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EXISTENCE OF INVARIANT WEAK UNITS
IN BANACH LATTICES: COUNTABLY GENERATED
LEFT AMENABLE SEMIGROUP OF OPERATORS

K. PRABAHARAN

ABSTRACT Let X be a countably generated left amenable semigroup and {7, |
o € X} be a representation of X as a semigroup of positive linear operators on a
weakly sequentially complete Banach lattice E with a weak unit e It 1s assumed T,
are umiformly bounded It 1s shown that a necessary and sufficient condition for the
existence of a weak unit invanant under {7, | ¢ € £} 1s that inf,c5 H(T,e) > 0 for all
nonzero H 1n the positive dual cone of E

1. Introduction. The first asymptotic conditions for the existence of an equivalent
invariant measure were given for a nonsingular point-transformation 7 on a probability
space (X, F, p). The following result was proved, independently, by Y. N. Dowker [8]
and A. Calderon [4].

THEOREM 1.1. Let (X, F, p) be a probability space. Let T be a nonsingular measurable
mapping from X into X. Then the following conditions are equivalent:
(i) There exists an equivalent finite invariant measure.
(ii) liminf, p(t="A) > 0 if p(A) > 0.

E. Granirer [10] extended the above result to the case of (left) amenable semigroup
of point-transformations.

If 7 is a nonsingular transformation on (X, F, p) then 7 generates a positive contraction
T on Li(X, F.p); with each f = d¢/dp where ¢ is a finite measure, one associates
Tf = g givenby g = d(¢or™") / dp. Thus the problem of existence of equivalent invariant
measures in (X, F, p) generalizes to the problem of existence of strictly positive fixed
points in L (X, F, p).

U. Sachdeva[16] obtained the following result in the case of a left amenable semigroup
of positive linear contractions on L (X, F, p).

THEOREM 1.2. Let X be a left amenable semigroup and {T, | o € L} be positive
linear contractions on L\(X, F, p). Then the following conditions are equivalent:
(i) There exists a strictly positive f € Ly such that T,f = f, Vo € %.
(ii) infyex f4 To1dp > 0, Vp(A) > 0.
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Now we consider the generalization of the above result in a different direction.
Consider a weakly sequentially complete Banach lattice £ with a weak unit e, i.e., an
element e € E, such thate A |f| = 0 for f € E implies f = 0.

P. C. Shields [17] proved the result:

THEOREM 1.3. Let T be a bounded positive linear operator on E. The following
conditions are equivalent:

(i) There exists an invariant weak unit v in E, i.e., weak unit v such that Tv = v.
(ii) inf, H(T"e) > 0, VH € E7,.

The usual argument that uses construction of a countably additive measure in proving
similar results in the case of a point transformation on a probability space or a contraction
on Ly (X, F, p) does not work in the above case. Shields used the concept of countably
additive functionals instead.

For all our results we consider a countably generated left amenable semigroup X and
for the operators on E, we consider a positive linear operator representation {7, : 0 € L}
of Z with sup{||T,|| : 0 € £} = K < 00. We obtain a result similar to the above results
in our general setting. More precisely, we have the following:

THEOREM 1.4. Let E be a weakly sequentially complete Banach lattice with a weak
unit e. Let {T, : 0 € I} be a representation of a countably generated left amenable
semigroup as a semigroup of uniformly bounded positive linear operators on E. Then
the following conditions are equivalent:

(i) There exists an invariant weak unit v in E, i.e., 3 a weak unit v € E, such that

T,y=v, Vo €X
(ii) inf, o s H(T,e) >0, VH € E,.

In our proof we use the concept of countably additive functionals as P. C. Shields [17]
did. But, instead of the Theorem 4 of [17] we use a weaker result from our main reference
[14]. Once a sub-invariant weak unit is found, our proof differs entirely as the approach
in [17] will not work in our case.

