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CONVEX DUALITY IN CONSTRAINED
MEAN-VARIANCE PORTFOLIO OPTIMIZATION
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Abstract

We apply conjugate duality to establish the existence of optimal portfolios in an asset-
allocation problem, with the goal of minimizing the variance of the final wealth which
results from trading over a fixed, finite horizon in a continuous-time, complete market,
subject to the constraints that the expected final wealth equal a specified target value and
the portfolio of the investor (defined by the dollar amount invested in each stock) take
values in a given closed, convex set. The asset prices are modelled by Itd processes, for
which the market parameters are random processes adapted to the information filtration
available to the investor. We synthesize a dual optimization problem and establish a set of
optimality relations, similar to the Euler—Lagrange and transversality relations of calculus
of variations, giving necessary and sufficient conditions for the given optimization
problem and its dual to each have a solution, with zero duality gap. We then solve
these relations, to establish the existence of an optimal portfolio.
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1. Introduction

In this work we study an asset-allocation problem the goal of which is to minimize the
variance of the final wealth which results from trading on a fixed, finite horizon in a continuous-
time, complete market with random market parameters, subject to the constraints that the
expected final wealth equal a specified target value and the portfolio of the investor (defined
by the dollar amount in each stock) always take values in a given closed, convex set. This
constraint is general enough to model a prohibition on the short selling of stock, incomplete
markets, limits on the dollar amount allocated to each stock, and other trading restrictions. Our
goal is to establish the existence of an optimal portfolio and then characterize it.

Problems of this kind belong to the general area of mean-variance portfolio selection, and
their financial relevance, as compared with that of the more common problem of maximizing
expected utility, has been discussed by Lim and Zhou [13] and Li e al. [12]. Lim and Zhou [13]
addressed mean-variance portfolio selection with unconstrained portfolios, using the methods
of stochastic linear quadratic control. The follow-up work [12] deals with a similar problem,
but includes a no-short selling constraint; it was postulated that the market coefficients are
nonrandom, and viscosity solutions to the (correspondingly nonrandom) Bellman equation
were used to characterize the constrained optimal portfolio. The problem of interest here
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involves a combination of both random market parameters and general portfolio constraints.
This rules out application of stochastic linear quadratic theory, as in [13] (which relies on
the absence of portfolio constraints), as well as the approach of [12] (for which the market
parameters must be nonrandom).

In light of this, we turn to the use of conjugate duality. The goal is to formulate an associated
‘dual’ optimization problem for which it is (hopefully) easy to establish the existence of a
solution directly, and then to construct an optimal portfolio in terms of the solution to the dual
problem. Our approach is motivated by a recent work of Rogers, [14], in which the central idea
is to regard the dynamical relation satisfied by the wealth and the portfolio as itself defining a
constraint, a point of view which then provides the key for synthesizing a dual optimization
problem. We cannot in fact directly apply the method of [14], since that work does not address
the problem of the existence of optimal portfolios; nevertheless, the fundamental viewpoint of
[14], namely that the wealth equation is a constraint, is essential to us. We shall account for this
constraint in a way which is suggested by a work of Bismut, [2], on stochastic convex control
problems. The basic idea is to remove the portfolio ‘variable’ to obtain a Bolza problem in
(stochastic) calculus of variations which amounts to the minimization of a convex functional
over a set of It0 processes large enough to include all of the possible wealth processes. Bismut [2]
established a powerful duality theory for dealing with such stochastic Bolza problems, and we
shall use it to construct a dual optimization problem together with optimality relations (similar to
the Euler—Lagrange and transversality relations of calculus of variations) which are equivalent
to the primal and dual problems being solvable with zero duality gap. We then use these relations
to establish the existence of an optimal portfolio and the corresponding wealth process.

In Sections 2-4 we introduce the market model and formulate the problem of constrained
mean-variance portfolio selection, and in Sections 5 and 6 we use conjugate duality to construct
the optimal portfolio and wealth process. Finally, in Section 7 we indicate how the approach
to mean-variance minimization that we have used extends easily to problems of utility maxi-
mization.

2. Market model

Throughout the paper, 7 € (0, co) denotes a given constant and {W(t), t € [0,T]} is a
given R -valued standard Brownian motion, with scalar entries W,,(t), m = 1,2, ..., N, on
the complete probability space (€2, #, P). Let

F = a{W(), T €0, 1]} vV N(P), 2.1)

in which A (P) denotes the collection of all P-null events in (2, &, P). We consider a market
comprising N + 1 assets traded continuously on the interval [0, T'], namely a bond with price
{So(2)} given by

dSo(t) =r()So(t)dt, 0<t<T, So(0) =1, 2.2)
and N stocks with prices {S,(t)}, n =1,2,..., N, given by

N
dS, (1) = S, (t)[bn(t) dr + Z Opm (1) AW, (t)], 0<r=T, 2.3)

m=1

the initial values S, (0) being given strictly positive constants. From now on we shall assume
the following condition.
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Condition 2.1. In (2.2) and (2.3) the interest rate, {r(t)}, the entries {b,(t)} of {b(t)}, the
RN -valued process of mean rates of return on stocks, and the entries {0, (1)} of {o(t)}, the
N x N matrix-valued volatility process are uniformly bounded and { ¥; }-progressively measur-
able scalar processes on Q2 x [0, T]; furthermore, {r(t)} is nonnegative. There exists a constant
k € (0,00) such that 7 o (w, )a " (w, 1)z > k||z||> for all (z, w,t) € RN x Q x [0, T]. (We
use ||z|| to denote the usual Euclidean length of a vector z € RN.)

Remark 2.1. In view of Condition 2.1 and [8, Problem 5.8.1, p. 372], there exists a constant
k1 € (0, 00) such that max{[lo ~"(w, N)z||, I[e "1 Nw, 1)z|l} < k1llz| forall (z, w, ) € RN x
Q x [0, T]. This bound will often be used.

Remark 2.2. Define the usual market price of risk,
(1) =0~ (Ob(1) —r(1],

in which 1 € R¥ has all unit entries. From Condition 2.1 and Remark 2.1, we see that {0 (¢)}
is uniformly bounded on 2 x [0, T'].

Given some xo € R and some {F; }-progressively measurable process  : Q x [0, T] — RV
satisfying fOT 7 (£)||> dr < oo almost surely (a.s.), it follows that there exists a scalar-valued,
continuous, {F; }-progressively measurable process {X” (), t € [0, T']} such that

dX" () = rOX™ (1) + 7 (OO0} dt + 1| (e ) dW (),  X"0)=xo. (2.4

This process is unique (up to indistinguishability) and is given by
t t
X7 (t) = So(t){xo +/ Sy (T (1)e (1)8(r) dr +[ Sy ' () T (t)a (7) dW(t)}. (2.5)
0 0

From now on we consider a small investor who trades in the market following a self-funded
strategy and has a given initial wealth xo € (0, 00). If 7, (), the nth entry of the R¥-valued
vector m(¢), is interpreted as the dollar amount invested in the stock with price S,(¢), for
n=1,2,..., N, then it follows from (2.2), (2.3), and [9, Remark 1.3.3] that X™ (¢) gives the
investor’s wealth at instant ¢ € [0, T'].

3. A class of square-integrable Itd processes

We formulate the optimization problem in this section, but must first define a class of square-
integrable Itd processes which will be essential in all later developments.

We write F* for the {F;}-progressively measurable o -algebra on Q x [0, T]. The measure
space (2 x [0, T], F*, (P®A)), where A stands for the Lebesgue measure (on the Borel
o-algebra on [0, T]), is used extensively, and the qualifier ‘a.e.” always refers to the measure
(P®A) on Q x [0, T]. For example, if & is an RY-valued, {#*}-measurable mapping on
Q x [0, T]and K C RN, then m(¢) € K a.e. means that & (w, ) € K for (P ® A)-almost all
(w, t). Similarly, the qualifier ‘a.s.” is always used with reference to the probability measure P
on ¥ . Forany mapping & on Q2 x [0, T'] with values in some Euclidean space (the dimensionality
of which will be clear from the context) we write & € ¥ * to indicate that & is {F *}-measurable.
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Motivated by [2, p. 386, p. 390], we let

T 2
Ly := {v: Q x[0,T] = Rsuchthatv e F* andE|:</ |v(t)|dt) } < oo},
0

T
Ly = {E: Q x [0, T] — RY such that § € F* andE|:/ ||§(t)||2dti| < oo},
0
B: =R x Ly; x L.

We write X € B to indicate that {(X (t), #;), t € [0, T]} is a continuous semimartingale of the
form

t 1
X(t):Xo—i—/ X(t)dt+/ Ay (0)dW (D), (3.1)
0 0

for some (Xo, X, Ax) € B, and write X = (X0, X, Ax) to indicate that (3.1) holds. In
expansion (3.1) it is clear that the integrands X and A x are uniquely determined a.e. on £ x
[0, T']. The set B is essentially the collection of all square-integrable 1td processes with respect
to the Brownian motion {W (¢)}. From Doob’s L?-inequality we immediately have

E[ sup |X(z)|2] <00 for X €B.

0<t<T

Note from (2.4) that, for any given R"-valued @ € F* for which the stochastic integration
is defined, X™ is an Itd process with respect to the Brownian motion {W (¢)}. The next result
gives conditions on & for membership of X™ in B. The proof is elementary and is omitted.

Proposition 3.1. Assume that Condition 2.1 is satisfied, and suppose that w : 2x[0, T] — RV
is {F*}-measurable and that fOT 7 (1)]|2 dt < 00 a.s. Then X™ € B if and only if T € L.
4. The optimization problem
In order to formulate the optimization problem we impose the following basic conditions.

Condition 4.1. We are given a closed, convex set K C RN with0 € K and an {Fr}-measurable
random variable a on (2, ¥, P) such that 0 < inf ,cq a(w) < sup,.q a(w) < co.

Condition 4.2. We are given anumberd € R and { F7}-measurable, square-integrable random
variables co and c1 on (2, F, P).

Let
A:={m e Ly:n) e Kae.l, “.1)
f(a), X) = %[a(a))x2 + 2co(w)x], (w,x) € Q xR, “4.2)
G(m) :=E[c1 X™(T)] —d, T e Ly, “4.3)
9 := inf E[J(X™(T))]. (4.4)
G’([ne)io

We regard +4 as the set of admissible portfolios, while G () = O represents a constraint on the
terminal wealth. The problem of interest, which we denote by (), is to

determine some & € + such that G(#) = 0 and & = E[f(Xﬁ(T))], 4.5)
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in the sense of demonstrating the existence of & and characterizing its dependence on the
market parameters {r(¢)}, {b(¢)}, and {o(¢)} and {F;}, the information filtration available to
the investor. We must also postulate that 0 € {G(x): m € +}, since otherwise the constraints
on x in (4.4) are mutually contradictory and we will have D = oo, rendering problem (4.5)
meaningless. In fact, we impose the following constraint qualification.

