
A NOTE ON p - C Y C L I C MATRICES AND DIGRAPHS 

B . R. Heap* and M. S Lynn** 

( r ece ived J a n u a r y 16, 1967) 

We u s e the t e r m i n o l o g y of [ l ] . Le t D be a s t rong ly 
connected d i g r a p h on n po in t s and conta ining m l ines , 
and le t A = A(D) be the c o r r e s p o n d i n g ad jacency m a t r i x , 
so that A i s an n x n 0-1 m a t r i x containing m unit 
e l e m e n t s . We r e c a l l that A and D a r e said to be p - c y c l i c 
if p i s the g r e a t e s t c o m m o n d i v i s o r of the lengths of a l l 
d i r e c t e d c y c l e s of D. C lea r ly , the l a r g e r the va lue of p, 
the s m a l l e r the va lue of m m u s t be ; in this note we m a k e 
the l a t t e r and r e l a t e d s t a t e m e n t s p r e c i s e . 

Le t U , . . . , U denote the cyc l ic componen t s of D 
1 p 

conta in ing, r e s p e c t i v e l y , n , . . . , n p o i n t s . T h e s e can be 

defined a s the equ iva lence c l a s s e s induced by the equ iva lence 
r e l a t i o n w h e r e i n two po in t s a r e equ iva len t if any (and hence 
eve ry ) d i r e c t e d pa th joining t h e m has length which i s s o m e 
m u l t i p l e of p . They a r e o r d e r e d such that poin ts of U can 

r 

only be ad jacent to poin ts in U , the s u b s c r i p t being 

t aken modulo p . We then have : 

n n + n n_ + . . . + n n + n n 
1 2 2 3 p - l p p i 

(1) m < g(n , . 
~~ 1 

w h e r e 

(2) i ^ + n 2 + . . 

-v 
. + n 

P 
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LEMMA 1. If D is a p-cyclic , strongly connected digraph 
on n points and containing m lines, and in which 

q = m m n. 

where the i- th cyclic component contains n. points, then 

2 /*\ ^ riîlRSi rn-pq+l -, 
(3) m < [ - y ^ J [ g— J + 2 n q - p q 

and this inequality is sharp . 

Proof. [ x ] denotes the la rges t integer <C x. Clearly 

q £ [ — ] . Now from (1), 

(4) m < (n^-q) ( i^-q) + (n
2-q) ( n

3 -q) + . .. + (n - q) ( ^ - q ) + 2 n q - pq 

Case 1; p even. F r o m (4), 

m < {(i^-q) + ( t y q ) + . . . +(n ^ - q ) } { ( ^ - q ) + (n^- q) 

2 
+ . . . +(n -q)} + 2nq - pq 

P 

r 2 
= X {n-pq - X} + 2nq - pq 

r n-pq 1 f n-pq+l -, 2 
< [ ~ y ^ J L ? J + 2 n q - pq > 

«x» ^ *x. <x. ^ <x. 

where X = (n -q) + (n - q) + . . . + (n -q) . 
£ 4 p 

Case 2: p odd. Without loss of generality, we may 
assume that n = q. Then, from (4), 

P 

2 

< { ( r y q ) + (n3-q) + . . +(np-q)} {i^-q) + (n^-q) 

+ . . +(n _1-q)} + 2nq - pq 
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the t e r m (n - q) (n -q) being z e r o . The proof now follows that 

of Case 1. 

The inequa l i ty (3) i s s h a r p if we let n. = n = . . . = n 
1 2 p - 3 

= V 2 - * 

P " 1 ^ 2 ^ P 2 ^ 

and m a x i m i s e the n u m b e r of l ines used in de r iv ing (1). 

LEMMA 2. Let , in L e m m a 1, 

/c \ r/ \ r n -pq -, r n - p q + l ., 2 
(5) f(q) = [—f^i [ *f—J + 2nq - pq . 

Then, if p > 4 and l < q < % <. [~ ] » 
1 2 ^Po, 

(6) f(qd) > f(q2) • 

Proof , f ( q i ) - f(q2) > 1 /4 { ( n - p q ^ - 1} + 2nq d - pq d 

- 1/4 { ( n - p q 2 ) 2 } - 2nq 2 + pq^ 

= I / 4 { ( q 2 - q i ) ( p - 4 ) ( 2 n - p ( q l + q 2 ) ) - 1} 

> - 1/4. 

But f(q ) - f(q9) i s an in t ege r , and the l e m m a fo l lows . 

LEMMA 3. If p > 4, then L e m m a 1 s t i l l holds if 

q < m i n n. 
— 1 

Proof . Fo l l ows i m m e d i a t e l y f r o m L e m m a s 1 and 2. 
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THEOREM. If_ D is a p-cyclic , strongly connected 

digraph on n points and containing m lines, then 

m H 

n ( n - l ) 

^ r n n r n+1 -, 
r\jC* I\J I\J Là r\j 

o -i r i i l l i i r n + 1 l {2n-3 [—-J } L-r-J 
<\f *J f\f *\, <J t\j 

[ 2 * ] [=*±i] + (2„-p), 
2 J L 2 

p=l 

P=2 

p=3 

P>.4 

(a) 

(b) 

(c) 

(à) 

F u r t h e r m o r e , t h e s e bounds a r e b e s t p o s s i b l e 

Proof , 

(a) Obvious 

(b) m < 2n n < 2 [—•] [ ] , th i s being s h a r p 
1 2 'v2'\/ ^ 2 "t» 

r r - i - r n + 1 i 
f ° r n l = { . z l ' n 2 - [ — ] 

•v *- <v 

(c) F r o m L e m m a 1, 

< m a x { [ — r ^ ] [ ? ] + 2nq - 3q } m 

i< q < [ f ] 

and the r e s u l t fo l lows f r o m a t ed ious , but s t r a i g h t f o r w a r d 
a r g u m e n t . The r e s u l t is s h a r p for 

n i = n 2 

w h e r e n = 3r + s, 0 <_ s < 2 . 

(d) F o l l o w s i m m e d i a t e l y f r o m L e m m a 3 with q = 1. 
Th i s bound i s , of c o u r s e , s h a r p for 

n i = n 2 n = n = 1 
p - 3 p - 2 
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rn~P -, r n - p + l , 

COROLLARY. If D is a strongly connected digraph on 
n points (n > 2) containing m lines and 

m> 2 [ f ] [*f] , 

then D is pr imit ive. 

Proof. Immediate. 
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