It shall be noted that in the case of cyclic semigroup of operators generated by a positive
linear contraction 7, there are equivalent conditions for the existence of invariant weak
units derived in terms of the Cesaro Averages of the operator T ([9], [4], [18] and [3]).
As there is no straight forward generalization of such averages to our case, we do not
deal with similar conditions in this paper.

In Section 2, we have some preliminary results.

In Section 3, we define operator averages that would generalize Cesaro Averages to
the case of countably generated left amenable semigroup of operators. Then we prove a
crucial asymptotic invariant property of the averages.

In Section 4, we give the proof of Theorem 1.4. The operator averages defined in
Section 3 are used in the construction of an invariant weak unit in Section 4.

https://doi.org/10.4153/CJM-1993-073-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-073-1

WEAK UNITS IN BANACH LATTICES 1301

2. Preliminary results.

2.1. On Banach lattices. Let E be a Banach lattice. We denote the set all elements f € E
such that f > 0 by E, and we define E,, = E,\{0}.
The dual of the Banach lattice E is denoted by E™.
We consider a Banach lattice E satisfying the following conditions:
(A) Ehas a weak unit e, i.e., there exists e € E, such that forany f € E,e A|f| =0 =
f=0.
(B) Any norm bounded increasing sequence in E has a strong limit.
The condition (B) is equivalent to weak sequential completeness ([ 14], p. 34). The
condition (B) implies order continuity of the lattice norm (OCN):
(OCN) For every downwards directed net (f;, i € I) with A,e/f; = 0, one has lim, ||f,]| =0
Another condition that is equivalent to (OCN) is that every order interval [f, g] =
{h:f <h < g}inE is weakly compact. ([14], p. 28).
We denote strong convergence in E by — and weak convergence in E by . We
denote order convergence of monotone nets by T or |.

DEFINITION 2.1. Anideal in a Banach lattice E is a linear subspace D for whichy € D
whenever |y| < |x| for some x € D.

We have the following result from Lindenstrauss ([14], p. 28).

THEOREM 2.2. A Banach lattice E is order continuous if and only if the canonical
image of E into its second dual E** is an ideal of E**.

Now consider the following theorem which is due to H. Nakano [15]. This result
assumes only the condition (B).

THEOREM 2.3. If{aq}aca is an increasing net of bounded norm in E,, then Va, exists
in E. Furthermore there exists a sequence {a,} € A such that

Vag = Vyag,-

2.2. On countably additive functionals. Now we consider some results on countably
additive functionals. These results are based on the work of P. C. Shields [17] and
these results generalize the corresponding results on countably additive measures by
L. Sucheston [18].

Let L be a Banach lattice satisfying the following condition (o-completeness in order):
(SC) Suppose that {x,z} is an increasing sequence in L and for some x € L one has

x, <x,n=1,2,.... Then Vx, exists.
Note that the condition (SC) follows from condition (B).
Let Fand G bein L*. Then F A G and F V G are given by
(FAG)b) = inf [F(b))+G(by)], VYbeL b>0
b=by+b.by.b>>0

and

(FVG)b) = sup [F(b))+G(by)], VYbeL,b>0.
b=by+b.by by >0
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and also it follows that for any Banach lattice L, L* is a Banach lattice satisfying the
condition (SC) ([14], p. 3).

DEFINITION 2.4. We say that a positive linear functional G on L is countably additive
if any sequence {y,} in L is such that y, | O then G(y,) | 0.

One has the following result. (see [17] for the proof.)

LEMMA 2.5. Let F, G be positive linear functionals on L, and let G be countably
additive.
Ifb > 0and (F A G)(b) =0, then we can finda;, > 0, k=0, 1,2, ...such that

00
b=7"ayand
k=1

0= Glag) = F(a)) = Flay) = - - -.

2.3. On amenable semigroups. Let Z be a semigroup and /,,(X) denote the Banach
space of bounded real-valued functions on X, with the supremum norm.
A linear functional ¢ on [,(X) is called a mean if

inf h(0) < ¢(h) < suph(o)

for any h € [,(Z).

