proof. From Proposition 3.2.c we know that RGSZPin%Q (1y«m) has a filtration with
successive subquotients

. P Q . P
mdq?il’ﬁd(@) (¢d Redefl(P)nQ (¥ 7T)) = lndszﬂQ) (Yarpy ) de whe, (4.4)

By construction Wt(1)4+1~m) = dyWt(r), and with [23, Proposition 4.20] we obtain
P
Wt (ind2 oraio) (Vasthru 7)) © WpdyWi (). (4.5)

Equivalently, the set of Z(HT)-weights of indZ;d(Q)(wd*ww 7) is contained in
WpdyWt(n)/Wp. Suppose that d,d’ € W@ t.t' € Wt(n) and

Wpdryt \Wpd'yt' 0.

Pick w1, wy € Wp such that wydyt = wod'yt'. By the irreducibility of 7, ¢t and ¢’ belong
to the same Wp-orbit. Furthermore we assumed W; C Wp, so

w1dyWp = wad' yWp. (4.6)
From that we obtain ’y’ld’lwl_lwgd”y € Wp and
d™ wi wad € YWpy ™! = W,

We note that now wy 'wad’ € Wpd' NdWg. As W@ represents Wp\W/Wo, this shows
that d’ = d.

Thus, for different d,d’ € W@ the H-representations (4.4) have disjoint sets of
A-weights and disjoint sets of Z(H)-weights. In particular every extension of one of
these modules by the other is a trivial extension. It follows that the aforementioned
filtration of Reszpindzq (1y«m) actually splits, and that RGSZPinZQ (1hy«) is the direct
sum of the modules (4.4). O

The conditions in Lemma 4.5 are often satisfied, but they do not cover all cases
of Theorem 4.3. Inspired by [25, §VIL.3.3], we say that an HP-representation 7 is
W, P-regular if

wt ¢ Wt(r) for all t € Wt(r) and w € Wp(WFF\ {e}). (4.7
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Let P,Q C A and v € W, such that y(P) = Q. Like in (3.9), there is an algebra
isomorphism ). : HE — HEC.

Lemma 4.6. Let 7 € Irr(HT) be W, P-regular.

(a) 7 has multiplicity one in Reszpind;‘Q (1hysm), and is a direct summand of the latter.
(b) dimHomy (ind}» (7),ind%o (7)) = 1.

Proof. (a) The element v~ € W belongs to W@ because y~(Q) € Rt and v(P) C R*.
We follow the proof of Lemma 4.5, with d’ = ~v~1. This time we cannot conclude (4.6), but
our weaker assumption still provides a reasonable substitute. Namely, from widyt = wat’
we get wy wydyt € Wt(r), which by the W,P-regularity of 7 implies

wy fwydy ¢ Wp(WH PN\ {e}). (4.8)
Notice that dy(P) =d(Q) C RT, which says that dy € W¥. By [6, Proposition 2.7.5] we

can write dy = ad with d € WPP and a € Wp. It follows that Wpdy = Wpd. Then (4.8)
forces

d=e and dyeWpnW?¥ ={e}.

Hence the representations (4.4) with d # v~! do not have the central character of
7 € Irr(HT) as Z(HT)-weight. Like in the proof of Lemma 4.5, this entails that 7 appears
with multiplicity one in Res%pind%gg (y«m), as a direct summand. (b) By Frobenius
reciprocity

Homy (indzp (r),ind2 o (1. 7)) = Homyr (W,Res%pindzg (Ya)).

Now apply part (a). O

Lemma 4.6 tells us that, whenever 7 € Irr(H?) is W,P-regular, there exists a nonzero
intertwining operator

I(y,P,7) : ind2 s (1) — ind¥q (4. 7), (4.9)

unique up to scalars. The AP-genericity is only a very mild restriction. Namely, for
every finite dimensional H” -representation 7 there exists a Zariski-open nonempty subset
TP c TT such that 7 ®t is AP-generic for all t € ..

The next result and its proof are similar to [25, Théoreme VII.4.2].

Theorem 4.7. Let P C A and 7 € Irr(HF).

(a) Suppose that ™ is W ,P-regqular. Then indzp (7) has a unique irreducible quotient,
namely

ind?» () /ker [(wa p, P,m) =2 im I (wa, p, P,).

(b) Suppose that Yy, p«m is W,PP-regular. Then indzp (m) has a unique irreducible
subrepresentation, namely the image of

I(wp, A, PP s i) 2 02 por (Y pe) — indiep (7).
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Proof. (a) Let p be any quotient H-representation of ind3» (7). The quotient map gives
a nonzero element of

Homy, (ind}» (1), p) = Homyr (1, Resii s p),

so m is a subrepresentation of Reszpp. By Lemma 4.6.a with v =e, 7 is a direct
summand of Resgp p, and appears with multiplicity one. The projection Resﬁp p—=T
and the adjunction from Theorem 3.1.a yield a nonzero H-homomorphism from p to
ind¥ por (Yap.m). Thus we have H-homomorphisms

ind¥r (1) = p — ind2 pon (Y2 purr). (4.10)

Suppose now that p is irreducible. Then the second map in (4.10) is injective, and the first
map is surjective by definition, so the composition of the two maps in (4.10) is nonzero.
Lemma 4.6.a guarantees that (4.10) is a multiple of I(wa, p,P,7). In particular

ker I'(wa, p, P,m) = ker(4.10) = ker (indzp (m) = p).

We conclude that p equals ind?» (1 ®t)/ker I(wa, p, P,7). (b) Let o be any subrepresen-
tation of ind%p (). The inclusion map and Theorem 3.1.b give a nonzero element of

Homy, (0,ind}» (7)) = Homy, (¥apors(Reshipor o), m) 2 Homy por (0,14 psT).

In the setting of Lemma 4.6 we take P°P P 1A por,)apm in the roles of, respectively,
P,Q,v,m. Then Lemma 4.6.a says that 1) p.7 appears with multiplicity one in

Reszpozo inde (wAPop wAPTI') = Reszpozo inde (TF), (411)

as a direct summand. Since ¥ap(7) appears in the subrepresentation Res%pop o of (4.11),
it is also a direct summand thereof. In particular there exists a nonzero element of

Homy, por (1ha pam, Resk pon ) 2 Homyyp (ind 3 por (Y4 patr),0).
Thus we have nonzero H-homomorphisms
. 1H o 1H
indjypor (Yapsm) = 0 — indyye (). (4.12)

Now we assume that o is irreducible. Then the first map in (4.12) is surjective and the
second map is injective, so their composition is nonzero. The same argument as for (4.10)
shows that o is isomorphic to

ind% por (Yapat)/ker I(wp, A, PP s put) ZimI(wp, a, PPty peT0). O

With Theorem 4.7 and Langlands’ geometric lemmas [19, §4], we can provide alternative
proofs of Theorem 4.3 and Proposition 4.4.
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Proposition 4.8. Let P C A;w € Irr(HY) and t € T
(a) Suppose that
(i) 7 is tempered and t € TP+ or
(ii) 7 is anti-tempered and t~1 € T+,
Then 7™ ®t is W,P-regular and the Langlands quotient L(P,m ®t) from
Theorem 4.3 equals ind3r (1 ®t)/ker [(wa, p, P,m ®1).
(b) Suppose that
(iii) 7 is tempered and t=1 € TP+ or
(iv) 7 is anti-tempered and t € TT.
Then Yy px(m @ t) is W,PP-reqular and the Langlands subrepresentation
I~/(P,7r,t) from Proposition J./ is the image of I(wp,A,POp,Z/)wA‘P*(ﬂ'(@t)),

Proof. First we establish the regularity in all four cases. (i) Recall from [19, Lemma 4.4]
that every A € Y ®z R can be expressed uniquely as

A=A_+X\;, where A€ (Y@zR)g_,A\r € (Y ®2R)¥T, Q=Q()\) CA.

For any s € Wt(m) we have

log |st|+ =log|t], log|st|— =log|s| and Q(log|st|) = P. (4.13)
Assume that w; € Wp,wy € WP P\ {e} and wiwyst = s't € Wt(7 ®@t). Then

wost =w; 's't and log|wgst| = log|w; tst| . (4.14)
By [18, p. 38] log|w; 's't|; > log|s't|, by [18, (2.13)] log|wgst|y < log|st|,. Together
with (4.13) we obtain
log [wast|y < log|st|, = log|s't| <log|w; *s't| .

That contradicts (4.13) and hence our assumption is untenable. In other words, 7 ®¢% is
W,P-regular.

