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The parity conjecture for elliptic curves at
supersingular reduction primes

Byoung Du (B. D.) Kim

ABSTRACT

In number theory, the Birch and Swinnerton-Dyer (BSD) conjecture for a Selmer group
relates the corank of a Selmer group of an elliptic curve over a number field to the order of
zero of the associated L-function L(E, s) at s = 1. We study its modulo two version called
the parity conjecture. The parity conjecture when a prime number p is a good ordinary
reduction prime was proven by Nekovar. We prove it when a prime number p > 3 is a
good supersingular reduction prime.

1. Introduction

In number theory and arithmetic geometry, we often expect an algebraic aspect and an analytic
aspect to be closely related. A classic example is the Birch and Swinnerton-Dyer (BSD) conjecture.
The BSD conjecture predicts a precise relation between the Mordell-Weil group and the L-function
of an elliptic curve. Its statement is given in the following.

CONJECTURE 1 (BSD conjecture). Suppose that E/Q is an elliptic curve defined over Q. Then we
expect

rankF(Q) = ords=1Lg(F, s).

Another conjecture closely related to the BSD conjecture is the BSD conjecture for a Selmer
group. The Selmer group of an elliptic curve is a subgroup of a cohomology group associated to the
torsion points of the elliptic curve, and the Shafarevich—Tate conjecture predicts that its corank is
equal to the rank of E(Q). The BSD conjecture for a Selmer group is stated as follows.

CONJECTURE 2 (BSD conjecture for a Selmer group). Let p be a prime number and E an elliptic
curve defined over Q. We let Sel,(£/Q) denote the p-Selmer group of E over Q, then we expect

corankz, Sel,(FE/Q) = ords=1L q(E, s).

We consider the modulo two version of the BSD conjecture for a Selmer group, namely the parity
conjecture.

CONJECTURE 3 (Parity conjecture). Let p be a prime number and F an elliptic curve defined
over Q. We expect

corankz, Sel,(E/Q) = ords=1L g(F,s) (mod 2).

Note that this conjecture depends on the prime number p (as does Conjecture 2). Although we
focus on this conjecture throughout this paper, we can state the BSD conjecture and the parity
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conjecture for any number field F' in the same way, which we will call the BSD conjecture for F
and the parity conjecture for F', respectively. The parity conjecture for a good ordinary reduction
prime p was proven by Nekovar (see [Nek01]). He also proved in [Nek06a, ch. 12] that the parity
conjecture for a totally real number field F' holds if every prime of F' lying above p is a good
ordinary reduction prime under appropriate conditions. It was difficult to apply his method to
prove the conjecture for a good supersingular prime because a p-Selmer group does not behave
nicely in that case. In this paper, we overcome this difficulty and prove the parity conjecture when
p > 3 is a good supersingular reduction prime.

First we generalize norm coherent points of the formal group associated to the elliptic curve.
These points were studied first by Kobayashi in [Kob03] and generalized by Iovita and Pollack [IP06].
We generalize the idea further to a totally ramified Z,-extension of an unramified local field given by
torsion points of a relative Lubin—Tate group of height 1. Then we construct a local condition using
these points and show that this local condition satisfies self-duality under the Tate local pairing.

Once it is proven, the rest of paper follows standard Iwasawa theory techniques and Nekovar’s
idea very closely to prove the parity conjecture.

It is natural to try to apply the same idea to the parity conjecture for a totally real field.
The result in this direction under some strong conditions will be published in a subsequent paper.

Notation 1.1. Throughout this paper, Hom(A, B) denotes a set of Z,-linear continuous homo-
morphisms from A to B unless stated otherwise.

2. Galois cohomology

Let F be a finite Galois extension of a number field K and p be a prime of K. Fix an embedding
K — C,. This embedding induces a prime B of F lying above p. We choose a subset S of Gx =
Gal(K/K) such that {39} es is the set of all distinct primes of F' lying above p.

Let C be a Gg-module which is a finite Z,-module. There is a map between H 0 groups
Oy @OGF‘IW

ges
T @(g - T).
ges
Then for a G g-module B which is a finite Z,-module, the map above induces the following:
Res : H'(Ky, B) — €D H'(Fyps, B).
ges

Similarly, a map between H® groups

6%)(7GFmg — OCxy
ges
@xg — ZNFm/Kp(g_l “Zg).
geSs geSs
induces
Cor : P H'(Fys, B) — H'(Ky, B).
geSs

Since we can check ResoCor = Np /- for H 0 groups, we have the following.
PROPOSITION 2.1. We have Res o Cor = Ny on @ cq H' (Fyp, B).
Now we study a Shapiro map of cohomology groups.
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DEFINITION 2.2. We always let G act on Hom(-,-) by (v f)(z) = v(f(y 'a)) for v € Gk. If Dy
and Do are Gal(F/K)-modules, we let Gal(F/K) act on Hom(D;, D2) in the same way. On the
other hand, we always let Z,[Gal(F/K)| act on Hom(Z,[Gal(F'/K)],-) by right multiplication on
Zp|Gal(F/K)], ie. for a € Z,[Gal(F/K)] and f € Hom(Z,[Gal(F/K)],-),

(a- f)(b) = f(ba).
Let C be a finite Gx-module which is a finite Z,-module. We define the following map be-
tween HY:
Hom(Z, [Gal(F/K)], C)%% — € c7vs
geSs
b= P g o)D)

ges

Then the Shapiro map between H' groups follows:
Sh : H' (K, Hom(Z,|Gal(F/K)), B)) — €D H' (Fyps, B).
geSs

From the definition of Galois cohomology we can see that Gal(F/K) acts on B g H Y(Fys, B) as
well, so we can consider it as a Z,[Gal(F/K)]-module. Then we can check that Sh is a Z,[Gal(F'/ K)]-
isomorphism.

Remark 2.3. The definition of the Shapiro map differs depending on the source. For example, the
definition of [Rub00, Appendix B.4] uses Indy(-) instead of Hom(Z,[Gal(F/K)],-). We can check
that it is equivalent to our definition.