Let 1,, o0 € X be the evaluation functional given by 1,k = h(o).

With each linear functional ¢ on /() of the form ¢ = 3"} | B 1o, , where ), 18] <
00, we associate the /j-norm ||@|[;, = 7, | B

A mean ¢ is called a finite mean if

6= Bila,
k=1

for some (3, > O such that =7’ 3¢ = 1 and o € X.
Let L,, 0 € X be the left shift defined on /() by

Loh(p) = h(op), Vh € [(2).
For ¢ = ©}_, Bils, € I5,(2), we define

m
Lyh =" BLoh.
k=1

Furthermore, if we choose 1 to be a finite mean then L, will be a contraction on /.
Indeed, if ¥ = }_, Bil,, with 327, Bk = 1 and Bx > O then for any h € [,(X) we have

m m m
ol = [ Bekoh] | < 3281 Loyhlle < 2 -l =
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A mean ¢ is said to be a left invariant mean if
d(Lsh) = p(h), Vh € lo(Z), VoeX.

Note that for every left invariant mean ¢ and for every finite mean 1, we have ¢(Lh) =
o(h).

Similarly we define right invariant means. A mean which is left invariant as well as
right invariant is called an invariant mean.

A semigroup X is called left amenable if there exists a left invariant mean. A semigroup
X is called right amenable if there exists a right invariant mean. A semigroup X is called
amenable if there exists an invariant mean.

Obviously under the abelian assumption on the semigroup X, the concepts of left
amenability, right amenability and amenability all coincide. It is also known that all the
abelian semigroups are amenable ([6]).

Day [6] proved the following result on a left amenable semigroup:

THEOREM 2.6 (DAY). Let Z be a left amenable semigroup. Then there exists a net o of
finite means such that |, converges in norm to left invariance, i.e., limg ||YoLy —Val|;, =
0,VoekX

In the case of countably generated left amenable semigroups, by a diagonal argument
we have the following consequence, which is due to Sachdeva [16].

THEOREM 2.7. Let X be a countably generated left amenable semigroup. Then there

exists a sequence 1, of finite means such that 1, converges in norm to left invariance,
i.e., lim, ||Y,Ly — Py, =0, Vo € Z

3. Existence of operator averages converging in norm to left invariance. Con-
sider any finite mean of the form

(D V=5 Bl,, where > B =1, B > 0and oy € .
k=1 k=1
With this finite mean we associate the operator averages A,, given by

(2) Al/) = kZBkTak .
=1

Also, it follows that for any f € E and for any F € E*, if we define i € [, (%) by
h(o) = F(Tof)

then we have
3) FlAy(H)] = (h).
Indeed, both expressions above are equal to 37, B¢ F(T5,f).

We construct our sequence of operator averages {A,, } from the sequence of finite
means {1, }, which converges in mean to left invariance. Note that the Theorem 2.7
guarantees the existence of such sequences of finite means.

First we shall show that the averages A,, asymptotically satisfy the left invariant

property.
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DEFINITION 3.1. Consider the operator averages A, .n=1,2,..., of the formA,, =
i B T, where S Bn, = 1. We say that the operator averages converge in norm to
the left invariance if

IT,Ay, —A,,| — 0.as n — oo for each o € X.

THEOREM 3.2. Let X be a countably generated left amenable semigroup, with {1}
being a sequence of finite means which converges in norm to left invariance. Let A,
be the operator averages associated with v, as described above. Assume sup{||T,|| :
o € L} = K < 00. Then operator averages Ay, converge in norm to the left invariance.

PROOF. Let T € X be fixed.
Let F € E* and f € E. Define h € [(Z) by

h(o) = F(T,f). o€ X

Let

4) Yn=> Bn lg,, where > Bn =1, By >0and o, €X.
k=1 o

Then it follows that
Ya(h) = F(A,,f)

and

my

Un(Lrh) = 3 3, F(Trq,,f)
k=1

= @:P(L5uT..1)
k=1
= (TF)A,, ).

