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Abstract

For the heat equation in two space dimensions we consider semidiscrete and totally
discrete variants of the lumped mass modification of the standard Galerkin method, using
piecewise linear approximating functions, and demonstrate error estimates of optimal
order in L, and of almost optimal order in L.

1. Introduction

Let Q& be a convex plane domain with smooth boundary €, and consider the
initial boundary value problem

u,—Au=f inQ x[0,c0),
u=0 on 392 X [0, 00), (1.1)
u(-,00=v inQ,

where u, denotes 3u/df and A the Laplacian 3%u/3x2 + 9%u/9x2.

For h small, let 7, be a partition of & into disjoint triangles 7 with side lengths
at most h, such that no vertex of any triangle lies on the interior of a side of
another triangle, such that the angles of the triangles are bounded below indepen-
dently of # and such that the union of the triangles determine a polygonal domain
2, whose boundary vertices lie on 99. Let then S, € H}(£) be the standard finite
element space of continuous functions in € which reduce to linear functions on
the triangles of 7, and vanish outside £,. With { P;}{" the interior vertices of 7,
we shall employ the standard basis {¢,}}* for S, consisting of the pyramid
functions defined by ¢,(P,) = §;,.
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330 C. M. Chen and V. Thomée {21

Recall that the standard semidiscrete Galerkin method for (1.1) is to find u,:
[0, o) — S, such that with (-, -) the appropriate L, inner products,

(uh,l’X)+(Vuh1VX)=(f7X) VXESme”?O’
u,(0) = v, (1.2)

where v,, is some approximation of v in S,. Recall also that this method may be
written in matrix form as

Aa'(t) + Ba(t) = F(t) fort> 0,

a(0) = v, (1.3)
where 4 = (a;,) and B = (b,) are the mass and stiffness matrices whose
elements are a,, = (¢;, 9,) and b, = (Ve;, Vo, ), respectively, where a;(¢) and
y, are the components of u,(¢) and v, with respect to {¢,} and where F is the
vector with components (f, ¢,).

A simple way to define the lumped mass method is to replace the matrix 4 in
(1.3) by the diagonal matrix A obtained by taking for its diagonal elements the

numbers &@,; = X}% a,, so that the system of ordinary differential equations
becomes

Aa’(t) + Ba(t) = F(¢t) fort> 0. (1.4)
This procedure may also be interpreted as resulting from evaluating the first

term in (1.2) by numerical quadrature: Let 7 be a triangle of the triangulation 7,
let P, ,j = 1,2,3, beits vertices and consider the quadrature formula

12
Q) =mear- L T f(p, )= [fax. (15)
j=1 4
We may then define an approximation of the L, inner product by
(¥, x)n= X Q.4(¥x), (1.6)
TE€Y,

and find that (1.4) is equivalent with

(up,0o X) 4 (v, vx) = (f,x)  VYXES,. (1.7)
For, with u,(t) = Zf’:la (t)g,(x) this follows from the trivial observation that

(®,> 9)s = 0 forj + k and

Ny
lolz = (9, 9),= X (9, 9)- (1.8)
k=1

To show the latter fact we note that (g,, @) is only nonzero forj # k if P; and P,
are neighbors and that in such a case, if 7 is a triangle with P, and P, as vertices,

o L
/}pj‘pk x = Jyarear,
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and

1
f ¢7dx = —arear.
A 6
It follows, since for each pair P, P, there are two such triangles 7, that with D, the
union of triangles which have P, as a vertex,

Nh
1
X (990 = X (9, 90) +llgll* = Farea D,
k=1 k+j

Since clearly

1
gl = X 0..(¢?)= area D,
T1€7,

our claim (1.8) follows.

The procedure just discussed is a special case of a family of quadrature schemes
analyzed in Raviart [6], where it is also shown to be the only viable such method
of diagonal type. In the present case Raviart’s work shows O(h?) order conver-
gence in the norm in L,() (cf. Theorem 1 below).

The method was applied in connection with eigenvalue problems in Tong, Pian
and Bucciarelli [8], where the first term in (1.7) was interpreted instead as
resulting from replacing the piecewise linear functions in (1.2) by certain piece-
wise constant functions. This interpretation was adopted also in Fujii [3] where it
was shown that if the angles of the triangulation are all nonobtuse, then a
maximum principle holds for (1.7). This was applied in Ushijima [9], [10] (cf. also
Tabata [7]) to derive uniform convergence, which, except for the case of uniform
triangulations, was only shown to be of first order in A.

In the present note we shall show a maximum-norm error estimate of essen-
tially optimal order in A which will require only that the triangulation is
quasiuniform, that is, such that each triangle r € 4, contains a disc of radius ch
with ¢ bounded below, and thus without the nonobtuseness and uniformity
conditions referred to above. The basic ingredient in our proof, which follows the
approach taken by Wheeler [11], [12], is a superconvergent O(h?)L, norm error
estimate for the gradient of 8 = u, — R,u, where R, denotes the elliptic or Ritz
projection of the exact solution. Together with the “almost” Sobolev inequality

1 1/2
Xl < Cll08 5) 19Xl VxS, (19)
which is valid when the triangulation is quasiuniform, this yields a O(h%(log £)'/?)

maximum norm estimate for §. Using also the well known O(4?log 1) maximum
norm estimate for the error p = R,u — u in the elliptic projection (cf. Nitsche
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[4]), this results in a maximum norm error estimate for the lumped mass
semidiscrete parabolic problem of the form

Nu (1) — u()ll,_ ) < C(1, u)hzlog% fort > 0,

for suitably chosen discrete initial data.