(ii) Notice that the proof of (i) only involves root systems and Weyl groups, no Hecke
algebras. It can also be applied to the current m ®¢, when we replace the basis A of R by
—A.

(iif) As Yy HE — HP" is an isomorphism that respects all the structure of these
affine Hecke algebras, by, () is tempered and wa p(t) € TF"". For oo € A there are
equalities

(o, loglwawpt|) = (wa(e), log lwpt]) = (wa(a), log]t]) = (—wa(a), log [t']),  (4.15)

where we used t € T in the second step. If € A\ PP, then —waa € A\ P and (4.15) is
strictly positive because ¢~ € T+, Therefore wa, p(t) € T*""*. Now part (i) says that

wwA,P*(ﬂ- ®t) = wwA,P* (m)® wAJD(t)

is W,PP-regular. (iv) With the same method as for (iii) this can be reduced to part (ii).
In the cases (i) and (ii), Theorem 4.7.a says that ind}'s (7 ®1t) has a unique irreducible
quotient, which moreover has the given shape. In the cases (iii) and (iv) Theorem 4.7.b
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says that indzp (r ®t) has a unique irreducible subrepresentation, namely the image of
the indicated intertwining operator. O

5. Comparison with Hermitian duals for reductive p-adic groups

Consider a non-archimedean local field F' and a reductive group G over F, connected
in the Zariski topology. We briefly call G a reductive p-adic group. As is well-known,
affine Hecke algebras often arise from Bernstein blocks in the category Rep(G) of smooth
complex G-representations. In such a situation there are two notions of a Hermitian dual:
in Rep(G) and in the module category of the appropriate affine Hecke algebra. We will
show that in many such cases the two Hermitian duals agree.

Let M be a Levi factor of a parabolic subgroup P of G, and let o € Irr(M) be
supercuspidal. The inertial equivalence class s = [M,0]g determines a Bernstein block
of Rep(G)* in Rep(G). By tensoring with a suitable unramified character we may assume
that o is unitary. Then its smooth Hermitian dual o' can be identified with o itself. It is
not hard to show that the smooth Hermitian dual functor stabilizes every Bernstein block
in Rep(G), see [35, Lemma 2.2].

One way to relate Rep(G)® to Hecke algebras stems from [13]. Let M! C M be
the subgroup generated by all compact subgroups of M, and let o1 be an irreducible
subrepresentation of Res%1 (o). Let ind denote smooth induction with compact supports,
in contrast to Ind, which will denote smooth induction without any support condition.

Then II,,, = ind%1 (01) is a progenerator of Rep(M)*™ | where s = [M,0] . Moreover
I, = I§1L,,, is a progenerator of Rep(G)?, see [25, §VI.10.1]. Here I§ : Rep(M) — Rep(G)
denotes the normalized parabolic induction functor.

As worked out in [26, Theorem 1.8.2.1], there is an equivalence of categories

Rep(G)* — Mod(Endg(IL,)7)

™ — Homg (I, ) (5.1)

It is known from [34] that Endg (Il,)°? is always very similar to an affine Hecke algebra.
To stay within the setting of the paper we assume in the remainder of this section:

Condition 5.1. Res)7i (o) is multiplicity-free and Endg (I, )°P is isomorphic to an affine
Hecke algebra H with g¢-parameters in R>1, via an isomorphism as in [13] or [34, §10.2].

This condition and [34, §10] imply that Endps(IIs,,)° is isomorphic to the minimal
parabolic subalgebra H? = C[X] of H. The invariant inner product on o; induces invariant
inner products on ind%l (01) and on I, [25, §1V.2.3]. The inner product on Il leads to an
embedding in HL which is dense in the sense that no nonzero element of Hl is orthogonal
to IIs. By [25, §IIL1.2.7 and §IV.2.1] there are isomorphisms

i = 1€ (ind¥. (1)) " = 1€ (ind}h (01)1) = 1€ (Ind ¥ (o)) = 1€ (nd}h (01)). (5.2)

The action of H°? = Endg(Il,) on I = I§ (indﬁl(al)) extends to an action on II} in
the following way. Write v € Hl as a limit of elements v,, € II;. For h € H°P we define
h-v=1lm,_ o0 h-v,.
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Then Homg(Hg,Hl) becomes an H x H°P-module with action

h-f-h'=Wofoh  hh'€H=Endg(l,)?,f: M, —IIi. (5.3)

Proposition 5.2. Assuming Condition 5.1, Homg(Hs,Hi) is isomorphic to H' as
H-bimodules.

Proof. First we consider the supercuspidal case, so with II;,, = ind}ji(o1). With
Frobenius reciprocity we compute

Homy (I, IT! ) = Homy, (ind]\ﬁl (0),ind}H (0)") = Hom (a,ind%1 (a1)1). (5.4)

Hermitian duals turn ind into Ind [25, Théoreme III.2.7], so the right-hand side of (5.4)
is also

Hom 1 (01,Ind}%: (0])) = Homps (o1, Indh (01)). (5.5)

An analogous computation (with ind instead of Ind) applies to Endy(Ils,,). We note
that the set

M7 ={meM:m-01 =01}

is a finite index subgroup of M which does not depend on the choice of o1, see [26, §1.6].
With the Mackey decomposition we obtain

A= Endy (1, )" = P

e Hom ;1 (o1,m-01).

Here all summands have dimension one, and they multiply like the elements m € M7 /M*.
In particular A = C[X] = C[M°/M*]. Similarly (5.4) and (5.5) become

~

Hom 1 (Gl,hld%1 (0'1)) & Hme]\/lv/lwl Homp(oq,m-o1). (5.6)

In view of (2.4), the right-hand side of (5.6) is isomorphic to A" = [, C{z} as
C[X]-bimodules. With (5.4)-(5.5) we obtain an isomorphism of .A-bimodules
Hom s (IL,,, 1T ) =2 AT (5.7)
In the non-supercuspidal case (5.2) gives an H-isomorphism
Homg (I, IT) 2 Home (I, 1§ (ind 71 (01) 1)) (5.8)
By [26, Proposition 1.8.5.1] the right-hand side is naturally isomorphic to
ind’f Hom (HEM,indﬁl(al)T).

From the supercuspidal case we know that this H-module is isomorphic to indﬁ(AT),
which by Lemma 2.6 is isomorphic to H'. It remains to see that the resulting left
‘H-module isomorphism

¢ : H" — Homg (11,11} (5.9)

is an isomorphism of H-bimodules.
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Recall from (2.4) that we identify ' with [T, ey ) CNw, which contains H as sub-

bimodule. On the H-submodule Home (1L, I1;) of Home (1L, I11), the isomorphisms (5.8),
(5.4), (5.5) and (5.6) become just the identity. Hence (5.9) extends the given algebra
isomorphism H = Endg(ILs)°P.

By (2.18) any element At of H admits a unique expression as

h+ - Z?UEW Z’I‘GX W wl ) Cw,z = (C’ (510)

with ¢ as in (2.19). The element h} :="__y w0, belongs to AT, which via (5.7) and
I§ embeds naturally in Home (1L, I1!). From (5.6) we see that

¢7’(h$) = (ZSZ(Z;EEX Cw,mez) = ZwEX cw,quz(Hx).

Using the H-linearity of ¢ we find

=6( > Nualhh)) = 3" Nu-oulhh) = 3" Nu- Y cwwtrlbs

wew weWw weWw zeX (511)
Z(b Zcﬂ]ﬂg(ﬁl Z chm¢N (0 ))
weWw rzeX weW zeX

This shows that ¢ commutes with infinite sums of elements of H in the form (5.10).
Hence ¢ commutes with limits of sequences in H that converge in H'. Let (h;7)22, be a
sequence in H with limit h™ € HT. For any h € H, (5.11) yields

+1y ; +1) — 1 +
o(h*h) = o( lim hih) = lim G(hih).
As ¢|y is an algebra homomorphism, the right-hand side equals
lim ¢(hy)¢(h) = lim ¢(hy)-h=d(h*)-h,
n—oo n—oo
where the dot indicates the right action of # on Homg (ILs,IT}) from (5.3). O

Proposition 5.2 serves as the starting point for the next result. It says that the Hermitian
dual functors in Rep(G)® and in Mod(H) match via (5.1). Similar results for unitary
representations were obtained by Ciubotaru [9] and Heiermann (unpublished).

Theorem 5.3. Let m € Rep(G)® and assume Condition 5.1. Then the H-modules
Homg (I, 7") and Homg (I, )" are isomorphic.

