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On Dirichlet Spaces With a Class of
Superharmonic Weights

Guanlong Bao, Nihat Gokhan Go6giis, and Stamatis Pouliasis

Abstract. In this paper, we investigate Dirichlet spaces D, with superharmonic weights induced
by positive Borel measures y on the open unit disk. We establish the Alexander-Taylor-Ullman
inequality for D, spaces and we characterize the cases where equality occurs. We define a class of
weighted Hardy spaces H ,24 via the balayage of the measure y. We show that D, is equal to H ,24 ifand
only if y is a Carleson measure for D . As an application, we obtain the reproducing kernel of D,
when  is an infinite sum of point-mass measures. We consider the boundary behavior and inner-
outer factorization of functions in D . We also characterize the boundedness and compactness of
composition operators on D .

1 Introduction

Let D be the open unit disk in the complex plane C. Denote by H(ID) the space of ana-
lytic functions on . Let v be a positive Borel measure on the unit circle T. Motivated
by the study of cyclic analytic two-isometries, S. Richter [28] introduced Dirichlet
spaces D(v) with harmonic weights. Namely, the space D(v) consists of functions
f € H(D) with [ [f'(2)[?P,(2) dA(z) < oo, where dA denotes the area measure on
D and

P(o)= [ fg‘_"j'z dv(0)

is a positive harmonic function on D. The theory of D(v) spaces attracted much
attention and has been very well developed in recent years. We refer to the recent
monograph [15] for a general exposition on D(v) spaces.

A. Aleman [3] introduced Dirichlet spaces with superharmonic weights. By the
Riesz decomposition theorem [6, p. 105-106], for every positive superharmonic func-
tion w on D, there are positive Borel measures y (the Riesz measure of w) on I and
v on T such that w is equal to the sum of the Green potential of i and the Poisson
integral of v. More specifically,

1-wz 1-1z? .
w(z):fDlog|z_7w‘d‘u(w)+fqr|(_z‘2 dv({) = Uy (2) + Pu(2).

A function f € H(DD) belongs to the Dirichlet space D,, induced by the positive su-
perharmonic function w if [} |f(z)[*w(2) dA(z) < +o0. (See A. Aleman [3] for the
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general theory of D, spaces.) Recently, D, was identified [14] as de Branges—Rovnyak
spaces with equal norms, for certain weights w. For more results on D, spaces, see
[12,33,34].

It is well known [3,14] that D,, spaces are always subsets of the Hardy space H>.
Recall that the Hardy space H? is the class of analytic functions f(z) = ¥, a,2" on
D such that | f[2, = 3,5 |as|* < +00. It is well known that the norm in H? can be
expressed via an area integral in the following way:

e =OF + 2 [ 1/ @) og 7 dAC2).

The theory of D, depends only on the corresponding weighted functions U, and
P,. As previously mentioned, Dirichlet spaces D(v) with harmonic weights P, have
been studied extensively. The aim of this paper is to focus on Dirichlet spaces with
superharmonic weights U, induced by positive Borel measures  on ID. Namely, we
investigate the space D, consisting of functions f € H(ID) with

fD If'(2)]?Uu(2) dA(2) < +oo.

A norm on D, can be defined by Hf||ZD” = fl3z+2 [5lf (2)]?Uu(2) dA(z). Equip-
ped with this norm, D, is a Hilbert space. It is well known (see [6, p. 98]) that U, #
+oo if and only if

(L1) [D (1= |2]) dp(2) < +oo.

Thus, throughout this paper, we always assume that y satisfies condition (1.1). It is
worth mentioning that D, spaces include radial Dirichlet spaces D, where w(z) =
K(|z|) and K is a decreasing concave positive function on [0,1) with lim,_; K(x) =0
(see §5). Of course, there exists a D, that is not equal to any radial Dirichlet space
(see Corollary 5.6).

The paper is organized as follows. In Section 2 we establish the Alexander-Taylor-
Ullman inequality for D, spaces. It means that the norm of every function f in D,
is dominated by the product of the area of the image of f and the total mass y(D) of
y. We also describe the cases where equality holds in the Alexander-Taylor-Ullman
inequality for D,. Note that D, spaces are always subsets of H>. Then it is natural
to ask if some D, can be identified as weighted Hardy spaces with equivalent norms.
For this purpose, in Section 3 we define the weighted Hardy space H;, induced by the
balayage of 1 and we show that D, = H ﬁ if and only if y is a Carleson measure for
D, As an application, we obtain the reproducing kernels of D, spaces when y is an
infinite sum of point-mass measures. In Section 4 we consider the boundary behav-
ior and inner-outer factorization of functions in D, spaces. In the last section, we
characterize the boundedness and the compactness of composition operators on D,
spaces. We use two equivalent conditions to describe the boundedness of composi-
tion operators on D, spaces. In general, one of the two corresponding conditions for
D(v) spaces with harmonic weights cannot be used to describe the boundedness of
composition operators on D(v) [31, p. 447].

In this paper, we will write a < b if there exists a constant C such that a < Cb. Also,
the symbol a ~» b means thata S b < a.
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2 The Alexander-Taylor-Ullman Inequality for D, Spaces

In this section, we establish the Alexander-Taylor-Ullman inequality for D, spaces
and we characterize the cases where equality holds.

