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EICHLER MAPS AND HYPERBOLIC FOURIER

EXPANSION

TOYOKAZU HIRAMATSU

§ 0. Introduction.

In his lecture notes ([1, pp. 33-35], [2, pp. 145-152]), M. Eichler reduced

'quadratic' Hilbert modular forms of dimension — k {k is a positive integer)

to holomorphic automorphic forms of dimension — 2k for the reproduced

groups of indefinite ternary quadratic forms, by means of so-called Eichler

maps.

On the other hand, H. Petersson ([5], [6]) introduced a Fourier expan-

sion in a pair of hyperbolic fixed points for automorphic forms of real

dimension with respect to fuchsian groups of the first kind, and constructed

the Poincare series at the pair of hyperbolic fixed points, and also calcu-

lated the inner product on the space of automorphic forms.

The purpose of the present paper is to prove the following theorem by

combining the above two results:

T H E O R E M . Let O be a maximal order in an indefinite division quaternion

algebra over Q and Γ be the group of units in O. Then the n-th hyperbolic Fourier

coefficient cn of the holomorphic automorphic form of dimension — 2k for Γ whcih is

obtained from a Hilbert modular form by the Eichler map τ is expressed as follows:
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174 TOYOKAZU HIRAMATSU

where cμ denote parabolic Fourier coefficients of the Hubert modular form stated above.

During the preparation of the present paper the author received many

useful bits of advice from Professors T. Kubota and H. Shimizu. The

author wishes to express his hearty thanks to them.

Notation. Z, Q, R and C denote respectively the ring of rational

integers, the rational number field, the real number field and the complex

number field. If R is a ring, M2{R) denotes the ring of all matrices of

degree 2 with coefficients in R.

§1. Eichler m a p s r.

Let A be an indefinite division quaternion algebra over Q, i.e., a divi-

sion algebra over Q such that A(g)R is isomorphic to M2{R) and let {1, ω,
Q

Ω, ωΩ} be a basis of A over Q such that ω2 = p, Ω2 = — q and ωΩ = — Ωω,

where p and q are distinct prime numbers with the Legendre symbol f ~ ̂  ) = —l.

We put

Then, identifying F with the real quadratic subfield Q{ω) in A, We may

write A = F + FΩ and we have aΩ = Ωa for all a^F,a being the conjugate

of a with respect to F. This expression gives the faithful representation X

of A into M2(F):

for ξ = ζ1 + ζ2Ω^A with f { £ F . we see easily that the conjugate of ξ is

£' = f! - |2fl, the trace of £ is tr (f) = ξ + £' = ξ 1 + f 1 = tr χ(f) and the norm

of f is n(ξ) = ξξ' = ξ^ + qξ2ξ2 = detχ(?).

Let G = SL(2, J2) and K be a maximal compact subgroup of G (i.e.

X = SO(2)). Let O be the ring consisting of all elements in the form ξt + ξ2Ω9

where ξ19 ξ2 are in the set of all integral algebraic numbers in F and let

Γpxqί) be the group of (proper) units in O. From now on we assume that

J J Ξ I mod 4. Then O is the maximal order in A. We know that Γ, re-

garded as a subgroup of G, is a fuchsian group of the first kind and has a

compact fundamental domain Γ\GIK.

Let V = M2{R)xM2{R), and define p : G-+GL{V) by

1) When there is no danger of confusion we may write Γ instead of Γpxq.
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 175

P(ΰ) (£I> ζϊί — (<7ι(9)ζu ^2(^)^2)

for each g in G, where (ζ19 ζ2)^V and each σS = 1,2) denotes an irreducible

continuous representation of G (i.e. p = σ1®σ2). Let pn be the symmetric

tensor representation of degree n of GL(29R). Then, it is well known that

the restriction pn\G, which we denote again by pn, exhaust all irreducible

continuous representations of G:

Pn:G-± SL(n + 1, R) (n = 0, 1, 2, - -).