This estimate will require a certain amount of regularity of the exact solution,
including, in particular, a nontrivial degree of compatibility between the data on
9@ for t = 0. In the special case of the homogeneous equation, for instance, it will
assume that v € H*() and v = Av = 0 on 99. For this case we shall therefore
also demonstrate that under the milder assumptions that v € H*(Q) and v = 0
on 92 we have fort > 0,

19 (u,(2) = Rhu(t))”Lz(Q) < Chzt_1||U||H2(n)’

and as a consequence

1 _
”uh(t) - “(f)”Lw(n) < Chleg Zt 1””"[12(9)'

We emphasize that although our superconvergence estimates in L, generalize to
higher dimensions, the inequality (1.9) does not, so that our maximum norm error
estimates are only shown for two space dimensions.

The method of lumped masses may, of course, also be used in combination
with discretization in time. One could, for instance, consider the method defined
by, with 9, denoting the backward difference quotient with time step k, U” the
approximate solution at time ¢, = nk,and with0 < ¥ < 1,

(3U" x), + x(vU", vx) +(1 — k) (VU L, vx) = (f(t,_1 + kk), X)

Vx€S,,n=12,...,
U=y,
or in matrix form, with a” the vector of the components of U” with respect to the
basis {(pj}’l*"' and F"~1** the vector with components ( f(¢,_, + kk), ®,),
Ak Y (a" — a" ')+ kBa" +(1 — k)Ba""} = Fr7l+x
or, since A + xkB is obviously positive definite,
a" = (A +xkkB) (A -(1 — k)kB)a""! + (A +xkB) ' F"~1+x.

The backward Euler method corresponds to k = 1, the Crank-Nicolson method to
x = %, and for k = 0 we have the forward Euler method which is now purely
explicit since A is diagonal.

For these three different methods we first show error estimates in L,-norm,
which are of order O(h? + k?) for the Crank-Nicolson method, and O(h? + k)

for the forward and backward Euler methods, the former under a stability
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condition which is satisfied when the triangulations are quasiuniform and the
mesh ratio kh~? is sufficiently small. We then also show estimates of these same
orders for the gradient of 8" = U”" — R,u", which as above for the semidiscrete
problem yield almost optimal order error estimates in the maximum norm. The
paper is completed by demonstrating some error estimates for somewhat less
regular data in the case of the homogeneous equation which match our above
corresponding estimates for the semidiscrete problem.

In the rest of the paper we shall denote the norm in L,(§2) by | - ||, that in
H*(R) by || - ||, and that in L,(Q)(p # 2) by || - ., € will be different positive
constants independent of # and the functions involved, and not necessarily the
same at different occurrences.

2. The semidiscrete problem

We begin our error analysis with the following lemma concerning the quadra-
ture error
8h(v’ w) = (U’ w)h - (U, w)a
where (-, -), is defined by (1.5) and (1.6).

LEMMA 1. We have for y, x € S,,

len (¢, x)1 < CRA|Iwyl - v,
and

lex (¥, x)I < ChIIVYH - lIxll-

PROOF. Since the quadrature formula (1.5) is exact for f linear we have by
transformation to a fixed reference triangle 7, and using the Bramble-Hilbert
lemma and the Sobolev inequality

/M2 iry < € 2 WD Nliy(rey»
lal<2
that, with A the diameter of 7,

0..,(f) - [fdx

< Ch7 X DA Nl yny-
|a|=2

After application to f = Y x this implies, since both y and x are linear in 7, that

Q.4(¥x) = [¥xdx| < Ch2 T 1ID(¥x)llL,cr

la]=2

< ChfIIV\PIIL,(f)IIVxlle(f)-
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We conclude using the Cauchy-Schwarz inequality that

lew (¥, )1 < Ch? XNV, VXl 1,y < CRAIVYI - 10X,
€7,

which is the first of the desired inequalities. Using a local inverse estimate on 7 we
also have

< Ch VYN L, (Xl 2y (rys

Q. 4(¥x) — [¥xdx

which yields the second estimate.
We shall now show the following L, error estimate (cf. [6]) in which we use the
elliptic projection R,: H}(R) — S, defined by

(VRp,vx) =(vu,vx), VXES,.
Recall that
IR — vll + Al VR w — Vol < Ch/|v||, forj=1,2. (2.1)

THEOREM 1. Let u, and u be the solutions of (1.7) and (1.1), respectively. We then
have fort > 0,

4y (1) — ()]l < Clio, — Ryl + Chz{llu(t)uz +(/0’||u,||§ds)l/2}.