H. Alexander, B. A. Taylor, and J. L. Ullman [5] showed that the norm of a function
f in H? is dominated by the area of the image of f. Namely, if f € H* with f(0) = 0,
then

.1 |17 <

Later, H. Alexander and R. Osserman [4] proved that the equality in (2.1) holds if
and only if f is of the form f = CI, where C is a complex constant and I is an inner
function with I(0) = 0. Here we recall that a bounded analytic function g on D is
called inner if |g({)| =1 for almost every { € T.

The Alexander-Taylor-Ullman inequality (2.1) for H? attracted much attention
and many different proofs were given[9,21,30,36]. Note that D, spaces are always sub-
sets of H2. The purpose of this section is to consider the Alexander-Taylor-Ullman
inequality for D, spaces.

We will denote by G the Green function of a Greenian domain Q) € C, that is, a
domain having a Green function [6, p. 89]. Let f be a non-constant analytic function
on a Greenian domain Q) such that f(Q) is Greenian. We will denote by m(a) the
multiplicity of the zero of f(z) — f(a) ata € Q and by v(y) = ¥ f(4)-, m(a) the
valency of f at y € f(Q). The following inequality is known as the Lindelof Principle

A(f(D))

Gray(3o, f(2)) 2 3. m(a)Ga(a,z),
f(a)=yo

where z € Q and y, € f(Q). It is well known [23, Theorem 2.5] that if f:D) — D is
an inner function, then the equality holds in the Lindelof Principle for every y, € D
except on a set of zero logarithmic capacity. See [9] for a complete characterization of
the equality cases in the Lindel6f Principle.

Denote by J, the unit point-mass measure at a € ). We obtain the Alexander-
Taylor-Ullman inequality for D, spaces as follows.

Theorem 2.1  Let u be a finite positive Borel measure on D and let f € D,. Then

() 2 [ 17Uz dacz) < KEATE)

Also, if f(0) =0, then

23) 1713, < (1 + u(m)) 22D

T
and the equality holds in (2.3) if and only if the measure y is of the form

+00
u=aodo+ Y and;, an,>0,z,¢€D,

n=1

and f is of the form f = c$, where ¢ € C and ¢ is an inner function with $(0) = ¢(z,) =
0 for every n e N.
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Proof From the change of variables formula [2, p. 98] and Lindelof’s principle, we
have that for every w € D,

feEmif@rdae= [ ) 2 Golaw)dats)
< [f 13y G0 (5 F ) dA).

Also, it is well known ([9, p. 104] or [21, p. 752]) that for every w € D,

1
[ 0, G5, 1)) dAG) < SAGF(D)).

Therefore,
2 [ @Puu@da@ =2 [ [17)PGo(zw) da(z)dutw)

2 1
<= [ AU m)du(w)
_ B(DAG (D)

T

and (2.2) is proved. The inequality (2.3) then follows from the inequalities (2.1) and
(2.2).

Suppose that f(0) = 0. Then the equality holds in (2.3) if and only if equalities
hold in (2.1) and (2.2). The equality in (2.1) holds if and only if f = c¢, where c € C
and ¢ is an inner function with ¢(0) = 0 [4]. The least harmonic majorant of the
subharmonic function |¢|* on I is

2 2
ho(e) = 3= [Pl = 5 [Tl -n zeD.

From the Riesz decomposmon theorem we obtain that

ﬁ fD Go(zw)|¢'(2)] dA(z) =1-[¢(w)]’, weD.

Therefore,
2 [1e¢' 2P Uu2) dA) =12 [ [[19/(2)PGo(zw) dA()du(w)
- | [Dl—|¢<w P du(w).

Also, since D \ ¢(ID) has zero logarithmic capacity [23, Theorem 2.5], we have
A(c§(D)) = A(cD) = |7

Therefore, the equality in (2.2) holds for f = c¢ if and only if [ [¢(w)[* du(w) = 0,
which holds if and only if ¢ = 0 y-almost everywhere. Since the zeros of ¢ are isolated,
the above equality holds if and only if y is of the form

+00o
Y =aobo+ Z an6;,, 4,>0,z,€D,

n=1

and the inner function ¢ satisfies ¢(0) = ¢(z,) = 0, for every n € N. [ |
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From Theorem 2.1 it follows that if f is an analytic function on D with A(f(D)) <
oo, then f € D, for every finite positive Borel measure u. We point out that this is not
true for some D, where y is infinite. For example, let D, be the weighted Dirichlet
space corresponding to the superharmonic function w(z) = (1-|z[*)?, p € (0,1) and
note that w(z) = U, , where du, (z) = —~Aw(z)dA(z) (see [2, p. 99]) and A denotes
the Laplace operator. Let f(z) = Y2, a,2" € H(D). Then, by [38, p. 23], f € D,
if and only if 2 (n +1)'"?|a,|? < oo. Therefore, for g(z) = Y22, n 22", we have
that g ¢ D,,, while A(g(ID)) < oo, since g is a bounded analytic function on ID. This
happens because y, (D) = - [ Aw(z) dA(z) = oo.