Therefore each of ot (i = 1, 2) takes the following form:

σ^β'Hd.β,

where a, β^GL{2,R) and id. denotes the identical representation. Hereafter

we assume that j3 = L J ,

Now we put

Then Ko is a maximal compact subgroup of Go and p(G)aG09 p(K)cK0.

Hence the homomorphism p induces a map τ of the quotient space G\K

into the quotient space G0IK0:

τ : GIK= ©+->©+x§+ = GIKxG/a-'Ka = G0IK0,

Where ξ)+ denotes the complex upper half-plane. Let Γ (/"#") be the Hu-

bert modular group of the real quadratic field F. Then, if p satisfies the

condition

as operator, the map τ induced from p will be called Eichler map of p.

L E M M A 1. The homomorphism p satisfies the condition p{Γ)aΓ{ )/ φ ) as operator

if and only if a = ( ° fy^O.

Proof If p satisfies the condition p(Γ)<^.Γ(/~p~ ) as operator, then aϊr = ϊa

for all ΐ^Γ. Hence, putting a = (^ b\ T = ( ^ | 2 \ we have the follow-

ing relations:
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176 TOYOKAZU HIRAMATSU

' aξx — bqξ2 = aζx + cξ2,

If we take ΐ = (£° ̂ _ 2 ) , where ε0 denotes a fundamental unit of the real
\U Co /

quadratic field F, then the third relation implies that del = d. If d ψ 0

then εj = 1. This is impossible. Hence we have d = 0. Similarly, a = 0.

Therefore we have — &#f2 = cξ2. There exists an element of Γ such that

ξ2 =̂= 0. In fact, otherwise, there would be only two primitive hyperbolic

conjugacy classes in Γ, namely, (Q° £-2j\ and J(Q° 2 ) . But this contra-

dicts the fact that the group Γ has an infinite number of primitive hyper-

bolic conjugacy classes. Hence c = — bq; and this means a = (_?
Therefore, as the linear fractional transformation, a takes the form (__ ^j.

And vice versa. Q.E.D.

From Lemma 1, the homomorphism p which induced Eichler map τ

can be written in the form

p = id.® id., id. = a"1 id. a,

Since K is the isotropy subgroup of the point i (eξ>+) in G, a"ιKa is that

of the point a(i) in G; and the map τ takes the following explicite form:

Obviously the map τ is holomorphic and by the map τ, a compact funda-

mental domain Γ\G/K for the group Γ is imbedded holomorphic into a non-

compact but volume-finite fundamental domain Γ(i/ φ )\G0IK0 for the group

§ 2. Automorphic forms associated with Eichler maps τ

Given a group Γpxq as descrived in § 1, then there exists the Hubert

modular group Γ ( / p ). It satisfies the condition p (Γ) aΓ ( \/~p~ ), namely,

o γ v ft e.w o «
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 177

\— QS2 £1/ \— Q& £1

for each r = ( K Ϊ2)^Γ.

Now let & be a positive integer and we denote by Sk (Γ (/ p )\ the space

of all (holomorphic) Hubert modular forms of dimension — k for the group

Γ(/p~). With each element F(z) = F{zuz2) in the space Sk(Γ(i/~ϊΓ)) we

associate a function f(z) in the following manner:

(r*oF) (z) = F(τ(z))9 z ^ \

f(z) = z~\τ*°F) (z).

