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SUBDIAGONAL ALGEBRAS FOR SUBFACTORS II
(FINITE DIMENSIONAL CASE)

KICHI-SUKE SAITO AND YASUO WATATANI

ABSTRACT. We show that finite dimensional subfactors do not have subdiagonal
algebras unless the Jones index is one.

1. Introduction. In the previous paper [SW] we started to investigate a relation
between subdiagonal algebras and subfactors. The notion of subdiagonal algebras was
introduced by Arveson [A] to unify several aspects of non-selfadjoint operator algebras.
Later Jones [J] created the theory of subfactors.

Let N be a type II1-factor, G a countable discrete group and ã: G ! Aut N an outer
action. We consider N a subfactor of the crossed product M ≥ NçG. In [SW] we showed
that there exists a bijective correspondence between the set of all maximal subdiagonal
algebras for N ² M and the set of all positive cones of total orders on G. Therefore we
can regard a subdiagonal algebra as a quantization of (a positive cone of) a total order
on a group. A totally ordered group G must be torsion free, in particular the order of
G must be infinite, unless G ≥ f1g. Therefore it is reasonable to conjecture that if N
is a subfactor of a finite factor with finite Jones index, then there exist no subdiagonal
algebras with respect to the canonical conditional expectation E: M ! N determined by
the trace unless M ≥ N. In [SW] we confirmed the conjecture in the case of subfactor
N of a hyperfinite II1-factor M with [M : N] � 4. In this paper we shall show that the
conjecture is true in the case of finite dimensional subfactors.

2. Finite dimensional case. Let M be a finite von Neumann algebra with a faithful
normal normalized trace ú. We recall the definition of (õ-weakly closed) subdiagonal
algebras by Arveson [1]. Let A 3 1 be a õ-weakly closed subalgebra of M and E a faithful
normal conditional expectation from M onto N ≥ A \ AŁ such that ú

�
E(x)

�
≥ ú(x) for

x 2 M. Then A is called a maximal subdiagonal algebra of M with respect to E if the
following conditions are satisfied:

(1) A + AŁ is õ-weakly dense in M,
(2) E(xy) ≥ E(x)E(y) for x, y 2 A,
(3) A is maximal among those subalgebras of M satisfying (1) and (2).
An analytic crossed product is a typical example of a maximal subdiagonal algebra

and has been studied deeply, for example see [LM], [MMS1], [MMS2]. But in this paper
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we consider only finite dimensional algebras. If M is the nð n full matrix algebra and N
is the diagonals, then the set A of all upper triangular matrices is a maximal subdiagonal
algebra. In this case N is abelian. We shall show that the assumption of factorness of N
changes the situation completely.

THEOREM 1. Let M ≥ Mn(C) be the algebra of n ð n matrices and N ≥ C ² M.
Let E ≥ tr: M ! N be the normalized trace. Then there exist no maximal subdiagonal
algebras of M with respect to E unless n ≥ 1.

PROOF. Suppose that there exists a maximal subdiagonal algebra A of M with re-
spect to E ≥ tr.

Let A0 ≥ fx 2 A j tr(x) ≥ 0g. Then M ≥ A0 ý CI ý AŁ

0 . First we shall show that
xn ≥ 0 for any x 2 A0. In fact for x 2 A0, we may assume that x is an upper triangular
matrix. Put

x ≥

0
BBBBB@

ã1 *
ã2 *

. . .
O ãn

1
CCCCCA

For k ≥ 1, 2, 3, . . . n, tr(xk) ≥ tr(x)k ≥ 0, because E ≥ tr is multiplicative on A. Hence

nX
i≥1
ãk

i ≥ tr(xk) ≥ 0 (for k ≥ 1, . . . n).

This implies that ã1 ≥ ã2 ≥ Ð Ð Ð ≥ ãn ≥ 0. Therefore xn ≥ 0.
Thus each element of A0 is nilpotent. We regard A0 as a Lie subalgebra of Mn(C).

Then there exists a basis relative to which all elements of A0 are strictly upper triangular
(see, for example, [H; Corollary on page 13]). Consequently,

n2 ≥ dim Mn(C) ≥ 1 + 2 dim A0 � 1 + 2
�n2 � n

2

�

Thus, n � 1 and the Theorem 1 follows.

THEOREM 2. Let M be a finite dimensional factor and N a subfactor of M. Then there
exist no maximal subdiagonal algebras of M with respect to the canonical conditional
expectation E unless M ≥ N.

PROOF. We may put that M ≥ Mm(C) 
 Mn(C), N ≥ Mm(C) 
 CI and E ≥

id
 tr: M ! N be the canonical expectation determined by the trace on M. Suppose
that there exists a maximal subdiagonal algebra A of M with respect to E. Let

M̃ ≥ N0 \M ≥ CI 
 Mn(C) ¾≥ Mn(C)

Ñ ≥ N0 \ N ≥ CI 
 CI ¾≥ CI

Ã ≥ N0 \A
Ẽ ≥ EjM̃: M̃ ! Ñ
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Then we can identify Ẽ with the trace on M̃. We shall show that Ã is a maximal subdi-
agonal subalgebra with respect to Ẽ.

Since Ẽ is a restriction of E, Ẽ is multiplicative on Ã.
We have that

Ã \ ÃŁ ≥ (N0 \A) \ (N0 \AŁ) ≥ N0 \ (A \AŁ) ≥ N0 \ N ≥ CI ≥ Ñ

By definition, we have M̃ ¦ Ã + ÃŁ. For x 2 M̃, there exist a1 and a2 2 A s.t.

x ≥ a1 + aŁ2

Then for any unitary u 2 N

x ≥ uxuŁ ≥ ua1uŁ + uaŁ2uŁ

Since N is finite dimensional, the set U(N) of unitaries in N is a compact group. Therefore

x ≥
Z
U(N)

uxuŁ du ≥
Z

U(N)
ua1uŁ du +

�Z
U(N)

ua2uŁ du
�
Ł

Put eai ≥
R
U(N) uaiuŁ du (i ≥ 1, 2), then

x ≥ fa1 + fa2
Ł and fa1, fa2 2 N0 \A ≥ Ã .

Thus M̃ ≥ Ã + ÃŁ. Therefore Ã is a maximal subdiagonal algebra. Then n ≥ 1 by
Theorem 1. Hence M ≥ N.
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