DEFINITION 2.4. The map

i : @ H' (Fys, Hom(Z,[Gal(F/K)], B)) — Hom (Zp (Gal(F/K)], D H' (Fys, B)>
geSs geSs

is defined in the natural way.
We define a map

j: P H'(FPps, B) — Hom (Z,, (Gal(F/K)], D H' (Fys, B)>

ges ges
(xg) = fz:0 € Gal(F/K) — o - (x4).

We obtain the following.

ProPOSITION 2.5. The diagram
H'(K,, Hom(Z,[Gal(F/K)], B)) —— & ' (Pyo, B)

ges
lRes l]‘
D H (Fys, Hom(Z,y[Gal(F/K)], B)) —— Hom(Z,[Gal(F/K))], D H' (Fys, B))
geSs geSs
is commutative. The image of j is

Gal(F/K)
Hom (Zp [Gal(F/K)), P H' (Fys, B)> .
geSs
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Proof. The commutativity of the diagram follows from the commutativity for a similar diagram for
HY groups. The image of j is easy to figure out. O

Now we suppose that p is unramified over F'/K.

DEFINITION 2.6. The same Shapiro map induces

Sh: HY(Kp" /Ky, Hom(Z,[Gal(F/K)], B"%)) — [ [ H" (Fgs / Fys, B'Ppe).
S

We can check that Sh is an isomorphism.

Although our propositions are stated for a finite extension F'/K and a finite module B, they are
true for any profinite extension F//K (for instance, a Zp-extension) and any discrete Z,-module B
by passing them to a direct limit.

3. Plus/minus-local conditions

3.1 +-Coleman maps

We suppose that p is an odd prime number greater than 3. Assume that E/Q has good supersingular
reduction at p, and let E' be the formal group over Z, associated with the minimal model of E over
Qp. In this section we assume the following:

(A) k is an unramified extension of , of degree d and k is a totally ramified extension of k with
Gal(kso/k) =2 Zp.

We let k,, denote the subfield of ko, with Gal(k,/k) = Z/p"Z and write G,, = Gal(k,/k). We let
m,, denote the maximal ideal of k,, and let m_; = mg.

PROPOSITION 3.1. For any n, E(m,,) is torsion-free.

Proof. We can prove this in the same way that [Kob03, Proposition 8.7] is proven. ]

Suppose that there are given ¢, ; € E(mn) for every i = 0,1,...,d — 1 and n > —1 such that

Trn/n—lcn,i = —Cp—2, for every n > 1.
Define C(J{,Z- = —co,i,cfi = —CO,uC;:Z- = CQ,i,CIZ’ = C24,..., and c&i = C—1,i7c1_,z‘ — —Cl,ucg_ﬂ- —
—Cli,Cg; = C3yiy -+ - Then we can note that for every i =0,1,...,d — 1 we have
Tr2n/2n—1c;—mi = C;n—l,z‘ forn > 1,
Cop1i = Copog, forn =1,
Trony1/2nCont1i = Coni for n >0,
Coni = Con—1 forn > 1.

We let T' denote the p-adic Tate module of E and A denote E[p™°]. The Kummer map E(mn) —
H'(k,,T) together with the cup product of the Weil pairing induces

('7 )n : E(mn) X Hl(ka) - H2(k‘n,Zp(1)) = Zp.

For every & = (;)i=o,..a—1 € E(m,)? we define a homomorphism Py, : H'(k, T) — (Z,[G])?

by
Pyn(z) = <Z (mg’z)”(j)i 0,ond—1

oeGn T
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for z € H'(k,,T). Since (-, "), isAGn-equivariant, P, ,, is Gy-equivariant as well. As noted in [Kob03]
(also in [IP06]), for every x, € E(m,)? and n > 1 the following diagram

H'(kn, T) =205 (Z,[G))?

Je 1

Ty _1,m—1

HY (b 1, T) —2 (2, (G 1))

is commutative when z,,—1 = Tr),/, 12, and the right vertical map is the natural projection.

DEFINITION 3.2. (i) Following [Kob03] and [IP06] we define
Et(my) :={P € E(m,) | Trym P € E(myy,) for all 0 < m < n,m even},
E~(my) :={P € E(my) | Tryjm1 P € E(my,) for all —1 < m < n,m odd}.
(ii) We define a subgroup C*(m,,) of E(m,) as a Z,[Gy]-module generated by cio,cil, e

+
Cn,d—l .

We also define
D¥(my,) == {P € E(m,) | p*P € C*(m,,) for some integer k}.

From the definition E(my,)/D%(m,,) is torsion-free. Also it is clear that CE(my,) C E+(my).
Moreover, we have the following.

PROPOSITION 3.3. We have DE(m,,) € E*(m,).

Proof. Let @ be any point in E(mn) such that R = p’Q € C~(m,,) for some b > 0. Since C~(m,,) C
E~(my,), we have prT’n/m+1Q = Trypjms1 R € E(my,) for every odd m with —1 < m < n. Thus,
for any o € Gal(kmy1/km), (Try/m1@Q)° — (Try/ms1 Q) is a pP-torsion point. Since E(mp41) is
torsion-free by Proposition 3.1, (Try,/m1Q)° — (Trp/m41@Q) = 0, ie. Try /1 Q € E(my,). Thus,
@ € E~(my). Thus, by the definition of D™ (m,,), we have D~ (m,) C E~(my). It is similar for

DT (m,,). For a similar argument, see [Kob03, Lemma 8.17]. O

Remark 3.4. Since E(my)/D*(my,) is torsion-free, we can check whether D*(my,) ® Qp/Z, —
E(my,) ® Q,/Z, is injective and D*(my,) ® Qp/Z, — H'(ky,, A) is injective as well.

Define P : HY(k,,T) — Z,|G,]* as PF := P for ct = (Ciz‘)i=0,m,d—1 € E(my,)?%. On the
other hand, define H1 (k,,T) as the exact annihilator of D*(m,,) ® Q,/Z, with respect to the Tate
local pairing

H'(kn, A) x H (ky,, T) — Qp/Zy,
(thus, we have H'(k,,T)/H% (ky,T) = Hom(D*(my,) @ Qp/Zp, Qp/Zy)).
PROPOSITION 3.5. We have ker P = H1 (k,,T).