Then, under the condition f{z) ^ constant, f(z) is a (non-trivial) holomorphic

function in ξ)+ and satisfies the transformation law

f(Πz)) = ( - qξzz + £)"/(*)

for all 7 = ( \ γ)<^Γ. The holomorphic property of f(z) is immediate

from that of the map τ. The later part is shown as follows:

f(7(z)) = Πz)-*(τ*oF) (7(z))

= 7(z)-kF(p(7) (τ(z))),

and for each a = (a

r K) εΓ(/7"), putting

j(σ,z) = {(cZl + d) (δzt + d)}-*,

we have

This implies our assertion. Therefore, under the condition f{z) ^ constant,

f(z) is a holomorphic automorphic form of dimension — 2k for the group

Γ.
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178 TOYOKAZU HIRAMATSU

The Hubert modular form has parabolic Fourier expansion of the form

μ: integers in JF1

μ==to m o d (—-—)

μy Q or £t=0

where tr (μz) ~ μzx + βz2 and μ > 0 implies that μ is totally positive. We

put Kμ = {ε2

o

nμ\n^Z} and denotes by {(μ)} a set of representatives of {Kμ},

Then, the form f{z) has the following expansion:

Άz) = z-*ΈcwPβ(
(μ)

This expansion for f(z) was introduced by Eichler ([l, p . 35], [2, p . 151]).

Remark. The series Pμ(z) converges absolutely, uniformly on § + x § + .

I n fact, let z3 = xs + iy5 and y^dj > 0 (; = 1,2), rfy being a constant.

Then,

ε0

where ε0 satisfies ε0 > 1. This implies the remark.

/ 1 \Aπμd.9n , _
e2π e^nμy2 ^ (-L-J M , if Π ^ 0,

πμ lM, if n < 0,

Now, since the series Pμ(z) is invariant under the transformation (f.0

in the group Γ, the above expansion for f{z) may be regarded as an

expansion at the pair of hyperbolic fixed points {0, oo}. But unfortunately,

this expansion is not unique in general. I n fact, let @2*GO be the space

of all holomorphic automorphic forms of dimension — 2k for the group Γ.

For each function F(z) in the space Sk(Γ (/ φ )), let f(z) be the function

associated with it by the Eichler m a p τ. Then, T : F(z)—> f{z) gives a

C-linear map of the space Sk(Γ(/~p~)) to the space @2fc(Γ). If P^-expansion

is unique, then we have

f(z) = 0 = > all C(μ) = 0 = » F(z) = 0.

Hence the map T is one-to-one, so that

(1) dim Sk(Πi¥ )) = dim T{Ste{r{ff ))) ̂  dim @2A(Γ).
c c c
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 179

On the other hand, we know that

dim Sk{Γ(i/~ϊΓ)) = ak2 + bk + c {a > 0)
c

by Shimizu [8, p. 63] and

dim @2A;(Γ) = dk + e.
c

Therefore (1) is impossible for sufficiently large k.

We give some examples and remark.

Example 1. Let k be an even integer and let G-fc(z) be an Eisenstein

series of dimension —k for the group Γ (/ p ). Then the function G~k{z)

has the following Fourier expansion:

G-k(z) = l+ Σ cμe
2πitr^,

μ: integers in F

where

c _ (2τr)2Vp~ y \N(v)\k"1

{(k-l)\}2pkζF(k) (v): integrtt ideals in // W ' '

Σ i
(v): integral ideals in F

Therefore we have

Σ

Put z= f(e§+). Then 2πi(μz — β~^—) is equal to a real number; and also

cμ > 0 . Hence f~2k{i) ψ 0, i.e., f~1}z{z) Ξ£ constant.

Example 2. As a numerical example, consider the quaternion algebra

Λ over Q with a basis {1, α>, /2, ω^} such that ω2 = 5, i22 = — 2. Then the

only characteristic primes for this A\Q are 2 and 5; and §+/Γ5X2 has four

elliptic fixed points of order 3 and its genus is zero. Hence, dim@8(Γ5X2) = l .

On the other hand, dim S4(Γ(/5")) = 2 by Gundlach [3, p. 382], and

μ (v)!,/5 μ

constant.
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180 TOYOKAZU HIRAMATSU

Therefore a function obtained from the cusp form in S4(Γ(/5~)) by the map

T is linearly dependent to the function fs{z) or identical with zero. But its

decision would be difficult.