Condition 4.3. The constant d, the set K, and the random variable ¢ are such that the set
{G(m): € A} C R has a nonempty interior which includes O (see Remark 4.2).

Example 4.1. In (4.1), K = R" corresponds to there being no constraints on the portfolio.
On the other hand, K = [0, co)V represents a short selling prohibition on stocks, while the
constraintset K = {x € [0, oo)N Tp41 = - - - = mwy = 0} represents the same prohibition, but
in an incomplete market for which N, the dimension of the Brownian motion { W ()}, exceeds
n, the number of stocks available to the investor. Other examples can be similarly formulated.

Remark 4.1. The most important case of problem (4.5) occurs when a = 2, ¢g = 0, and
c1 = 1, since then E[f(X” (T))] — d* = var(X™(T)) (the variance of the terminal wealth) if
G () = 0. Problem (4.5) amounts to minimizing this variance subject to the terminal wealth
constraint E[ X7 (T')] = d together with the portfolio constraint & € »4. This is the problem of
constrained mean-variance portfolio selection.

Remark 4.2. We observe that Condition 4.3 holds in the case in which ¢; = 1 in (4.3), the
market model is ‘interesting’ in the sense that E[Xﬁ (T)] > E[x0So(T)] for some portfolio
T € A (problem (4.5) would be pointless otherwise, since the best expected terminal wealth
would be attained by simply investing the entire fortune, risk free, in the money market), and
the expected terminal wealth, d, in (4.3) is ‘reasonable’ in a sense to be specified. From (4.1),
the convexity of K C R¥ (see Condition 4.1), and (2.5), it follows that R := {E[X™(T)]: & €
A} C R is convex and, hence, an interval. Thus, the interior of R is identical to I :=
(infre E[X™(T)], supy e 4 E[X7 (T)]), which is nonempty since 0 € K and the market model
is interesting in the above sense. It follows from (4.3) that Condition 4.3 holds provided that d
is specified in the ‘reasonable range’ I, thatis,d € I.

5. A partially constrained problem

Here we establish duality relations for a partially constrained optimization problem in which
the terminal wealth condition, G () = 0, of (4.5) is discarded. In Section 6 these relations will
be used to establish the existence of a solution to the fully constrained problem. We postulate
the following condition.

Condition 5.1. We are given a constant q € R and an {Fr}-measurable, square-integrable
random variable c on (2, ¥, P).

Recalling the random variable a and the convex set K assumed given in Condition 4.1, and
the set 4 defined in (4.1), we let

Deq = ianE[J(X”(T))], where J (@, x) = 3[a(@)x* + 2c(w)x] + q. (5.1
A4S
The partially constrained optimization problem, which we denote by (£ 4), is to

determine some & € + such that ¥, 4 = E[J(X™(T))). 5.2)
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Remark 5.1. We distinguish between the respective coefficients co and c in the linear terms
of J and J (see (4.2) and (5.1)) because in Section 6 these coefficients will play somewhat
different roles. From the quadratic form of x +— J(w, x) in (5.1), Conditions 4.1 and 5.1, and
Proposition 3.1, it follows immediately that —oo < . 4 < c0.

5.1. Synthesis of a dual problem and optimality relations

Our goals are to reformulate problem (5.2) as a ‘primal’ optimization problem over the set
B of Section 3 (see (5.11)), synthesize a dual optimization problem and corresponding Euler—
Lagrange—Hamilton optimality relations (see Proposition 5.3) by following an algorithmic
approach motivated in [2], and establish the existence of a solution to the dual problem (see
Proposition 5.4).

Step 1. From Proposition 3.1 we know that X™ € B for each admissible 7 € A. We
therefore express the quantity in (5.1) as the infimum over the set B of some appropriate mapping
d: B — (—o0, oo], by introducing ‘penalty terms’ on B which account for the initial-wealth
constraint, X (0) = xo; the portfolio constraint, m (¢) € K a.e.; and the ‘dynamical constraint’
implicit in (2.4). These will be defined to give zero penalty when the constraints hold and
infinite penalty otherwise. For each X = (X, X ,Ax) € B, we let

UX):={meA: XO)=r®)X@)+r' )o(®)0() and Ax(t) =0 ()r(r)ae). (5.3)

We then see that for each X = (Xo, X, Ax) € B we have X (r) = X7 (¢) a.e. for some 7 €
if and only if X¢ = x9 and U(X) # &; from this equivalence and (5.1), we obtain

9eq= inf  E[J(X(T))]. (5.4)
XeB, Xo=xo
UX)#2

We now define a penalty function on B giving zero penalty when the constraint U(X) # & is
satisfied and infinite penalty otherwise. From Remark 2.1, for each X = (X¢, X, Ax) € B,

W(X) # @ = X0 =rOX@) +Ar@0)0)

5.5
and [0']7'()Ax(1) € K ae. (>:5)
Motivated by (5.5), we define the mapping L: 2 x [0, T] x R x R x RN — {0, oo} by
if v = T Ty—1 K
Liw.1.x.0.8) = {0 if v 'r(a),t)x +&'0(w,t)and [0 '] (w, 1) € K, (5.6)
o0 otherwise.
It is clear that L(¢, X (¢), X(t), Ax (1)) is {F*}-measurable, and, in view of (5.5) and (5.6),
T . 0 ifUX) #@,
EU LG, X0, X (), Ax(t))dt} - { U0 2 5.7)
0 oo otherwise,

for each X € B. We see that (5.7) establishes a penalty for the constraint U(X) # & in (5.4).
As for the initial-wealth constraint, Xo = xg, we let

0 if x = xg,
lo(x) := ! Hr=x0 (5.8)
oo otherwise,
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for each x € R. Now define
T
O (X) :=1p(Xo) + E[Ir(X(T)] + E[/o L(t, X(1), X (1), Ax(t))dt} (5.9

for each X = (X, X , Ax) € B, where, for consistency of notation, we let
It (w, x) = J(w, x), (w,x) € 2 xR. (5.10)
Upon combining (5.4) and (5.7)—(5.10), we obtain

Deg = inf &(X). (5.11)

Remark 5.2. From (5.7) and (5.8) it is clear that ®(X) exists in (—o0, oo] for each X € B.

Step II. In this step we synthesize a ‘cost’ functional ¥ : B — (—o0, oo] for an optimization
problem which is dual to the primal problem (5.11). To this end we define the convex conjugate
functions

mo(y) := I5(y) := sup{xy — lo(x)},
xeR

mr(w,y) = I7(w, —y) = sup{x(=y) — Ir(®, x)},
xeR (5.12)

M(w,t,y,5,p):=L"(w,t,5,y,7) = sup {xs +vy +&'y — L(w,1,x,v, §)},
x,veR
EcRN

foreachy e R,s e R,y e RV, w € Q,and r € [0, T]. From (5.8), (5.10), and (5.6), it is easy
to calculate these conjugates explicitly: for each (w, y) € @ x R, we have

+ c(w 2
mo) =xoy,  mr(w,y) = LSO (5.13)
2a(w)
— if —
Mo t.y.5.y) — :a< sOOWy+y) ifs+rn)y=0, G
00 otherwise,
where 4 (-) is the support functional of the set — K, defined by
8(z) == sup{—m 'z}, z € RV, (5.15)
nekK
For each Y = (Y, Y, Ay) € B, define
T .
V(Y) :=mo(Yo) + Elmr (Y(T))] + E[/ M@, Y1), Y(@), Ay (1)) dt] (5.16)
0

Remark 53 Since 8(-) is lower semicontinuous on R¥| it is' easily seen from (5.14) that
M, Y (), Y1), Ay(2)) is {F *}-measurable foreach Y = (Yy, Y, Ay) € B, and it is clear that
W (Y) exists in (—oo, oo] for each Y € B.

Next we require the following result, which is [2, Proposition I-1].
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Proposition 5.1. For members X = (Xo, X,Ax)andY = (Yo, Y, Ay) of the set B, define

t

M(X, Y)(t) := X ()Y (t) — XoYo — f {(X(D)Y () + X(1)Y () + A§ (1) Ay (r)}dr,
0
te[0,T].
Then {(M(X, Y)(t), F3), t € [0, T1} is a continuous martingale with M(X, Y)(0) = 0.

Proposition 5.2. Assume that Conditions 2.1, 4.1, and 5.1 are satisfied. Then the functions ®

and \V respectively given in (5.9) and (5.16) are well defined, take values in (—oo, o] for each
X e Band Y € B, and satisfy

X))+ W(Y) =0, (X,Y)eB xB. (5.17)

Mo;:eover; for arbitrary X = ()_(0, );(, Ay) € Band Y = (170, IL/, Ay) € B, we have CID(J_() +
W (Y) = 0 if and only if each of the following conditions hold:

lo(Xo) + mo(Yo) = Xo¥o, (5.18)

Ir(X(T)) +mr(Y(T)) = —=X(TY(T) as., (5.19)
Lt X0, X (0, Az (1) + M@ T(0). Y (1), A7 (1)

=XOY@)+ XOY @)+ A (OA; () ae. (5.20)

Proof. Fix X = (Xo, X, Ax) € Band Y = (Yy, Y, Ay) € B. To establish (5.17), observe
from the convex conjugates in (5.12) that, for each (w, ) € Q x [0, T],

lo(Xo) +mo(Yo) = XoYo,
Ir(X(T)) + mp(Y(T)) = =X (T)Y(T), (5:21)
L(t, X (1), X(1), Ax () + M, Y(®), Y (1), Ay (1))
> XY () + XY () + AR (OAy ().
By (5.9), (5.16), (5.21), and the definition of M((X, Y) (see Proposition 5.1),

O (X) + W () = lo(Xo) +mo(Yo) + Ellr (X(T)) +mr (Y(T))]

T
+ E[/ (L(t, X (1), X(1), Ax () + M(&, Y (1), Y (1), Ay(t))}dt:|
0

> XoYo + E[-X(T)Y(T)]

T
+ E[/ (XOY () + XY () + Ay () Ay (1)) dt}
0
= E[-M(X, Y)(T)]. (5.22)

Moreover, E[—I\/JE(X_, Y)(T)] = 0 (from Proposition 5.1), w_hich estgblishes (5.17). Further-
more, for some (X, Y) € B x B the equivalence between ®(X) + W (Y) = 0 and (5.18)—(5.20)
follows at once from (5.22), (5.21), and the fact that E[—M(X, Y)(T)] = 0.