3 D, Spaces and a Class of Weighted Hardy Spaces

Since D, spaces are always subsets of the Hardy space H?, it is natural to ask if some
Dirichlet spaces D, are equal to certain weighted Hardy spaces. In this section, we
give a positive answer to this question. We define a class of weighted Hardy spaces H ﬁ
via the balayage of finite positive Borel measures ¢ onID. We show that D, = H f, ifand
only if i is a Carleson measure for D . Applying this relation, we give the reproducing
kernel of D, when y is an infinite sum of point-mass measures. A measure i is also
constructed such that D, = H;, and D, # H.

3.1 A Class of Weighted Hardy Spaces

In this subsection, we define weighted Hardy spaces H ﬁ via the balayage of finite posi-
tive Borel measures y on I and we consider Carleson measures for H ﬁ spaces. Before

doing that, we recall the balayage of 4 and outer functions for H? as follows.
Let u be a finite positive Borel measure on ID. The balayage of 4 is the function

$.0 =5 [

From Fubini’s theorem it follows that

(3. [ 8(©) 1481 = (D) < +oo.

Let r € (0,1) with u(rD) > 0, where rDD = {z € D : |z| < r}. Then

12
|1(—|i||2 du(z), (eT.

1-|z 1-r

1
(3.2) S”(C)Z£[D|(—Z‘2 dﬂ(z)zm

u(rD) >0,

for every { € T. From Fatous Lemma, we have S, ({) < liminf;, S, ({,) for every
sequence {{,} S T converging to a point { € T. Thus, S, is a positive lower semi-
continuous function on T such that S, € LY(T). In fact, by [18, 26], we see that for
every lower semicontinuous function ¢ on T such that ¢ € L'(T) and ¢ > ¢ for some
constant ¢ > 0, there exists a finite measure ¢ on I such that ¢ = S, on T.

An outer function for the Hardy space H? is a function of the form

Idfl),

2

(+z

0(2) = nesp( | 7= logw(0) neT,
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where y > 0 almost everywhere on T, logy € L'(T), and y € L*(T). See [13] for the
theory of outer functions. By (3.1) and (3.2),

~ {+z 1[4
O,,(z)—exp([qr(_zlog 5.0 ;), zeD,

is an outer function for H* with [0, ({)| =1//S.({), a.e. { € T.
Now we are ready to define a class of weighted Hardy spaces H i Let N* denote

the well-known subset of the Nevanlinna class in [13]. Namely N* is the space of
functions f € H(D) such that

tim [ 1og" /()] 1d¢] = [ log" F(D)]1dc]

Note that every f € N* has nontangential limit f({) for almost every { € T. The
weighted Hardy space H,, Z corresponding to a finite positive Borel measure y is defined

byH, = {feN*: [; |f(()|2 ({) |d{| < +oo}. Equipped with the norm
1713 = [IF@PS.(O)1dc)

Hﬁ is a Hilbert space. It is well known [10, p. 68] that, if
OuH* ={0,f: fe H*},

then Hj, = O,H? and |0, f sz = | f| s for every f € H?. Note that O, is a bounded
function on D. Clearly, H i € H?. If visa (possibly infinite) positive Borel measure on
D, it follows from Littlewood’s theorem [16, p. 94] that lim,_,; U, (r{) = 0 for almost
every { € T. For finite positive Borel measures u such that the above limit is zero
everywhere on T, the space H !24 coincides with the space introduced by E. A. Poletsky
and M. L. Stessin [27] via plurisubharmonic exhaustion functions on hyperconvex
domains in C” (see also [1,29, 35]).

Let X be a Hilbert space of analytic functions on . A positive Borel measure
v on DD is a Carleson measure for X if there exists a positive constant C such that
Iflz2(vy < C|f]x forall f € X. Carleson measures for H* have been characterized
by L. Carleson via a geometric condition (see [13, p. 157] or [16, p. 31]). For every

arc] € Tlet S(I) = {re® e D : ¢ e ,1- 42 <+ < 1} be the corresponding
Carleson box, where €(I) is the length of the arc I. Then v is a Carleson measure
for H? if and only if there exists a positive constant C such that v(S(I)) < C¢(I) for

every arc I ¢ T. Using the representation H f, = O,H 2, we obtain a characterization

of Carleson measures for Hﬁ . In the next subsection, we will show that some D,
spaces are equal to H2. The following theorem also characterizes Carleson measures
for some D, spaces (see Corollary 3.5).

Theorem 3.1 Let v be a positive Borel measure on . Then v is a Carleson measure
for H;, if and only if |O,|*dv is a Carleson measure for H?, that is, if and only if there
exists C > 0 such that fS(I) |Ou|* dv < Ce(I), for every arc I ¢ T.

Proof We havethatvisa CarleSO}l measure for H?2 if and only if there exists a con-
stant C > 0 such that ( Jj, |f]? dv) < C| fll 2, for every f € H,. From the equality
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H} = O,H? and the norm equality HOHfHH’z‘ = | flla, f € H?, V\;ezobtain that the
above condition is equivalent with the condition ( f;, |g[*|0,?dv) "~ < C| g s, for
every g € H?, which is true if and only if |O,,|*dv is a Carleson measure for H>. W

From the inequality
1£13 = [ IFOPSAQ)1de] 2 (inf ,(0)) [ f e f € H

it follows that every Carleson measure for H? is Carleson measure for H f, The con-
verse is not true. In order to give counterexamples, we will use the following the-
orem [17]. A sequence {z,} S D is called an interpolating sequence if, for every
bounded sequence {a, }, there exists a bounded holomorphic function f on ID such
that f(z,) = a,, n € N. Equivalently (see [13, p. 149] or [16, p. 278]), {z,} < D is an
interpolating sequence if and only if there exists § > 0 such that

Zn — Zk

inf >0

keN neN\{k} 1-2kzy

It is well known [16, p. 278] that if {z,,} € D is an interpolating sequence, then the
measure y = 3,% (1~ |2,[*)d,, is a Carleson measure for H>. For C > 0, y > 1, and
£eT,letR(C,p, &) ={zeD: 1-&)" < C(A-|z]*)}.