PrOOF. We write
u,—u=(u,— Ryu)+(Ru—u)=260+p.
Here by (2.1),
e ()l = IIRyu(2) = u(2)ll < Ch?|lu(2)],.
Turning to 6 we have

(6, %) +(90,9x) = (up 1, x) 4 +(Vu,, 9x) ~ (Ryu,, x) 5 — (VR ,u, VX)
= (/. x) —(Ryu, x) 4 —(Vu,9x)
= (u,, x) = (Rpuy XD
= (o, x) — ex(Ryu,, x).- (2.2)

Setting x = 6 we obtain

1d

3 Ellolli +Iv0|1* = —(p,, 0) — &,(R,u,,0). (2.3)
Here we have at once

(o, )1 < IRyu, — u,]l - 161l < Ch?|ju,ll,lI8Nl,
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and, in view of Lemma 1,
ey (Ryu,, 0)] < CH?||VR,u || - || W0)] < Ch?|[Vu]| - || V).
It follows that
14
2 dt
or, after integration,

1617 + 1198112 < Ch2||u |l V8] < IIV8I|* + Ch*jlu I3,

16(e)N12 < 16(0) |12 + Ch* /0 Y i3 ds.

Noting now that || - ||, and || - || are equivalent norms on S,, which easily follows
by considering each triangle separately, we have hence

N ‘ 5 1/2
101 < €O+ Ch*{ [ 3 ds) ",

which completes the proof.
We now turn to an L, norm error estimate for the gradient.
THEOREM 2. With u,, and u the solution of (1.7) and (1.1) we have for t > 0.

. 1,2
I19a(0) = V() <190, = VRl + Ch{ (o)l +{ [lsdfas) ).

PROOF. Setting this time x = 6, in (2.2) we obtain
1 d

”01“: + 2 E”Vouz = _(pn 01) - Eh(Rhun 01)’ (24)

where now
(or, )1 < IRy, — wll - 116,11 < Chllu |l lI6,],

and by Lemma 1,

les (R, 6,1 < CIVR | - 18] < Chllu |16,
Using again the equivalence between || - ||, and || - || on S, we conclude

1 d
1617 + 3 Ellvoll2 < Chllu /11611, < 16N15 + Ch2|lu,lif,

whence

t
1w8(:)11% < |v8(0)||> + ChZ/Ouu,ufds-

Together with
Iwp () = VR ,u(t) — vu(2)ll < Chlju(t)|l,,
this completes the proof.
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A natural choice for discrete initial data in Theorems 1 and 2 is v, = R,v but
also any other optimal order approximation to v in S, produces optimal order
error estimates for the parabolic problem.

We shall now show that a slight modification of the above proof yields a
superconvergent O(h?) estimate for v# similar to the case of the standard
Galerkin method (1.2).

LEMMA 2. Let u, and u be the solutions of (1.7) and (1.1). Then for each T > 0
there is a constant C = Crpsuchthat for @ = u, — R,uand0 <t < T,

Iw8(2)| < IIwvo(0)| + Chz{llu,(t)lh +(f0'(llu,lli +llugli}) dS)l/z}-

PrOOF. It suffices to consider the case 8(0) = 0. For the solution &, of the
homogeneous equation with initial data i, (0) = 6(0) satisfies

_ 1d .
landia + 5 Z I Val* =0
and hence

v, ()l < |Iva, (0| = | ve(0)Il.

We have as before (2.4) which we now write in the form

d
“ ”h 2 dt||V0|I2 (pn 0:) - Eeh(Rhun 0) + £h(Rhun’ 0) (25)
Here

I(pes 81 < llpfll - 1611 < CR2|lu I, < ChAlulIZ + 116,117
Further, by Lemma 1,

len(Ryu, 0)1 < CRANVRu |l - 1901 < Ch¥lu I} + 31611,

and similarly with u, replaced by u,,. By integration of (2.5) we therefore obtain
1901 < Cr{lu, ()1 + [l + ) ds ) + [fiven? as
The result now follows by Gronwall’s lemma.

As an application of the lemma we prove the following maximum-norm error
estimate:

THEOREM 3. Assume that the triangulation 7, is quasiuniform and let u, and u be
the solutions of (1.7) and (1.1), with v, = R,p. Then for each T > 0 there is a
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constant C = Cyrsuch that for0 < t < T,

1
fin(6) = (o)l < Ch1og {0z + )

+(f01(||u,||§ + Nl li?) ds)l/z}.

ProoOF. By a known maximum-norm error estimate for the elliptic problem (cf.
Nitsche [4]) we have

1
||P(t)||Lw < ||Ryu(t) — u(’)”L°° < Ch?log Z”“(t)nwj,(ﬂ)- (2.6)

In order to bound #(¢) we note that

Il < Cllog ) Ivxil  vxes, (2.7)
In fact, by Sobolev’s lemma there is a constant C independent of p > 2 such that
Ixll,, < CP2IUXIl VX E S,
On the other hand, since 7, is quasiuniform, we have the inverse estimate
lixll., < Ch'z/p”X“Lp VX € S,

Choosing p = log(1/h) these inequalities show (2.7). Application to #(z) and
invoking Lemma 2 now yields

1\12
16()I.,, < C[log )" w8l

1 ' . 1/2
< Ch%log ;{nu,(t)ul [ Qs + 1, 12) ) }

thus completing the proof.