We now refine Proposition 5.2, to obtain Proposition 5.3, which gives a set of optimality
relations that will be essential in constructing an optimal portfolio. Let

Oy(t) :=—aONY () + Ay(t)] forY = (Yo, Y, Ay) € B. (5.23)
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Pfop_osition 5.3. Assume that Conditions 2.1, 4.1, and 5.1 are satisfied. Then, for an arbitrary
(X,Y) € B xB, we have

O(X) = Ve g = sup{—V(Y)} = —¥(Y) (5.24)

YeB

if and only if
X0 = xo, (5.25)
¥y =_YD*e o (5.26)
a
YO +r7 (1) =0 ae., (5.27)
7 eWX) and §@;(1)+7 (1)O;(1) =0 ae.

forw(t) :==[o 17 ()A g (0). (5.28)

Proof. From (5.6) and (5.14), for arbitrary (w, t) € Q x [0, T] and (x, v, &), (v,s,y) €
R x R x RY we have the equivalence

L(w,t,x,0,8) + M(w,t,y,5,y) =xs +vy +£'y

— v=rMx+E700), [0'17'0OEeK, s+r@)y=0,
and  $(-o([0@)y +y) —& o~ o (IO(1)y +y]=0.
(5.29)
Moreover, from (5.1), (5.8), (5.10), and (5.13), for arbitrary x, y € R and w € 2 we find that
lo(x) + mo(y) = xy if and only if x = x¢ and that I (w, x) + m7(w, y) = —xy if and only if
x = —(y + ¢(w))/a(w). From these equivalences and (5.29), (5.3), and (5.5), it follows that,
for an arbitrary (X,Y) € BxB, (5.25)—(5.28) hold if and only if (5.18)—(5.20) hold. However,
in view of (5.11) and the universal inequality (5.17), we see that the equality ®(X)+ W (Y) = 0
is equivalent to (5.24); hence, (5.24) is equivalent to items (5.18)—(5.20). The result follows
from this, given the equivalence of (5.25)—(5.28) and (5.18)—(5.20) just noted.

Remark 5.4. Itfollows from Proposition 5.3 that the solution of problem (% 4) in (5.2) reduces
to the construction of a pair (X, Y) € B x B which satisfies the optimality relations (5.25)—
(5.28), since then the optimal portfolio & is defined by (5.28). Motivated by (5.20), in the
remainder of this subsection we show that there exists a solution to the problem of minimizing
W (-) on B, henceforth referred to as the dual problem. Define

By :={Y =Y, Ay) €B: Y(t) = —r(1)Y (¢) a.e.}, (5.30)

and observe from (5.16) and (5.14) that W necessarily takes the value co on B — B;. Then
)i/réIfB\ll(Y) = Yiglgl v(Y), (5.31)

and the dual problem reduces to the minimization of W(-) over B;. For each ¢t € [0, T], let

t t
B(t) == exp[— /0 r(r)dr}, Ip)@) = fo B )y (1)dW(r), y eLn, (532)

By, (@) = BOy +I(¥)D)], 1€[0,T], (y,¥) € Rx La. (5.33)
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Remark 5.5. From Section 3, we see that Y = (Y, Y , Ay) € B satisfies the relation
t t
Yt) =Y —/ r(t)Y(r)dr +/ A;(t)dW(r). (5.34)
0 0

It follows from I1t6’s formula and Doob’s Lz-inequality that E(-, -): R x Ly — B is a linear
bijection, and thatif Y := E(y, y) for some (y, y) € R x L, then (recalling (5.23))

Yo =1y, Ay(@®)=y(@) ae., Oy(t)=—0c @)Y () +ypy@)] ae  (5.35)
‘We then obtain

inf V] , = inf W (Y),
(y,}')lERXLzz (y ),) YVIEIBl ( )

where U(y,y) :=V(EQD, ), ) eRxLn. (536)

Moreover, M(t, Y (1), Y(t), Ay(t)) = 8(Oy(t)) a.e. for each Y € By (see (5.30) and (5.14))
and, thus, from (5.13) and (5.16), for each (y, ¥) € R x Ly (with Y := E(y, y)) we have

2 T
B(y, ) = xoy +E|:W:| + E[/O 8(Oy (1)) dt] —q. (5.37)

Remark 5.6. We define the norm ||-||,, on the real vector space L3> by

T
Iy, :=E[/O ||y(r>||2dr]

and the norm || (-, -)|| on the real vector space R x Ly by [|(y, ¥)|I* = |y|* + ||y||%22. With
this norm, R x Lj» is a reflexive Banach space.

Proposition 5.4. Suppose that Conditions 2.1, 4.1, and 5.1 are satisfied. Then

inf \Il(y, Y) =V, p) €R forsome (3,7) € R x L. (5.38)
(y,¥)ERX L

Proof. 1t is immediate from (5.37), (5.35), and (5.15) that U is convex on R x L. From
Conditions 4.1 and 5.1 we have both \fl(y, y) > xoy—q > —oo, foreach (y, y) € Rx Ly, and
W(0,0) = E[c?/(2a)] — g < 00; hence, W is proper. A routine argument using Fatou’s lemma
and the nonnegativity and lower semicontinuity of () proves that W is lower semicontinuous on
R x Loj (with respect to the norm || (-, -)||). We next show that U is coercive (that is, U (y,y) =
ooas ||(y, ¥)|| = oo). From Conditions 2.1 and 5.1 we know that 8~ (T')c is { F7}-measurable
and square integrable and, thus, can be written 8~!(T)c = 7 + fOT 7" (t)dW(r) for y =
E[,B_1 (T)c] and some 5 € Ly, (see [8, Theorem 3.4.15]). From (5.32) and (5.33) we therefore
obtain E(y, »)(T)+c = E(y +y,y + Bn)(T), (v,¥) € R x L. Thus, to demonstrate
coercivity, with no loss of generality we can and shall take ¢ = 0 in (5.37). In view of the
nonrandom and strictly positive uniform lower bounds on 8(T") and 1/(2a) (see Conditions 2.1
and 4.1), and the It isometry, we find that E[E (y, Y)2(T)/(2a)] — oo as ||(y, p)|| = oo.
Coercivity of U follows from this, (5.37), and the nonnegativity of §(-). The existence of
a pair (y,y) € R x Ly which satisfies (5.38) follows in turn from this, Remark 5.6, and

[7, Proposition II-1.2].

Remark 5.7. Define Y := E(, p) for the pair (y,y) € R x Ly given by Proposition 5.4.
From Remark 5.5 we have Y € B; C B. Upon combining (5.38), (5.36), and (5.31), we obtain
W (Y) = infycp W (Y); thus, Y solves the dual problem of Remark 5.4.
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5.2. Construction of the optimal portfolio

In this subsection we shall construct an X € B such that the pair (X, Y) with ¥ as defined in
Remark 5.7 satisfies (5.25)—(5.28). To this end, consider the state price density process given
by (recalling 8 from (5.32))

H(t) == B(1)E(—0T @« W)(1). (5.39)

Remark 5.8. In(5.39) thenotation &(M)(¢) := exp[M (¢)— % (M) (t)] indicates the exponential
of a continuous local martingale M (with (M) denoting the quadratic variation of M), and ‘e’
denotes stochastic integration.

Remark 5.9. Fix an arbitrary p € R. Since € is uniformly bounded (recall Remark 2.2), it
follows that {€(—p8 " e W)(¢)} is a continuous {F; }-martingale (by the Novikov criterion; see
[8, Corollary 3.5.14]). It then easily follows from the uniform boundedness of # and r (see
Condition 2.1), and Doob’s maximal Lz—inequality, that E[sup; 0.7 |H(t)|?] < oo for each
p € R. Thus, H as defined in (5.39) is a member of B (set p = 2).

Now, {(H()X™ (1), 1), t € [0, T]} is a martingale for each = € Ly (as follows from
(5.39), (2.4), Proposition 5.1, Remark 5.9, and Proposition 3.1). This, together with (5.26),
motivates the following definition of X in terms of Y as defined in Remark 5.7:

X(@1) :=

1 E|:I?(T)~|—c

“HO H(T) ' ?',:| (5.40)

Remark 5.10. The square integrability of Y(T) (recall that ¥ € B) and ¢ (see Condition 5.1),
and the strictly positive lower bound on a (see Condition 4.1), ensure that (Y(T) + ¢) /a is
square integrable. Together with Remark 5.9, this establishes the existence of the conditional
expectation in (5.40).

Observe that X as defined in (5.40) satisfies the ‘dynamical part’ of (2.4), that is
dX0) = {r(OX @) + 7 O ()0} dr + 7" ()o (t) dW (1), (5.41)

for some RN-valued # € F* such that f0T||7_t(t)||2dt < 00 a.s. Indeed, from (5.40) and
the martingale representation theorem (see [8, Problem 3.4.16, p. 184]), there exists some
RV -valued and a.e. unique ¥ € F*, with fOT |l ()]|?dr < oo a.s., such that

t
X(HH @) = X(0) +/0 ¥ (D) dW () := &(1). (5.42)
By expanding the quotient X (1) := &(t)/H (1) using It6’s formula, we obtain (5.41) with
_ Tl Y@O
w(t) :=[o] (t)[H(t) + X(t)0(t):| (5.43)

(since X as defined in (5.40) is continuous, Remark 2.1 shows that fOT 7 (0)|?dt < 0o as.).

Remark 5.11. From Remark 5.7 we have seen that ¥ € By, meaning that (5.27) holds (recall
(5.30)), and of course (5.26) is immediate from (5.40). In the remainder of this section we shall
establish that X € B (in which case we see from (5.41) that 7 is given by ¥ = [GT]’IA;(
also), and that (5.25) and (5.28) hold. We shall then have verified (5.25)—(5.28) and will be
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able to conclude that (5.24) holds (from Proposition 5.3), which, together with (5.11), implies
that &(X) = Ue,q- Moreover, from (5.28) we obtain & € + (recall (5.3)), while the dynamical
relation (5.41), together with (5.25), establishes that X = X7 a.e. (for X” as defined in the
wealth equation (2.4)). However, in light of (5.25), (5.28), (5.8), and (5.7), the first and
third terms on the right-hand side of (5.9) equal O for X := X, implying (from (5.10)) that
®(X) = E[J(X(T))]. Thus, ¥4 = E[J(X™ (T))] and, hence, & € + solves problem (¢ ;).