Theorem 3.2 ([17, Theorems 4 and 5]) Lety > 2. Then there exist C > 0 and an
interpolating sequence {z, } contained in R(C, y,1) such that

+00
S (1= |za*)P < +oo, ﬁ€(1—1,+oo)
n=1 4

and

+o00

S (1= [zaf?)' 7 = +oo.

n=1

As mentioned before, by [18,26], there exists a finite positive Borel measure y, on

D such that S, () = \1—2\2‘1 € L'(T), a € (0,1/2). Note that |O,,, (z)| = [1 - 2|*. In the

following proposition we provide a family of measures that are not Carleson measures
for H?, while they are Carleson measures for H f,a.

Proposition 3.3  Suppose that R(C, y,1) is as in Theorem 3.2. Let {z,,} € R(C,y,1)
be an interpolating sequence satisfying

+00

S (1= Jza?)' 7 = +oo.
n=1
Consider the measure A = Y00, (1 - |z,|?)P6,,, B > 0. Then
(i) A is not a Carleson measure for H* for every f € (1 - %, 1).
2a

(ii) A is a Carleson measure for H,ZM forevery B e[1- =5 1).
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Proof (i) Suppose that, for some 0 < € < % and f§ =1—¢, A is a Carleson measure for

H?. Choose any « € (l—zye’ 1). Since {z,} € R(C,y,1) and 2a > 1 - ye, we have

L= 2,2 < 1= 2,77 < CV (1= |zu[?) 5.

Consider the measure v =Y, (1 - |zn|2)1_% 0,,. Then

i Oue@Pdv= 3 1=z )
S(I

z,€S(I)

<O Y (1= 2 = M)
zn€S(I)

< Cree(l),

for every arc I ¢ T, since A is assumed to be a Carleson measure for H*. Therefore,
|0y, (2)[dv is a Carleson measure for H* and from Theorem 3.1 we obtain that v is a

Carleson measure for H;, . But ez, = (J Sua (£) |d)2 < +00, while

(L) = (Sa-lapy ) -

which contradicts the fact that v is a Carleson measure for H,, . We obtain that 1 is
not a Carleson measure for H? for = 1—¢. Therefore A is not a Carleson measure for
H? for every f e (1 - %,1 —€). Since € can be arbitrary small, the conclusion follows.

(ii) Since {z,} € R(C, y,1), one gets that |1 — z,|** < c¥ (1- |z,,|2)27u. Since {z, }
is an interpolating sequence, the measure 77 (1 - |z,|*)9,, is a Carleson measure
for H*. Note that 27"‘ + B > 1. We deduce that

f()|Oyu(z)|2d)L: S -z (1= )P <CF Y (1= [za?) T
S(I

zzeS(I) z,€S(I)
<C¥ Y (1-|a) sCeq),
z,€S(I)

for every arc I ¢ T. Therefore, |O,, (z)[*dA is a Carleson measure for H* and from
Theorem 3.1 we obtain that A is a Carleson measure for H;, foreveryf € [1- 27"‘, ). m

3.2 D, and Hj, Spaces

In this subsection, we show that the equality D, = Hi holds if and only if y is a
Carleson measure for D,. Using the relation, we compute the reproducing kernel of
D, when p is an infinite sum of point-mass measures on ID.

Theorem 3.4  Let y be a finite positive Borel measure on D. Then Hf, =D, nL*(u)
and ”fHZDu = |fl3 + HfH%Jﬁ =\ f 172y, for every f € Hy,. The equality H, = D, holds
if and only if y is a Carleson measure for D ,; in this case, the norms | - | p, and | - | i
are equivalent.
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Proof Let f € H* and note that A|f(z)|* = 4|f'(2)|% z € D. It is well known [13, p.
28] that the least harmonic majorant of the subharmonic function |f|* on I is the
function

1- 2

1
(@)= 50 [l fOF ) zeD.

From the Riesz decomposition theorem [6, p. 105-106] we obtain that

1-wz

63) F@F =hy() - 5 [ 1og] == |Alf () dA(w)

()= 2 [ log S|P dAw).

From the above equality and Fubini’s theorem we obtain that

S @Ps,@latl = [1FOF 5 [ du@ad= [y auco)
- [r@F dutz)
+ [ 2 [1og "] If )P dA(w)du(z)
- [Ur@Fdu)+2 [ 1f nPUL(w)dAw).