We observe that our above error analysis requires more regularity of the
solution than known error estimates for the standard Galerkin method. For
instance, for the standard method (1.2) with v, = R,v, applied to the homoge-
neous equation ( f = 0) one has (cf. [2])

llu,(2) — u(2)ll < Ch?||v]|, ifv=0onagQ,
whereas for the lumped mass method, Theorem 1 only yields
lu,(t) — u(e)|| < Ch¥lv|l; ifv = Av = 0 on 3. (2.8)

To prove the latter estimate, we recall that with {A }T and {@,}T the eigenvalues
and eigenfunctions of —A with homogeneous Dirichlet boundary conditions, the

norm (|v||, is equivalent to (X%, X (v, ¢,)*)!/? for functions which satisfy the
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boundary conditions A%v = 0 on 8% for j < s/2. Hence one has for the solution of
the homogeneous equation

- 2
lu(e)3 < CLNee M (v, ;)" < Clvll3
J

and
[ 1
[lud3ds < C[TXse (0, 9))" ds < CLX (0, ,)" < Cllol,
J J

which gives (2.8). Similarly Lemma 2 shows
Iw8(t)|| < Ch¥||vll; ifv = Av = 0ondQ,

whereas the standard Galerkin method only requires v to have three derivatives.
The boundary condition Av = 0 on 39 in (2.8) and (2.9) is particularly undesir-
able in applications.

For the standard Galerkin method, on the other hand, it is known that the
convergence is of optimal order for ¢ positive, even if v is only in L,, or

luy(6) = u()l) < Ch%t~ oI,

We shall now demonstrate a weaker result of similar nature in the present
situation. It will reduce the regularity assumptions for optimal order convergence
for ¢ positive to v € H*(2) and v = 0 on 3, and thus eliminate the requirement
that Av = 0 on 0.

LEMMA 3. Consider the homogeneous equation (f = 0) and let 8 = u, — R,u.
Then for each T > 0 there is a constant C = Cy such that if §(0) = 0 then for
0 <t < Tandv € H*(Q) withv = 00n 3%,

N6()l < Ch?t2o|l,
and

Iw8]| < Ch2Y|o|),.
PrOOF. Multiplying (2.3) by t we have
3 Z(a1612) + (1917 = -1(p,, 0) — te,(Rpu,, 0) + 1611,
Hence by integration and routine estimates, using Lemma 1 and (2.1),
(N + ['svol” ds < Ch* [ (s} + stiulif) ds + € [101F ds
0 0

< Chiloli? + C [110113 ds. (2.10)
0
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In order to bound the latter integral we set ©(¢) = f; ©(s) ds and integrate the
error equation (2.2) from 0 to ¢ to obtain

(0, x)n +(vO,vx) = (p(0) — p(1), x) — &, (R, (u(t) =v),x) VXES,.
Setting x = 8 = O, this yields

1 d d
1817 + 5 21901 = (p(0) — p(1),8) — —-e(R,(u(r) —v),0)
+8h(Rhun®)’
and hence

1 1
fononids +(1ve? < cmfo(uu(s)u% + |[ol13) ds + Ch|| VR, (u(1) — v)|)?
+Ch* [1lvR,u ) ds + [Ive)*ds
0 0

< Chlol3 + [ivel?ds,
0
so that, using also Gronwall’s lemma, for 7 < T,
Ji6u3 ds < Chioli3. (2.11)
0

Together with (2.10) this proves the first estimate of the lemma.
In order to show the estimate for ¥8 we multiply (2.5) by ¢? and obtain

1 d d
3 7 (C1901?) < - (e, (Ryu,, 8)) + C¥jlp )
+1t2%,(Ryu,,,0) + 2te,(R,u,, 0) + t|| V8>
By integration and obvious estimates this yields
t
w8(0))? < CRY VR ,u, (1)) - I v8(2)]l + Ch* fo s\ )3 ds
a ' 3 2 2 ! 2
+n* [(SPNOR I + sIVR,u,17) ds + C ['5 0012 ds,
0
or
1
2| v8(1)|)? < Ch“{tzuvu,(t)n’ + L5l + 5%l + sl 1) ds}
+c/’s||v0||2ds
0
< Chéll® + € [ s 98] ds,
0

and hence, using our above estimates (2.10) and (2.11) we have, since t < T,
2| v8(0)))> < Ch¥jol3,
which completes the proof.
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As a consequence we have the following:

THEOREM 4. Let u,, and u be the solutions of (1.7) and (1.1), respectively, with
f=0, and let v, = R,v. Then for each T > ( there is a constant C = Cy such that
for0 <t < Tandv = 0o0ndQ,

(2} = u(e)ll < Ch2t~12jo)),,

and, if the triangulation 7, is quasiuniform,
1
luy(2) — u(t)”Lw < Ch’log n Yol
ProoF. We have by (2.1) forp = R,u — u,
e ()l < Ch*u(2)l; < Ch?|lo)i;.

Also, using (2.6), a Sobolev inequality, and the spectral norm discussed above,
1 1
e (e, < Ch?log 2llu()llwzay < Ch?log Jllu(e)ll

< Ch?log % -t Yoll,.

Together with the estimates of Lemma 3 these bounds show our assertions.

3. Totally discrete schemes

We shall begin our discussion of totally discrete schemes by showing an L,
norm error estimate for the lumped mass backward Euler method

(BU" x), +(VU" vx) = (/" x)  VXES,, (3.1)

U° =y,
where U” € S, is the approximate solution at ¢, = nk and f" = f(z,). For
simplicity we shall always choose v, = R,v for discrete initial data below, where

R, denotes the elliptic projection defined earlier; the modifications needed for
other natural choices are trivial.