Lemma 5.1. Assume that Conditions 2.1, 4.1, and 5.1 are satisfied. Then

E[ sup |)_((t)|2] < 00
1€[0,T]

(for X as defined in (5.40)).

Proof. Let D := (Y(T) + ¢)/a. Then E[|D|?] < oo (see Remark 5.10), and it follows
from the integrability of H (¢) indicated in Remark 5.9, together with Holder’s inequality, that
DH(T)H™'(t) is integrable. Thus, from (5.40) we have X (1) = —E[DH(T)H~'(t) | %].
Now fix some ¢ € (1,2) and let p € (2, o) be the conjugate constant givenby p~! +¢~! = 1.
Holder’s inequality for conditional expectations (see [3, Theorem 7.2.4]) then gives

- H(T)\"”
[X(@®)| <E
H(1)
for each t € [0, T']. From (5.39) and (5.32), along with the uniform bounds on r and 6 (see
Condition 2.1 and Remark 2.2), there exists a constant k € (0, co) such that

H(\?” - E(—pbT e W)(T)
( H(t) ) E(—pbT e W)(1)

I/p
37,] E[|D|? | F]Y1 as. (5.44)

(5.45)

As noted in Remark 5.9, {é;”(—p0—r e W)(#)} is an { #;}-martingale; thus, it follows from (5.45)
that the first conditional expectation on the right-hand side of (5.44) is a.s. bounded from above
by the constant k and, therefore, that

|X(0)9 <kVPE[ID|? | 7] as. (5.46)

for each r € [0, T']. Since E[|D|?)] < oo and ¢ € (1,2), we have E[|D|?] < oco. Thus,
defining N (¢) := E[|D|? | ¥;], we find that {N (¢)} is an {¥; }-martingale. Let p; :=2/q > 1,
where the strict inequality follows since g € (1, 2). From Jensen’s inequality we then see that
E[IN()|P1] < E[|D|2] < oo foreach t € [0, T'] and, consequently, that

p1
E| sup IN0)I™] < (L) E[IN(T)|M] < oo (5.47)
1€[0,T] p1—1

(from Doob’s LP!-inequality). From (5.46) and the definition of N () we have |)_( (t)|2 <
k2PN (1)|P, and the result follows from (5.47).

Lemma 5.2. Suppose that Conditions 2.1, 4.1, and 5.1 are satisfied. For X and 7 as respec-
tively defined in (5.40) and (5.43), we have X € B and m € L.

Proof. Foreachn =1,2,...,let

t
T :=inf{te[O,T]: / IIﬁ(S)Ilzdszn}/\T-
0
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Then 1, is an {F; }-stopping time (recall (2.1)) gnd T, 1 T a.s. (since fOT ||7_t(S)||2 ds < oo as.,
as noted following (5.43)). We have seen that X and & are related by (5.41); using this relation
to expand ¢ — X2(r) using Itd’s formula, and evaluating the expansion at A 7, we obtain

AT,
X2t A ty) = X2(0) + / 2X$) )X () + 7T () (s)0()] + llo T ()7 (s)[1*} ds
0
ATy
+2/ X($)@ " (s)a(s)dW(s), tel0,T]. (5.48)
0

It follows from Lemma 5.1 and the definition of 7, that the last term on the right-hand side of
(5.48) defines an {¥;}-martingale null at + = 0 and, hence, has zero expectation for all #; thus,
upon taking expectations on each side of (5.48) for ¢ := T, and using the nonnegativity of r
(see Condition 2.1), we obtain

E[X?(t,)] —l—E|:/Tn{—2)_((s)7_tT(s)o(s)0(s)}ds] > E[fr'l||aT(s)i(s)||2ds]. (5.49)
0 0

For arbitrary v, v, € R", we have vl 1 < 2[||v1 I> + ||v2]I2], from which follows the
inequality 2X(s)0T(s)aT(s)n(s) < 2[4X2(s)||0(s)||2 + llo T ()7 (s)||*]. Substituting this
inequality into (5.49) and simplifying then gives

115[/ lo " ()7 )] ds] < A+ TkDE[ sup IROF],  n=1.2..... (550
2 0 te[0,T]

for some constant k1 € [0, co) depending only on the uniform bound on @ (see Remark 2.2).
Since t, 1 T a.s., we obtain ¥ € Ly, from Lemma 5.1 and Remark 2.1 upon letting n — oo
in (5.50). Finally, from & € L, (5.41), and an argument identical to that for Proposition 3.1,
we obtain X € B (this proof was motivated by the argument for establishing the existence of
solutions to backward stochastic differential equations; see, for example, [16, p. 352]).

Recalling Remark 5.11, it remains to verify (5.25) and (5.28). To do so we need the following
result.

Lemma 5.3. Assume that Conditions 2.1, 4.1, and 5.1 are satisfied. For an arbitrary (o, 1)) €
R x Ly and R := E(a, n) (see (5.33)), we have

5(@;() +eOr()) — 8(O; (1))
&

+7 T )Or()} dr|.
(5.51)

Remark 5.12. From (5.38), Remark 5.7, and (5.37), we have E[§(®y (¢)) df] < oo. Thus, the
expectation in (5.51) exists in (—oo, oo]. Since §(-) is convex, it follows from [7, p. 23] that
the limit on the right-hand side of (5.51) exists (in the extended reals).

T
0 < a(xg — X(0)) + lim E|:/ {
e\0 0

Proof of Lemma 5.3. For an arbitrary ¢ € (0, 00), define (y*, ¥®) € R x Ly, by y*
y + ex and y° := y + en. From (5.38) we have s‘l[\fl(ys, ye) — \i(y, )] = 0 for each
g € (0, 00). Using (5.26) (which holds in view of (5.40)) and (5.37) to calculate the quantity
limg_ g ! [\Il(ys, ye) — ‘il()'), ¥)], we easily obtain

T 8(@5(t) + eOk(1)) — (@5 (1))
£

0 < axo — E[X(T)R(T)] + lim EU dt}. (5.52)
e\ 0
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Now, from (5.41) and the fact that X € B (see Lemma 5.2), it follows that
X)) =r)X0) + 7 e@)0(1) ae. and  Az() =0 (H7() ae.

In view of these observations and Remark 5.5 (applied to R = E(w, 1)), it follows from
Proposition 5.1 that

t
M(X, R)(t) = X()R(t) — a X (0) +/ 7 (1)Or(1)dr
0
is a continuous {¥; }-martingale null at the origin, whence
t
E[M(X, R)(1)] = E[X(1)R(1)] — a X (0) + E[/ 7 (1)Og(7) drj| =0.
0

Combining this with (5.52) gives (5.51).

Lemma 5.4. Assume that Condition 2.1 is satisfied. For each p € Lyj, there exists a unique
& € Ly suchthat p(t) = E(t) + 0(¢) f(; ET(0)dW (1) ace.

The proof of the preceding result is omitted since it is just a simple modification of the usual
argument for the existence and uniqueness of solutions to linear integral equations. Using
Lemmas 5.3 and 5.4, we can complete the program outlined in Remark 5.11.

Propositi_on 5.5. Assume that COnditions_Z.], 4.1, and 5.1 are satisfied. Then (5.25) and (5.28)
hold for Y as defined in Remark 5.7 and X as defined in (5.40).

Proof. We first establish (5.25). Fix an arbitrary « € R. Since # € Ly (being uniformly
bounded according to Remark 2.2) and § is uniformly bounded (see (5.32) and Condition 2.1),
upon setting p(t) := —af(r) in Lemma 5.4 we see that there is some 5 € Ly, such that
—af()B) =n@)+0(@)B(1) f(; ﬂ_l (r)nT (r) dW(7) a.e. From this, together with (5.33) and
(5.32), we obtain n(t)+60(t) E(x, ) () = 0a.e. Upon defining R := E(«, 1), from Remark 5.5
we find that @ g (f) = 0 a.e.; thus, Lemma 5.3 gives 0 < a(xp — X(0)). Equation (5.25) follows
since o € R is arbitrary.

It remains to establish (5.28). Since (5.41) holds and ¥ € Ly, (see Lemma 5.2), it is enough
to show that 7 (1) € K a.e. to conclude that # € U(X) (recall (5.3) and (4.1)). Since §(-)
is subadditive and positively homogeneous (see [9, p. 206]), we have §(@y () + eO(t)) <
3(®y (1)) + €6(ORr(2)) for arbitrary ¢ € (0, 00) and R € B. Then, since we have shown that
X (0) = xo, it follows from Lemma 5.3 that, for each («, n) € R x Lo»,

T
0< E|:/ {6(Or()) + ﬁ’T(t)@R(t)} dt] for R := E(a, 1). (5.53)
0
Let B := {(w,t) €  x [0, T]: ®(w,t) € K}. By [9, Lemma 5.4.2], there exists some

{# *}-measurable mapping v: Q x [0, T] — R¥ such that |5(¢)|| < 1 and |8(3(r))| < 1 ae.,
and

S((@) 4+ (H)p(t) =0 ae.on B, S(@) + 7 (1)v(r) <0 ae.on BS. (5.54)

Now suppose that (P ® A){(2 x [0, T]) — B} > 0. Then, by (5.54),

T
0> E[/ BG@) + 7 O)p(@)) dt]. (5.55)
0
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Let p(t) := —ﬂ_l (t)a 1 (1) (r). Since [[v(¢)]l is essentially bounded on 2 x [0, T'], it follows
from the boundedn~ess of [3_1 and o ! (see Remark 2.1) that p € L. Then, ~from Lemma 5.4,
there exists some & € Ly, such that —8~ (o~ (1)¥(1) = E(t) + 0(r) [y ET (1) dW(7) ae.
Multiply each side of this equation by B(¢)a (t) and let #(z) := B(¢)&(t) € Ly and R :=
E0,7) = B@®)I()(t) (see (5.33)). Then, from (5.32) and Remark 5.5 we obtain v(t) =
—o(®)[n() +0()R(t)] = Or(¢) a.e. From this and (5.55), we obtain

T
E[/ {8(OR(1)) +J'tT(t)®R(t)}dti| <0
0

(for R := E(0, n)). Since § € Lyy, this inequality contradicts (5.53) and, so,
PeM{(€2x[0,T]) — B} =0,

that is, T (t) € K a.e., as required to establish that 7 € U(X).
We next show that
@71+ 7 (NO;() =0 ae. (5.56)

To this end, let R := E(—y, —y). Then, ir} light of the linearity of E(-, -), and since Y =
E(y, y) (see Remark 5.7), we have R = —Y. Thus, @ = —0@jy (see (5.23)). Since 8(:) is
positively homogeneous, for each ¢ € (0, 1) we obtain

3(@; (1) +eOg(1) =5((1 —£)@; (1) = (1 — £)8(O; (1)) ae.