Proof. First we consider the special case where Homg(Ils,7) is a finitely generated
H-module. Since H is Noetherian, there exists a projective resolution

Homg (T, ) <% H@ Fo <~ H@Fy « - (5.12)

where each H ® F; is a free H-module with a finite dimensional multiplicity space F;. We
note that here d;(i > 0) is determined entirely by the map

di|F1, FZ gCl(@fa —>H®Fz’_1.
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The conjugate-transpose of (5.12) is an injective resolution

d dj
Homg (I, m)T S H @ Fl L1 oFr — ... (5.13)
Via the equivalence of categories (5.1), (5.12) becomes a projective resolution of
G-representations
T, @ Fy < T, @ Fy « - (5.14)

Here d;(i > 0) is determined by the map d;|r, : F; — Endg(Ils) ® F;—1 given by d;|F,
above composed with H = Endg (Il,)°P. The conjugate-transpose of (5.14) is the injective
resolution

t 9 11t e pt N 1t g
I F —IF —--- (5.15)
in Rep(G)®. Again applying (5.1), we obtain an injective resolution

Home (I, d)
_—

Home (I, 1) Home (I, 11 @ F (5.16)

Hom l_IE,dJr
Home e ),y omg (g, 1) & F = -

The maps Homg(Hﬁ,dI) are still determined by d;|F,. To (5.16) we can apply Proposition
5.2, that yields

Homg (I, 7)) = HI@ Fl = HI@ Fl — ... (5.17)

The maps in this sequence (except the leftmost) are induced by d;|r,, so they equal the
maps in (5.13). We deduce isomorphisms of H-modules

Homg (I, m)' 2 ker (H @ Fj — #' @ F) = Homg (I, 7). (5.18)

Now we consider the general case. Write Homg (Ils,7) as the direct limit of its finitely
generated submodules Homg (Ils,7;), where ¢ runs through some index set. Then 7 &
ligﬂri and 71 = I&nwj , which gives

Homg (IT,,71) = @Homg(ﬂs,wj).
By (5.18), the right-hand side is isomorphic to

@Homg(ﬂﬁ,ﬂi)T = (@Homg(ﬂs,wi))T =~ Homg (1L, 7). O

Theorem 5.3 implies, among other things, that the equivalence of categories (5.1) sends
Hermitian representations (i.e. 7t 22 7) to Hermitian representations.
6. Equivalent characterizations of genericity

Recall that a G-representation 7 is called generic if there exist

e a nondegenerate character £ of the unipotent radical U of a minimal parabolic
subgroup B of G,
e a nonzero U-homomorphism from 7 to &.
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More precisely, 7 is (U,£)-generic if
Homg (W,Indg(f)) >~ Homy (m,€)  is nonzero.
Following [4], we say that 7 is simply generic if dimHomy (7,) = 1. For irreducible
representations of quasi-split reductive p-adic groups, simple genericity is equivalent to
genericity [28, 27].
From [4, (2.1.1)] we know that ind{(&)T = Ind{(¢), and hence there is a natural
conjugate-linear isomorphism
Homg (m,Indf(€)) = Home (indf (€), 7). (6.1)
By (5.1) the right-hand side of (6.1) is isomorphic to
Hompnag 11, (Home (1L, indf (€)), Home (1L, 1)) (6:2)

Recall that s = [M,0]g and notice that & restricts to a nondegenerate character of UN M.
Suppose now that m € Rep(G)® and assume Condition 5.1. By Theorem 5.3, (6.2) is
isomorphic to

Homy, (HomG(Hg,indg(f)),Homg(Hsﬂr)T) .

The explicit structure of affine Hecke algebras (in comparison with reductive p-adic
groups) will make it possible to characterize genericity of = much more simply than above.
Recall that the Steinberg representation St : H(W,q*) — C is given by St(N,) = —q;1/2
for every simple reflection s € W.

Part (a) of the next result stems from [4]. We include it because it compares well with
part (b), which generalizes [8, 21].

Theorem 6.1.

(a) Suppose that o is not (UNM,E)-generic. Then Home(Il,,ind$ (€)) =0 and no object
of Rep(G)* is (U,§)-generic.
(b) Assume that o is simply (UNM,E)-generic and assume Condition 5.1. Then

Homg (I, indg (€)) 2 ind}yyy, 2y (St) as  H-modules.

Proof. Recall that I, = I§(ind}\7: (o)) for an irreducible subrepresentation o) of
Resyhi (01). By [4, Theorem 2.2] there is a natural isomorphism Jgindg(f) = ind} 1, (6).
With Bernstein’s second adjointness we find

Homg (IT,,indf (€)) = Home (I8 (indj7: (01)),ind{ (€))

6.3
=~ Homy (ind%1 (01)7ind¥mM(§))~ (03

(a) The non-genericity of o implies, by [4, Corollary 4.2], that the component of indi /(&)
in Rep(M)*™ is zero. Hence (6.3) reduces to 0. That and (6.1)—(6.2) imply the second
claim of part (a). (b) Since UNM C M, there is a unique irreducible constituent oy of
Resﬂl (o) such that Homynas(01,€) is nonzero. Then

dim¢ Homyras(01,€) =1 and o appears with multiplicity 1 in Resi (o). (6.4)
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Now [4, Proposition 9.2] says that
ind} (€) 2 ind3fs (o).
By Condition 5.1 Ends(sa) = A= C[X]. Hence (6.3) is isomorphic to
End; (ind}% (1)) 2 Endy, (1L, ) = C[X] (6.5)
as modules for Endps(spr) = C[X]. That makes our setup almost the same as in [35,

§2], which means that the arguments from there remain valid in our setting. Then
[35, Lemma 3.1] proves the theorem. O

The Hermitian duals of the representations in Theorem 6.1 can be described in various
ways, which has interesting consequences.

Proposition 6.2. Assume Condition 5.1 and that o is simply (UNM,£)-generic.
(a) There are isomorphisms of H-modules

Homg (I, Ind{ (€)) = Homg (I, indf (€)) 2 ind% 1y, ») (St)T = HT » ® ) St.
5q

(b) For m € Rep(G)® there are isomorphisms of complex vector spaces

Homy (7,€) 2 Homg (m,Ind$ (€)) = Homy, (Home(IL,,m),H'  ®  St)
HW,q*)
= Homyw, r) (Homg (ILs,7),St).
(c) A representation m € Rep(G)® is (U,&)-generic if and only if the H(W,q*)-module
Homeg (I1g,7) contains St.

Proof. (a) The first isomorphism is an instance of Theorem 5.3, the second is Theorem 6.1
and the third is Lemma 2.1.a for V = St = St

(b) The first isomorphism is a version of Frobenius reciprocity and the third is Lemma
2.1.b. The second isomorphism follows from the equivalence of categories (5.1) and part

(a).

(c) This follows from part (b) and the semisimplicity of H(W,q). O

We note that Proposition 6.2.c is almost the same as [35, Theorem 3.4]. The latter was
only proven for representations of finite length, and did not include Proposition 6.2.a,b.

7. Generic representations of affine Hecke algebras

Let us return to a more general setting, where H is an affine Hecke algebra with
g-parameters in R>;, but H does not have to come from a reductive p-adic group.
Motivated by Proposition 6.2, we put

Definition 7.1. An H-module V is generic if and only if Resz(W’qA)V contains St.

From this definition the multiplicity one property of generic constituents of standard
modules, as in [28, 27] for quasi-split reductive p-adic groups, follows quickly.
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Lemma 7.2. Let P C A and let V € Mod(HT).

(a) Vis generic if and only if ind}i»V is generic.
b) Suppose V is irreducible and generic. Then dimHomqyyy o» ind%,V,St) =1 and
(W,q*) H

indzpv has a unique generic irreducible subquotient. This constituent appears with
multiplicity one in indg:fpv.

Proof. (a) The Bernstein presentation of 7 shows that

H A o H(W,g) HP
Resit oy g0 (indyrV) = md?—t(qu,qk) (RGSH(WP&)\)V).

Then by Frobenius reciprocity
Homy, (o2 (ind%%» V,St) =2 Homy, w7, ) (V, St). (7.1)
(b) By [35, Lemma 3.5]
dimHomH(Wﬁqx)(indzp V,St) <1,

and by part (a) it is not 0. In view of the semisimplicity of H(W,q"), this shows that
ind%pv contains a unique copy of St, say Cv. It follows that indzPV has a generic
irreducible subquotient, which appears with multiplicity one. It can be described as Hv
modulo the maximal submodule that does not contain v. O

We will investigate when the generic constituent of indsz is a quotient or a
subrepresentation. That is related to the generalized injectivity conjecture [7] about
representations of reductive p-adic groups. It asserts that the generic irreducible
subquotient of a generic standard representation is always a subrepresentation.