Therefore we can write

|F(T-Ayf — Ay Dl = [(TFF)A,f) — FA,f)|
[nLr(h) — Y (h)]
< ||1Z)nb - wn”h : ”h”?o

S HWHLr - wn”h + sup ,F(Trff))
ocX

< WonLr = Yully, - [[FI} - K- [If]
< |‘1/jnLr - wn“l. K- “f“ lt“F“ <l

]

Since F € E* is arbitrary, we have

sup [F(TrAy,f = Av A < [[UnLe = ulls, - K- [f]-

IFil<1
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Therefore we have

I(TAy, — A I = 1TrAGf = A fIl < [¥nLs = Yl - K- IIf]
The above result being true for each f € E, we obtain
1T-Ay, — Ay, | < [[¥nLr = Yulls, - K.
But, by assumption

HwnLT - WnHII — 0 as n— 00.

Therefore we have
IT;Ay, — Ay, || — 0, as n — oo.

This concludes the proof of Theorem 3.2.

4. Existence of invariant weak units. In this section, we give the proof of Theo-
rem 1.4.
First we prove the following lemma.

LEMMA 4.1. Let e be any weak unit in E and H € E7,. Suppose we have uniformly
bounded linear operators, T, ,n = 1,2,..., such that sup, || T, || < K < o0o. Assume
lim, H(T,,e) = 0. Then lim, H(T,,u) = 0 for any u in E,.

PROOF. Let u be any element in E.. Given any € > 0, there exists an integer k and
w € E, such that
u=uANke+wand ||w|| <e/2K|H].

Since lim, H(T,,e) = 0, we can choose a positive integer N such that for n > N

H(T,

0 €) < e/2k.
Thus, for n > N, we get

H(Tpu) < k-H(Ty,e)+H(T,,w)
< k- H(T,e) + [ H] - sup [T | - [lwl]
< k-H(T,e)+||H|| - K- |[w]|
< k-e/2k+e/2=e.
Since € > 0 is arbitrary, the result follows.

PROOF OF THEOREM 1.4. Assume that there exists an invariant weak unit v in E,.
Suppose (ii) does not hold. Then there exists H € E7, such that

”clff H(T,e) = 0.

By Lemma 4.1, it follows
ing(Tav) =0.
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But T,v = v for any ¢ € Z; this implies
0= 13fH(T(,v) = lgf H(v) = H(v).

Since v is a weak unit this leads to H = 0, a contradiction. Thus we have (i) = (ii).
Now we prove that (i) = (ii). Assume infg H(T,e) > 0, VH € E},. Let ¢ be a left
invariant mean on [o,(Z). Define A € E7} by

) AH) = ¢[H(T,e)], He€E,.

Then we have
6) MH)>0, VHEE,.

Forany H € E* and 7 € Z, we have

(T MH = (T*H)

= ¢IT H(T;e)]
= ¢[H(T:Tye)]
= ¢[H(T,e)]
= \(H).
Therefore for any 0 €
) T A=
Now, define
(8) u=sup{w € E|0<w <A}

Theorem 2.3 guarantees that u € E. Also we have
O0<Tu=T u<TyA=\.
Therefore, by equation (8) it follows that
9) Tou<u
Now, we shall show that u is a weak unit. Consider (A — «) A e. By Theorem 2.2, we get
A—u)Ne€E,.
Thus, from equation (8) it follows that
(10) A—u)ANe=0.

Indeed, since u+ (A —u) Ae < u+ (A — u) = ), the above result follows from the
maximality of u as given by equation (8).
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Now, suppose H(u) = 0 for some H € E’. Equation (10) implies that
(A—u)Ae H)=0.

Therefore, by Lemma 2.5 applied with L = E*, there exists a sequence {H, } in E} such

that
&%)
H=> H,,
k=0
(AN—uw),H;)=0, fork=0,1,2,...and
<€.H0> =0.