Proof. By definition ker P = {z € H'(k,,,T) | (z,2), = 0 for all z € C*(m,)}. If & € E(m,,)
satisfies p’z € C*(m,) for some integer b, then, for every z € ker PF, we have p’(z,2), =
(p°x, ), = 0, thus we have (z, z), = 0. Therefore, we have

ker P C {z € H'(k,,T) | (z,2), = 0 for all z € D*(m,,)}.

In fact, this is an equality because the right-hand side is already contained in the left-hand side.
Thus, we have a left exact sequence

0 — kerPE — H'(k,,T) — Hom(D*(m,,), Z,) (1)
51
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where the last arrow is induced by (-,-),. By taking the Pontryagin dual and using the Tate local
duality we have

DE(mn) © Qp/Zy — H'(kn, 4) 2 (kerPE)Y — 0

where the left arrow is injective by Remark 3.4. We note that the map (1) is induced from the Tate
local pairing. Thus, we have kerPE = H1 (k,,T). O

Remark 3.6. From the proof we also obtain the surjectivity of the map (1). In particular, if
D*(m,,) = C*(m,,) (as we will assume for n = 0), it implies the exactness of

0 — ker PE — H(kn, T) 2 Hom(C*(my), Z,) — 0

where the map (2) is induced from (-, ).

Next we study the image of PE. Let ®,(X) =14 X?" '+ X2" ' ... £ X0-D"" forp > 1
and ®o(X) = X — 1. We let w,,(X) = (X +1)?" —1 and

T(X) = 11 (X +1),w, (X) = Do(X + 1) 11 (X 4 1).

0<m<n, m:even 1<m<n, m:odd

We let @ (X) satisfy w,(X) = @ (X)wi(X). Fix a topological generator v of Gal(ks,/k) and
let v, be v|i,. We identify Z,[[Gal(ks/k)]] with A = Z,[[X]] by identifying v with X + 1. Similarly
we identify A,, = Z,[Gy] with Z,[X]/(wn(X)). Also define A := Z,[X]/(wF(X)). We can observe

n
that im A, = A.
el

w,

ProprosSITION 3.7. There exists a unique morphism Col,f which makes the following diagram

commutative. "
Col;

H'(kn, T) —= (A7)
l lx&f
H'(k,T) Pt 4
Hi(ky,T) "
The right vertical map is injective, thus ker ColE = ker P;F.

Proof. See [Kob03, Proposition 8.19 and Corollary 8.20]. O

PROPOSITION 3.8. The even (odd) Coleman maps are compatible for all n > 0:

1 C’ol,:i;_1 + d
H (kny1, T) —— (A1)

J/ Cor J/ Proj

0 +
HY(k, T) —25,  (AF)d

Proof. See [Kob03, Proposition 8.21]. O
PROPOSITION 3.9. If C~(myg) = E(myg), then Col, is surjective for every n.

Proof. First, by the Hochschild-Serre spectral sequence the kernel of H!(kq, A) — H'(kp, A) is
H*'(ky/ko, A% ), which is trivial by Proposition 3.1. Thus, by the Tate local duality H*(k,,T) —
H'(ko,T) is surjective.

Second, Remark 3.6 says that the map H'(ko,T) — Hom(C~(mg),Z,) induced by (-,-) is
surjective. From the assumption of the proposition we can see that {cg’ 0:Co,15 -+ Co, d_1) is a
Z,-basis of E(mg). Thus, we can choose x; € H'(kg, T)) for each i = 0, ..., d—1 such that (coinai) =1
and (cq ;,2;) = 0 for j # i.
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We note that Coly, = P . We can see that { Coly (z¢), Coly (1), . .., Coly (z4-1)} generates (Z,)?.
Thus, Coly : H'(ko,T) — (Zy)? is surjective, thus, by Nakayama’s lemma, so is Col,, for each n. [

Let M"Y denote the Pontryagin dual Hom(M,Q,/Z,).

PropoSITION 3.10. If C~(mg) = E‘(mo), then we have D~ (m,) ® Qp/va ~ (A-) Also
(U;L.OII D_(mn) ® Qp/Zp)\/ = Ad.

Proof. From the definition
= Hom(D ™ (my,) ® Qp/Zy, Qp/Zy).

By Proposition 3.5 we have H(k,,T) = ker P, (=ker Col,) and by Proposition 3.9 we have
Im Col, = (A;)?, thus the first statement follows. The second statement follows by taking an
inverse limit. O

PROPOSITION 3.11. If C~(mg) = E(my), we have E~(m,,) = D~ (my,).

0);
Proof. We have (D~ (m,,)®Q,/Z,)" = (A;;)¢, thus rankZ D= (my) = rankZpE_(mn). By definition
E~(my)/D~(my,) is torsion-free, thus E~(my,) = D~ (my,). O

If we assume Ct(mg) = E (myg), the previous three propositions hold replacing — with +.

3.2 Norm subgroups
In addition to the assumption (A) in the previous section, we assume the following:

(B) koo/Qp is an abelian extension.

We want to generalize the construction of +-norm coherent points of [Kob03] and [IP06].

Put Ly = k and Ly,41 = kp(pp) for n > 0. For a local field M we let Oy denote the ring of
integers of M and mj,; the maximal ideal of Oys. In particular, let O denote Oy(=Op,) and m
denote my(=mr,). Let ¢ be the Frobenius map of Gal(k/Q,) characterized by ¥ = 2P (mod pO).

Then L, is a totally ramified Z; extension of ki’ k is an unramified extension of Z,, and Ly, is
an abelian extension of Q,. We fix a valuation v, : Q; — Q such that v,(p) = 1. Then the group of
the universal norms of Lo, in Q) is generated by & with v,(§) = d.

