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A correction to Section 4 in [1] is provided.

The expressions for I)% (¢) in the statement of Theorem 5 and for T%XO (¢) in [1] are incor-

rect as the solutions of the associated variational problems do not account for the constraints

fol w0(x) dx =0 and fol l'c(x, ) dx = 0. The contents of Section 4 should be replaced with the
following material.

4. Evaluating the deviation functions

This section is concerned with solving for IxQO(q) and tio,xo @.

Theorem 5. Suppose that the c.d.f. F is an absolutely continuous function and Ix%(q) < 00.
Then q is absolutely continuous, (g(t) — f(; q(s)1g(s) > OF'(t — s)ds, t e Ry) € Ly(Ry), the
infimum in (2.5) is attained uniquely and

1 [ee} t
2(q)= 3 /0 p() (('J(t) - /0 g()1g(s) > OF (t — 5) ds + (B — x, )F6(I)> dr,

where p(t) represents the unique 1Ly(Ry.) solution p(t) of the Fredholm equation of the second
kind,

t

(1 +02)p) = §(t) — /O 4()1g(s) > OF (1 — 5) ds + (B — x; )Fy (1)
+ Fy(t) / Fy(s)p(s) ds + o f F'(Is — t])p(s) ds
0 0
o0 SAt
+(u—0?) / / F'(s—35F(t—3dsp(s)ds, (4.1)
0 0

with 4, Fy and F’ representing derivatives.

Proof. Using that

. t F(t—s) .
/2 Ix+ s <tk(F(x), us)dF(x) u ds = / / k(x, ws) dx w ds, “4.2)
R 0 Jo

+
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(2.6) can be expressed in the form

t
Q(t)=f(t)+/ gt — )" dF(s), 1€Ry,
0

with the functions f(f) and F(¢) being absolutely continuous. The function ¢(¢) is absolutely
continuous by Lemma 8. In addition, (4.2) implies that, almost everywhere,

'
% , Ix+s< tic(F(x), us)dF(x) uds = / k(F(s), u(t — $))F'(s) p ds. 4.3)
R2 0

The infimum in (2.5) is attained uniquely by coercitivity and strict convexity of the function
being minimised, cf., Proposition II.1.2 in [5]. By differentiating equation (2.6), in light of
equation (4.3), we find that, almost everywhere,

t t
WO(Fo(t))Fy(0) + o () — / F'(t — s)o w(s) ds + / k(F(s), u(t — $))F'(s) u ds
0 0
t
- (qa) - /0 §(s)1g(s) > OF (1 — ) ds + (B — xO_)F(’)(t)) =0.

In addition, the requirements that wo(O) =w9(1)=0 and k(0, 1) = k(1, r) =0 give rise to the
constraints

1
/ W) dx=0 (4.4)
0

and

1
/ k(x, 1) dx=0. 4.5)
0

Introduce the map
t
o: (W0, w, k) — (wO(Fo(t))Fg(t) + 0 W) — / F'(t — s)o w(s) ds
0

t
+ / k(F(s), u(t — s))F (s) uds, t € R+>.
0

Since F(’)(t) is bounded by (2.1), ® maps V =1L,([0, 1]) x Lo(Ry) x Ly([0, 1] x Ry) to
L,(R). For instance, on using that fooo F'(s)ds=1,

0 t 2 oo ot 00
/ ( / F/(t—s)v'v(s)ds) dr < / / F'(t — s)(s)? ds dr = / W(s)? ds < oo
0 0 0 0 0

and
00 r 2 00 t.
/ < / k(F(s), u(t — $)F'(s) uds) dr < / / k(F(s), u(t — $))*F'(s) p>ds dr
0 0 0 0

00 I
=u2/ / k(x, t)zdxdt<oo.
0 0
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By Lagrange multipliers (see, e.g., Proposition II1.5.2 in [5]) with ¥ =L,(R4)? x R and the
set of componentwise nonnegative functions as the cone C,

1! 1 [

12(g) = sup,,, ; 2 inf —/ WO(X)ZdX-f-—/ Ww(n)? dt

Xo (P.p,r)ELa(R1)* xR 9. DeLa((0.1]) 2 Jo 2 Jo
xLo(Ry)xLo([0,1]xRy)

00 1 00
+ % / / k(x, )% dx dt + / p(0) <q(z) + F'()x + (B — x5)Fy(1)
0 0 0
t t
— / g()1g(s) > OF'(t — s)ds — v'vO(Fo(t))F(’)(t) — o w(t) + / F'(t — $)o W(s)ds
0 0
t 1 00 1
— / k(F(s), u(t — $)F'(s) ds) dr+r / Wo(x) dx + / (1) / k(x, 1) dx dt). (4.6)
0 0 0 0
Minimising in (4.6) yields, with (30(z), #(z), k(x, £)) being optimal,
000 = p(Fy ' (0) + r=0,
W) —op() + o / pt+ $)F'(s)ds =0,
0
k(x, 1) — p(ﬁ + Fl(x)> +p(H)=0.
For the latter, note that

o0 t o0 o0
/0 p() /0 k(F(s), u(t — $))F'(s) e ds dt = /0 / POK(F(s), 11t — $))F'(s) 1 dt ds

o0 o] 00 1
= / / p(t + $)k(F(s), p)F'(s) p dt ds = / / p(i +F—1(x)>i<(x, f) dx dr.
0 0 0 0 1%
Hence,