Remark. It would be of great interest to determine the kernel of homo-
oo oo

morpnism T: Σ^((/j ) ) Σ
k=0 k=0

Example 3. It is not true in general that any form for the group Γpxq

is always obtained from some form for the group Γ i /~p~) by the map T.

For example,

dim@8(Γ5X7) = 14 and dim S4(Γ(/δ~)) = 2.
c c

§ 3. Hyperbolic Poincare series

This section is essentially based upon the work of Petersson [5] and we

shall describe those parts of it applicable to our case.

Let Λo be an indefinite division quaternion algebra over Q and let

{l,ω,Ω,ωΩ} be a basis of Ao over Q such that ωz = p0, ί22=— q0 and ωΩ=—Ωω,

where φ0 is a positive integer, q0 is a integer with Jacobi symbol ( — 2 0 = —l.

we put

Oj = \( ξl£ | 2 ) flf f2: integral algebraic numbers in Fo = Qb/p^))

Then Ox is the order in Ao. Let O0 be a maximal order in Ao such that

0 ^ 0 ! and let Γo

p°xq<> be the group of (proper) units in O0.
2) Then the

fuchsian group Γo has a compact fundamental domain Γ0\G/K and contains

the hyperbolic element (ί° 2) which has fixed points {0, oo}, where ε0

denotes a fundamental unit of Fo such that ε0 > 1.

Remark. Let O* be any maximal order in Ao. Then, since Ao is in-

definite, O* is conjugate with O0, i.e., there exists an element a in Ao such

that n(a) ψ 0 and O* = a"ιO^a. Therefore the unit group Γ* in O* has the

same genus and signature as Γo and contains the hyperbolic element
a"1 (θ° £~2)a w^c^1 ^ x e s P°in ts {0,oo}. The case of Γ* can be treated by

a similar way as in the following method for Γo, so that this case is omitted

here.

2) The unit group in O1 is commensurable with Γo.
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 181

First of all, we shall induce a Fourier expansion for the function f(z)

in @2fcCO {k is a positive integer) at the pair of hyperbolic fixed points

{0,oo} which are fixed points of ̂ ° ^_ 2). We put g{z) = zkf(z). Then the

function g(z) is invariant under the transformation σ = Oz0 -2j in the group

/V Put

t = }°ZZ, , 0 < arg z < π.
logεj

Then, since σ{t) = t + 1, a function g(t) considered g(z) to be a function of

t is invariant under the translation t -> t + 1. Hence, if we put q = e2πίt,

there exists a function g{q) holomorphic in the domain

g loge0* < 1̂ 1 < 1

such that g(t) = g{q). Therefore the function g(q) has a Laurent expansion

in q:

ΰ(q)= Σ cnq
n.

n=—co

As mentioned above, the form f(z) in @2*U~'o) n a s the following expansion:

ni-
= Z 2 J CnZ 2log ε0 .

n=— oo

This expansion is called hyperbolic Fourier expansion for f(z), briefly HFE for

f(z).

Next we shall introduce a Poincare series with respect to σ.

(i) Definition and transformation law.

Let Z0,oo be the subgroup of Γo generated by σ = (Λ° ̂ -2) and let ίίt(Γ0)

be a system of right coset representatives of Γo mod Z0|Oo. Then the Poin-

care series for σ is defined as

2*iv±M&
e l o g £ o

where fc > 1, 0 < arg L(z) < π and v is a parameter extended over all inte-
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182 TOYOKAZU HIRAMATSU

gers. Obviously the summation is independent of the coset representatives

chosen.

For each ΓGΓ 0 , ϋi(Γ0)ϊ is also a system of coset representatives; and

putting

φ[z\ L) — {axz + a2)
k(βιZ + /32)

7c,

' = (? Ά - d
we have

= (cz + d)-*k{(a,a + a2c)z + {aφ + a^ΫW^a + β2c)z + (βφ + βzd

= (cz + d)-™{a[z + a'2f{β{z + βtf.