Let @ be any number in k satisfying Ny /g, (@) = & Let f(X) € O[X] be any Eisenstein
polynomial of degree p such that
f(X)=X" (mod p),
f(X)=wX (mod deg?2),
coefficient of XP~1 = (p for a root of unity ¢ of O.
Let f™(X) denote f¢" o f¥" o o f(X) for n > 1 and put f(9(X) = X. From the Lubin-

Tate group theory we can see that any root 7 of f(" ( ) that is not a root of f (n=1) i3 a uniformizer
of mp, and also satisfies k(7) = L,, (see [Des87, Proposition 1.8]).

We define
N ALY
togr(X) := 3 (-1 L)
n=0 p
We can see that logz(X) € O[[X]] and logp(X) = a1 X (mod deg2) for some a; € O*. We can
check

logl (f¥ o f(X)) +plogp(X) =0 (mod p).
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By [Kob03, Lemma 8.1] this implies log%2 (XP*) 4+ plogy(X) = 0 (mod p). Similarly, log%_n (X) for
every integer n satisfies (logﬁin)wz (X?°) +plog%ﬁn(X) =0 (mod p).

By Honda theory (in particular, [Hon70, Theorems 2 and 4, and Propositions 2.6 and 3.5]) we
can see that:

(i) thereisaformal group F™ defined over O whose logarithm is given by logﬁin (we let F' denote F0);

(ii) for any n, an integral power series s,, = expp o log?_n (X) € O[[X]] is an isomorphism F" — F;

(iii) since the Honda type of log;(X) Ais t2 + p, the Artin-Hasse type power series exp 7 olog F_n €
O][X]] is an isomorphism F" — E.

Let mp = 0. By Propositions 1.5, and 1.7 and the discussion before Proposition 1.7 of [Des87],

L YT .
we can see that {roots of (f(™)¥ "} EAGN {roots of (f=1)¥ """} is surjective. Thus, we can
inductively choose a uniformizer m, of my, satisfying f”ﬁn (mp) = mp—q for n > 1.

On the other hand, for each n > 0 put
—(n+2) —(n+4) —(
Ap = Cw p Cw p2 Cw

S e
j=1

n+6) 3

Since logFin : F™(m) — m is an isomorphism, there is €, € F"(m) such that log%ﬁn(en) = An.
Define b, € F(my,,) by
b = sn(en[+]pnmn).
Then we have
logp(by,) = log%ﬁn(en[—k]pnﬂn)

Tn—2 Tn—4
= >\n + T — p2

For n > 2

-n Tn—
Tri, /L, (10gp(bn)) = pAn — ¢V p - |:7Tn_2 -, 44 ]

T —
:_>\n—2_|:77n—2_ . 4+:|
p

= _logF(bn—Q)’
We note that Gal(L,y1/k) = Gal(Lpy1/kn) x Gal(ky,/k) and Gal(Lyy1/kn) = Gal(Loo/koo)

~

(we denote this by A). For n > —1 let e,, = Tra(bn+1) € F(my, ). Since F' and E are isomorphic
over O, F'(my, ) is torsion-free by Proposition 3.1 and logy is injective on F'(my, ) for every n > 0.
Thus, it follows that

Trkn/knil(en) = —€,_9
for n > 1. In particular, e_1 = [p — 1](bg), thus logr(e—1) = (p — 1)Xo.
Let ¢, € E(my,) be the image of e, under the isomorphism expj ologr(X). We obtain the
following.

PROPOSITION 3.12. We assume that assumptions (A) and (B) hold. For any root of unity ¢ of k,
there is ¢, € E(my, ) for each n > —1 (let k_1 = ko) satisfying:

(1) Trkn/kn,1 (Cn) = —Cp—2 fOl“ n > 1,
(i) logp(c—1) = (p—1)(CY p— ¢V P+ PP ).
54

https://doi.org/10.1112/50010437X06002569 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002569

THE PARITY CONJECTURE

Fix a generator (p of the group of roots of unity in k. Since k is unramified over Q,, we have
O = Zy[¢o] and m = pZ,[Co]. In other words, m is generated over Z, by {p, plo, p(3, - - . ,ng_l}.

By Proposition 3.12 we can find ¢, ; € E‘(mkn) foreachn > —1andi=0,1,...,d—1 such that:
(1) Tr,/kp_i(Cni) = —cpz for n > 1;
i) log - ) — (p— 1)(Cip — (CEYY 2 p2 AANCa: S
(ii) logpg(c—14) = (p = D(Gop — (¢0)* "™+ ()" p )-
Then using Nakayama’s lemma we can see that {log E(c_l,i)}i:07...7d_1 generates m over Zy.
Since log, is an isomorphism from E( ) to m, {c_1;}i=0,... d—1 generates E(m)
Define ¢, , forn > —1,7 = 0,...,d — 1, as in the previous section. Propositions 3.9, 3.10, and

3.11 hold for these ¢, ., thus we can say the following.

TLZ’

PROPOSITION 3.13. We have

(U (mp,) ® Q,/7Z, >v >~ A4,

3.3 Self-duality of minus formal groups
We continue to assume that assumptions (A) and (B) hold for k. Let m,, denote the maximal
ideal of k. We note that the earlier identification of Z,[X] with Z,[[I']] gives

Oy (X +1) = 1447 42" 0T for 1 <,

wiX)=(r=1) I @™ e,

1<m<n, m:odd
We denote them by @, and w,, . We define (®,,)* and (w,, )" as the images of ®,, and w,, each under
the involution on Z,[G,,] given by 7 — 7~ and identity on Z,. First we prove the following.

PROPOSITION 3.14. We have (w;, )*E~(m,,) = 0 and w;,, E~(m,,) = 0.

Proof. First we want to prove that if n is odd, Trn/n_l(E_ (mn)) € E~(mn_2), and if n is even,
E~(my) =E~ (mp_1).

Suppose that n is odd. Let y = Try, /, _x for x € E~(m,,). By the definition of E~, y € E(m;,_2).
For an odd m with —1 < m < n — 2 we have

P Tros/mi1y = Tryjmi1® € E(my,).

Using an argument similar to the proof of Proposition 3.3 we can prove that E(m,41)/E(my,) is
torsion-free. Thus, we have Try,_g /1,11y € E(my,). Thus, y € B~ (my,_2).