THEOREM 5. Let u and U" be the solutions of (1.1) and (3.1) with v, = R,v. Then
fort, = nk = 0,

U™ = u(z,)ll < C”Z{"“(t")"z +(fo’n”"’"§dg)m}

. 12
+ ok furas)
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PROOF. Setting as usual, with u” = u(t)) etc.,
U™ = un = (U" = Ryu") +(Ryu" — u") = 07 + o,
we have
167l < Ch2Ju"]l. (32)
For §" we obtain
(3,67, %), +(v8", vx)
= (5,U", X)h +(vU", vx) - (5,R,,u", X);. —(VRu", vx)
= (f"x) -(3Ru" x), —(vu", vx)
= (4}, x) = (3R,u", x),
= (u," - 5,14", x) +(5,u" - 5,R,,u", x) - s,,(i_i,R,,u", x)
=T+ T+ T7.

(3.3)

Here

1T < (1 — R,)3u"l - lIxll < Ch2I3,u,lIxi

< Ch? k-lf'" u, ds

[}

‘. 12
||x||<Ch2k'1/2(f ||u,n%ds) Ixll (3.4)
2 o

Further, using Lemma 1,

1Tl < CR2||WRB,u"|| - | Vx|l < ChA[Q,vu"|| - | wxll

, 1,2
< oA [* i) 1oxi (3.5)
¢

n—1

and for the contribution from the discretization in time,

—_ t,
1771 <y = Bl -l = K7 [ (s = - w(5) ds” -l
t,-

< a2 [ llu, ) . 3
< legelt=ds ) lixll- (3.6)

ta-1

1

Choosing x = 6" in (3.3) we hence find after some manipulation, since ||x|| <
Clivxil

1 n n— 1 n n— n
== (167117 — 16"~ M1Z) + 16" — 6" Y12 + w8
2k 2k

t, t,
<NV + Ch*k " llu 3 ds + Ck [ flu, )12 ds,
(-1 o1
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whence

”l
16713 < 16”07 + Ch [ Yl i ds + Ck? [

1 4

4
2
" llugll* ds,
1

n—1 n—

and, since 8° = 0,

16713 < Ch* [ 3 ds + Ck2 [u, 2 ds.
0 0
Recalling that || - ||, and || - || are equivalent this concludes the proof.

We shall now derive the following superconvergent order L, estimate for the
gradient of U” — R, u(t,).

LEMMA 4. Let u and U" be the solutions of (1.1) and (3.1) with v, = R,v. Then
for8" = U" — R,u(1,)ywehavefor0 < t, = nk < T, with C = Cy,

. 1,2
nvo"n<Ch2{uu,(0)n%+( LG + ) s ) }
. 12
+ Ck{ [ as) "
0

PROOF. We use again (3.3), now with x = 3,0" and obtain
367 + 5 (19071 = 1967~ H) + 53072 = Ty + Ty + T2, (37)
Here, by (3.4) and (3.6),
71+ 1T < CH [ 3 ds + Che [l ds + 10811
By summation we thus obtain from (3.7) since 8° = 0,

t, ¢, "
16717 < Ch* ["u, 13 ds + Ck? [, |12 ds + 2k T T4
0 0 j=1

We now note that
T = —¢,(3,R,u’,3,07) = -3,¢,(3,R,u’, 87) + ¢,(32R,u’, 6771),

whence

2k Y Tf = -2¢,(3,R,u",0") + 2k ¥ ¢,(32R,u’, 677 1). (3.8)

j=1 J=1

https://doi.org/10.1017/50334270000004549 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000004549

(151 Lumped mass finite element method 343

Here
lex (3,R ", 87)| < Ch|[3,u"|l,| V8|
l,, n
< O [ lul, dsl| w87
tn 1

2
tn n
< Ch‘*(k“f uu,lllds) + 3Ivon)?

a1
t, n
< (I, @1} + [N ids) + Hvoml.  (3.9)
and similarly

k T 1ea(37Ryu’, 877 ) < Oh* M liRds + Ck X (967712, (3.10)
= 0

Jj=1 J=1
so that altogether we have now shown
”1
19071 < Cn{lu (O)IF + [ "Il + ) s |

-1
+Ck? ["Mu, )12 ds + Ck T [|87]12.
0 =1

This shows the desired result by the discrete Gronwall’s lemma.

Using the almost Sobolev inequality (2.7) and the elliptic error estimate (2.6)
we conclude at once the following maximum norm estimate:

THEOREM 6. Assume that the triangulation 7, is quasiuniform and let u and U" be
the solutions of (1.1) and (3.1) with v, = R,v. Then for 0 < t, = nk < T, with
C = CT,

1
107 = u(e)le, < Ch¥log g (e lwzo
i ,. 1,2
+ch2(log ﬁ) {Ilu,(o)lh +(f0' (e 13 + lugl1?) ds) }

1\V2/ 172
+Ck(log;) (jo"||u,,||2ds)

We now turn to the second order in time lumped mass Crank-Nicolson scheme

_ U” + Un—l o
(AU” x), +(V—2—‘,Vx) = (/"% x)  Vxes, (311)
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We have now:

