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Abstract

In this paper the following result is proved. Suppose there exists a C-matrix of
order n+ 1. Then if n=1 (mod 4) there exists a Hadamard matrix of order
2n(n+1), while if n=3 (mod 4) there exists a Hadamard matrix of order
n'(n+1) for all r=0. If n=1 (mod 4) is a prime power, the method is adapted
to prove the existence of a Hadamard matrix of the Williamson type, of order
2n"(n+1), for all r=0.

1. C-matrices

A C-matrix of order n+1 is a square matrix C with zero diagonal and other
elements + 1 satisfying CCT = nl. Turyn (1971) has found a method of deriving
new C-matrices from old, while Delsarte et al. (1971, Corollary 2.2) prove that if
n=1(mod4) C is equivalent (under multiplication of rows and columns by —1)
to a symmetric matrix, but if n=3 (mod4) C is equivalent to a skew-symmetric
matrix.

Case 1. n=1 (mod 4). Here we may assume that

0 e
C= ,
[ o]

where e is the all-one vector of order n, Q is a square symmetric matrix of order n
with zero diagonal, and satisfying Q% = nl, —J,, J,, Q = QJ, = 0, where J, is the
n x n matrix with every entry 1. We use this decomposition of C to define inductively
a sequence of matrices {4,, B,} (r=0) by 4= C+1, By=C—1,

A= 3(4,— B)xJ,+#A4,+B)x(Q+1,),

B, =3%(4,—B)xJ,+34,+B)x(Q-1,)

for r> 0 (where x denotes Kronecker product). We have

THEOREM 1. For each r 20, A,, B, are symmetric commuting + 1 matrices of order
n'(n+1) such that

(A4,—B)2=4n"l, (A,+B)=4nH1].
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PRrOOF. The first part of the theorem is obvious. For the second, observe that
(Ar+1- r+1)2 = (Ar+Br Ex 1,
while
(4y 43+ B, 1)? = (4,— B)* xnJ, +(4,+ B, x(nl,— J,).
The proof is completed by induction.

COROLLARY 2. If there exists a C-matrix of order n+1 where n=1 (mod4) then
there exists a symmetric Hadamard matrix H, of order 2n"(n+1) for all r20.

we[ 7]
B, —A,

PRrROOF. Take

In particular, since a C matrix exists when =1 (mod 4) is a prime power (Paley,
1933), we have

COROLLARY 3. If g=1 (mod4) is a prime power there exists a symmetric Hadamard
matrix of order 2q"(q+1) for all r>0.

However, in this case a little more can be said, for a similar construction yields
Hadamard matrices of the Williamson type of order 2g"(g+1). (This generalizes a
result of Whiteman, 1976, and Wallis, 1973.)

Williamson (1944) considered Hadamard matrices of the form

D E F G

-E D -G F
=t _r ¢ o -£ (1
-G -F E D
where D, E, F, G are + 1 matrices of order » which pairwise satisfy

MNT=NMT (1.2)
and for which
DDT+ EET+ FFT+GGT = 4ol. 1.3)

To satisfy condition (1.2) Williamson used symmetric circulant matrices D, E, F, G.
We shall call a Hadamard matrix of the form (1.1) a Williamson matrix if it satisfies
conditions (1.2) and (1.3).
The following two classes of Williamson matrices of order 4v have been found:
(i) when v = (g +1)/2, g=1 (mod 4), g a prime power (Turyn, 1972; Whiteman,
1973),
(ii) when v =g(g+1)/2, 9=1 (mod 4), g a prime power, (Wallis, 1973; Whiteman,
1976).
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We shall extend these results by showing that we can take v = ¢"(g+1)/2 for
all r>0.

Goethals and Seidel (1967) have shown that when g=1(mod4) is a prime
power there exists a C-matrix of order g+ 1, with zero diagonal and other elements

S —R
Turyn (1972) observed that if we take D= FE =S, F=I1+R, G=—I+R, then
H as constructed in (1.1) is a Williamson matrix of order 2(g+ 1). In what follows
Q will denote the Paley matrix of order ¢ (see Paley, 1933), so that Q is a symmetric
matrix with zero diagonal and other elements +1 satisfying Q% =gql—J,
J,0=0J,=0.

Write Dy = Ey= S, F, =I+R, Gy =—I+R and define a sequence of matrices
{D,, E,, F,, G} (r=0) inductively by
Dr+1 = %(Dr_Er) XJ+%(Dr+Er) X (Q+I)’
Er+1 = %(Dr_Er) xJ+ %(Dr'l'Er) X (Q—I)’
Fr+l = %(F;'—Gf)x]-i-%(Ff_l_Gf) X(Q+I)9
Grna= ¥F,— G)xJ+}(F+G) x(@—1),

where J is of order g and, as before, x denotes Kronecker product. We then have

+ 1 of the form [ R S ] , where R, S are symmetric circulants of order (g4 1)/2.