~

Now suppose that n is even. From the definition E~(m,) C E‘(mﬁ_l). Let z € E~(my).
For odd m with =1 < m < n -1, p- Try_y/pmp1® = Tryjmpr € E(my). Similarly we can
prove Try,_y/m 12 € E(my), thus € E~(my,—1) follows.

Now we prove our proposition, first for odd n, then for even n.

Suppose that n is odd. Let x,, € E~(m,,). Since (fy|l,;nl)p"71 generates Gal(k,/kn—1), (Pn)" =
T+ ()P o ()P acts as Try, jp—1 ON E(my,). Thus, we have

Tp—2 = ((I)n)bxn € E_(mn—2)-
Similarly

Tpg = (Op_2)'Tp 2 € B~ (Mp_s),..., 21 := (®1)'a1 € B~ (m_1),
and, finally, ®{z_1 = 0.
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When n > 0 is even, E~(m,,) = E~(m,_1) and (w; )" = (w,_,)", thus this case is reduced
to the case where n is odd, which we have done. When n = 0, it is clear. Similarly we can prove
(w, )E~ (my) =0 as well. O

Let H- = U2, B~ (m,) ® Q,/Z, and H,, = (H~)G2l(k/kn) We note that since H-" =~ A, we
have H V' 2 A?. By the Hochschild-Serre spectral sequence the kernel of H'(k,, A) — H(kso, A)
is H'(koo/kn, A%ke), which is trivial by Proposition 3.1. Thus, we consider H as a subgroup of
H'(k,, A). Let a subgroup M,, of H'(k,,T) be the exact annihilator of H,, under the Tate local
pairing

(s o H'(kn, A) x H'(k, T) — Qp/Z,.
Since H, is divisible, H'(k,,, T')/M,, is torsion-free. Thus, we can see that for any integer j, M,,/p’ M,
is the exact annihilator of H, [p’] under the Tate local pairing

(Vs HY(kp, T/p°T) x HY(ky,, T/’ T) — Z/p' L.

We want to give hearty thanks to Rubin for suggesting an idea to simplify the proof of the
following proposition.

PROPOSITION 3.15. For every integer j we have M, /p’ M, = H, [p/].

Proof. We note that H,, = Hom(An,Q,/Z,)¢. Since H, [w,] = Hom(A,/(w; )", Qp/Zy)? and
H,, [&,7] = Hom(A,/(&)", Qp/Zy)?, we know that corankz H, [w,] = d - deg(w,,) and coranky,
H, [©}] = d - deg(w;}). Since w,, (X) and @, (X) are prime to each other, H,, [w,] N H, [&] =
Hom(A,/((w;,)" + (@7)"), Qp/Zy) is finite. Thus, we obtain H = H [w,, ] + H,, [@;7].

By Proposition 3.14 we have w;, E~(m,,) = 0, thus we have £~ (m,,) ® Q,/Z, C H, [w;,]. Also we
have corankZpE_(mn) ® Qp/Zy = corankz, H [w, ] by Propositions 3.10 and 3.11 and both are
divisible, thus we obtain £~ (m,,) ® Q,/Z, = H, [w;,]. Thus, by the Tate local duality it follows that
we have

(H,, [wr ], B (mg))n = (E_ (mn) ® Qp/Zp7E_ (mn))n = 0.

On the other hand, we naturally have w, H, C H, [&;}]. Since the kernel of H;, %> H
is H, [w,, ], we obtain corankz, w, H, = d(p" — deg(w, (X))) = coranky H, [}]. Since both are
divisible, it follows that we have w, H, = H, [@;], thus it follows that we have

(H,, ‘:)+]7E_(mn)>n = (wrtHLEA_(mn»n

TL[TL

Thus, £~ (m,,) is contained in the annihilator of H,, i.e. E~(m,) C M, for every n. Thus, we have
E=(my) /PP E~(my) C M, /p’ M,.
We claim that for every m > n we have

(B~ (mun) [0) E () 21 Rn) < M, 9T M,.

Let m, n be integers with m > n. First we claim Cor”(H,,[p’]) = H,, [p’].

We identify H,[p’] with Hom(A,,,Z/p'Z)? and Res” with an injection Hom(A,,,Z/p’Z)? to
Hom(A,,,Z/p’Z)* induced by the natural projection proj:A,, — A,. Since Res™ o Cor™ = Tr,, /n
by Proposition 2.1, we can identify Cor)' as follows. First we define h : A, — A,, as follows.
For © € Ay, we choose a lift 2’ of = in Ay, and take h(z) = [, cpcm @w(X + D)2’
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When 2’ is any lift of 0, 2’ € (wy), thus [, 1cpcm P (X + 1)2" = 0 in Ap,. Thus, h is well
defined. Let h* : Hom(A,,, Z/p'Z)* — Hom(A,,, Z/p'Z)¢ be induced by h.

We can verify that proj* oh* = Try, ;,, on Hom(A;p, Z/ij)d. Since proj* is the natural injection
and equal to Res”, we can see that h* = Cor]" on H [p/].

The cokernel of h is Zy[z]/ ], 1<pcm Pw(X + 1), and this is a free Z,-module, thus h* is
surjective. It implies Cor)' (H,, [p?]) = H,, [p’].

Now let y € (E~(mm)/p? E~(myy,)) 8 En/k) = Since B~ (myn) /P E~ (M) C My /D! M,
we have (H, [p’],y)m = 0. Consider y as being in H'(k,,T/p’T) because H'(k,,T/p’T) —
HY(ky,, T/p? T) G Em/kn) is an isomorphism. Since (x, Res™y),, = (Cor™z, ), and Cor™ (H.. [p’]) =
H,, [p’], we have (H,, [p’],y), = 0, thus y € M,,/p’ M,,.