THEOREM 7. Let u and U" denote the solutions of (1.1) and (3.11) with U® = R v.
Then for t,, = nk > 0,

U = u(e,)l < Chz{ll“(’n)“2 +(f01"”“"'%ds)l/2}

2f ! 2 2 2
w02 [ Ol + ) as) " (312)
If the triangulation 7, is quasiuniform we have for 0 < t, = nk < T, with C = Cy,

1
|U” = u(t,)]e, < Ch?og g lu(t,)lwz

1112 . 12
+Ch2(log Z) {"“1(0)"1 +(f (113 + Neegeili}) ds) }
0
1/2

1\2( /
vort(og ) ([l + ) ds) . (13)

PROOF. Writing again U"” — 4" = §" + p" we have as before the estimate (3.2)
for p". We have this time for 87,

(3,6, x), +(v(6"+ 8" 1) /2, vx) = (U™ x), +(v(U"+ U""")/2,vx)
~(3,Ru", x), = (V(Ryu" + Ryu""*) /2, vx)
= ("% x) - (&R, x), —(v(u"+ u""*)/2,vx)
= (ur™%, x) + (v, vx)
~(3,Ryu", x), —(w(u"+u""1)/2,vx)
= (v(u" V2= (u" +u""1)/2),9X)
+(ur12 = 3un, x) +(9u" — 3,R,u", x) — &, (3,Ru", x)

4
= X T (3.14)
j=1
Here

1T < [lu"=27% = (u" + «"~1) /2]l vl

"I
< Ck [ Jlu,ll dsi v x|
t,_

1

. 172
< Ck’/z(f" ||u.,llfdv) Ioxl,
L

n-1
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and similarly

12
- = 1,
75 < ™ = Bl -l < 2 [ )

th-1

Asin (3.4),

. 1/2
751 < Ch A [ judi3es) il

-1

and as in (3.5)

. 1,2
o1 < onk ([ udizas)  oxi

I
Setting x = 8" + 6"~} we now have from (3.14),
k716717 — 187 113) + v (6" + 877 1)|2

. 172
< C{hzk‘l/z(f" nu,||§ds)
L,

n—1

+k3/2(f’"
1,

n-1

1/2
(NetgfllF + Noegel1?) ds) }nv(a" + 6",

and hence

= lﬂ
N6™W2 < 18" ME + Ch* [ Yju 13 ds
th-1

t"
Ok [ (Nl + Nl ds,
1
and since 8° = 0,
[ 1,
16717 < Ch* [“Mu 3 ds + Ch* ["(llui? + lu, 1) ds.
0 0

which completes the proof of (3.12)
In order to show (3.13) it suffices, in view of (2.6) and (2.7), to deduce

‘0 1/2
nvo"||<Ch2{||u,(0)||1+( f (Il + Vi) ) }

. 1,2
+ 02 [ (hull3 + ) ds ) (3.15)

For this purpose, we use again (3.14), now with x = 3,6", and obtain

J

_ 1 N 4
18,6715 + 5 (198”17 = w8~ 1%) = X 77" (3.16)
Jj=1
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This time we estimate 7} as

1T = (A (w72 = (u" + u""1) /2), x)| < Ck f " Yl ds1i3,8711

n-1
. 12
< k([ luias) 1"
LRS!
and obtain thus by our previous estimates for 7,” and 73",
3 [in
77+ 17571+ 1T < O [ (g3 + ) ds
[

1

1n A n
+Chik! / Nl |13 ds + 13,6713

!,

n—1
By summation we thus obtain from (3.16), since §° = 0,
i 1, "
1907117 < Ch* [MuF ds + Ch* "l + i l?) ds + 2k L 74.
=1
Since T} is the same as TY in the proof of Lemma 4 we now conclude from (3.8),
(3.9) and (3.10),

l’l
19071 < {1, (O)1F + [ (3 + ) s

n—1
”l
+Ck* /0 (N3 + lle, 1) ds + Ck Y (| w8712,
=1

from which (3.15) follows by the discrete Gronwall lemma. This completes the
proof of the theorem.
We now turn to the explicit lumped mass forward Euler method

(5,U",x)h+(VU"_1,Vx)= (f"4x) Vx € S,. (3.17)
In this case we shall need a stability condition which we state in the form

k
SIoxl* <vixlli ~ Yx € S, wherey < 1. (3.18)

Such a condition is satisfied if S, satisfies the inverse estimate
Ioxll < Coh™lixlla,
and the mesh ratio condition kh~2 < 2yCy; 2 holds.