The last isomorphism in Proposition 6.2.b provides a useful alternative (but equivalent)
condition for genericity of an H-representation 7, namely that

Homy (7, HT ®2(w,q») St) is nonzero.
By Proposition 2.7 there are isomorphisms of A-modules
Res’} (M1 Qp(w,qr) Ot) = Res’} (ind% (AT) @9 (w,qr) St) (7.2)
> Af ®c H(W,q)‘) QHW, ) St~ Al

The composed isomorphism is given explicitly by

Al = HT ®H(W7qk)st
h wh)®1 ’

where ¢ is as in (2.19). For ¢t € T we write

fi :Z(Zzexx(t)*lew) eHt.
In these terms

Homy, (ind’ (£), 7 ®3w 1) St) =2 Hom 4 (£, AT) = Cf,. (7.3)
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Lemma 7.3. Let P C A and let w be an irreducible generic HE -representation.
(a) For any t € TT: dimHomy (indzp (m@t), 1T @z w0 St) = 1.
(b) Let s €T be a weight of m. Then the image of indzp (r@t) in HT @ (w,q>) St, via

a nonzero H-homomorphism as in part (a), is generated as H-module by fs: @ 1.

Proof. (a) This follows from Lemmas 2.1.b and 7.2.b. (b) For any weight s of 7, Frobenius

P
reciprocity yields a nonzero (and hence surjective) H”-homomorphism ind% (s) — 7.
Hence the unique (up to scalars) H-homomorphism 7 — 1 @2 (w,q>) St can be inflated

to a nonzero H-homomorphism ¢, : indﬁp (s) — HT ®34(w,q*) St. Similarly the unique
(up to scalars) homomorphism 7 ®t — H' ®3,v 4») St inflates to

¢st : indﬁp (St) — HT ®7—L(W,q%) St.
By (7.3) we may assume that
dst(h®1) =h(fst®1).

Let v be the image of No®1 € indjp(s) in 7, by irreducibility it generates m. Then
¢s factors through a homomorphism 7 ®t — HT @ (w,q>) St that sends vs to fsr ® 1.
Frobenius reciprocity produces a homomorphism

WhH(P, 7 @1t,vs) : ind¥s (r®t) - H @y, St (7.4)
ind¥e(r@t)(h)vy —  h(fa®l) '
Clearly the image of 20h(P,m ®t,v5) is generated by fs;: ® 1. O

The 20h(P, 7 ®t,v,) with ¢t € T form an algebraic family of H-homomorphisms, in the
sense that for any fixed h € H the image 20h(P, 7 ®t,v5)(h®wvs) is a regular function of .

To analyse the unique irreducible generic subquotient of indz p(m®1t), which exists by
Lemma 7.2.b, we use a version of Shahidi’s local constant [29]. Let us set up the intertwin-
ing operators I(vy,m®t) more systematically. For a € A we define 23 € c(mv ®omw H
by

0, g MN@+X(@)/2 _ 1 g g(A@=N"(@)/2 4 1

1 )\(a)/ZN —(1 o )
+q Sa ( +7’sa) aa_l 9a+1 (75)
By [20, §5], 54 +123_ extends to a group homomorphism
W — ((C(T)W o T)w H) “we 1, (7.6)

These elements provide an algebra isomorphism
(C(T) W  — C(T)W Ro(Tyw H
fw = Jvw '
Assume that P,w(P) C A. It follows from (7.5) that

1oy N 20, -1 = N, for all a € P.

Sw(a)
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Hence the isomorphism 1, : HY — H*") equals conjugation by 22, in C(T)V ®o(ryw H.
Let t € T and (m, V) € Mod(H"). Consider the bijection

(C(T)W Ro(Tyw HOur Ve — (C(T)W RoTyw HQqywiry Vi
h®uv — b, @v ’

where V; is endowed with the representation m ®t. For ¢ in a Zariski-open dense subset
of TP, this defines an intertwining operator

I(w,P,m,t) - ind2p (1 @t) — ind2. ) (10 (1 @1)),
which is rational as function of t € T, By (7.6), whenever yw(P) C A:
I(v,w(P), 1 (7),w(t)) o I(w,P,m,t) = I(yw,P,m,t). (7.7)
The Whittaker functionals from (7.4) satisfy
Wh(w(P), 1y (m@1),v5) 0 I (w, P,m,t) € Homy (indzp (r@t),HT (W, q™) St),

at least away from the poles of I(w,P,m,t). By Lemma 7.3 there exists a unique
C(w,P,m t) € CU{oo} such that

WhH(P, 7 @t,vs) = C(w,P,m,t)2h(w(P), Yy (rQ1),vs) o I(w,P,m,t). (7.8)
For v =w™!, (7.7) implies
Cw™ w(P), v (t),w(t)) = C(w, Pm,t) " (7.9)

Notice that C(w,P,7,?) is a rational function on 7%, because all the other terms in
(7.8) are so. This C'(w,P,m,t) is the local constant for affine Hecke algebras, analogous
o [29]. We note that this is based on the normalized intertwining operators that involve
12 An even stronger analogy with [29] can be obtained by using intertwining operators
based on the elements 7,, from [23, (4.1)]. The normalization of the intertwining operators
does not affect the poles of the local constants.

Lemma 7.4. Let 7 € Irr(HY) be generic. Then C(w,P,,?) is reqular at t € TT if and
only if ker I(w, P,m,t) C ker 20H(P,m @t,v5).

Proof. Suppose that C(w, P,m,t) = co. Then
Wh(w(P), 1)y (7 @1),v5) 0 I(w,P,m,t) =0,
so im I (w, P,m,t) is not generic. In the short exact sequence
0 — ker I(w, P,m,t) — indzp (r®t) = imI(w,P,m,t) — 0,

the middle term is generic by Lemma 7.3. Hence 204(w, P,7 ® t,vs) does not vanish on
ker I (w, P,m,t), and the latter is generic.
When C(w, P,m,t) € C*, the equivalence is clear from (7.8).
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Suppose that C(w,P,n,t) = 0. Then I(w,P,,t) has a pole at t € T* caused by a pole
of 12 _,. Let f be a holomorphic function on a neighbourhood U of ¢ in TP, such that
F(")I(w,P,mt") is regular and nonzero on U. We can replace (7.8) by

WhH(P,m Rt,vs) = CWh(w(P), (7 @1t),vs) 0 f(t)I(w,P,m,t), (7.10)

for some C' € CU{o0}. As Wh(P,m @t,v,s) is nonzero, so is C. Then (7.10) shows
that 206 (w(P), 1, (7 ®1t),vs) is nonzero on im f(¢t)I(w,P,m,t). Therefore C' # co, and we
conclude that 20h(P,7 ®t,v,) factors through f(¢)I(w,P,n,t). In particular

ker I'(w,P,m,t) C ker f(t)I(w,P,m,t) C ker20h(P, 7 ®@1t,v5). O

Next we prove some cases of the generalized injectivity conjecture for affine Hecke
algebras. For that we need ¢; > 1 for all s € S,g, otherwise the statement would be false
(the Steinberg representation of H would violate it).

Theorem 7.5. Assume that M) > A*(a) >0 for all « € R. Let t € TP and let
7 € Irr(HE) be generic, tempered and anti-tempered.

(a) When t=1 € TP* | the unique generic irreducible subquotient of indzp (m®1) is
L(P,r®t) = ind}, (r@t)/kerI(wa,p,P, 7 ®1).

b) When t € TP+, the unique generic irreducible subquotient of ind Lo(m®t) is its
7 H
unique irreducible subrepresentation L(P,m,t).