Since this is true for every m > n, we have

00 Gal(koo /kn) )
> C M, /p’ M,.

5,17 = (U B ) B0,

m=n

An explicit computation shows that H, [p’] = (Z/p’Z)%" and using Tate’s Euler characteristic
formula, we can check M, /p M, = (Z/pZ)%". Thus, H [p] = M,,/p’ M,. O

3.4 The minus local condition of a ramified Z,-extension of Q,

We assume that Ly is a Zpy-extension of Q, and let A denote Z,[[Gal(Lo/Qp)]]. Unlike previous
sections, we assume that L., /Q), is only ramified. In other words, we assume that there is Ly such
that Ly /Q, is unramified and Lo /Ly is totally ramified.

We let m,, denote the maximal ideal of L,. In particular, we let m denote the maximal ideal
of Qp. Let ky, = L4 for n > 0, then we can see that k., satisfies assumptions (A) and (B). We let
H™ = JE™ (mg,) @ Qp/Z,. Since ko satisfies assumptions (A) and (B), by Proposition 3.13 we
have

H™ 2 2,[(Gal(koo /ko) [P
= Z,[[Gal(Loo /L))"

~ This implies that we have (H~)Gal(Loo/Ln) = (Qp/Zp)pN. Since E~(my) = E(my), we have
E(my) ® Q,/Z, C (H™)Gallec/Ln ); By comparing the coranks and considering they are divisible
we can see that (H™)Gal(Llee/LN) = B(my) @ Qp/Z

Since Ly/Q, is unramified, we have Try o(E S(my)) = E(m). By the Tate local duality, it is
equivalent to the fact that there is an injection

HY(Qp,4) H'(Ly,A4)
E(m) ® Qp/Zy E(mN) ® Qp/Zp.

Since H'(Q,, A) = H YLy, A)Ga(EN/Qp) by the Hochschild-Serre spectral sequence, this injection
implies that we have

E(m) ® Qp/Zp = (E(’I’)’LN) X Qp/Zp)Gal(LN/QP)’
which, in turn, implies (H—)Gal(Loo/@p) = E(m) ® Qp/Zy. Thus, the next proposition follows.

PROPOSITION 3.16. We have (H~)G2l(Le/Q) = F(m) @ Q,/Z,.

Since each E~(m,,) is a Z,[Gal(L,/Q,)]-module, (H™)" is a A-module. When 7 is a topological
generator of Gal(Ls/Q,), Proposition 3.16 implies (H™)"/(y — 1)(H )" = Z,, which implies that
(H™)Y is generated by one element as a A-module by Nakayama’s lemma. Since the corank of
(H~)Gal(leo/Ln) increases as n increases, we can see that (H™)Y is a free A-module of rank one.
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ProrosiTioN 3.17. We have

We also have the following.

PROPOSITION 3.18. For every integer j, H [p’] is the exact annihilator of itself with respect to the
Tate local pairing

HY(L,,T/PT) x H'(L,,T/p’T) — Z/p'Z.

Proof. For n > N our claim follows from Proposition 3.15.

For n where 0 < n < N, using Proposition 3.17 we obtain (H~)CGallloo/Ln) = E(m,) ® Qp/Z,
(the proof is similar to how we obtained (H™)G(Le/LN) = E(my) ® Q,/Z,). The rest follows from
the Tate local duality. O

4. The parity conjecture

Throughout this section, we fix a prime p > 3 and let F be an elliptic curve defined over Q such
that I/ has good supersingular reduction at p. As before, we let T" be the p-adic Tate module of E
and A be the set of all p-power torsions of E.

We let K be an imaginary quadratic field extension of Q such that p splits completely in K.
There are two Zp-extensions K., of K that are Galois extensions over Q. One of them has a
property that K /Q, is not an abelian extension. We call such an extension the anti-cyclotomic
Zp-extension of K. Let 7 € Gg be a lift of the nontrivial map of Gal(K/Q). If K is the anti-
cyclotomic extension of K, we have To7~! = ¢! for any o € Gal(K,/K). Throughout this section
we let K, be the anti-cyclotomic Z,-extension of K.

We let K,, be the subfield of K., with Gal(K,,/K) = Z/p"Z, which we denote by G,,. We let
I' denote Gal(K /K), T'y, denote Gal(Ks/Ky), and A denote Zy[[I']]. Once and for all, we fix a
topological generator v of I'.

4.1 Notation and hypotheses
Let P be a prime ideal of A generated by an irreducible element not divisible by p. Note that A/P is
an integral domain and finitely generated Z,-module. We let Op denote the integral closure of A/P
and let Sp denote a Galois module whose underlying group is Op and on which Gk acts through
the canonical map Gxg — I'. We let Dp := Frac(Op)/Op. Let mp denote the maximal ideal of Op
and choose a uniformizer mp of mp. We observe that Gk acts trivially on Sp/mpSp.

We let Tp denote T ® Sp and Ap denote A® Sp. We fix an embedding Q — C and let 7 denote
the corresponding complex conjugation.

DEFINITION 4.1. Define a pairing [-,-] : Sp x Sp — Op as follows:
[s,t] = s-t.
With the pairing [+, -] we construct an Op-bilinear pairing

(-, ) : Tp X Ap — Dp(l)

—1

(t® s1,a ® s2) — [s1,s2] - e(t,a” ).
Here e(+, ) is the Weil pairing.

LEMMA 4.2. The first pairing in Definition 4.1 is an O p-bilinear pairing which satisfies [s7, tT‘”_l] =
[s,t] for every o € Gk.

58

https://doi.org/10.1112/50010437X06002569 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002569

THE PARITY CONJECTURE

The pairing (-,-) is a perfect Op-bilinear pairing and for every o € G it satisfies

-1

(t®@s1)7,(a®@s2)™7" ) = (t®s1,a® 52)7. (2)
Proof. For s,t € Sp [s7,67°7 '] = [s,t] because (o7~ 1)|p = o', Then our claim follows from the
property of the Weil pairing. O

For any integer £ > 0 we consider the perfect Op-bilinear pairing
Tp/mpTp x Ap[mp] — Dp(1)[mfp)]. (3)
induced by (-, ).
We can identify Ap with Tp ® Frac(Sp)/Sp, thus we have
Aplmp] = Tp/mpTp
given by multiplication by 7153.
LEMMA 4.3. The pairing in (3) is symmetric when we identify Ap[m%] with Tp/m%Tp.