Therefore we obtain the following transformation law:

E.2k(T(z); v) = (cz + dYkΞ-2k(z; v)

for all r = ( j)eΓβ.

(ii) Convergence of the series B~2k{z; Γ0,v).

1°. Convergence of the series J]\βlZ + β2\~2k(L = ίΛ Λ )eai(Γo), fc >

In the following, we shall give a brief outline of the proof.3) We fix

a point zo(eξ>+) and take a constant ^ such that

0 < i o 0 < m i n

where | \H denotes the hyperbolic distance; and we put

For a suitable choice of coset representatives s3ΐ(Γ0), each element in

may satisfy the condition

< log|L(*0)| ^

Then, there exist two constants cλ and c2 satisfying

(2) c 1 e - l ^ ) - i l * < |^ l £ + ^ 2 | - 2 < C 2 έ H

3) As for full detail of the proof, cf. Petersson [5, pp. 144-146].
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 183

for all L = Q ! ) G S ( Γ 0 ) , and all

Next we take a constant R such that R>ε2

oe
p°; and put

<&R = ®Rn{zϊΞ%>+\ \\og\z\ I ^

a n d

Then, the number mR of elements contained in the set %lR is finite and

moreover there exists a constant c3 satisfying the following condition:

(3) ^ R < cse
R.

Finally we take a constant Ro such that Ro > εlep<> and Ro > po; and put

3» = 9 l Λ Λ o - S&c»-Ww ^ 2), Si = 5ίΛ o.

Then, by (2) and (3), there exists a constant c4 which is independent of

n{>: 2) and satisfies the condition

This implies

Σ

Therefore the series Σ \βiz + A>|~2/c converges over $?0, since the sum

Σ is finite.

2°. Convergence of the series ΣI«iZ + ^ I " * ! ^ + ftl"fc(^=ίo1 ?2>)e3l(Γo),Σ
L

LEMMA 2. Consider the set

z = x + iy, \x\<C, y^ξ],

where C, ξ are positive constants. If z = x + iy lies in U, then

\cz + d\ ^Λ\ci + d\

for all real c, d, where A depends only on C and ξ.
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Proof. Disregarding the trivial case c = 0, we first assume

Then we have

x + JL
c

All 
Λ

_d_
c

J_
c

-1*1

A
c

d_
c

-C

d
2c

hence

\cz = c2 [(x + -^

>2C.

where Ax — min j - i - , ft . Therefore we have

(4) \cz + d\^A1\ci +

On the other hand, if ^2C, we get

ci + d\2 = c2 + d2 = c 2 ( l +

^ c2(l + 4C2) ̂  c2 X

hence

(5) \cz + d\^

By (4) and (5), we have

+ 4C2 \ci + d\.

\cz + d\ ^

where A = min I A, — * j . This establishes the lemma.
I /1 + 4C2 1

Now we put

where C, f and f denote positive constants; and we take coset representa-

tives iK(Γo) such that each element in 8t(Γ0) satisfies the condition |log|L(ί)H
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EICHLER MAPS AND HYPERBOLIC FOURIER EXPANSION 185

^ logSo. Then, by Lemma 2, we have

\<*iz + <*2\-*\βlZ + β \ ~ k

2\ ^

for all 2GlI0, and all L = f?1 o2Wίft(Γo). Hence we also have
\Pi P2 /

Σ |α!/H-α2 |-
2fc+ Σ llM+AJ"

Convergence of the series ΣIA* + A>l~2fc *s reduced to the argument of 1°

putting zo= i. And convergence of the series ΣI«iί + «2l"
2fc *s demonstrated

in the following manner. We take S = (9 ~~~^)^SL(2,R) and put Γ ^ S Γ Q S " 1 .