Proof. (a) In view of Proposition 4.8.ii and Lemma 7.4, it suffices to check that
C(wa,p,P,m,7) does not have a pole at ¢. By (7.9), it is equivalent to show that

C(wp,A, PP Py o (m),wa, p(t)) is nonzero. (7.11)

Suppose that (7.11) is zero. By (7.8), I(wp,a, PP, ¢u, p (), wa, p(t)) has a pole at t. It
is known from [23, Theorem 4.33.i] that every such ¢ is a zero of

(l(wa, p(rt)) — gMOFNN/2) (q(wp p(rt)) +qA O~ (@D/2),
for some weight r of m and —a,wp a(a) € RT. Equivalently, such a ¢ satisfies
(B(rt) — gA@FN@)/2) (B(rp) 4 ¢N=X"(@)/2) — g (712)

for some weight r of 7 and 3, —wa, p(8) € RT. The eligible 8 are precisely the roots in
RY\ RE. From t~1 € TP* we get B(t) € (0,1) for all 3 € R\ R}. By the temperedness
and anti-temperedness of 7, |r| = 1. Hence |5(rt)| < 1, which in combination with A(«) >
A*(a) > 0 implies that (7.12) never holds under our assumptions. Hence (7.11) is valid.

(b) In the proof of Proposition 4.8.iii we checked that 1)y, ,(7) is again tempered and
anti-tempered, and that wa p(t)~* € TP”*. By part (a)

indzpopwwA,P(W@t)/ker[(wP’Af(/lwA’P(7T®t)) 2 imI(wp, A, Ywa, p (T @T))
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is generic. This is an irreducible subrepresentation of indZ p(m®t), and from Proposition
4.8.iv we know that there exists only one such subquotient. O

One interesting application of Theorem 7.5 concerns the induction of suitable characters

of A.

Proposition 7.6. Suppose that A(a) > N*(a) >0 for all« € R, and let t € T.

(a) Suppose [t~ lies in the closure of T%t. Then the unique generic irreducible
constituent of ind% () is a quotient.

(b) Suppose |t| lies in the closure of T®t. Then the unique generic irreducible
constituent of ind¥ () is a subrepresentation.

Proof. Write P = {a € A : |a(t)| = 1}. Then indﬁp(ﬂt\_l) is an HF-representation all
whose A-weights belong to Homgz(X,S'), so it is both tempered and anti-tempered.
By [31, Proposition 3.1.4.a] indj;fp (t|t|=1) is completely reducible, say a direct sum of
irreducible subrepresentations p;. As |t| € T*:

ind” (1) = ind (et ) @[t = D, i@ 1l (7.13)

where all the weights of p; ® |t| have absolute value |t|. Lemma 7.3.a guarantees that
exactly one of the p; ® |t] is generic, say it is p; ® [t|. Now the arguments for the two parts
diverge: (a) By Theorem 7.5.a ind%s(py ®|t|) has a generic irreducible quotient 7. In
view of (7.13) and the transitivity of parabolic induction, r is also a quotient of ind’f(t).
(b) By Theorem 7.5.b ind2,(p; ®|t|) has a generic irreducible subrepresentation 7. By
(7.13) 7 is also a subrepresentation of ind? (t). O

Proposition 7.6 is a Hecke algebra version of the generalized injectivity conjecture for
inductions of supercuspidal representations of reductive p-adic groups [7, Theorem 1].
For the current status of the generalized injectivity conjecture we refer to [11]. Possibly
our Hecke algebra interpretation can be useful to establish more cases. However, the
generalized injectivity conjecture does not hold for all affine Hecke algebras with
parameters A(a) > A*(«) > 0, as witnessed by the next example.

Example 7.7. Consider the based root datum
R = (Z27B2,Z2702,{Ol =€1— eg,ﬁ = 62}).

We take A(8) = A*(5) =1 and A(a) = A*(a) = 6. (It would also work with any number
> 2 instead of 6.) The algebra H = H(R,\\*,q) has a one-dimensional discrete series
representation § given by:

5

e A acts on 0 via the weight ts = (¢7°,q),

6(Ns,)=—¢ * and 6(Ny,) = q'/2.

As Wy, = {e}, d is the unique irreducible H-representation with A-weight ¢5. Notice that
0 is not generic. We will show that § occurs as the unique irreducible subrepresentation
of a standard module.
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Let St be the Steinberg representation of H{}, a generic discrete series representation
with A-weight (¢3,¢%). For (¢%,¢%) € T1*}*, St, ® (¢%,¢?) has the unique A-weight
t= (¢ 1,¢°). By [33, Lemma 3.3] the standard module

7 =ind¥(a) (Sta ® (¢%,¢%))
has set of A-weights
wiedy = {t,sat,5055t,585a58t =1s}.

By considering the invertibility of intertwining operators, one sees that ¢,s5t and sosst sit
together in one irreducible subquotient of 7. That representation involves the maximal
weight ¢ of 7, so by Theorem 4.3.a it is the Langlands quotient L({a},Sta,(q?¢%)).
Further t; is not a weight of L({a},Sta,(¢%¢?)), because the only irreducible
‘H-representation with that property is §. Thus 7 is reducible and has a subquotient 4,
which is in fact a subrepresentation because it equals the kernel of m — L({a},Stq,(¢%,¢%)).
Lemma 7.2.b says that m has a unique generic irreducible constituent and it is not ¢, so
it must be the Langlands quotient L({a},Sta,(¢%¢%)).

A weaker version of the generalized injectivity conjecture is known as the standard
module conjecture [7]. It asserts that the Langlands quotient of a generic standard
representation is generic if and only if that standard module is irreducible. This has
been proven for all quasi-split reductive p-adic groups [14, 15]. Using Section 6, one can
deduce the standard module conjecture for all affine Hecke algebras whose parameters
come from a generic Bernstein component for a quasi-split reductive p-adic group.

Nevertheless, our above counterexample to the generalized injectivity conjecture is
also a counterexample to the standard module conjecture for affine Hecke algebras with
arbitrary parameters > 1.

8. Affine Hecke algebras extended with finite groups

For comparison with reductive p-adic groups it is useful to consider a slightly larger class
of algebras. Let ' be a finite group acting on the based root datum R = (X,R,Y,RY,A).
Then I' acts on W by

7(5a) = Sya = 750771 a € R,

where the conjugation takes place in Autz(X). This yields a semidirect product
(X xW)xT. We also suppose that T" acts on A= C[X] = O(T), such that the induced
action on A*/C* = X recovers the given action on X. Thus I' acts on T' =Irr(.A), but it
need not fix a point of 7.

Further we assume that the label functions A, A* : R — R are I'-invariant. Then I" acts
on H by the algebra automorphisms

’Y(Nwew):Nv(w)’Y(ea:) yellweW,xeX.

The algebra H xI' =T x H has an Iwahori-Matsumoto basis {N,, : w € (X x W) xT'}
and a Bernstein basis {0, N,, : x € X,w € W xT'}. The length function of X x W extends
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naturally to X »x (W xT'), and then it becomes zero on I'. The involution * of H extends
to HxT by Nj=N,-1 for v € I'. We extend the trace 7 of H to H xT' by defining
T|lyun, =0 for all y € T'\ {e}.

More generally we can involve a 2-cocycle fj: I'> — C*. It gives rise to a twisted group
algebra C[I',], with multiplication rules

Ny - Ny = 5(%,7 ) Noyqy.

From that we can build the twisted affine Hecke algebra H x C[T',4], which is like H x I,
only with C[I'] replaced by CI[T',j]. These twisted algebras can also be constructed with
central idempotents. Namely, let

1= Zf =Tt 5T —1 (8.1)

be a finite central extension, such that the pullback of fj to I'" splits. Then there exists a
minimal idempotent p, € (C[fo ] and an algebra isomorphism

¢y - pyC[TT] — C[Tf].

For each lift y* € I't of y €T, ¢y(pyN,+) € C*N,,. Then py, is also a central idempotent
in HxI" and

HXCLg = py(HxIT) = (H 1T )py. (8.2)
Since py comes from a unitary character of fo , it is stable under the natural *-operation
on C[I'"]. We define the * on C[I,] by
G(PyNy+ )" = by NI+ ) = (s N1

In combination with the * on H, this endows (8.2) with a *-operation. We define the
trace on H x C[T,t] just like for H x T.
To deal with parabolic induction, we use a subgroup I'p C I" for each P C A.

Condition 8.1.

(i) T'p C T whenever P C Q,

(ii) the action of I'p on T stabilizes P,Tp and TT (and hence normalizes Wp),

(iv) if y € WxT,P C A and y(P) C A, then A\Lpy~ ' =Ty(py,

)
)
(iii) T'p acts on T* by multiplication with elements of the finite group Tp N T,
)
(v) b is trivial on T'j.