Proof. Since the Weil pairing is skew-symmetric and Galois-equivariant, this lemma is immediate.
O

For convenience let T denote T p/m’f;.T » and T denote the residual representation T/mpT.
Let Tw(T) denote the Gx module whose underlying set is T and on which G acts as follows:
for 0 € Gx and x € TwT, 0 -z = (to7~!)z (the action on the right-hand side is that of Gx on T).

Let ¥ denote a finite set of places of K including primes lying above p, all infinite places, and
all primes at which 7" is ramified. For v € ¥ we consider a certain subgroup HJ(K,,T/m%T) of
HY(K,, T/m5T) for every integer 0 < i < k. We call it a local condition at v for T/m%T, or simply a
local condition at v for T if ¢ = k. In this section and the next few sections we define local conditions
for T and show that T and its local conditions satisfy the following three hypotheses (for similar
hypotheses see [MR04, §3.5] and, in particular, [How04, §1.3]).

(H1) The residual representation T is an absolutely irreducible representation of G, i.e. T®Op/mp
is a G g-irreducible representation where Op/mp denotes the algebraic closure of Op/mp.

(H2) For every 0 < i < k we have
Hp(Ky, T/mpT) = im(Hp(K,, T) — H' (K, T/m}pT))
= ker(H'(K,, T/mpT) — H(K,,T)/Hz(K,,T))

(in this case we say that local conditions are cartesian).
(H3) By Lemmas 4.2 and 4.3 we have the following symmetric Galois equivariant O p-bilinear perfect
pairing
T x Tw(T) — R = Op/m%Op.
For any non-archimedean v, this pairing combined with the cup product induces a perfect
local pairing:
H'(K,,T) x H'(K,, Tw(T)) — H*(K,, R(1)) 2% R.
Put v :=v". Combined with a map
HY(K,,Tw(T)) — H'(K;,T)
¢ —

1

QNS:U»—>C(T_ oT)

the local pairing induces a pairing
HY(K,,T) x HY (K3, T) — R.
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When we say the local condition at v satisfies hypothesis (H3), we mean that H}(K,,T) is the
exact annihilator of H }_-(Kz—,, T) with respect to this pairing.

In the next proposition we show that hypothesis (H1) holds.

PROPOSITION 4.4. When p is a prime of K lying over p, T is an absolutely irreducible Gk,-
representation, thus an absolutely irreducible G i -representation.

Proof. Since our elliptic curve has a supersingular reduction at p > 3, by Remark 5.3 or Proposi-
tion 8.6 of [Kob03] T'/pT is the p-torsion subgroup of the Lubin—Tate group of height 2, thus the
action of G, is completely determined as follows: let L denote the unramified quadratic extension
of Qp, and Oy, its ring of integers. We let T denote T'/pT and for a € (Or,/pOr,)* let [a] denote the
Artin map (a, L(T)/L). By Lubin-Tate group theory we can identify T with Oy, /pOy, such that [a]
acts on T as multiplication by a~1. Let o € Gal(L(T)/Q,) denote a lift of the nontrivial map of
Gal(L/Qp). Then olalo™! = [a7].

We can check that T ®Op/mp Op/mp =T ®F, I_Fp, which we denote by T ® IF‘p. Assume there is
a one-dimensional subspace of T'® I, invariant under the action of Gg,. Then there is an action of
Gal(L(T')/Qp) given by a multiplicative character x whose values are in I

Since for any a € (Or/pOr)* we have olalo™! = [a”] = [a], the value of x([a]) is in F){. That is
a contradiction because [a] acts on T as multiplication by a~1. O

Let Ky be the maximal extension of K unramified outside . Then we define

1
HY(K,T) := ker <H1(KZ/K,T) - 1] %).
vEY v

When the local conditions at all the places in ¥ satisfy hypotheses (H1), (H2), and (H3), the
following theorem of Howard holds.

THEOREM 4.5 [How04, Theorem 1.4.2]. There is an Op/m%Op-module M and an integer ¢ such
that we have HL(K, T) = Op/mkO0% & M & M.

Remark 4.6. Howard [How04] assumes more hypotheses throughout the paper; however, if we check
the proof of Theorem 4.5, we can see that only hypotheses (H1), (H2), and (H3) are necessary.

4.2 Duality of local conditions at the primes lying above p
Let p be a prime of K lying above p (thus, the other prime lying above p would be p = p”). There are
integers N1, Ny (0 < N; < Nj) such that p splits completely in Ky, /K, the primes Q1,... s @y
of Ky, lying above p are inert and unramified in Ky, /Ky, , and the primes @, ... 7Q;,N1 of Ky,
lying above @1, ...,Q,n, are totally ramified in Ko /K.

For n > Ny let ), ; be the unique prime of K, lying above (); and, for notational convenience,
let K, q, denote Ky 0, .. Put Q; := Q7 , Qni := Q,; and let K, &~ denote K, 5.

Fix Q; for now and put Ly, := Kn,4n,Q,.- Then Ly is a Z,-extension of Qp, Loo/Ln,—n, is totally
ramified, and Ly, n, /Q, is unramified.

DEFINITION 4.7. We put k,, := Ky,1,Q,. For any n > 0, we define

E™(Kntny:) = B~ (mu,),

[ee]
Hg, = U E~ (Kn+N27Qi) ® QP/ZP'
n=0

By Proposition 3.17, we have
Héz = ZP[[PNl]]’
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We apply this definition to every @Q; and Q; for i = 1,...,p"".

DEFINITION 4.8. We define a subgroup of @fﬁi HY (Koo g, A)

pM
Hy, == P Ha,.
i=1

Fix a prime ideal P C A generated by an irreducible element not divisible by p. We define a
subgroup of @fﬁi HY (Koo 0., Ap)
Hy p:=H, ® Sp,
and, for n > 0, define
Hy p = (Hp,p)'™.