From this, together with X (0) = xo (which we have already shown) and Lemma 5.3, we obtain
the inequality

T
0> E[/ (8(©5 (1)) + z'tT(t)Gy(t)}dt}.
0

Now, we have already seen that 7 (t) € K a.e.; thus, §(@y(¢)) + J_tT(t)@y(t) > 0 ae. (see
(5.15)). This, together with the inequality just noted, establishes (5.56). Finally, we see from
(5.41) that & as defined in (5.43) is also given by w () := [oT]! (t)A ¢ (2). This establishes
(5.28).

For easy reference, we summarize the main result of the present section as follows.

Proposition 5.6. Suppose that Conditions 2.1, 4.1, and 5.1 are satisfied. Then there exists
a pair (y,y) € R x Loy minimizing the proper convex functional WV (., -) (see (5.37)) over
R x Lys. Define Y := E(y, y) (with B as given in (5.33) and (5.32)) and H as in (5.39), and
let

V()

H(T) ‘ ?} w(t) = [aﬁ*(r)[m + X(z)em}.

20 e ! [Y(T) +c

- E
H(1)

(Here Y € F* is the RN-va_lued, a.e. unique process on 2 x [0, T] such that fOT v @)% dr <
oo a.s., and X(t)H (1) = X(0) + fol %T(r) dW (1), given by the martingale representation
theorem.) Then Tt € A and X(t) = X" (t) a.e. (for X™ as defined in (2.5)), and

Jnf E[J(X™(T)] =E[J(X"(T)] = - (y,y)ien]lngzz V(y.y)=-¥(.y) eR

In particular, @ solves the partially constrained problem (P 4), given in (5.2).
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6. The fully constrained optimization problem

In this section we return to the main goal of the paper, namely the solution of the fully
constrained problem (4.5). Our approach relies on Proposition 5.6, together with results from
Lagrange duality for convex optimization as set forth in [1, Chapter 2, Section 6].

Throughout this section we postulate Conditions 2.1, 4.1, 4.2, and 4.3. Then

(1) A is a convex subset of Ly (as follows from the convexity of K in Condition 4.1),
(i1) G is an affine functional on Ly; (as follows from (2.5) and (4.3)), and

>iii) T — E[f (X™(T))] defines an R-valued convex mapping on A (as follows from Propo-
sition 3.1 and Conditions 4.1 and 4.2).

We now define the Lagrangian function for the optimization problem (!/3) (see (4.5)), as follows:

L(w; ) = E[J(X"(T)] + nG(x), 7€ Lm, pek. 6.1)

From [1, Proposition 2.6.1], Condition 4.3, and [1, Theorem 2.6.1], there exists some ‘Lagrange
multiplier’ 2 € R such that (recalling (4.4))

D = sup inf L(u; ) = inf L(; 7). 6.2)
ueR TEA TEA

For each (i, w, x) € R x Q x R, let
Ji(u; w, x) = %[a(a))x2 + 2cp(@)x] — pud  with ¢y (w) = co(w) + pci(w),  (6.3)

where a, cp, and ¢ are as given in Conditions 4.1 and 4.2, and observe, from (4.2), (4.3), and
(6.1), that
L(w; w) = E[J1(u; X™(T))], m e Ly, uek. (6.4)

Remark 6.1. For each fixed u € R, the function Jj(u; -, -) is identical to the function J (-, -)
in (5.1) with ¢, in place of ¢ and —ud in place of g. In view of Condition 4.2, we see that
E[ci] < 00, that is, Condition 5.1 holds with ¢, in place of ¢ for each & € R, and the infima
in (6.2) therefore correspond to optimization problems (£ ;) of the form (5.2) (with ¢ := ¢,
and g := —pud), which are addressed in Proposition 5.6.

Motivated by (5.37) and Remark 6.1, for each (u, y, ) e Rx R x Lypp and Y := E(y, y)
we let

(Y(T) 4 cp)?

T
} +EU 8(®y(t))dl‘i| + ud. (6.5)
2a 0

(s y, ¥) == xoy + E[

Remark 6.2. Proposition 5.6 asserts the existence of a minimizer, (y(u), y()) € R x Log,
of W(w; -, -)over R x Ly, for each u € R; motivated by Proposition 5.6, we define

Y(u; 1) :i= EG), 7(0) (@), (6.6)
e L TYuT) teyu ~

X(u;t) := H(I)E[ H(T) f,:|, 6.7)
N g | Y(u; 1) S

m(u;t) :=[o] o{ HE +Xwam} (6.8)
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for each u € R. From (6.7) and the martingale representation theorem, there exists some
a.e. unique, RY-valued, {#;}-progressively measurable process ¥ (u; -) on € x [0, T'] such
that fOT||¢(M; H)*dt < oo as. and X(u; H)H() = X(u; 0) + fot ¥ (u; 7)dW () for all
t € [0, T]; it is this process which appears on the right-hand side of (6.8). Finally, note from
Proposition 5.6 that & (i) € 4 and X(u; 1) = X7 (r) ae. for each 1 € R (with X™® as
given in (2.5)).

It remains to show that & (i; -) solves problem (f’). From Proposition 5.6 and (6.4), for
each u € R we have

inf L(u; ) = L, T(W) =~ inf Uiy, y) = —WiGs (), 7(w) € R.
TEA (y,¥)ERX Ly
(6.9)
Since w (1) € A (by Remark 6.2), it is enough to show that
G(x(pn)) =0, (6.10)

because then [1, Proposition 2] together with the second equality in (6.2) and the first equality
in (6.9) establish that m (fz) solves (&). To prove (6.10), we use variational analysis on the
optimality of ft; from (6.2) and (6.9) we find that

) = inf Bi(us y, y) = W1(i; (), 7(). 6.11
gy r, Y10y ) =W (), Y (1) ©6.11)

Now let u? := o + ¢p for p € R and ¢ € (0, 00). Then, from (6.11), we have

0

- Uy (1 (), (1) — Wi (; (), 7 (1)
=< - ;

¢ € (0, 00). (6.12)

From the definition of ¢, in (6.3), we have c¢,s = ¢ + pcy; hence, from (6.12) and (6.5) we
obtain 0 < pE[{(Y(i; T) + cp)ci}/al + ep? Elc?/(2a)] + pd for all ¢ € (0, c0). Letting
& — 0 and using the arbitrary choice of p € R then gives E[{(Y (ix; T) + cz)c1}/al +d =0,
which, in view of (6.7), establishes that E[c1 X (ii; T)] = d. Equation (6.10) follows from this
together with X (ji; T) = X7 W (T) (recall Remark 6.2) and (4.3).

Remark 6.3. We now assemble the preceding results and state the main result of this section.
Define h() = inf(y yy)eRxL, Y1(1:; ¥, ¥), u € R, and note, from (6.9), that the second
equality of (6.2) gives inf  cg A(t) = h(i1).

Proposition 6.1. Suppose that Conditions 2.1, 4.1, 4.2, and 4.3 are satisfied. For each u € R,
there exists a pair (y(u), y(n)) € R x Loy which minimizes the functional U, (u; -, +) over
R x Lo (recall (6.5)) and hence satisfies h(i) = W1 (w; y(w), ¥ (n)). Moreover, there exists
some i € R which minimizes h(-) on R, and & := 7 (ji) (as given in Remark 6.2 with . == i)
is the optimal portfolio for the problem (53) (see (4.5)).

Example 6.1. Take K := R in Condition 4.1 for the unconstrained case. From (5.15) we
see that 6(0) = 0 and that §(z) = oo for z # 0. Thus, we need minimize U, (u; -, -) only over
pairs (y, ¥) € R x Ly, such that @y (t) = 0 a.e. (for Y := E(y, y)). From Remark 5.5 and
the nonsingularity of o () (see Condition 2.1), we obtain Yo = y and Ay (t) = —Y (1)0(¢) a.e.
Inserting these into (5.34) then shows that Y () = yH(¢) a.e. and y € Ly, necessarily has the
form y(t) = —yH (t)0(¢) a.e. for some y € R (recall (5.39)). Determination of the optimal
portfolio reduces to the following: (i) for each u € R, locate the minimizer, y(u) € R, of
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the functional y — \ilz(u; y) = ﬁ'](u; vy, —yH@) (which is quadratic); and (ii) use y(u) to
minimize the functional 2 () := W (u; y(u)), i € R (which is also quadratic). In the special
case of the mean-variance problem of Remark 4.1, where a = 2, ¢9 = 0, and ¢; = 1, we have
¢, = p (by (6.3)), and (i) and (ii) lead to the (unique) minimizers

_ 2x0 4+ pE[H(T)] x0E[H(T)] — dE[H*(T)]

E[H2(T)] and i =2 var(H(T))

y(p) =

Then Y (f1; 1) = y(W) H (t) and X (ii; T) = —[¥ (fi; T) + fi] (by (6.7)), the optimal portfolio
7 (f1) is given by (6.8) with u := i (by Proposition 6.1), and the least variance (or efficient
frontier) is given by

inf YT TN var (R (5 T — L var(Fea. Ty — 0~ dELH (DD
ot var(X™(T)) = var(X (j1; T)) = Zvar( (; T)) = ST
E[X™(T)]=d

Example 6.2. We suppose that K C R in Condition 4.1 is a closed, convex cone, that the
market coefficients r, b, and o in Condition 2.1 are nonrandom continuous functions on [0, T'],
and that ¢, c1, and a in Conditions 4.1 and 4.2 are also nonrandom. In this case the dual problem
of minimizing \Ill(u; v, y) over the pairs (y, ) € R x La; (recall (6.5)) is particularly well
suited to the application of dynamic programming and leads to an essentially explicit formula
for the optimal portfolio & () in (6.8). Since K is a convex cone, from (5.15) we have § = 0
on K := {z: §(z) < 0o} (the ‘barrier cone’ of —K). Thus, the third term on the right-hand side
of (6.5) takes values in the two-point set {0, oo} according to whether or not Oy (¢) € K ae.
We can therefore regard u(t) := @y (¢) (rather than y) as the ‘control’ in the dual problem, and
it then follows from (5.34) and (5.35) that the dual process Y satisfies

dY (1) = —r()Y () dt — [0()Y (1) + o (Hu()]" dW (1) (6.13)

with u(r) € K ae.