Then Γί has the same genus and signature as ΓQ and contains the hyper-

bolic element S(£° (.-2)S"1 which has fixed points {0,00}. Moreover the
\U c-o / x

infinite cyclic group generated by sff,0 L V 1 is given by SZQ^S'1 and the
\u £0 /

set of right coset representatives Γ'o mod SZQ^S'1 is given by SΊfϊiΓJS'1 to

_ P 2

and \axi + α2l"
2 f c = I—«2ί + «il"2fc for all L = f? 1 ? 2), we know that

7 4- /v I-2Λ _ V 1 I P/i l 0/ I -2fc
Z -f- αr21 — 2 J ί P I ̂  ~r P21

Z/e3ϊ(JV)

Because of I log | Z/(z") 11 = | log |L(z) | | < logε0

2, convergence of the right hand

side is reduced to the argument of 1° putting z0 = i.

Finally, let K be any compact set in ξ)+ and take Uo a rectangle such

that Uo^Tf. Then the series

Σ («i* + cc2Y\βiZ + /32)~
fc

converges absolutely, uniformly over iί, since it does so over Uo as mentioned

above.

3° Since 0 < arg L(z) < π for all LG^ft(Γ0), we have

(1 , if ^ ^ 0 ,

"21ogε0 , if v < 0.
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186 TOYOKAZU HIRAMATSU

for all LeK(Γ0). Obviously each eniv~*k£Γ{L<Ξt$t{Γ0)) is holomorphic in ξ>+.

Sumarizing these results ((i) and (ii)) we obtain the result that if

&>1,4) then the series Ξ-2k(z; Γo, v) is a holomorphic automorphic form of

dimension — 2k for the group ΓQ and is the so-called hyperbolic Poincare series

with respect to σ =

§4. Inner product formula.

Let f{z) be any form in @2fc(A) Then f(z) has the following HFE.

with respect to σ\

n— — oo

In the following, we calculate the Petersson inner product of f(z) with

Ξ-2ie(z; Γ0,v), i.e.,

(6) (/(*), Ξ-2k(z; v)) = (f,S) = \\f(z)Ξ-2k(z; v)y2k'2dxdy, z = x + iy

where D denotes a compact fundamental domain of Γo and Ξ-2k(z; υ) stands

for the complex conjugate of Ξ-2k(z; v). If k > 1, the integral (6) does con-

verge and obviously the inner product (6) is independent of the choice of D.

From now on we assume that k>l.

Now we put

Then we have

E-2k{z\ v) = Σ (L(z)) 210^60(^2: + β2)~2k

= Σ r 9.{z)\L,

and

00

/W = Σ cn9n(z).
n = —00

Because of ZQca^("~\ ?), the system 9tCΓ0) contains both L and —L, and

these matrices make the same contribution to the integral. Thus, putting

4) In the case of fc=l, cf. Petersson [7].
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= St(Γ0)/{± 12}
5), we have

(/,£) = 2 \\f(z) ΣΣ UTfl y2k~2dxdy.

Since the series Ξ-2k{z y) converges absolutely, uniformly over D,

, Ξ)=2 Σ [ [ / W 5 M I y2k~2dxdy

= 2 f(z)JJz)y2k-*dxdy.

Because of ξ)+ = Γ0D = ZO|ββ3ϊ(Γo)iD, it follows that 3t*(Γ0)Z) is a fundamental

domain for Z0,oo, the group generated by a. We have remarked in § 3 that

the series Ξ-2k(z; i>) is independent of the system 91 (Γo) of right coset repre-

sentatives Γo mod Z0,co. Thus we can assume that 9ΐ(Γ0) was chosen in such

a way that

Fig. 1

{ίίi{Γ0)D = YimDt1. (consult Figure 1)

Then we have

f,£) = 21im \[ Σ cn-9n(z)&v(z)y2k-2dxdy;
βi—>-j-0 J v γι— —CO

and since Σ converges uniformly over the closed domain D*19

5) 12 means the identity matrix of degree 2.
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if,Ξ) = 2 lim Σ cA\ ϋΛ(z)$,(z)y**-*dxdy