[ee) t
12(9) = SUP(, 5 Lok, 2 xR </0 p() (6'1(0 —/0 4()1g(s) > OF (1 — s)ds + (B — XE)F(/)(I)) dr

2

1 o0 o
_%</0 (p(FO*‘(x))—r)zdx+02/ <P(t)—/0 P(I+S)F/(S)ds> dr

0
00 1 t
+ / <p<— +F—1(x)> — p(1))? dxdt)).
0 0 1%
Given p, the optimal r is 7= fol p(Fy '(x))dx and the optimal p(f) is p(f) = fol pt/ i+

F~1(x)) dx. (As a by-product, W0 and k satisfy the constraints in (4.4) and (4.5).) Therefore,

o0 t

2(g)=sup ( / p(r)(c‘z(r)— / q()1g(s) > OF'(t — s) ds + (B — x; )Fé(r)) dr
pel2(Ry) 0 0

2

1 1 o o
_%< | ot o= [ ot aeo | (p@)_ [ ore ds) .
0 0 0 0

00 1 1 2
+/ / <P<£+F1(x))—/ p<i+F1(5c)>d5c) dxdt)). 4.7)
0 0 n 0 1%
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As the function in the sup is strictly concave in p, a maximiser in (4.7) is specified uniquely;
see, e.g., Proposition II.1.2 in [5]. The existence of the maximiser follows from Proposition
II1.5.2 in [5].

The function in the sup can be simplified if one notes that

1 1 00 00 2
/0 (P(Fy ' () — /0 p(Fy () d)* dx = fo p(s)2F6<s)ds—( /0 p(s)Fa(s)ds),

1 ¢ 1 ¢ 2
/ (p(—+F—1(x))—/ p<—+F_1(5c)> dsc) dx
0 M 0 2
0o t 2 00 t 2
Zf P(——l—s) F'(s)ds — (/ p(—+s>F/(s)ds> ,
0 M 0 2

/ - P’ F)(s)ds + f ” / - p(t+ ) F(s)dsdr = / - p(s)* ds.
0 0 0 0

and that

As a result,

e ¢] t
2(g)=sup ( fo P(O(C'I(t)— /0 §()1g(s) > OF (1 — 5) ds + (B — x; )F[)(t)) dr

pela(Ry)

1) %) 2 1) 00 2
—3<u [ po ds—( | p(s)Fé(s)ds) +o [ (p(t)— i p<t+s>F/<s)ds> dr
2 0 0 0 0
00 00 2
—M/ (/ p(t+ $)F (s) ds) dt)). (4.8)
0 0

Varying p in (4.8) implies (4.1). As the maximiser in (4.8) is unique, so is an Lo(Ry)
solution of the Fredholm equation (4.1).

It is noteworthy that the integral operator on (IR ) that appears on the right-hand side of
(4.1) is not generally either Hilbert—Schmidt or compact, so the existence and uniqueness of
p(?) is not a direct consequence of the general theory. Solving Fredholm equations numerically,
such as (4.1), is discussed at quite some length in the literature. For instance, the collocation

method with a basis of ‘hat’ functions could be tried: for ie N and n €N, let ¢; =i/n and
Li(t) = (1 — |t — t;|)1ti—1 <t <t;, with tp = 0. Then an approximate solution is

n2

PaD=")_ palt)ti(1)

i=1
where the p,(t;),i=1, ..., n?, satisfy the linear system

2

n n2
(1 +Dpa(t) — 0> palty) /0 K(ti, $)¢;(s) ds

J=1

t
=q(t) — /0 4()1g(s) > OF'(t; — s) ds + (B — xo )F (1)),
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with K denoting the kernel of the integral operator in (4.1). For more background, see [3] and
references therein.

Evaluating 7(%’)(0 is done similarly:

79 ; L 10012 L B

Iqo,xo(‘D = sup inf — wo(x) dx+ = w(t)” dt
Py ®y2xR 070, k)eLa((0,1]) 0 2Jo

xLo(R4)xLo([0,1]xR )

1 [e'¢) I 00
+ E /(; /O k(X, t)Z dxdr+ A p(l) (q(l‘) +-xOF(/)(f) _ \/%WO(FO([))F(/)([) g W(l)
t : |
+/ F'(t — 5)o w(s) ds —/ k(F(s), A(t — $))F (s)A ds) dt+r/ #000) d

00 1
+ / (1) f k(x, t)dxdt).
0 0

Calculations as previously imply that

_ o0 1 o0
IQO,XO(LI) = sup p(O(G(t) + xoF (1) df — = qo P(s)?Fy(s) ds
1 0 2 0

pela(Ry)

o0 2 o0 o0 2
— q0< f P()F(s) ds) + A / p(t+5)°F'(s)ds — A( / pt+ $)F'(s) ds)
0 0 0

00 00 2 o
+0° /0 (P(O— /0 p(t+ $)F'(s) ds> dt)) =% /0 PO(G(0) + x0F (1) dt,

with p(#) being the L, (R ) solution p(¢) to the Fredholm equation of the second kind
o o
(h+ a)p(0) = (1) + x0Fy (1) + goF (1) / Fy(s)p(s)ds + o> / F'(ls — thp(s) ds
0 0
o0 SAL
+(n—0c?) / / F'(s —5)F'(t — 5) d5 p(s) ds.
0 0
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