For each (y,u) € R x Ly, let {é(y, u)(t), t € [0, T]} denote the process Y given in
(6.13) with the initial condition Y (0) = y. Then, for an arbitrary € R, the dual problem of
mininimizing U, (3 y, ¥)in(6.5) over pairs (y, y) € R x Ly is equivalent to the minimization
of

(6.14)

(é(y,u><T)+cu)2} tud
2a

W31 y, u) = xoy + E[

over (y,u) € R x Ly with u(r) € K ae. (a straightforward application of Gronwall’s
inequality yields E(y,u) € B for each (y,u) € R x Ly). We now minimize the second
term of (6.14) over u € Ly, for arbitrary y € R. Keeping u € R fixed, define the value

function . 5
E(y, u)(T
V(s y) := inf E[( W, #)(T) + cu) } yeR, (6.15)
uely 2a
u(t)e]%a.e.

and consider the Bellman equation associated with (6.13) and (6.15), namely

Us (s, ¥) — F()yby(s, ) + 5 inf2 {llo = () + 0()y1*Byy (s, )} = 0, (6.16)
ne
2
u(T,y) = M, 6.17)
2a
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for each (s, y) € [0, T] x R. This is a particularly tractable equation because the infimum in
(6.16) is easily expressible in terms of y € R. Indeed, fors € [0, T] and i = 1, 2, let

£i(s) :== argminflo ™" ()1 — (=1)'8(s)[I> = o (s) proj((—=1)'8(s) | 6" ()K),  (6.18)
nek

where proj(z | C) is the (uniquely determined) projection of a vector z € R" on a closed
convex set C C RV, Then, for each s € [0, T, it follows that

{ycl (s) ify>0,

. (6.19)
—y&a(s) ify <O0.

i(s,y) == argminfo " (s)n + 0(s)y|* =
ek

In light of (6.19), we can easily write down an explicit solution to (6.16) and (6.17). To this
end, for (s, y) € [0, T] x Rand i = 1, 2 (recalling 8 from (5.32) and ¢, from (6.3)), define

T .
Ai(s) == exp[ / 16(z) — (—1)lal<r)c,-(r>||2dr], (6.20)
1/ B(T)\? T 2
Pi(s) = ;(’Z%) A, x(us) = %"%, a(p) = ;—‘;
2
Py (s)% + xSy +an) i (s.y) € [0, T x [0, 00),
o(u; s, y) = 5 (6.21)
Pz(S)y? + x(u; 8)y +oa(u) if (s, y) € [0, T] x (=00, 0).

Then (u; -, -) is of class C1 over [0, T'] x R and of class C% over [0, T] x (R \ {0}), and a
simple, direct verification establishes that it satisfies the Bellman equation (6.16) in the classical
sense foreach (s, y) € [0, T]x (R\{0}), as well as the boundary condition (6.17). Moreover, the
second-order parabolic sub- and superdifferentials of v(w; s, y) at (s, y) € [0, T]x {0} are easily
computed to show that v(u; -, -) defines a viscosity solution to (6.16) and (6.17) on [0, T'] x R.
It now follows from the verification theorem for dynamic programming [16, Theorem 5.3] that
i in (6.19) is the optimal feedback control for the problem (6.15) with arbitrary y € R, and
V(u;y) = v(u; 0, y) for all y € R. In particular, the function y — V(u;y) = v(u; 0, y)
is the ‘asymmetric quadratic’ given in (6.21). Substituting #(z, Y (z)) for u(¢) in (6.13), it
follows that the resulting stochastic differential equation has pathwise uniqueness (since #(z, -)
as given in (6.19) is globally Lipschitz continuous on R) and solution (for the initial condition
Y(0)=yeR)

YBHE(—[0+0a7'L]T e W)(t) ify >0,

6.22
YBOE=[0 —0'5]T e W)(1) ify <O. ©2

Y(y; 1) = :

(recall Remark 5.8). We are now able to minimize \f/g (w5 -, -) in (6.14) (still keeping u € R
fixed). Let y(u) € R be the (unique) minimizer (with respect to y € R) of the ‘asymmetric
quadratic’

Wa(w; y) == xoy + V(s y) + ud = xoy + 9(w; 0, y) + pud, y €R, (6.23)

given by (6.21), and let u(u;t) := af(t, )A’(y(u); 1), t € [0,T]. Then ai(u;7) € K ae.
(see (6.19)) and the pair (y(u), #(n)) € R x Loy is the minimizer of the dual cost functional
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@3 (w; -, -) defined in (6.14). Comparison of (6.13) with relations (5.34) and (5.35) then shows
that, for 7 () € Loy defined by p (u: 1) := —[0() E(F (), @(1))(t) +0 ~ (1) (se; 1)], the pair
(y(w), ¥ (1)) minimizes the functional W) (u; -, ) (see (6.5)) over R x Loy, and (see (6.6)—(6.8))
the corresponding optimal dual process, )_’(,u), is given by ?(/L; t) = )A’(y(,u); t),t€[0,T].
Using this representation for ¥ (i) it is easy to obtain explicit formulae for the portfolio 7 (1)
and the corresponding wealth, X (w) (see (6.7)and (6.8)). Indeed, upon substituting Y (y(w); T)
(given in (6.22)) for Y (u; T) in (6.7), and using (5.39), the fact that the coefficients r, b, and
o are deterministic, and the independent increments of W, we obtain
YO cuB(T)
- a ap(1)
(6.24)
for y(u) > O (just replace {1 by —¢3 to obtain X () for y(u) < 0). Finally, using (6.22) and
1t6’s product formula to expand the right-hand side of (6.24) (and its analogue for y(u) < 0),
and comparing the result with (2.4), we obtain 7 (1) such that X (1) = X7 as the following
feedback policy on the wealth X (11):

Z(w; 1) = —[X(w; ) +a”' B eI T OB+~ O&D] for F(u) > 0
(6.25)
((u, t) is given by (6.25) with —&»(¢) in place of &;(¢) for y(u) < 0, and (i, t) = 0 for
(1) = 0).
We now determine the optimal portfolio and minimum variance in the special case of
Remark 4.1, for whicha = 2, ¢cg = 0, and ¢; = 1. To this end we first characterize the
set R in Remark 4.2. Define the set

—X(u; 1)

T
exp[/ (=2r()+ 0" (D0() + o7 ' ()& (D]} dr} +
t

F:=1{r€l0,T]: [00) +o ' OG0 >0} ={r €[0,T]: —a(n)0(1) & K},

where the equality follows from (6.18). Since K={zeRV: —gTz <0Oforallm € K},
we then have F = {t € [0, T]: T'(r) # @}, where I'(¢t) := {x € K: n'a(t)0(r) > 0}.
Now suppose that A;(0) > 1; then A(F) > 0 (by (6.20)), and by the Aumann selection
theorem [15, Theorem 2.3.12] there exists a measurable selection x;(-) of I'(:) on F. Let
m(t) == 0fort ¢ F and ma(¢) := m(¢)/||m1(¢)|| fort € F. Then my € A (since K is a
cone) and Jtz—'—(t)a(t)O(t) > 0, t € F. Hence, from (2.5) we have E[X™2(T)] > x0So(T),
which establishes that [xoSo(T), o0) C R for A;(0) > 1. Now, if A;(0) = 1 then A(F) =0
(by (6.20)); thus, for each w € A we have 7 ' (1)o ()0 (¢) < 0 a.e. and, hence, E[X” (T)] <
x0S0(T) (by (2.5)) and R C (—00, x0S0(T)]. In this case the market model is not interesting
(in the sense of Remark 4.2), so we shall suppose that A;(0) > 1 and fix some d > x¢So(T).
From Remark 6.3, (6.14), (6.15), and (6.23), we have h(u) = \114(;L, y(u)), u € R. Using
(6.21), it is then easy (although tedious) to calculate that (-) has the unique minimizer given
by

i =28"1(D)[A1(0) — 117" [xo — B(T) A1 (0)d],
and that

F(i) = 2B72(T)[A1(0) — 117 [B(T)d — xo] > 0.

From this together with (6.22) and the fact that Var()_((,a; T) = Var(?(y(,d); T))/4 (see (6.24)
with a = 2), we compute the minimum variance, or efficient frontier, namely

[xo — B(T)d]?
[A1(0) — 11BX(T)

_ 1 ~
ina var(X™(T)) = var(X(1; T)) = I var(Y(y(); T)) =
E[Xg(eT)]:d
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The optimal feedback policy is given by (6.25) with ;1 := [ (since we have seen that
y(it) > 0), and is easy to implement, since only &;(-), given in (6.18), need be ‘precalculated
off-line’ using the known deterministic coefficients r, b, and o. The simplicity with which
dynamic programming applies to the dual problem (for general conical constraints on the
portfolio) should be contrasted with the technical complexity involved in applying dynamic
programming directly to the primal problem, as in [12], for which the resulting Bellman equation
is substantially more involved. As a consequence, the analysis in [12] is very specific to
the no-short selling constraint (where K is the positive orthant) and relies on the restriction
by(t) > r(t), t € [0,T],n = 1,..., N (see the text following [12, Equation (2.2)]). This
restriction excludes the very natural possibility that interest rates may increase at some point in
the investment interval, exceeding — one hopes only temporarily — the mean rates of return on
some stocks, and also excludes the all-too-real possibility that some stocks might temporarily
underperform over part of the investment horizon (in the sense that the mean return rate, b, (¢),
is less than the interest rate, r(¢), for some values of ¢), but perform well in the remainder of
the trading interval. The preceding duality analysis removes these restrictions and works for
completely general conical constraints.

7. Utility maximization

In this section we put aside the problem of mean-variance minimization considered in
the previous sections and turn our attention to problems of utility maximization with convex
portfolio constraints. Our goal is to demonstrate that the approach used for mean-variance
minimization applies equally well to utility maximization, and thus constitutes a unified method
of solving both of these problems. From now on we assume the following condition.