But, H(u) = 0 and 0 < H; < H implies
H(u)=0, fork=0,1,2,...;
this result, together with (A — u), Hy) =0,k =0, 1,2,...implies
AMH) =0, fork=1,2,....
Therefore, by equation( 6), we get

H, =0, fork=12,....

Also, (e, Hy) = 0 implies Hy = 0. Therefore we have

00
HZZH[( =O.
k=0

Thus we have shown for an arbitrary H € E} that H(u) = 0 implies H = 0; hence u is a
weak unit. Thus, we have a weak unit u such that T,u < u, for any o € Z.

To complete the proof, it remains to find a weak unit v such that T,v = v for all
o € X. Consider a sequence {A,, } of operator averages which converge in norm to left
invariance. Since 0 < T,u < u, we have

0 _<_ Au‘,"u _<_ u.
Recall that order continuity (hence a fortiori condition (B)) implies that each order

interval is weakly compact ([14], p. 28), and hence we have a subsequence {w,,k} of
{n} such that {A, u} converges weakly to some element v in E,.

CLAIM. v is a weak unit.
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PROOF. Suppose the opposite. Then there exists an H € E7, such that Hv = 0. Thus
we obtain
H(Aw,,k u) — H(v)=0.

This will imply
ing(Tgu) =0.

Indeed, suppose infg H(T,u) = € > 0 then for any 1, given by
Yo =3 Bula,,. where B, >0and 33, = I.
k=1 k=1

we have . .
H(Ay u) = ZBH‘H(Tgnku) > B =e.
k=1 k=1

Since infg H(T,u) = 0 and u is a weak unit, from Lemma 4.1 it follows that
infg H(T,e) = 0. This contradicts our assumption.

CLAIM. vissuchthat T,v=v,Vo € X.

PROOF. Take any o € X. Since A, u v, as n — 00, for any H € E;, we have,

Y lim H(A,, u) = Hv.

ne—00

Also for each H € E}, we have,

lim (T:H)(A,, u) = (T:H)v
ng—00 k

and hence,
(12) lim H(T,Ay, u) = H(T,v).
nE—00 k
But,
(13) lim ]H(TUAU,” u)y—H(A,, u)| =0.
n—00 k 'k

Indeed, by Theorem (3.2), we have

|H(T,Ay, w) — H(A,, w| <[|H| || T,A

U, _AwnkH'”uH — 0, as m — 00.

Yy
Equations (11), (12) and ( 13) imply

H(T,v) = Hv.
Therefore H(T,v — v) = 0; this result being true for any H € E7},, we get

T,v=v.

This completes the proof of (i) > (ii) of Theorem 1.4.
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5. Ilustrations. Let us consider a few special cases of our results.

EXAMPLE 5.1. Let £ = {1,2,3,...} with addition. Then any x € l,,(X) is a bounded
sequence of the form (xj,xp,...) with x, = x(n) and ||x|| = sup|x,] < oo. Given
x = (x1,x2,x3,...), for any positive integer k define the sequence obtained by shifting
the elements of the sequence x to the left by k places by x* = (X(k+1ys X(k+2), - - -)- Then
left shift operators L on [,,(Z) are given by L;(x) = x¥.

Consider the finite means on /,,(X) defined by

12 .
wn = ; Z 1, € loo(z)
=1
We have
1 1 X2
Yu(x) = = Z 1,(x) = - sz
n =i n =
PR oy = IS w2 L
WnL)(x) = =3 1LYy = =3 a0 = = D Xk
n = no- N
Therefore for any k, 1 < k < n we have
l n

1 n
|;Zx1 - ;;xﬁ-k'

=1

|(n = YuLi) (X))

1
= ;|x1+Xz+--~+xk—xn+1 — Xns2 =~ Xk

Loy

IN
3

Thus we have
lton — YnLyll), < 2k/n—0, as n — oo.
Therefore {1, } is indeed a sequence of finite means on /() converging in norm to left
invariance.
By our definition, the operator averages associated with v, = % X 1, are given by
1 n
A=Ay, = - ZTI
n

=1

which are the Cesaro Averages of the operator T. Thus in the case of cyclic group, the
results of Theorem 1.4 reduces to the results in [17].
Furthermore by Theorem 3.2 we obtain that if 7' is power bounded then

IT"A, — Au|| — 0, asn— o0

This is a well-known result; in fact this result holds under a weaker condition, namely T
is mean bounded and || T"|| /n converges to zero.
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EXAMPLE 5.2. Consider an abelian semigroup X generated by finitely many elements
O1,02y...,0¢4.