Let I‘J]S be the inverse image of I'p in I'" for the map (8.1), then Condition 8.1 holds for
I't as well. We say that HY x C[I'p,] is a parabolic subalgebra of H x C[T,4]. Notice that
HA x C[Ca,b] = H % C[Ta,tb] (but Ta need not be the whole of T'). By Condition 8.1.iii,
'y acts trivially on 7% = T, so I'y acts trivially on . Together with Condition 8.1.v that
implies

H? % C[Dy,1] = AR C[Ty]. (8.3)
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By Condition 8.1.ii I'p stabilizes P,X NQP and X N(P")*. Then Condition 8.1.iii says
that ['p fixes QX N (PY)L =2 QX/QP pointwise. Let us write the action of v € I' on
A=C[X] as

Y(0z) = 24(2)0-y(2) where 2, € T.
For t € TP = Hom(X/X NQP,C*),w € Wp,x € X we compute

V(@1 (02 Nw)) = 7(8(2)0: Now) = t(2) 25 (%) 0. () Ny (w),
wt ('Y(eme)) = 7/%(27 (x)e'y(x)N’y(w)) = t(’Y(z))Z’Y (I)a'y(x)N'y(w)

These two lines are equal because v fixes X/X NQP pointwise, so that t(y(z)) = t(x).
Thus 9; € Aut(H?) is I’ p-equivariant and extends to an automorphism of H¥ x C[I'p,].
That enables us to define 7 ®¢ for 7 € Mod(H? x C[['p,5]) and t € TF.

Assuming all the above, we will check what is needed to make the results from the
previous sections valid for # x I" and for H x C[I',]. To ease the notation we will sometimes
write things down for H x I and then indicate how they can be generalized to H x C[T,t].
Of course this means that everywhere we should also replace H' by H x C[['p,t] and
H(W,q*) by H(W,q*) x C[T',]. The role of W¥ can be played by I'"W?T where T'* C
[ is a set of representatives for I'/T'p. Notice that T¥W? is a set of shortest length
representatives for W xT'/Wp x T'p, because

(8.4)

r*w?(pP)cT?(RT)=R".

In Lemma 1.1 we replace h = Ny, by N,ub, and N,-1 by NJj, = Ny-1NJ €
C*Ny-1N,-1. For vy € T\T'p both (h*)]" and (hl)*r are zero, while for v € I'p the
calculations from the proof of Lemma 1.1 remain valid with an extra factor N7 at the
right.

In Section 2 and Theorem 3.1 there are a few additional complications, almost
everything holds just as well for H x C[T,f]. Only in Lemma 2.2 we need to be careful:
the same argument works for H x I'", and from there we can restrict to H x C[I,] via
(8.2).

To generalize Proposition 3.2 we need some preparations. Let P,Q C A and let D@
be a set of shortest length representatives for Wpl'p\WT/WgI'g. In contrast with
WPQ DPQ need not be unique. Like in (3.9), every d € D@ gives rise to an algebra
isomorphism

a: HYPINQ(dTpdNTg) — HPOUQ) % (Dpndlod—?)
HwNwN’y = ed(x)Nd11)d*1Nd'yd*1 .

Kilmoyer’s result (3.11) can be generalized as follows:

Lemma 8.2. Let d € DFQ.

(a) d*WpdNWq equals Wa-1(p)ng-
(b) d=L(Wp xTp)dn (Wo xTq) equals Wa-i(pyng x (d~TpdNTq).
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Proof. Write d = yqwg with 74 € T' and wy € W. For a € P we have {(ds,) < ¢(d), so
d(a) € RT. As v4(RT) = R™, also wq(a) € RT. For o € P we have {(spd) < {(d), so
R* 5d7Y(8) =w;'v;'(B). Thus wa(Q) C R* and w}'(y;'P) C R*, which means that
wg € Wi (P).Q, (a) We compute

d 'Wpdn Wo = w;lv(;le'ydwd NWqo = wd*W%i_l(P)wd NWg.

By (3.11) the right-hand side equals Wo=t1-1pyng = Wi (p)ne- (b) First we note that
by Condition 8.1.iv

A" (WpxTp)d=wy vy (Wp xTp)yaws =wz* (v; " Wpya 375 ' Tpya)wa

-1
=Wy (W’YJI(P) X F,Y(;l(P))wd.

Consider wy € Wg,11 € g,ws € W,YJI(P),’)/Q € F,y(;l(P) such that
w1y = w;l’LUQ’}/de. (8.5)
Via the isomorphism W xT'/W =T we see that v1 =72 € ['gN I‘ﬁl(P). Then
reway”H(Q) =r2wa(Q) C 12(RT) = R,
(2wam) "N (P) = mwy vy H(P) =mwy ' (P) Cn(RY) = RY,
SO Wgwd'yl_l =ywgy~ ! € WPQ, Now
wy = wy wa(yeway; t) € Wo Nwy twy ' Wp D@,
which by [6, Lemma 2.7.2] is only possible when vowgvy~! = wy. Hence
wy = wy  wawg € Wo ﬂwcjlWV;l(P)wd, (8.6)

and from (3.11) we know that the right-hand side equals Wgng-1(py. From (8.5) and (8.6)
we obtain v = w;lfygwd, SO

(WQ X FQ) ﬂwgl(W,Y (p) X F7;1(P))wd = WQﬂ'y;l(P) X (FQ mwglrfy;l(P)wd)

-1
a
= Wde—l(p) X (FQ ﬂwdfyd_lefydwd) = Wde—l(P) X (FQ ﬂdilrpd). O

Let (7,Vy) € Mod(H? xT'g). Analogous to (3.10), indzgl;qr@ (V) has linear subspaces

(ReszﬁgrpindzggrQ)gd(Vw) = @ H(WpTpd' Wol'q)A®yeur, Va-
d'eDP:Q d'<d
With Lemma 8.2 at hand, the proof of Proposition 3.2 becomes valid for H xI'. The

above also works for H x C[I',lj], which is only a notational difference. The result is:

Proposition 8.3. For each d € DP9, (Resz;fgrpindzggrcg)gd(vw) is an HE xTp-
HXD

submodule of indya ., (V). There is an isomorphism of HY x T p-modules
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HNT o aHxD HXT . A HXT
(Resﬂﬁxrpmdﬂgxrcg)gd(vﬂ)/(ReSwfxrpmdﬂger)<d

. ’HPNFP ’HQNFQ
lnd'HPﬂd(Q) x(Cpdlod—1) ('(/Jd* ReSqu(PmQ (d-1TpdnT) (Vrr)) :

(Va) =

Thus the functor Reszﬁgrpindzgl;]r@ has a filtration with successive subquotients

HQ ><IFQ

ind" . xTr o1)ax o Res
* HATHPINQ x(d— 1T pdNTq)’

HPNA(Q) N(FpﬁdFQdfl)
where d runs through DP@.
The same holds with C[T',tj] instead of C[T'].

In Section 4 the elementary Lemmas 4.1 and 4.2 also hold for H x I'. However, the
Langlands classification and its variations (Theorem 4.3 and Propositions 4.4, 4.8) are
just not valid any more in this form. An extension of Theorem 4.3 to H x I" was established
in [31, Corollary 2.2.5], but it is more involved.

The main issue with the Langlands classification for H x I' is the uniqueness, as
witnessed by the following example. Let R = A3, A = {«,8},X =ZR and let T = {¢,v}
with 7 the unique nontrivial automorphism of (X,A). The parabolic subalgebras of H xT
are A,H1H 118 and H xT. Pick a t € T%* which is fixed by 7. Then indﬁ (t) has a unique
irreducible quotient but indﬁxr(t) has two inequivalent irreducible quotients.

Lemma 4.5 and its proof still work with our standard modifications. However, to
generalize Lemma 4.6 and Theorem 4.7 we first have to extend the notion of W P-
regularity. We say that an H? x C[['p,h]-representation 7 is WT,P-regular if wt ¢ Wt(r)
for all t € Wt(r) and all w € WprDf’P, where

DYP ={deWr:d(P)c R*,d"'(P)C R*,d¢ Tp}.

Lemma 8.4. Let P,Q C A and vy € WT such that v(P) = Q and let 7 € Irr(HF x C[T'p,t])
be WT',P-regqular.

(a) The representation 7 appears with multiplicity one in Reszﬁgg[’lﬁlp,mindzggg[’ﬁ]cz’h]

(Yy«m), as a direct summand.

: . YHXCIT, . HxC[T,
(b) dimHomycir,y (de;‘NFC[IELh] (W)71ndHS><EC[1E]Q,h] (1)) =1.