Condition 7.1. We are given

(1) a market with information filtration (2.1), a bond with price {Sy(t)}, and N stocks with
prices {S, (1)}, n = 1,2, ..., N, modelled as in Section 2 by the relations (2.2) and (2.3)
and subject to Condition 2.1;

(i1) a closed, convex portfolio constraint set K C RY with0 € K;
(iii) an initial fortune xo € (0, 00); and

(iv) a utility function U: (0, 00) — R which is of class C', strictly increasing, strictly
concave, and satisfies

(a) limy_ o U(x) = 00,

() limy_ 0o UV (x) =0,

(c) limy o UD(x) = oo, and
(d) limyyo U(x) > —o0.

For an {#;}-progressively measurable process 7 :  x [0, T] — R" such that

T
/llﬂ(t)||2dt<oo a.s.,
0
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let {X™(t), t € [0, T]} be the unique R-valued, continuous, {¥;}-progressively measurable
process determined by

dX™ (1) = X" (O {r(t) + ' ()o@} dr + X™ () T (1)o (1) AW (1), X" (0) = xp.
(7.1)
Then X™ is P-strictly positive, that is, inf;cfo,77 X (f) > 0 a.s., and if 7, (¢), the nth entry of
7 (1), is interpreted as the fraction of a small investor’s total wealth put into the stock with price
S, (¢) (as is customary in problems of constrained utility maximization), then X” (¢) gives the
investor’s total wealth at instant ¢, provided that the investor follows a self-funded strategy (see
[5, p. 770]). Define the set of admissible portfolios,

A= {n: Q x [0, T] — R such that
T
TeF  n@t)eKae., and/ 7 (0)||> dt < oo a.s.} (7.2)
0

(recall £* as defined in Section 3), and the value of the portfolio optimization problem,

9 := sup E[U(X™(T))]. (7.3)

A

To avoid trivialities, assume that € R. The utility maximization problem is to
establish the existence of some & € A’ such that % = E[U(Xﬁ (T))]. (7.4)

Remark 7.1. In contrast to the problem of mean-variance minimization considered in the
preceding sections, the optimal wealth process for the utility maximization problem is generally
not square integrable when = € A'; hence, the set B of Section 3 is not the appropriate one
in which to embed the utility maximization problem. Instead, we introduce the set I of all
{F:}-Itd processes { X (¢), t € [0, T']} of the form (3.1) for some (a.e. unique) {F;}- progressively
measurable mappings X: Qx [0,T] > Rand Ax: 2x [O T1— RY suchthat fo |X(t)| dr <
oo and fo ||AX(t)||2dt < 00 a.s., and write X = (X, X, Ax) € I toindicate that X € R, X,
and Ay satisfy these a.s. bounds and that (3.1) holds.

By analogy with (5.3), and recalling (7.1) and (7.2), let

CX)i={reA: Xt)=XDOr@)+x ()a@®)01)}
and Ax(t) = X))o ' (D) ae} (7.5)

for each X = (X, X , Ax) € L. Then, by an argument identical to that yielding (5.4), we have

= sup E[UX(T))]. (7.6)
Xel, Xo=xo
C(X)#L

We now introduce penalty functions for the constraints in (7.6) (much as we did for those in
(5.4)). From Remark 2.1, (7.2), and (7.5) we see that, for each X = (Xo, X, Ax) € I with
Xo >0,

CX)# @ — i{gfﬂ X(0) > 0as., X)) =rX1)+ AL 0)0(),
tel0,
and X 'O 17" ()Ax () € K ae. (1.7)
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Remark 7.2. If C(X) # @ for X = (X, X, Ax) € [ with Xg > 0, then X '[6 "] 'Ay €
C(X).

Motivated by (7.7), we define the mapping L: 2 x [0, T] x R x R x RN — {0, oo} by

0 ifx>0,v=r(w,)x+E"0(w, 1), andx o] (0w, 1)& € K,
L(w,t,x,v,§) = .
oo otherwise
(7.8)
(cf. (5.6)). Next, define [y(x) as in (5.8), let
—U(x) ifx € (0,00),
I (x) = { ) (©,00) (7.9)
otherwise,

and define the mappings mo(-), mr(-), and M (-) asin (5.12) (with lo(-), I7(-), and L(-) as given
in (5.8), (7.9), and (7.8), suppressing w in the second relation of (5.12)). Then

mo(y) = xoy, mr(y) =U(y) = Sul()){U(X) —xy}, yER, (7.10)
x>
and an easy calculation based on (7.8), (5.15), and (5.12) shows that

0 fors+r(w 0)y+d(—0(w, )l(w,0)y+y]) <0,
M@.t.y.5.y) = {oo otherwise (7.11)

for each (w,1,y,s, ) € 2 x[0,T] x R x R x RV,

Remark 7.3. For X = (Xo,X,Ayx) € Land Y = (Yo,Y,Ay) € L, we shall continue
to use the notation M(X, Y)(¢) introduced in the statement of Proposition 5.1 and the no-
tation @y (¢) introduced in (5.23). In this case, it follows at once from It6’s formula that
{MI(X, Y)(t), F1), t € [0,T]} is a continuous local martingale with M(X, Y)(0) = O but
is not necessarily a genuine martingale. It follows that we can no longer avail ourselves of
Proposition 5.1 in constructing the dual problem (as we did in Proposition 5.2). In order to deal
with this we define

I :={X eI: Xo =x0, C(X) # @}, (7.12)

I ={Y el: Y(t) +r()Y (@) +6(0Oy(t)) <0, Y(#) >0ae.}; (7.13)
from (5.8), (7.7), (7.8), and (7.11), for each (X, Y) € I; x I, we then have

lo(X0) =0, L, X(1), X(1), Ax()) =0, and M@, Y(®),Y(),Ay(1)) =0 ae.
(7.14)
This, together with the third relation of (5.12), ensures that, for each (X, Y) € I} x I,

0= L, X(0), X(1), Ax(0)) + M1, Y(@), Y (1), Ay (1))
> XOY(@)+XOY (@) + Ay()Ay(r) ae., (7.15)

and we thus find that Ml(X, Y)(t) > X ()Y (r) — XY a.e. for each (X, Y) € I} x . Since
X(@)Y() = 0 ae. for each (X,Y) € I} x I (by (7.7), (7.12), and (7.13)), it follows that
M(X, Y)(t) > —XYp a.e. and, thus, from Remark 7.3 and Fatou’s lemma, that

{(M(X, Y)(), F:), t € [0, T]} 1isasupermartingale with M(X, Y)(0) =0,
foreach (X, Y) el xI,. (7.16)
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Remark 7.4. We now define ®(X) for each X € I[; and W (Y) for each Y € I, as in (5.9) and
(5.16), respectively, with Iy, [T, and L as given in (5.8), (7.9), and (7.8), respectively, and with
mo, mt, and M as given in (7.10) and (7.11), respectively. Then, from (7.14), we have

®(X) = —E[UX(T))], W) =xoYo+EUXT)], (X, Y)elxhL. (7.17)

Proposition 7.1. Assume that Condition 7.1 is satisfied and that ¥ € R (see (7.3)). Then
O(X) > —coand V(Y) > —oo foreach (X,Y) € I} x I (recall Remark 7.4), and

X))+ W (Y) =0, (X,Y) el xI. (7.18)

Moreover, for arbitrary X = (X, )L(, Ag) €l and Y = (Yo, IL/, Ay) € Ip, we have d(X) +
W (Y) = 0 if and only if each of the following conditions hold.:

lo(Xo) + mo(Yo) = XoYo, (7.19)
Ir(X(T)) +mr(Y(T)) = —X(T)Y(T) a.s., (7.20)
Lt X0, X (0, Az (1) + M@ T(0). Y (1), A7 (1))
=XOY@)+ XOY () + A (A7) ae., (7.21)
(XY (1), t €[0, T} isan {F;}-martingale. (7.22)

Proof. Fix apair (X,Y) € [} x I,. That ®(X) > —oo and ¥ (Y) > —o0 is an immediate
consequence of Condition 7.1(iv) and that fact that # € R. From the definitions of ®(X) and
WU (Y) in Remark 7.4, we see that the chain of equalities and inequalities in (5.22) continues
to hold. Moreover, E[-MI(X, Y)(T)] > 0 (from (7.16)), and (7.18) follows from this and
(5.22). Next suppose that ®(X) + W(Y) = 0 for some (X,Y) € I} x I,. Then, since
E[-M(X, Y)(T)] > 0 (again from (7.16)), the inequality in (5.22) must be an equality (with
(X, Y) in place of (X, Y)) and we must have E[M(X, Y)(T)] = 0. Equations (7.19)~(7.21)
follow from this and the general relations in (5.21), and it follows from (7.16) that {M(X, Y)(r)}
is actually an {¥;}-martingale (being a supermartingale with constant expectation). However,
(7.21) together with (7.14) give M(X, Y)(¢) = X(¢)Y (t) — X(Yo, which establishes (7.22).
The converse, that (7.19)—(7.22) imply that ®(X) + W(Y) = 0, is immediate from (7.14) and
(5.22).

Remark 7.5. Condition 7.1 ensures that U (-) is smooth, and the derivative U M) has a
continuous, strictly decreasing inverse 7: (0, 00) — (0,00) with I(y) = —UV(y), y €
(0, 00) (see [9, Lemma 3.4.3]). From (7.9) and (7.10), foreach x, y € R we have the equivalence

Ir(x) +mr(y) = —xy — y €(0,00), x=1(y) €(0,00).

Similarly, from (5.8) and (7.10), for each x, y € R we have lp(x) + mo(y) = xy if and only if
X = Xo.

Proposition 7.2. Suppose that the conditions of Proposition 7.1 are satisfied. Then, for an
arbitrary (X, Y) € I x I, we have (recalling Oy (-), ¥, and §(-) as respectively defined in
Remark 7.3, (7.3), and (5.15))

E[UX(T)] =0 = ;nﬂf W (Y) = W(Y) (7.23)
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if and only if
Xo = xo, (7.24)
Y(T)>0 and X(T)=I1Y(T)) >0 a.s., (7.25)
YO +r(7 (@) +8050) =0 ae., (7.26)
7 eCX) and §@;(1)+7'(1)O;(1) =0 ae.
for m@) =X 17 OAz ), (7.27)
(X(OY (1), t € [0, T1} is an {F;}-martingale. (7.28)

Proof. In view of (5.15), (7.8), and (7.11), we have the following equivalence: for arbitrary
(w,1) e 2x[0,T],x,y,v,s €R,and &,y € RV,
Lw,t,x,v,8) + M(w,t,y,s,y) =xs+yv +§Ty
= x>0, v=r(Ox+&00), x '[e'1"'(EeK,
s+yr(t) +8(—o(@)[0()y +y]) =0, and
3(=oOO@)y +yD +x'ETa ™ (=oM@Y + y]) 202.9)

Fix an arbitrary (X, ¥) € I} x I,. In view of (7.29), (7.12), (7.7), Remark 7.5 and Remark 7.2,
we find that (7.19)—(7.22) are equivalent to (7.24)—(7.28). Moreover, from (7.6), (7.12), and
Remark 7.4 we have ¢ = sudel{—CD(X)}, and, thus, the condition ®(X) + ¥(¥) = 0 is
equivalent to (7.23), as follows from the weak duality (7.18). The equivalence of (7.23) and
(7.24)—(7.28) now follows from Proposition 7.1.