THEOREM 8. Let u and U" denote the solutions of (1.1) and (3.17) with U® = R,v
and assume that the stability condition (3.18) holds. Then for t, = nk > 0,

10 = (e, < R { e ) +(fo'"”“"'§‘“)m}

+ Ck( fo “Nu, |2 dy)l/z, (3.19)
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and if 7, is quasiuniform, for t, = nk < T, with C = Cy,,

1
1U™ = u(2,)||.. < Ch*log leu(t,.)"w,%(n)

1\1/2 ., 1/2
+Ch?(108 ) {nu,(0)||1+(f0 (el + N 3) s ) }

172

+Ck(1og %)1/2( fo '"||u,,||2ds) . (3.20)
PrOOF. With (3.2) valid as usual we have here
(3,67, x), +(v6" L, wx) = (/" x) = (3,Ru" x), — (Vu""', vx)
= (w77 x) —(3Rw", x)
= (ur' = 3u", x) +(3,(u" — R,u™), x) — &, (3,R,u", x)
=T+ Ty + Ty, (3.21)

with the T," essentially as in (3.3). Setting x = 6" + 8", we have

l bt n n— n n-=
2 (18715 = ne"=117) + 31w (8" + 077112 = (1 w8”1* - 1v6"~H%)

. 1/2
< C{hzk'l/z(f” ||u,||§ds)
?

n—1

0 [ nu,,uzdf)l/z} 1o (8" + 6"l

n—1

whence by obvious estimates and summation, since 9° =0,
k 1, L,
10715 < 0071 + Ch* w13 ds + Ch? [Mhu, | ds.

Usin_g the stability assumption (3.18) now completes the proof of (3.19). Setting
x = 9,8" in (3.21) we have

a k aAhn 1 n n—
1867117 — SHv3,87* + s (1v6")* — | ve"~!)1%)

1,

n

: 12 , 12y
< cfwr( [ i) "+ 02 [ ) "o, + 77
In-1 -1

= 1, 1, n
< (1= V)R8 + Ch*k [ w3 ds + Ck [ llu, )17 ds + T
tn-1 lh-1
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Applying the stability condition (3.18), summing, and estimating the sum in 7§ as
in (3.8), (3.9) and (3.10), we obtain

1, t, 2
196717 < Ch* [“u G ds + Ck2 [“llu, | ds + 2k T 7Y
0 0 J=1

t’l
<w%mmw+£mwMmew}

"l
+&1mww

n-—1
+3IvoT> + Ck Y ||v8/)%
J=1

The discrete Gronwall’s lemma now yields

12
19871 < Ch2{ 1 O) 1 +{ [ (e + 1) i)

‘, 1/2
+Ck( [ as)

from which (3.20) follows in the standard way.

We shall now present some error estimates for our totally discrete schemes in
the case of the homogeneous heat equation ( f = 0 in (1.1)) in which the regularity
assumptions are somewhat weaker than so far and match those of Theorem 4 for
the semidiscrete problem

(uh,n X);,+(Vuh,VX)=O VXES;.J>0, (322)
u,(0) = v,.
In view of the estimates of that theorem we may restrict our attention here to the

error in the discretization in time of (3.22).
We begin with the backward Euler method

(U™ x), +{(vU"vx)=0 VxE€ES,, (3.23)
U®=v,,

and show the following:

THEOREM 9. Let U" and u,, be the solutions of (3.23) and (3.22) with v, = R,v.
Then if v = 0 on 982 we have for t, = nk > 0,

U™ = u,(2,)ll < Ckljoll,, (3.24)
and, if 7, is quasiuniform, for t, > 0,

1\1/2
0" = up(t)le, < Ck{log ) £ lol - (3:25)
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PrOOF. The proof of this result and the following will depend on spectral

representations. We define a discrete Laplacian A,: S, — S, by

(Ah‘P9 X);,= -(V‘Pavx) V"P’xeshy
and note that —-A, is symmetric, positive definite with respect to the inner product
(-, -}, on S,. With this notation, (3.22) may be written

U™ =AU",

whence

Ur=(I-kA) U™ = (1-kA,) o,
Letting now { A;}{"* and {®,}} be the eigenvalues and eigenfunctions of -A, we
may write

Ny

Un = Z (1 + kAj)-"(vh’¢I)h¢j

Jj=1

Ny
= - Y AL+ kAT (B0, 45) 9

J=1
and similarly for the solution of (3.22),

Ny
uh(tn) =- Z A;'le_"kAl(Ahvh’ ¢j)h¢j’

Jj=1
Hence for the error
Ny
U= u(1,) = -k X sn(kAj)(Ahvh’ ¢j)h¢j’ (3.26)
j=1

where
8,(A) = }\“{(1 +A)" - e"'"}.

We note that §,(A) is bounded, uniformly in 7, for A > 0. In fact, for A < 1, say,
we have

n—1 )
18,(A)| = A_l((l + }\)_l - e"\) Y @a+ }‘)'("-I—J)e_ﬁ‘
j=0
< Cnle ™ < C, (3.27)
and forA > 1,
15,(A)| 27"+ e "< C.
It thus follows from (3.26) that
N,

n 2
U™ = u, ()3 < Ck* X (Ap,, ), < CKHIA,0412.
j=1
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Here, since || - || and || - ||, are equivalent, we find for v, = R,p,
(Awn: x)p = ~(VRw, vx) = (v, vx) = (80, x) < CllAv|| - lIxll4,
so that
A4l < CllAv], (3.28)

and hence altogether
WU" = u, (2l < CIU™ = uy(2,)ll, < Cklldo],

which completes the proof of (3.24).
To show (3.25), we note that for x € S,

Ny
2
”VX||2 = _(AhX’ X) = Z A](X5 ¢I)h'
j=1
In particular, by (3.26),
Ny
2
19 (U™ = w, (1)) = k2 T A8, (kA;) (B 8,)}-
j=1
Now,
(A28, (A)] < Cn™/? forA > 0.
For, we have by (3.27), for A <1,
|A1/28"(}‘)| < CnAB/Ze—cn)\ < Cn-l/2,
and for A > 1,
IN/28, (M) < A2 "+ e ") < CnV/2

Hence, using also (3.28), we find for v, = R, v,
2
190" = w1 < CEpaaE < o ito = 0onog.
Together with (2.7) this shows (3.25) and thus completes the proof of the theorem.