This implies that for every f € H2,

1, =17+ 2 [1F()PUMz) dA2)
= U+ 1f By = 113

and H, = D, nL?(u). The equality H;, = D,, holds ifand only if D, € L*(u). By the
closed graph theorem, D, ¢ L*(u) holds if and only if 4 is a Carleson measure for
D, Thus the equality Hf, = D, holds if and only if y is a Carleson measure for D ,.
In this case, by the closed graph theorem again, we obtain that the norms | - |p, and
[l #2 are equivalent. [ |

We will denote by M the family of finite positive Borel measures ¢ on ID such that
D,=H f, Equivalently, 4 € M if and only if u is a Carleson measure for D ,. We note
that if y is a Carleson measure for H?, then D, ¢ H? € L?(y) and from Theorem 3.4
we obtain that y € M. From Theorem 3.1 and Theorem 3.4 we obtain the following
corollary.

Corollary 3.5 Suppose that y € M. Then a positive measure v on D is a Carleson
measure for D, if and only if |0 ,|*dv is a Carleson measure for H*,

Applying Theorem 3.4 and following an argument of S. M. Shimorin [34, p. 281],
we compute the reproducing kernel of D, for certain measures y as follows.
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Theorem 3.6 Letyu = ¥..55 a,0,, be a finite positive measure on ), where z, € D
and a, > 0, n € N. If u € M, then the reproducing kernel of D, for A € D with respect

to]- I, s
= anK(](Z, Zn)KO(Zn) /\)
K(z,1) = Ko(z, A D,
(z,1) = Ko(z )+;1 L= a,Ko (2, 20) z€
where
A
Ko(z,)t)—l ( ) zeD,
(+z zeD.

Tu(2) = exp( 5 b= zlgm' ),
Proof From Theorem 3.4, we see that D, = H}, and
113, = 171 + 171 = 1f g
- [IFQF+S.0) L= 3 anlfCen)

For f € Dy, let | £Ig = [3If(OP A+ Su(0)) [l and [£]7 = | fI5 - iy ailf (z0)*.
Since |fI7 > [ f1%, > 0,n € N, forevery f € Dy~ {0},and Dy, = H., |- o and |- | 1,

n € N, define norms that make D, a Hilbert space. The reproducing kernel of D, for
A € D with respect to | - ||o is [11, Theorem 3.1]

Ko(2,1) = ;4(/1)

T u(2), zeD,
where T, € H? is the outer function on D such that |T,({)| = 1/\/1+S,({), { € T,
and T, (0) > 0, that is,

T, (z) = exp( g"'ilog = ( )| C|) z e D.

The reproducing kernel of D, for A € D with respect to || - ||, is [34, p. 281]

a1Ko (Z, ZI)KO (21, A)
1-a1Ko(z1,21)

Ki(z,1) = Ko(z, 1) +

Iterating the above formula and using the definition of the norms || - | ,, we obtain that
the reproducing kernel of D, for A € D with respect to || - ||, is

X aiKo(z,zi)Ko(zi, A)
K, = Ko(z,4
(z, o(Z )+; 1-a;Ko(z;,z;)

Therefore, from the relations | f|| 51 < | f]|x» n=0,1,... and

I, = [UQPA+ S, Il - 3 anlf ) = lim IfI3 feDy,

n=1
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we obtain that (see [34, Lemma 2.4] and references therein) the reproducing kernel
of D, for A € D with respect to |- |p, is

=2 a,Ko(2,2,)Ko(24, 1)
A) = lim K,(z,1) = Ko(z,1) .
K(z1) = s boo (2,4) = Ko (2, ,; 1-a,Ko(2n>24)

The proof is complete. ]

Let u be a finite positive Borel measure on ID. From [3, Proposition 2.6], D, = H?
if and only if sup,p S, () < oco. Using this result we construct a measure g, such
that D,, = H, and D,, # H>. In fact, consider o = .32, (1 - |z4/)Jz,, where
z, =1-27". By [13, Theorem 9.2], {2z, } is an interpolating sequence. Hence, yj is a
Carleson measure for H. As mentioned before Corollary 3.5, M contains the family
of Carleson measures for H2. Thus y, € M, thatis, D, = wa A direct computation

gives that S, (1) = oo. Therefore, D, # H>.
4 Boundary Behavior and Inner-outer Factorization of D, Spaces

In this section, in light of the classical theory of the Hardy space H?, we consider
boundary behavior and inner-outer factorization of functions in D, spaces. It is
worth mentioning that the measures y in this and the next section can be infinite.

It is well known [13] that the function f in the Hardy space H* has non-tangential
limit f({) for almost every { on the unit circle T. One of the most essential properties
on H? is that H? has an inner-outer factorization. Namely, every function f in H? with
f # 0 can be written as f = IO, where I is inner and O € H? is outer. Conversely,
such a function IO belongs to H2. Note that D, spaces are always subsets of H>. It is
natural to consider boundary behavior and inner-outer factorization of functions in
D, spaces.

The following result gives a characterization of D, spaces by boundary values.

Theorem 4.1 Let f € H? and let u be a positive Borel measure on D. Then f € D, if
and only if

S o L@ o = o ) < o

Proof Let f € H?. From the equality (3.3), we know that

1- |2

2 [ o 1O ) = 5 [1FOR =2 - 1)

for all z € D. From [22, p. 221], one gets that

|2l

1 21_ 2
2 L IFOF s 140117

o . Jlr0 - s agan
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Combining the above formulas and Fubini’s theorem, we see that
L1f @)PU.() dAc)
1 1= e 1- |
=— - d{||dn|d .
o Jo o SO = FOP = e dnldu)

The conclusion follows. |

Checking the proof of Theorem 4.1, we get the following result immediately. See
[2, p. 99] for the same characterization of some radial Dirichlet spaces.