THEOREM 4. For each r>0 the matrices D, E,,F,, G, have elements +1, are
Ssymmetric, commute in pairs and satisfy the conditions

(Dr_Er 2+(Fr"'Gr)2 = 4qu,
(D, + E+(F,+G,)? =4q" 1,
D+ E2+ F2+G2=2¢"(g+ 1) 1.

PROOF. Again the proof is by induction.
As an immediate corollary we have

COROLLARY 5. For each r>0 the matrix
D, E F G
—-E, D, -G, F
—F. G, D, -—E,
-G, —F, E, D,
of order 2q"(q+ 1) is a Williamson type Hadamard matrix. Thus if t is the order of a

Baumert—Hall array and q= 1 (mod4) a prime power, then there exists a Hadamara

matrix of order 2q"(q+1)t for all r=0.
The known values of ¢ are te{2k+1: 0<k<30ju{1+2210°13°, a,b,c non-
negative integers}.

https://doi.org/10.1017/51446788700020255 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700020255

[4] Infinite family of Williamson matrices 255

Case 2. n=3 (mod4). Here we may assume the C-matrix to have the form

0 e
C= s
[ o

where Q is skew-symmetric and satisfies QQT = nI—J,, J, Q= QJ, =0.
Define a sequence of matrices {U,, V,} (r>1) by

Uy=LiuxJp+CxQ, N=Cxl,
and
Uy =UxJ,+V,xQ, V,3=V,xI, ifriseven,
while
Unu=Uxl, Via=V,xJ,+U,xQ ifrisodd.
We then have the following theorem

THEOREM 6. For each r>1
() U, and V, have order n"(n+1) and have entries 0, + 1, while U.+V, isa +1

matrix,

(ii) U, and V, commute,

(iii) U, is symmetric and V, is skew-symmetric,

@) U UT=n"1 and V,VF=n"l if r is odd, while U UY =n"I and
V,VE=n™1ifr is even,

) H,=U,+V, is a Hadamard matrix of order n"(n+1).

Proor. (i)—(iv) are proved by a straightforward application of induction with (v)
as an immediate consequence. This theorem is a simple generalization of the case
r =1 due to Williamson (1944).

Mukhopadhyay (1973) has already established the existence of Hadamard
matrices of the above orders. However, his proof is different and does not suggest
the fact, established above, that such a Hadamard matrix can be written as the
sum of two orthogonal 0, + 1 matrices, one of which is symmetric and the other
skew-symmetric (a fact which is used later in Theorem 10).

Since C-matrices of order ¢g+1 exist when g=3 (mod4) is a prime power
Paley, 1933), we deduce

COROLLARY 7. There exists a Hadamard matrix of order q"(q+ 1) for every prime
nower q=3 (mod4) and all r > 0.

Also skew-Hadamard matrices of order 2(g+ 1) exist for g a prime power such that

(i) g=5 (mod 8) (Szekeres, 1969; Spence, to appear), or

(ii) ¢ = p% where p=5 (mod 8) is a prime and ¢ is odd (Whiteman, 1971).

Thus we have

COROLLARY 8. For either of the two choices of q above there exists a Hadamard
matrix of order 2(q+1) (2q+ 1)" for all r 2 0.
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2. Some supplementary results

In the literature there are several constructions for Hadamard matrices based on
C-matrices. More precisely, for a given C-matrix C it may be possible to find +1
matrices X, Y of order v such that Ix X+ Cx Y is a Hadamard matrix. Many
such constructions are given in Wallis et al. (1972). The following two results
generalize this idea.

THEOREM 9. Let C be a (symmetric) C-matrix of order n+1=2 (mod4). If X and
Y are +1 matrices of order v such that Ix X+ Cx Y is a Hadamard matrix of
order v(n+1), then ¥(A,—B)x X+3(A,+B,)x Y (A,,B, as in Theorem 1) is a
Hadamard matrix of order n” v(n+1).

THEOREM 10. Let C be a (skew-symmetricy C matrix of order n+1=0 (mod4).
If X, Y are + 1 matrices of order v such that I x X+ C x Y is a Hadamard matrix of
order v(n+1) then one of

UxX+V,xY, V,xX+UxY

(depending on whether r is even or odd) is a Hadamard matrix of order n"v(n+1).
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