We now consider the Crank-Nicolson scheme
QU™ x), +(v(U"+ U ")/2,vx)=0 Vxe€S,n=12,..,
(3.29)
U®=o,,
or with the above notation
U= (I-3kA,) (I + %A,)U" = r(-kA,)"v,,

where r(A) = (1 + {A)"}(1 — }A). Since |r(A)| < 1 for all A > O this scheme is
stable in L, and if kA ; is bounded away from infinity it may also be expected to
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possess some smoothing property (cf. [1]). However, as max A is of order o(h™%)
this will require k to be of the order of A2 which is undesirable in applications. We
shall show now that with v € H*(Q) and v = 0 on 92 no such condition is
required for the L, error estimate.

THEOREM 10. Let U" and u,, be the solutions of (3.29) and (3.22) with v, = R,v.
Then fort, = nk > 0,

U™ = up(1)ll < C2Moll, if v =0 on Q.

PrROOF. We have now

Ny
U"—u,(t,)= -k X 8;1,(kA,)(AhUh’ ¢j)h¢j’

J=1
n
) - e_"x}

I8(A)| < Cn ! forA > 0.

where

1 -
1+

Nl
>

81(A) = xl{

N
>

This function satisfies

In fact, for A < 1 we have

_ 1 n—1 1 n—1—j
LT IE o R LR S e L e
1+ 3A j=o\1+ 3\
< CnAe~ " < Cn™t
and forA > 1,
1-2/A\"
1 -1 -1,-nA
B < (T 3

S CXlem /A4 Cnlg Cnl.
Hence

Ny
U™ = up ()13 = k2 L 81(kA,) (804, 9,),

J=1

K2 2
F Z (Ahvh’ ¢1);,

J=1

<C

k4 k*
= CI—ZIIA;,U;.II;Z. < Ct—ZIIAUIIZ,

n n

which completes the proof.
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In order to be able to show a similar estimate for the gradient of the error and
thus also a maximum-norm error estimate we shall need to increase the smoothing
power of the method. For this purpose we shall employ a device of Rannacher [5]
which consists in starting the calculations by, in this case, one application of the
backward Euler operator. We have then

- n—1 -
U™ = ((1 - 3k8,) (1 + 3kA,))" (1 - kA,) oy,
and we shall show the following:
THEOREM 11. Assume that the triangulation %, is quasiuniform, let u, be the
solution of (3.22) with v, = R,v and let U" be the solution of the Crank-Nicolson

scheme (3.29), modified by using in the first step the backward Euler method (3.23)
and with U® = v, = R,v. Then for t,, = nk > 0,

1,2
10" = (1), < k(1o ) " 5% ?lell, ifv = 0on 3.

PrROOF. We have this time

Ny
U= u,(t,)= -k ¥ 83(kAj)(Ahvh’¢j)h¢j

Jj=1

where

[ =
+ ]
NP [P
> | >
N ————
3
|
-

|

4]

[}

3

>
~—————

1 1
5;(A) = X{1+>\

Here
[AV282(A)] < Cn™%% forA 2 0,

since for A < 1,

N8 ()) =

Al/z 1 1/2
5 1(>\)+;\/(

1
~-(n—1DA _ _-nA
1+A0m A ¢ ¢ )

1+

< Cn}\5/2e-cm\ + CAS/Ze-An < Cn—3/2,

and for A > 1,

IN/282(N)| < CA3/%=n/A + CX V%™ < Cn= Y2,
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This yields
R 2 2
”V(U” - uh(tn))||2 = k2 Z Ajarlz(kAj) (Ahvh’ ¢j)h
j=1
N,
k 2
<C— (804 ¢j)h
n J=1
k* 2 k? 2
< ct_:'“Ahvh"h < CTg‘”AU” )
and thus shows the desired result.
We conclude by considering the forward Euler method
QU™ x), +(vU™,vx)=0 VxeS,, (3.30)

0 _
U®=v,.

THEOREM 12. Let U” and u,, be the solutions of (3.30) and (3.22) with v, = R,p,
and assume that the stability condition (3.18) is satisfied. Then if v = 0 on 3Q we

have fort, = nk > 0,

U™ = up(2,)1l < Cklloll,, (3.31)

and if 7, is quasiuniform

1\172
107 = up(t)le,, < C(log 3 )~ 1572lol- (3:32)

PROOF. We have now
Ny
Um—u,(t,) = -k ¥ sj(kAj)(Ahvh’ ¢j);,¢j’
j=1
with
(AN =21 -A)"—e ).
We note that by the stability condition (3.18),
kAj = _k(Ah¢j, 4’,),, = kllvd’_,”z < 2y.
Since ¥ < 1 we have for a sufficiently small positive ¢ that
l-Al<e forA <2y,
and hence
n—1
B2 =11 -A-e?) X @-A)""7e A < Cnre— < C,
=0
from which (3.31) follows as above. The proof of (3.32) is analogous.
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