Proposition 4.2  Let f € H* and let y be a positive Borel measure on D. Then f € D,
if and only if

S L@ a1 1 0P) duto) < o

Applying the above characterization of D, we obtain the following description of
D, spaces via inner-outer factorization. See [8] for recent results related to inner-
outer factorization of functions in a class of Mobius invariant spaces.

Theorem 4.3  Let u be a positive Borel measure on D and let f € H* with f # 0. Then
feDyifandonly if f = 10, where I is an inner function and O is an outer function in

D, for which
(4) L 106 =110)) du(w) < oo.
Proof Let f € D,. Since f # 0, f must be of the form IO, where I is an inner

function and O is an outer function for H>. Note that |I(z)| < 1 for all z € D and
[I1({)| =1 for almost every { € T. This together with Proposition 4.2 give that

S JI0@P i 4 -1060) du

< [(o L10@F L - 10100 F) ) <.

By Proposition 4.2 again, one gets O € D,,. Furthermore,

L1060 A= 160 duw)

s 10@P L 4 - 0m) duc

5z Jlo@r 40 00oF) )

< 00,
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On the other hand, let O € D, and let (4.1) hold. Using Proposition 4.2, we obtain

that
1 1-|wf
S5 L0 5 1481 1O distw)
= [ 10GnPA-11(w)P) dustw)
+ [ (5 IO G 1~ [00n)F) duw) < o
which shows that IO € D,,. We finish the proof. ]

5 Composition Operators on D, Spaces

Let ¢:ID — D be an analytic self-map of the unit disk ID. The function ¢ induces a com-
position operator Cy4 acting on H(ID) by the formula C4f(z) = f(¢(z2)), z € D, for
every f € H(ID). In this section, we characterize the boundedness and the compact-
ness of composition operators on D, spaces. In fact, D, spaces include radial Dirich-
let spaces. Let K be a decreasing concave function on [0, 1) satisfying lim,_,; K(r) =0
and let w(z) := K(|z|), z € D. Then w is a radial superharmonic function on D and
w = U_py (see [2, p. 99]). The corresponding Dirichlet spaces D, with radial super-
harmonic weights have been studied by several researchers [7,19,20]. In particular,
for K(r) = rP, p € (0,1), we obtain the usual Dirichlet type space D,. Therefore,
our results in this section cover the corresponding results for composition operators
acting on Dirichlet spaces with radial superharmonic weights [19, 25]. We will give
two equivalent conditions to describe the boundedness of composition operators on
D, spaces. From D. Sarason and J-N. O. Silva [31, p. 447], in general one of the two
corresponding conditions for D(v) spaces with harmonic weights cannot be used to
describe the boundedness of composition operators on D(v).

5.1 Preliminaries

In this subsection, we give an equivalent norm of D, spaces, which is convenient for
the computation. We also consider the submean value property for certain general-
ized Nevanlinna counting functions. Some test functions in D, spaces are also given.

For z, w € D, denote by 0,(w) = (z = w)/(1 — zw) the Mdbius transformation of
the unit disk interchanging z and 0.

Lemma 5.1 Let y be a positive Borel measure on D, let

Va@) = (- lo.(w)P) du(w), zeD,
and let f € H*. Then f € D, if and only if [, |f'(2)|*Vu(2) dA(z) < +oo.
Proof It is well known that

LI @Pra-lo 2P da@) = [ 1f/(2)P(1og

1

|oa(2)]

) dA(2),
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where a € D and f € H? (see [16, p. 231]). The conclusion follows by integrating the
above relation with respect to ¢ and applying Fubini’s theorem. ]

In this section, for f € D, we use the following norm of f in D,.

Wllo, = (IFOP + [ 1F@PVu(2) dA)) ™.

The Nevanlinna counting function of ¢ is defined by Ny (z) = ¥ 4(a)-. log |17\’ zeD,
and the Nevanlinna counting function of ¢ with respect to a Borel measure y on D is
defined by Ny, (2) = Xy (a)=z Vu(a), z € D, where, in the above sums, multiplicities
are taken into account. Note that Ny ,(z) = 0if z ¢ ¢(ID). By the change of variable
formula ([2, p. 98] or [31, p. 435]), if f € H(DD), then

JICon @PVa)daG) = [ I (2)PNu(z) dA2)
- L1/ @PNsu(2) dA).

The following result gives the submean value property of N .

Lemma 5.2  Let y be a positive Borel measure on D and let ¢ be an analytic self-map
of D. Then for every disk B < D \ {¢(0) } with center at z,

Npu(2) < ﬁ fB N, (w) dA(w).

