Proceedings of the Edinburgh Mathematical Society (1980), 23, 57-59 ©
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1. Introduction

Groups for which the distributively generated near-ring generated by the
endomorphisms is in fact a ring are known as E-groups and are discussed in (3). R.
Faudree in (1) has given the only published examples of non-abelian E-groups by
presenting defining relations for a family of p-groups. However, as shown in (3),
Faudree’s group does not have the desired property when p = 2.

In this note, it is shown that most of the groups discussed by D. Jonah and M.
Konvisser in (2) are actually E-groups. These groups, described below in Section 2
are proved by Jonah and Konvisser to be such that all their automorphisms are
central. Here, it is shown that most of these groups are E-groups by proving that each
strict endomorphism (i.e. an endomorphism that is not an automorphism) has its image
in the centre of the group. Since one of the groups treated is a 2-group, this paper
provides the only published example of a non-abelian 2-group which is an E-group.

E-groups are also discussed in (4) and (5). However, no examples are given in
those papers.

2. The Groups of Jonah and Konvisser

The groups treated in (2) are described as follows. Let A = (A}, A;) be a vector with
integer entries at least one of which is relatively prime to p. Then let G, =
(a, a, by, by) be the p-group of class 2 with the additional relations:

a‘; = [ah bl]’ a‘z’ = [ah b/\]y Where bA = b?lb%Z’
b’]’ = [aZ, ble]’ b‘z’ = [029 bZ], and [ah aZ] = [bly b2] = 1'

It is noted in (2) that G = G, has order p® and exponent p?, that Z(G)=G'=
([ay, bil, [ay, by}, [as, bi), (a3, b)) is elementary abelian of order p*, and that G, and G,
are isomorphic if and only if u = kA for some k relatively prime to p. Thus, for each
prime p, there are p + 1 non-isomorphic groups given as A varies over the set {(0, 1),
(1,0), (1,D),...,(1,p— 1}. However, there is some difficulty with the defining rela-
tions when A = (1, 0) since a? = a} so that G, does not have order p®. Therefore, that
case will not be considered in this paper.

If p=2 and A =(1,1), then application of the defining relations shows that
(a,a,b,2 = 1. Thus G?# G'. But Theorem 2 of (3) says that, in our context, G*= G’
is a necessary condition for G to be an E-group. Therefore, when p = 2, the case of
A =(1, 1) will also not be considered in this paper.

57

https://doi.org/10.1017/50013091500003606 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500003606

58 J. J. MALONE

In (2) it is noted that the normal subgroups A =(a,, a;, Z(G)) and B=
{by, by, Z(G)) are the only abelian subgroups of order p? over the centre. Furthermore,
AP <[x, G] for some x in A while there is no y in B such that B? <[y, G]. For F a
p-group as given in (1) by Faudree, Lemma 6 of (1) implies that the centralisers Cr(a,)
and Cr(as) are the only abelian subgroups of order p2 over the centre. Thus, if F and
G are to be isomorphic, the two centralisers in F must correspond, in some order, to
A and B in G. From Lemma 6 we also have that any element of order p2in Cr(a,) has
the form a’aj and an element of order p? in Cr(as) has the form afajaj with at least
one of r and s relatively prime to p. But, the defining relations in F indicate there is
no y in Cr(a,) such that (a8, a3) = (Cr(ay))’ <[y, F] and no x in Cg(as;) such that
(a8, atal) = (Cr(as)y =[x, F]. Hence F and G are not isomorphic since neither
centraliser of order p® in F can correspond to A in G.

3. The Strict Endomorphisms

The groups described in Section 2 for which p is odd and A is in {(0, 1), (1, 1),
(1,2),...,(d,p—D}or p=2and A =(0, 1) will be referred to as JK-groups.

Lemma 1. For any JK-group, Z(G) = G' = G* = U,(G), where U,(G) is the set of
elements whose order divides p.

Proof. From the defining relations 1t is 1mmed1ate that G' =(af, a5, b?, b%) = G?,
G'<Z(G), and G’ < U,(G) with |G| = p® and |G| = p*. If lZ(G)l>p5 then IG/Z(G)I <
p3. But G/Z(G) is generated by {a,Z(G), a,Z(G), b1Z(G), b,Z(G)}. So two generators
of G are congruent mod Z(G) and G/Z(G) is generated by at most three elements.
Thus |G’| <p?, a contradiction. Hence Z(G)= G'. Also, for x and y in G, (xy)’ =
xPy?[y, x]P®?~Y2 by Proposition VI.1.k(4) of (6). Since, for odd p, G' has exponent p, it
follows that (xy)® = x”y®. Then 1 = (alasbib3)’ =aFa*b¥ b4 implies p divides each
of r, s, t, u so that aja3bib} is in G*. Hence U,(G) = G* for odd p. For p =2 we show
directly from the generatmg relatlons that 62 UxG). Let g =aTa5"b7'b3? be an
element of order 2 in G. Then e = g2 = aim(*m)gJmatramipimi-mp Uny+mmatmmy) - Since g
has order 2, each exponent in g must be divisible by 4. If m, is odd, then the

- exponent of a, shows that n, and m, must also be odd. Then, from the exponent of a;,
n, must be odd. But now, the b, exponent is not divisible by 4. If m, is even, then m,,
n, and n, must also be even. Hence Ux(G) < G? and the Lemma is proved.

Lemma 2. Let my, my, ny, na, Ay, A, be integers modulo p and.A3"' be the inverse of
Ay in the field of order p. Then the matrix A has rank 2 or greater over thefield of order p if
at least one of m;, m,, n,, n, is not congruent to 0 modulo p.

—AlAz_lmz Aflmz 0 0
0 0 n, —my+m;
A=
—n 0 —n; n;
A.Az"n, —)\z"n, 0 bl (7]
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Proof. If either m; or m,# 0(mod. p), the first two rows of A are linearly
independent. If either n, or n,# 0(mod. p), the last two rows of A are linearly
independent.

Theorem. Any JK-group is an E-group.

Proof. In (2) it is shown that all automorphisms of JK-groups are central. The
theorem will be established if it is demonstrated that any strict endomorphism of one
of these groups has its image in the centre of the group. This will be shown by arguing
as was done in Lemma 5 of (1).

Let 8 be a strict endomorphism of G. Then (h)6 € G’ for some hZ G’ and
h =afas?bby? with at least one exponent #0(mod p). Also, ([c, h])8=
[(c)8, (h)#] =1 so that

([c, h1: ¢ €{ay, a3, by, by}) < Ker 6. Note that
[a, h] = agmi-Priz'mgerzim
[as, K] = b’l’mlblz’(mz—ml)’
(b1, h1= a;™"b;*"b5™, *)
[b29 h] = an'Ail"'aEpAil"lePHZ.
The matrix of the powers of af, a8, bf, b% in (*) is A. Hence [Ker 6N G’| = p? and
there exists {h;:1=<i =<4} such that G = (h,, h,, h3, hs) and (h?)8 = (h8)6 = 1. Thus for
i=1 or 2, (h)8E G’ and ((G)8) = ()8, (h)8Y. Hence [(G')0]=|(G)8Y|<p and

|[Ker § N G’| = p>. We can then additionally assume that (h§)6 = 1 and (h;)@ € G'. But
now, ((G)8)' ={1). Hence (G)4 is abelian, G' < Ker 0 and (G)8 < G' = Z(G).
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