Proof. (a) Since (P) C R and 47 1(Q) C RT, y~! has minimal length in
Wplpy~ Wl . Hence we may choose D@ 5o that it contains vy~ 1. We follow the proof
of Lemma 4.5 with d’ = ~~!. Instead of (4.6) we find wy,we € Wp xT'p and t € Wt(r)
such that wy 'wydyt € Wt(r). The WT,P-regularity of 7 says that

wawy fwidy ¢ Wpl'pDLYP for all wy € Wplp. (8.7)

Notice that dy(P) = d(Q) C R*, which means that dy € TWT. Suppose that dy does
not have minimal length in Wpdy. There exists a € P with v~ 'd~!(a) € —R*. Then
7y 1d 1 so(a) € RT and

Usqdy) =L(y 1d 7 sy) < (v 1d™1) = t(dy).
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As vy HQ)C RT, d ) ¢ Q and a ¢ d1(Q). That gives
(50d7)(P) = 5,d(Q) C so(RT\ {a}) C RT.

The reasoning can be applied to s,dy. Repeating that if necessary, we find wy € Wp
such that wydy(P) C RT and wydy has minimal length in Wpdy. Thus (wsdy) = (P) C
RT, wydy € Df’P Ul'p and dy € Wp(Df’P UT'p). Combining that with (8.7), we find
dy € Wpl'p =T pWp. Also dy e TWT, so in fact dy € I'p. Then I'pd =T'py~!, and
using d,y~' € D@ we obtain d =+ ~!. From this point on, we can conclude in the same
way as in the proof of Lemma 4.6.a. (b) This can be shown exactly as in the proof of
Lemma 4.6. 0

Lemma 8.4.c yields a nonzero intertwining operator
I(y,Pym) s indp S0 () = ind B G T0E  (ym),
unique up to scalars. With those operators Theorem 4.7 and its proof become valid for
H x C[T',4]. That provides H x C[I',jj] with a substitute for the uniqueness of Langlands
quotients and Langlands representations (for H). We warn that Proposition 4.8 fails for
HxT:melr(HP xT'p) tempered and ¢t € TF+ does not enforce WT, P-regularity of 7 ®t.

We may relax Condition 5.1 by replacing H with #H x C[[,j], let us call that
Condition 5.1’. The advantage is that it becomes valid for more Bernstein components
of representations of p-adic groups. For instance, Condition 5.17 applies to all smooth
representations of classical groups [13, 1] and in those cases Condition 8.1 follows
from the same checks as in [32, §5]. Under Condition 5.1°, the indecomposability of
Rep(M)*™ forces Mod(H? x C[I'y,4]) to be indecomposable. Hence the algebra (8.3) is
also indecomposable, which forces I'y = {1}. All the arguments and results in Section 5
remain valid with # x C[T,t] instead of #, no further adjustments are necessary.

In the setting of Section 6, Condition 5.1’ turns out to hold automatically with trivial
2-cocycle, see Theorem A.1. The crucial part of the proof of Theorem 6.1 is the reference
to [35, §2]. Since that work was conceived for algebras of the form #H xT', Theorem 6.1
applies to all extended affine Hecke algebras that satisfy Condition 5.1’ with § = 1. More
precisely, we extend the Steinberg representation of H(W,q*) to H(W,q*) x T by

St(NwNy) = St(Ny)detx () weW,vel,

where dety means the determinant of the action of v on X. The more general version of
Theorem 6.1.b says:

Homg (IT,,ind{ (€)) = indz(xwr,_qk)xr(St) as ‘H x I-representations. (8.8)
That and Proposition 6.2 prompt us to define:
an ‘H x I'-module V is generic if and only if Resﬁf‘; q>‘)><1F(V) contains St. (8.9)

With this definition, the part from Proposition 6.2 up to and including Lemma 7.4
generalizes readily to H x I'. For representations of H x C[I',j] with § nontrivial in
H?(T',C*), genericity is not defined. In such cases C[I',f] does not possess one-dimensional
representations, so we do not have a good analogue of det x.
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Let us discuss the relation between generic representations of H and of H x I'. The
definition of the Steinberg representation of #(W,q*) shows that v(St) = St for all y € T".
It follows that

the action of I" on Mod(#) preserves genericity. (8.10)

Suppose now that (,V;) is an irreducible generic H-representation. By Lemma 7.2.b there
exists a unique (up to scalars) vector vg; € Vi \ {0} on which H(W,g") acts according to
St. Let T'x be the stabilizer (in I') of 7 € Irr(#H). Schur’s lemma says there exists a unique
(up to scalars) linear bijection

7(7) : Vg — Vi such that 7(y(h)) = 7(y)w(h)m ()" for all h € H.

As ~(St) = St, w(y)vss must belong to Cuvg;. We normalize w(y) by the condition
7 (y)vsy = vst. In this way (7, V) extends to a representation of H x T';.

Clifford theory [24, Appendix]| tells us how any irreducible H x I'-representation
containing 7 can be constructed. Namely, let (p,V,) € Irr(I'z) and let H xI'; act on
Vx®V, by

(hNy)(v1 ®v2) = w(h Ny )v1 @ p(y)va.
Then 7 x p:= indzzgﬂ (Vx®@V,) is irreducible and

Irr(T;) — Trr(H xTD),
p — TXp

(8.11)
is an injection with image
{V €Tir(H «T) : Rest (V) contains Vj }. (8.12)
As for the genericity of 7 X p:
Homyy g2y wr (7 % p,St) = Homgy (g2 wr (indig s, (Ve @ V), St)
= Homyy (w, g2y ur, (T ® p,St).

By Lemma 7.2.b and because 7([';) fixes vgs, the last expression is isomorphic with
Homr_(p,detx). We conclude that

. generic if p=dety,
. . 8.13
TP { not generic otherwise. ( )

Conversely, consider an irreducible generic H x I'-representation (o,V,). Let m be an
irreducible H-subrepresentation of o. Then indzXF () surjects onto 7, so every irreducible
‘H-subquotient of ¢ is isomorphic to v(7) for some v €. As Reszgqv[l;’qx)a contains St, at
least one of the v(m) is generic. In view of (8.8), actually all of them are generic, and in

particular 7. Then (8.11)—(8.13) show that
o= mxdety =ind}f i1 (m®@dety). (8.14)

Next we generalize Theorem 7.5 and Proposition 7.6. Since the statements really change,
we formulate them as new results.

https://doi.org/10.1017/51474748026101790 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748026101790

44 M. Solleveld and E. Opdam

Theorem 8.5. Assume that M) > A (a) >0 for all a« € R. Let t € TY and let
m €lrr(HY xT'p) be tempered, anti-tempered and generic. The unique generic irreducible
‘ s IHXT
constituent of indy 7, . (T®1):
(a) is a quotient when t=1 € TP,

(b) is a subrepresentation when t € TTT.
Proof. With (8.14) we can write

~ 3 HPNF
T lndHle"g,.(T(X)detX)’

where 7 is an irreducible generic H'-subrepresentation of 7. Notice that Wt(7) C Wt (),

ind®3T  (r@t) = ind? 3T (indHPXFP (T®dety)®1)

HP T p HP T p ’HP><1FP,T
. . P
= 1ndZ§£FP (1ndzP:11:?T(T®t®detX)) (8.15)

1%

indZ?EFP (ret®dety) = ind%ilzpyr (indffr (r®@t) @ detx).

(a) Theorem 7.5.a says that the quotient L(P,7®t) of ind}f» (7 ®1) is generic. By the
uniqueness in Theorem 4.3.b, I'r(p r ) NI'p = 'p ro¢, which by the remarks following
(8.8) equals I'p ~. From (8.13) we know that

L(P,7,t) xdety = ind}{ 31 (L(P,7,t)®dety) is generic. (8.16)

Clearly (8.16) is a quotient of the final term in (8.15). .
(b) This is analogous to part (a), instead of L(P,7,t) we use L(P,,t) from Proposition
4.4. O

Proposition 8.6. Assume that A(«) > A\*(a) >0 for all « € R, and let t € T. The unique
generic irreducible constituent of ind’A 7 (t):
(a) is a quotient if [t=Y| lies in the closure of TF,

(b) is a subrepresentation if |t| lies in the closure of T+,

Proof. (a) Proposition 7.6.a says that ind% () has a generic irreducible quotient, say .
By (8.13), m xxdet x is the unique generic irreducible H x I'-representation that contains .
With Frobenius reciprocity we compute

Homyyr (ind’ 7 (¢), 7 % detx) = Homa (t,7 x detx ) = Hom 4 (t,ind” 31 7). (8.17)
The right-hand side of (8.17) contains
Hom 4 (t,7) =2 Homy (ind % (t),7) # 0.