Proof It follows from Fatou’s lemma that V,, is lower semicontinuous on ID. Note
that the function z - (1-|0,,(z)|*) is superharmonic on ID for every w € . Then V,
satisfies the supermean value inequality on ID. Hence, V,, is a positive superharmonic
function on D. Since

Vi) = [0l (@) duim <2 flog s

and the greatest harmonic minorant of U, on D is the zero function [6, p. 98], the
greatest harmonic minorant of V,, on D is the zero function. From the Riesz decom-
position theorem [6, p. 105] we obtain that there exists a positive measure v on D such
that V,(z) = U,(z), z € D. Consequently,

du(w) =2U,(z), zeD,

Ngu(2) = ¢(az)=z Uy(a) = D¢(az) Zl md v(w)
[ > log—dv w) = ngboaw ) dv(w).

¢(ow(a))=2
From the submean value inequality of the Nevanlinna counting function on
D~ {¢(0)} (see [32, p. 190]) and Fubini’s theorem we obtain that, for every disk
Bc D {¢(0)} with center at z,

Now(@)= [ N¢ogw(z)dv(w)§ﬁ [ [ Noco. (a) dv(w)daca)
- ﬁfBN(p,M(a)dA(a). n
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We also need the following useful inequality.

Lemma 5.3 ([24, Lemma 2.5]) Suppose thats > -1, r,t >0, andr+t—s > 2. If
t<s+2<r,then

(1w’

(1 _ |z|2)2+s—r
D [1-wz|"[1-w(|

dA(w) < —
™ 1= Czff
forallz, { e D.

Recall that we always assume y satisfy the condition (1.1). Otherwise, D, spaces
are trivial. We give some test functions in D, spaces as follows.

Lemma 5.4  Let y be a positive Borel measure on ID. For every w € D, let

Uw(z) _ Uw(o)
VVu(w) \/V#(W)’
1-|w|

Then sup,,op || full o, < +oo, and sup,,ep [Igwl, < +oo.

fw(z) =

ID))

Proof
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5.2 The Boundedness of Composition Operators on D, Spaces

In this subsection, we characterize the boundedness of composition operators on D,
spaces. As an application, we construct a finite positive measure g, such that Cy is
not bounded on D, even when ¢ is a rotation.

Let I(z) = z be the identity function and let y be a positive Borel measure on .
The condition (1.1) together with the superharmonicity of the function V), gives that

fD|I’(z)|2V#(z) dA(z):fDVH(z) dA(z)grrVﬂ(O):nfD(l—\z|2)dy(z)<+oo.

Thus I € D,. Consequently, ¢ € D, is a necessary condition for Cy to be bounded
onD,.

We characterize the boundedness of composition operators on D, spaces as fol-
lows.

Theorem 5.5  Let u be a positive Borel measure on D and let ¢ € D, be an analytic
self-map of D. Then the following conditions are equivalent.

(i) CgisboundedonD,.
(ii) Ngu(w)=0(Vy(w)),as|w| -1
(iii) m Ja, Nou(2) dA(z) = O(V,(w)), as [w| — 1, where

—{zeD:|z-w|< %(1—|w|)}.
Proof (i) = (ii). Suppose that Cg4 is bounded on D,,. Then
LI @PNou(2)dAR) = [ 1(Cof) (V=) dA(2)

SIFOP+ [ If @FVi(2)dAG),
forall f € D,. For every w € I, let

ow(z 0w (0
fw (Z) — W( ) _ W( ) ,
\/VH (w) \/ Viu(w)
Applying the previous inequality to the functions f,, and using Lemma 5.4, we obtain
that

eD.

(A= wP)?
D |1-wel*
for all w € D. Now consider |w| > (1+ |¢(0)|)/2. Then ¢(0) ¢ A,,. It is well known
(25, p. 684] that [1 - wz| ~ (1 - |w|?) for z € A,, and A(A,,) » (1 - |w|*)?. Combining
these with Lemma 5.2, we obtain that for |w| > (1+[¢(0)])/2,

Vi(w) 2 / (1- ‘K' |Z Ny.u(2)dA(z) 2 / (1_|K| |Z Ny,u(z) dA(z)

N m fA Nyu(2) dA(2)
Z N(M(w).

Ny.u(2) dA(2) § V(W)
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(ii) = (i). Let condition (ii) hold. Then there exist C > 0 and r € (0,1) such that
Ng,u(z) < CV,(2) forall ze D\ rD. For f € D, one gets that

[ @PNeu(2)dAR) s [ 17(@F V() dA) < .

Since ¢ € Dy, we have [ Ny ,(2) dA(z) = [;]¢'(2)[*Vu(z) dA(z) < oo. Note that
D, ¢ H?. The Cauchy Formula and the Holder inequality yield that

7= 52 [ B 4l s s e s s

for all z € D. Thus,
[ I @PNou(2)dAE) 5 (-1 If, [ Now(2) dA(z) < oo,

Hence, [, [(Cyf) (2)]*Vu(2) dA(2) = [p|f'(2)]*Ng,u(2) dA(2z) < oo, which im-
plies that Cy f € D, for every f € D,. From the closed graph theorem, we know that
Cy is bounded on D ,.

(ii) = (iii). Let Ny, ,(w) = O(V,(w)), as |w| = 1. Using the superharmonicity of
the function V,,, we obtain that if [w| — 1, then

1
iy Jo, New()dA@) s S [ V(@) dAz) 5 Vi)
(iii) = (ii). Lemma 5.2 yields the desired result immediately. [ |

Applying Theorem 5.5, we give the following example. Because any composition
operator induced by rotation is bounded on Dirichlet spaces with radial weights, the
following result also gives examples of D, spaces which are not equal to any Dirichlet
space with radial weight.