Define y* € I! (X) fork = 1,2,...,dby

We have |[y%||; = 1. Define the multiplication v - ¢/ by

l n n
kool L
Wy Y, " ;; l”,kUJ[.
Clearly the multiplication defined above is commutative. Let ¢, = ¢! - 1% - - - - - . For

any given oy in X we have
”wn - "/)nLak”I]
= [y -0 U = YLl
<l Malle, e Wy - Dt - il - @ = vaLad

= “(‘/}f: - d’ﬁl‘m)“ll — 0, asn— oo.

Note that the last step above follows by the same approach as in the previous example.
Now consider two elements p;, p, such that for k = 1, 2 one has

li:n ”(1/41 - wnl‘pk)“h =0.
Consider the product p = p; - po. We have
”wn - 1/’}sz)“[,

”w" - 1/)"L/)l + w"l‘/ll - ,(/"”L/’I ﬂz”/x
S “wn - d)an. H[, + ||d)nL/)| - wnl‘ﬁ] ﬂz“ll
< ”wn - wnL/n ”II + ”d”n - d)anz”[, : ”Lm H[, — 0, asn— oo.

Now consider any arbitrary element o € Z. Then o is given by a finite product of oy,
k=1,2,...,d. By repeating the above argument for the finite product of oy, we obtain

llll;n ||(wn - wnLU)HI. =0.
Hence

12 d
Yo = Ph ey
l n
- 1,11
D S
nt L =l 7 73 9
are sequences of finite means converging in norm to left invariance.
By our definition, the corresponding operator averages are given by
l n
- L I A T A
Ay, = Z T3 - T, T

n d a4°
n nno =l

https://doi.org/10.4153/CJM-1993-073-1 Published online by Cambridge University Press


HLp.il/
https://doi.org/10.4153/CJM-1993-073-1

WEAK UNITS IN BANACH LATTICES 1311

By Theorem 3 2, 1f the operators are uniformly bounded, then the above averages
satisfy the condition

mll4,, 7,4, [=0. k=12, .d

For example, 1n the case of operators generated by two commutative operators S and
T the operator averages are given by
n

1
Ay =528 T
1y=1

Also 1n this case Theorem 1 4 takes the following form

THEOREM 5 3 Let E be a Banach lattice satisfying conditions (A) and (B) Let S, T be
power bounded commutative operators Then the following conditions are equivalent
(1) There exists an invariant weak unit v in E such that Tv = v = Sy
(u) mf,, H(S'Te) >0, VH € E},

Now let us consider an example of an amenable group which 1s not abelian

EXAMPLE 54 Consider a group X generated by two elements o, and o, such that
o, = 0, ',1 = 1,2 Dixmuer [7] proved that such a group 1s amenable Therefore from
Theorem 1 4, the following result follows

PROPOSITION 55 Let E be a Banach lattrce satisfying conditions (A) and (B) Let T,
and T, be positive linear contractions on E such that T = I, 1 = 1,2 Then the following
conditions are equivalent

(1) There exists a weak unit v in E such that T\v = v = Ty

(1) infr H(Te) >0, VH € E},
Here the infimum is taken over all T, where T denotes a finite product of the operators
T] and Tz

In the case of point transformations acting on a probabulity space, a similar result was
proved by Blum and Friedman [2]

Groups generated by more than two elements are not amenable (see Dixmier [7])
Therefore, the results of the above proposition do not readily extend to cases involving
more than two elements
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