Hence (8.17) is nonzero, which means that 7 x dety is a quotient of ind’*'(t).
(b) Proposition 7.6.b yields a generic irreducible subrepresentation of ind’f(t), say o.
From (8.13) we know that o x detx is a generic irreducible H x I-representation. We
compute

Homyyyr (0 x dety,ind% " (t)) = Homyyyr (ind} 51 (0 @detx),ind2" (1)) (8.18)

= Homyur, (0 ®detX,ind7}NF(t)) D Homyxr, (0 ® detX,indZ”F" ().
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It follows from Clifford theory, in the version [30, Theorem 11.2], that
: HXT o ~ ®dimp
indy; ™ 7 (o) = @pem(rg) (c®p) .
Hence there exist injective H x I' ,-homomorphisms
o@dety — ind2*T7 (0) — ind? "7 (ind%}t) = indF " (¢).

Thus all terms in (8.18) are nonzero, which by irreducibility means that o x detx is a
subrepresentation of ind* " (). O

Let us summarize the findings of this section.

Corollary 8.7. Suppose that I is as at the start of Section 8, and assume in particular
Condition 8.1. All the results of Sections 2-5 generalize to H x C[I',4j], except Theorem
4.8 and Propositions 4./, 4.8. Sections 6 and 7 generalize to H xT.

Appendix A. Hecke algebras for simply generic Bernstein blocks

Let G be a reductive p-adic group and let U be the unipotent radical of a minimal
parabolic subgroup of G. Let ¢ be a nondegenerate character of U. Let P = MUp be a
parabolic subgroup of G containing U. Let (o, FE) be an irreducible unitary supercuspidal
M-representation which is simply (U N M,¢)-generic, that is,

dimHomyn(0,8) = 1.

We call Rep(G)*® with s = [M,o] a simply generic Bernstein block for G, because most
irreducible representations in there are simply (U,&)-generic. In this appendix we show
that Rep(G)® is equivalent to the module category of an extended affine Hecke algebra.

Let (01,E1) be the unique irreducible generic M1!-subrepresentation from (6.4).
Recall from [25, §V1.10.1] that I, = I§(ind}}: (01)) is a progenerator of Rep(G)*. By
abstract category theory [26, Theorem 1.8.2.1], Rep(G)*® is naturally equivalent with
Mod(Endg (I15)°P).

Theorem A.1l. In the above simply generic setting, Endg(Ils)°P is isomorphic to an
extended affine Hecke algebra H xI' with g-parameters in R>1. Conditions 5.1’ and 8.1
are satisfied.

Proof. We follow [34, §10], with some improvements that are made possible by the
simple genericity of o. Notice that [34, Working hypothesis 10.2] holds by (6.4). On
the supercuspidal level with II,,, = ind}7: (o), [34, Lemma 10.1] says that

End (I, ) = End s (ILs,, )P = C[O3] = C[M, /M*], (A1)

where M, is stabilizer of E; in M. In [34, Lemma 10.3] the multiplicity one of oy in o
implies that the operator p, ., : £ — E automatically stabilizes E;. Therefore we may
choose as the element m,, € M from [34, Lemma 10.3.a] just the identity element. We do
that for all w in the group

W(M,0) =W (Lo0,,) % R(O)
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from [34], which will play the role of W x T'. With that simplification, the 2-cocycle
byt W(M,0)? — C* x M, /M? takes values in C*. Then [34, Theorem 10.9] gives:

e an affine Hecke algebra H = H(O,G), with lattice M, /M* = X*(O3) and a reduced
root system Yo,

e parameters g, = qj(;‘(a)“‘*(a))m and guy = q;_‘)\(a)—/\*(a))/Q with 1 # g > gas > 1 for
all o € 2(97/“
e clements T, for r € R(O), such that as vector spaces
Ende(IL) = P HT.

reR(O)
From [34, (10.20) and Lemma 10.4.a] we see that these T/ multiply as in the twisted
group algebra C[R(O),t;]. Conjugation by T/ is an automorphism of H(O,G), which by
[34, Theorem 10.6.a] has the desired effect on A= C[Os]. For a simple root «, [34, (10.24)]
shows that

T.7'T! T, € C1+CT!

g
From that and the quadratic relations that Ts, and 7)., =T,  satisfy, we deduce

that T;*lTsfa T, must equal T/_, . . Altogether this shows that Endg(ILs) is the twisted

o

affine Hecke algebra H(O,G) x C[R(O),ts]. There is an isomorphism
(H(0,G) x C[R(0),1,])? — H(O,G) x C[R(O),15"]

la

which is the identity on A and sends each T?, with w € W (M,0) to T,;"'. Thus
Endg (I1) 2 H(0,G) x C[R(0),15]. (A.2)
By (6.3), (6.5) and (A.1)
Hom (I, ,ind$ (€)) 2 End s (ind3h: (01)) = C[M, /M. (A.3)

That brings us almost to the setting of [35, §2], with (A.2) and (A.3) the arguments
from there work. In particular the Whittaker datum (U,§) can be used to normalize
the operators T, with w € W(M,0), and [35, Theorem 2.7] provides canonical algebra
isomorphisms

Endg (L) = H(0,G) x R(O) = (H(O,G) x R(0))° = End (I1,)P.

That also finishes the verification of Condition 5.1°. Condition 8.1 was checked in
[32, §5]. O

We specialize to the cases where G is quasi-split. It turns out that the ¢-parameters
from Theorem A.1 have an interesting property, which means that H is close to an affine
Hecke algebra with equal parameters.

We may assume that o corresponds to the basepoint of O3 in the proof of Theorem
A1, so that all @ € X, take the value 1 at 0. Let ¢/ = 0 ® x be a twist of o by a unitary
unramified character of x of M. Via M, C M we can consider x as a character of the
lattice M, /M" involved in H. We define a set of roots (in fact a root system) X, C Lo,
and a parameter function ko' by
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o if 5,(c')=0" and x(@) =1, then o € £,/ and kg = log(qoé)/log(qlm)7
o if s4(0") =0/, x(a) =—1 and ga« # 1, then a € ¥,/ and k2 =1log(qa«)/log(qr),
o a¢l, forother v eXp ,.

With [20, Lemma 3.15], it is not difficult to see that

Y ={a€Xo,:sa(c")=0"}
is a root system and that x(a) € {1} for every o € X¢,. By the W (X, ,)-invariance
of A and \*, the function k%" is W (X<, )-invariant. The set ¥,/ is obtained from X¢, by
omitting the W (X, )-stable collection of roots with x(c) = —1 and gq+ = 1. All such roots
are short in a type B irreducible component of 3¢,. Thus, for each irreducible component
Re of X¢,, the part in 3,/ is either R® or the set of long roots in R°. This shows that ¥,
is really a root system.

By W(S,)-invariance, the function k° takes the same value on all roots of a fixed
length in one irreducible component.

Proposition A.2. Let G be quasi-split and recall the notations from Theorem A.1 and
above. Let R be an irreducible component of .1, let « € R be short and let B € R be long.
Then kgl/kg/ equals either 1 or the square of the ratio of the lengths of the coroots oV
and 8V (so equals 1, 2 or 3).

Proof. We recall from [34, (3.7)] that the parameters g, and ¢+ in the proof of Theorem
A1 come from poles of Harish-Chandra’s function p®. In the notation from [34], u* has
factors

(1_Xa) (1+on)
(1-ga'Xa) (1+gax Xa)’

(A4)

where X, corresponds to evaluation at a certain element hY € M/M!. In [15] one
specializes to twists of ¢’ by unramified characters with values in R~g, which means
that only the left half or the right half in (A.4) remains interesting, the other half is put
in a holomorphic function and then ignored. Which of the two halves to choose agrees
with how we selected go Or gus for k7 . Thus, in the notation of [15, §3], (A.4) becomes
a factor

(1_q;;l‘/,l)é\/>)/(1_q;1/6&+<V7aV>). (A.5)

Hence ¢, Or ¢u« from [34] equals q;/ea from [15], and k7 = 1/e5. Now we need to prove
that €5 /€5 equals 1 or the square of the ratio of the lengths of a and 3. That is precisely
the condition needed in [15, Theorem 4.1]. It was shown to hold for all generic Bernstein
blocks of quasi-split reductive p-adic groups in [15, §5-6]. O

Proposition A.2 enables one to reduce the representation theory of # xI" (as in Theorem
A1) to extended graded Hecke algebras with equal parameters, via [20, §8-9] or [31, §2.1].
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