Corollary 5.6 LetQ=Dn{zeC:R(z) >0}, and let

due(z) = ya(2)/1-2"*dA(2)

for some e € (0,1). Let 0 € (%,%%) and let ¢(z) = "%z be the rotation related to e'®.

Then Cy is not bounded on D,

Proof A direct computation gives that y. (D) < +oo. Let d = dist(e’?, Q) > 0 and
set D(e'®,d/2) = {z e C: |z~ e®| < d/2}. Then for every z e D n D(e'?,d/2),

IWI

V@) = [ (= low(@P) due(w) = (1-12P) [ =

<O fP) [, o dnen)
< (1-|2]*)4uc(Q)/d>.

o ()
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Also, for r € (0,1),

1-[wl® i LR

1- . 1- —  dA
V!‘e(r) ( 7’ f |1 WT|2 dM (W) 2 ( T' f |1 WT’|2 |1 _ W|1+€ d (W)
1
¥ A, (1 — 1’2)1+€

From the above estimates and the fact that ¢ is univalent, we deduce that

dA(w) » A(A) » (1-r2)1e,

1- W|1+e

N¢’H€(rei9)_1_ Vye(") ST (1_"2)1_6

lim - =lim —— >1lim = +o00.
r=1 V, (rei®) =1V, (rei) "1 1-72
By Theorem 5.5, one gets that Cy is not bounded on D,, . ]

5.3 The Compactness of Composition Operators on D, Spaces

In this subsection, we characterize the compactness of composition operators on D,
spaces.

Theorem 5.7 Let yu be a positive Borel measure on D and let ¢: D — D be analytic.
Then the following conditions are equivalent.

(i) CgiscompactonD,.
(ii) Ng,u(w)=0(Vu(w)), as|w| > 1.
(iii) m Ja, Ng,u(2) dA(z) = o(V,(w)), as [w| — 1, where

:{ZGD:|Z—W|<%(1_|W|)}'

Proof Checking the proof of Theorem 5.5, it is enough to prove the equivalence
between conditions (i) and (ii).
(i) = (ii). For each w € D consider the functions

_ 1-|w|
gw(2) (I—WZ)\/W)

By Lemma 5.4, sup,,, ., lllgwll\@,, < +oo0. Clearly,

zeD.

| 4(1_ |W|2)
T -wzl [y (1= la?) dp(a)’

|gw(2)

Then the functions g,, converge to zero as |w| — 1 uniformly on compact subsets on
D. Note that Cy4 is compact on D u- By [37, Lemma 3.7], one gets that

lim [|Csgullp, = 0.
w1 g
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Making the change of variables, gives that

ICo8uls, = 8w (@ODF + [ (g0 (2)PNou(2) dA(2)
(= w)? [ Now(2)
Vo(w)  Joi-wzl*

2 WP =w])? Ny,u(2)
2 g (PO + = [A A,

= gw(9(0))* + dA(z)

Recall that [1 - wz| ~ 1 — |w| for all z € A,,. These, together with Lemma 5.2, yield
p 2 |W‘2N¢’F(W)
ICsgulln, 2 1w ($(0))* + e

Nou(w) _
V/A"(W) =0

(ii) = (i). From [37, Lemma 3.7] it suffices to prove that for any bounded sequence
{fn} in D, that converges to zero uniformly on compact sets of D,

lim [Cy ol = 0.

Thus lim‘w|_,1

Note that limj,,|, N ‘;w( S:;)
u

that if § < |w| < 1, then Ny ,(w) < €V, (w). There also exists a positive integer M
such that if n > M, then |£,(¢(0))| < e and sup|,;_s [(fx)(2)| < e. Consequently, for
n > M, we deduce that

I3 oll, = F(BOF + [ 1Y (nNpu() dAw)
+ f8<|w\<1 |(fa)"(W)[*Ng,u(w) dA(w)

2
<e?+é? ‘/]D) Ny, u(w)dA(w) + €|||fn|“93,, SE.

Thus, lim, e [|Cg f |||D,, =0. .

= 0. For small € > 0, there exists a positive constant § such

D. Sarason and J-N. O. Silva [31, Theorem 8] characterized the boundedness and
the compactness of composition operators on Dirichlet spaces with harmonic weights
as follows.

Theorem 5.8  Let v be a positive Borel measure on the unit circle T and let ¢ € D(v)
be an analytic self-map of D.

(i)  Cg is bounded on D(v) if and only if

1
(5.1) A wa(¢<%:=ZPV(a)) dA(z) $ Py(w)
forallw e D.
(ii) Cy is compact on D(v) if and only if
1
(5.2) AL AW(WZ):ZP”(Q)) dA(z) = o(Py(w)), as|w| > L
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D. Sarason and J-N. O. Silva’s conditions (5.1) and (5.2) correspond to our condi-
tions Theorem 5.5 (iii) and Theorem 5.7 (iii), respectively. But as pointed out [31, p.
447], in general the conditions corresponding to Theorem 5.5 (ii) and Theorem 5.7 (ii)
cannot be used to describe the boundedness and the compactness of Cg4 on D(v), re-
spectively.
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