Remark 7.6. It follows from Proposition 7.2 that solving problem (7.4) requires constructing a
pair (X, Y) € I; x I which satisfies the relations (7.24)—(7.28), since then the optimal portfolio
7 is given in terms of X by (7.27). To this end we make the following observations.

@If(X,Y) e[ xLisa pair satisfying (7.24)—(7.28), then Y is necessarily P-strictly
positive (since (7.25) ensures that X(T)Y(T) > 0 as. and it thus follows from (7.28) and
[8, Problem 1.3.29, p. 21] that XY is a P-strictly positive process, while (7.27) and (7.7) ensure
that the process X is P-strictly positive). This, together with (7.26), shows that we need minimize
W (), not over all of I, but instead over the smaller set I3 C I, defined by
I3 := {Y €l: inf Y() > Oas.and V(1) +r ()Y (1) +8(8y (1) =0 a.e.]. (7.30)
€lo,

The advantage of minimizing over I3 is that the ¥ € I3 are exponential semimartingales. In
fact, with

T
Q = {v: Qx[0,T] — RY such that v € F* and/ {||v(t)||2 +8(v(t))}dr < 00 a.s.}
0
and
t
H, (1) := exp[—/ (r(z) + 8(v(r))}dr]8(—[0 +o T e W)(1), ve@ (731
0

(see Remark 5.8), it follows easily from It&’s formula that I3 = {yH,,: y € (0, 00), v € @}.
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(b) Minimization of W(-) over I3 is still difficult, because the set @ is ‘very large’. Accord-
ingly, we restrict our attentiontov € D :={v € @: E[f() ||v(t)||2 dr] < oo} (that is, square-
integrable members of @) and minimize W(-) over Iy := {yH,: y € (0,00), v € D} C 3.
That is, we shall establish that ¥ (Y) = inf ver, ¥ (Y) for some Y € I4. To this end, in addition
to Condition 7.1 we must assume that

* X > xU(l)(x) is nondecreasing on (0, 00),

e thereexisty € (1, 00) anda € (0, 1) such that U D (x) > UM (yx) forall x € (0, o0),
and,

e foreach y € (0, 00), there exists some v € D such that E[U(yH,,(T))] < 00.

Using these conditions and [7, Proposition II.1.2] (which relies on the square integrability of
v € D), together with a trivial variant of the proof of [5, Proposition 13.2], we see that there
exists a pair (7, ») € (0, 00) x D such that infycy, W(Y) = W(Y) for Y := yH; € Iy (this is
analogous to Proposition 5.4). It remains to construct an X € I; in terms of this ¥ such that
(7.24)—(7.28) hold. Motivated by (7.25) and (7.28), we define

X@0) =Y "0 EY(DIX (D) | F1=H ') E[H:(T)I GH5(T)) | 1. (7.32)

From (7.32) we have X(1)H; @) = X(O) + fo 1/1T(‘L') dW (1) =: & (1), for some R" -valued,
a.e. unique ¥ € F* with fOT ¥ ()] dr < oo a.s. (by the martingale representation theorem).
Using this, together with (7.31), to expand the quotient X(t) = &o(t)/Hy(t) using Itd’s formula
then gives X e I (recall Remark 7.1) with {X ()} and {A ()} given by

dX (@) = XO{r@) + frT(t)a(t)O(t) +68(v(t)) + J_ZT(t)l_J(t)} dr + )_((t)ﬁT(t)a(t) dW ()
(7.33)
for _
Z() =o' OH OX ' OFO) +00) + 0~ O30

(cf. (5.41), (5.42), and (5.43)).

(c) From (7.32) and (7.30) we see that the pair (X, ¥) e Ix Iy satisfies (7.25), (7.26), and (7.28).
It remains to show that X € I; and that (7.24) and (7.27) hold. To this end we use necessary
conditions resulting from the optimality of ¥ = y H; established in (b). From this optimality,
together with (7.17), we find that xqy +E[l7(yH,, (TH] = xoy —i—E[f](yH,; (T))]forall (y,v) €
(0, 00) x D. In particular, y minimizes the function y +— xpy + E[f](ny,(T))], and, upon
taking the derivative in y and using the identity um (y) = —I(y) (see Remark 7.5), we obtain

xo = E[H3(T)I(3H;(T))] = X(0), where the second equality follows from (7.32); this
verifies (7.24). Again from the optimality established in (b), we also obtain E[U (yH,(T))] >
E[U(yH (T))] for all v € D, that is, (1/¢) E[U(yHVHn(T)) — U(yH (T))] = 0 for each
e € (0,1) and n € D. Evaluating the limit as ¢ — 0 for suitable choices of n € D
(which is a calculation essentially identical to that in [5, pp. 781-783], we obtain m () € K
and 5(v(t)) + ftT(t)v(t) = 0 a.e. It follows from this, together with (7 33) and (7.5), that
7 € C(X); thus, X € I;. Moreover, it is clear that 0;0) = Y(t)v(r) for Y = yH; and, thus,
3(Oy1)) + JtT(t)QY(t) = 0 a.e. (since Y() > 0and §() is positively homogeneous), as
required to verify (7.27).

Remark 7.7. In order to focus on just the essential ideas, we have considered maximization
of utility from terminal wealth only, without utility from consumption. Only a straightforward
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modification of the the preceding approach is necessary to include intertemporal consumption
(see [11]).

Remark 7.8. The approach to problems of constrained utility maximization used in this section
contrasts with those of [4], [5], and [10], which rely on the a-priori introduction of a complete
fictitious market in which the money market rate and mean return rate on stocks are such
that unconstrained utility maximization in the fictitious market amounts to constrained utility
maximization in the given market. The approach of this section avoids fictitious markets
(the formulation of which is not at all simple) and proceeds algorithmically by relying on
elementary convex analysis to synthesize optimality relations (see (7.24)—(7.28)) the solution
of which yields the optimal portfolio. The same approach establishes the existence of optimal
portfolios for problems of mean-variance minimization. In cases of genuine practical interest
this optimal portfolio is explicitly computable (see Example 6.2). Finally, while methods based
on the introduction of a complete fictitious market are undoubtedly effective for problems
of constrained utility maximization, provided that one can find the ‘correct’ fictitious market
(always a significant challenge), this approach does not appear to adapt easily to constrained
mean-variance minimization. On the other hand, methods of stochastic Riccati equations
and stochastic linear quadratic control, which are the preferred mathematical technology in
problems of mean-variance minimization, are unlikely to be appropriate for preferences based
on utility maximization, relying as they do in an essential way on the quadratic form of the
loss function. In contrast, the approach of this work applies with equal facility to both of the
two main preference structures of utility maximization and mean-variance reduction, and deals
easily with portfolio constraints.

Example 7.1. We add an induced constraint on the terminal wealth to the problem (7.4). Fix
some a € [0, 1), define ¢ := axpSo(T), and let A* := {mr € A': X™(T) > ¢ as.} (recall
(7.2)) and ¥ := sup, ¢ 4+ E[U (X7 (T))]. The problem of utility maximization that we study is
to establish the existence of some & € 4* such that 9; = E[U(X” (T))]. This problem could
represent the preference of a cautious investor whose goal is to maximize expected utility from
terminal wealth subject to the usual portfolio constraints while also insisting that the terminal
wealth not be less than the fortune, ¢, that would have been obtained by just investing some
fraction « of the initial wealth, xo, in a money market account. While it is difficult to use the
method of fictitious markets to establish optimality relations for this problem, we shall see that
the approach of this section applies quite easily. Define a modified utility by U; (w, x) := U (x)
for x > ¢(w) and U;(w, x) := —oo otherwise, and let Ul (o, y) = sup, . otUi(w, x) — xy}
and I1(w, y) := —Ul(l)(a), y) for all (w,y) € @ x (0,00). Then, exactly as in (7.6), we
find that ¥, = sup{E[U1(X(T))]: X € I, Xo = x0, C(X) # o}. Finally, by analogy with
(7.17), let ®1(X) := —E[U(X(T))] for each X € I; and W (Y) := xoYy + E[U; (Y(T))]
foreachY e I := {Y € Ib: E[Y(T)] < oo}. We can now repeat the analysis which led
to Proposition 7.2, but using the utility function U in place of U, to show that, for arbitrary
(X,Y) €I} x I 1, we have E[U1 (X(T))] = 91 = infyer,, ¥1(Y) = W, (Y) if and only if the
Euler-Lagrange and transversality relations (7.24), (7.26)—(7.28), and

Y(T)>0 and X(T)=I(0,Y(T)) as. (7.34)

hold (that is, we have (7.34) in place of the transversality relation (7.25)). It is now necessary
to solve these relations, exactly as in Remark 7.6. For the sake of simplicity we look at the
special case in which K = RY. Then, just as in Example 6.1, the dual problem reduces to
the minimization of the functional y +— Wi(yH): (0,00) — R (recall (5.39)). It is clear
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from the definition of U that limy o W1(yH) = oo and, since o < 1, it is easily verified
that limy—, oo Wi (yH) = 00, so the existence of a minimizing y € (0, c0) follows. Now
define Y (¢) := yH(T) and X(¢) := H~'(t) E[H(T)I;(yH(T)) | 1. Then it is clear that
(X,Y) el x Ib.1, and, just as in Remark 7.6, it can be established that this pair satisfies the
relations (7.24), (7.26)—(7.28), and (7.34). It now follows that # defined in terms of X by (7.27)
is the optimal portfolio. When the constraint on the terminal wealth binds, we can use the fact
that @ < 1 to relax the dual problem (by essentially following the approach of [6]) in order
to establish the existence of a Lagrange multiplier in L*°(2, &, P)* (the topological dual of
L (2, F, P)) which enforces the terminal wealth constraint.
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