Now we put log 2 = M + iυ. Then

2/2&"21 /(«, v) I = e2kusin2k~2v,

where J{u,v) denotes the Jacobian of (x,y) with respect to (u,v). Therefore

we obtain

—θi 2loge 0

\ \(f,B) = 2 lim Σ cn\ \ e-π(n+v)2ΰk^+i7t(n-μ)n^ sm™-

^ + M n B - w h -2logε0

The inside integral vanishes unless n = v\ hence

2loge0 π~6i

(f,Ξ) = 2 lim cυ \ du \ e~vπϊ^sm2

θ^+° l ίi
-2loβ ,

Appling Kummer formulas [4, p. 217, (31) and (32)], ε2k(v) can be calculated

as follows:

Therefore we have the following inner product formula

(7) (f{z),Ξ-.2lc{z; Γ o , v)) = 25-2fcyrlogεo0 2iogε0Γ(2k — 1) cvx

1

+ -^—i)r(k nΛ21ogε0 / \ 21ogε0

This formula has been obtained by applying the general theory of Petersson

[6] to the case of our group Γo.

§ 5. Hyperbolic Fourier coefficients.

Given a group Γpxq as described in § 1, and let f(z) be any element in

the image T(Sk(Γ(-fφ~))) of the space SJe(Γ(jΓp~)) by the linear map T.
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Then, for each form f(z), there exists some element F(z) in Sk{Γ{]/ p )) such

that T(F(z)) = f(z) and each of them has the Fourier expansion

F[z)= Σ c
μ: integers in F

μ=0 vaodί

\ Yp

and

f(z)=z=z'k

respectively. The purpose of this section is to express the hyperbolic Fourier

coefficients cn by the formula contained the parabolic Fourier coefficients cμ

of F{z).

Because of f(z) = T (F(z)), f(z) has also the following expansion:

f{z) = z~7cg(z), g(z) =
2πi[μz—Jt )

and then

, Ξ.2k{z v)) .= (z-k Σ cnz
ntΰ£sT*, Ξ.2k(z; v

\ n

The former has been calculated in § 4 and in the following, we shall calcu-

late the latter. By the same method as in §4, we first have

(z-*g(z), Ξ.2k(z; v)) = 2 lim
^ + 0

Dθ

where Df± is as shown in Figure 2:

Fig. 2
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z — > w = u + iv,

then

iz-*g(z). B) = 2qΊ^^ lim
θ + 0

X
-JL) -fc-πί

Jk 2

As for Dΐ*9 consult Figure 3:

It is well known that

Fig. 3

= Σ JJt)zn,

where Jn(t) denotes the Bessel function of order n and argument t of the

first kind.6) Therefore we have

(z-*g(z), B) = 2q 41Offe° lim Σ(-^-)1O8Γe° 4 cμx

x

Here if we put again w = i?^^, then

-k-n

= j R 2losεo dR J e K 2los** SlΠ 2 f c

6) For instance, cf. Watson [9. p. 14].
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f
1 iln+πi-

01

and since Σ and 2 a r e uniformly for θ1% we have

log"eo 4

x 11 —
21ogε0

Applying Kummer formulas, the integral can be calculated as follows:

e\ 2log ε

0

+in)θJ

g 0 2 41ogε0 /

Summing up, we obtain

2πi(μz-μ—

(8) (r'Σv *
711 V

CnX

c

21ogε0

1

.2 41ogε0

It is now clear that the above formula (8), combined with the formula (7)

in §4, proves the following theorem which is announced in §0:

THEOREM. The notations and the assumptions being as above, we obtain

n π%n

* c q " S ^ V 1 ^ Γ ( k + ™ i)Γ(k - o.
πn i)X

41ogε0 " \ 21ogε0 / \ 21ogε0
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x Σ

μ: integers in Qtfp ) \ μ / v = -oo

° d ( ) V

Λ«>-0 or μ=0

41ogε0 / V 2 41ogε0
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