Assume n > Nj. Since we have (A ® Sp)ke = A%Ke @ Sp = 0, by the Hochschild-Serre
spectral sequence H'(K, o,, Ap) — HI(KOO,QZ.,AP)F” is an isomorphism. Thus, we can consider

H p as a subgroup of @f:l HY(K,q,, Ap).
Now we show that, for 0 < n < Ny,

EBHl npi A

is an isomorphism so that we can consider Hy , as a subgroup of @fil HY (K, p,, Ap). First fix
gi € Gal(K«/K) for each ¢ such that g;Q,1 = Qn,; for all n. Without loss of generality we can
assume n = 0 (other cases can be proven similarly). Fix an embedding Q — C, such that the prime
of Ky, induced by this embedding is @n, 1. This embedding identifies K, with Ky, g, and this
induces a restriction map Res; : H' (K, Ap) — H'(Kn, 0,, Ap) (indeed, this is an isomorphism).
Then other restriction maps Res; : Hl(Kp,Ap) — HI(KNhQi, Ap) are equal to g; o Resi, and we
can check

@HI(KNhQNAP)
=1

<le >Gal(KN1/Kn)

p1 Gal(Kn/K)
Res : H (Kp,Ap <@H KNl,QZ,AP)>
1=1

(Res is given by (Res;),_; _,~ ) is an isomorphism.

PN
On the other hand, for any n > Na, the action g|k, : H (K,q,,4) — H' (K, q,,A) gives

gi‘KnE_(Knle) ® @p/Zp = EA_(Kin) ® @p/Zpa thus we have g;Hg, = Hy,.

PROPOSITION 4.9. We have
pV1
Hy = @D gi Hom(Z,[[T'n, 1], Qp/Zp)
=1

= Hom(Zy[[I']], Qp/Zp).
Proof. All we need to show is that

EBQZ pllTn]] = Zy[[T]]

is an isomorphism. This is clear. ]

Since multiplication by w;k gives an isomorphism H'(K,, Tp/m%5Tp) = HY(K,, Ap)[m%], we

can consider Ha plm%] as a subgroup of H YKy, Tp/ m%Tp). We want to study this group further.

First we check the following.
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LEMMA 4.10. For every n > Ny and integer j, (Hg,[p])'" is the exact annihilator of (H@[pﬂ)m
with respect to the pairing

HY(Kpq, T/P'T) x HY(K, 5, T/p'T) — L/ L.

Proof. The construction of the pairing illustrated in §4.1 has the following equivalent construction:
for any m > Nj, we have the local Tate pairing induced from the Weil pairing

HY (K0, T/P'T) x H (Km.q,,T/P’T) — Z/p'Z.
This pairing combined with the following map given by the action of 7

7 H (Knmq,, T/p'T) — H'(K,, 5, T/p’'T)

m
¢ ¢y T G(r )
gives the same pairing given in hypothesis (H3) of §4.1.
For all m we have 7-E~ (K .0, ®Z/p’Z = E~ (Km@)@Z/ij, thus we have 7-Hg), [p’] = H@[pj]
Then we can see that (Hg,[p’])'™ is the exact annihilator of (H@[}ﬂ ' with respect to the pairing

in our lemma. O
PROPOSITION 4.11. For any k > O,H%P[m’fg] is the exact annihilator of H%P[m’fg] with respect to
the pairing

(',~)0 : Hl(Kp,Tp/mllng) X Hl(Kﬁ,Tp/mllng) — Op/ml;p

Proof. First fix n > 0 such that Gal(K/K,) acts trivially on Sp/m¥Sp and fix j > 0 that m% | p/.
For every i = 1,...,p"", by Lemma 4.10 (He, [p/])!'" is the exact annihilator of (H@[p]])rn with
respect to

H' (K, T/PT) x H'(K, 5., T/p’T) — Z/p'Z.

Since G Knq, and G Ko O act trivially on Sp/ m'fgS p, by taking tensor with Sp/ m'fgS p we can check
that (Hg,[p’])'» @ Sp/mk Sp is the exact annihilator of (]H[@[p]])rn ® Sp/mk Sp with respect to

Hl(Kin, Tp/mllng) X Hl(Kn’@, Tp/mllng) — Op/m];;»Op (4)

As the multiplication by 7% identifies H'(K, q,,T/pP’T ® Sp/m5Sp) with HY(K, g,, A ®
Sp)[m%], we can check that this multiplication identifies (Hg,[p’])'" ® Sp/m%Sp (considered
to be in the first group) with (Hg, ® Sp)l[mk] (considered to be in the second group). Thus,
(Hg, ® Sp)T[mk] is the exact annihilator of (Hg; ® Sp)tr[m%] under the pairing (4).

Since Hy p = @f:i (Heg, ® Sp)tn, Hy plm%] is the exact annihilator of Hg pmk] with respect

to the pairing

pM1

p™M
(o) s @D H (Kn . Te/mpTe) x @ H'(K, o, Tp/mpTp) — Op/m'p
=1 =1
(this pairing is given by the summation of all pairings for i =1,..., pN ).

To show that Hg’ plm%] is the exact annihilator of H% plm%], we consider the following commu-

tative diagram.

pN1 pN1
P v (Knq,, Te/mpTe) x @ H' (K, 5., Tp/mpTp) —— Op/mk,
=1 =1

lCorp TRes;, l
HYK,,Tp/mkTp) x  HY K, Tp/miTp)  —— Op/mb

The construction of Cor, and Resp is given in §2.
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Recall that by definition we have Hy, p[m%] 2 Homo, (Op[[T]], Sp/m%Sp). We want to show
Cory (Hj plmh]) = Ha plm%] following the argument in the proof of Proposition 3.15. To do so, it
might be convenient to have Hy, p[m%] = Homo, (Op[[T]],Op/mk). There is a € O} such that a
generator v of I' acts on Sp as multiplication by a. Then we can give the following homomorphism:

¢ : Homo,, (Op/[[[]], Sp/m/pSp) — Homo, (Op[[T]], Op/m})
feFirt e f()/a,
(¢ in the last line runs over all integers). We can check that this is a well-defined O p-isomorphism
and also I'-equivariant.

Thus we can show Cory(H} plmk]) = Hg’ plmh%]. Again using an argument in the proof of

Proposition 3.15 combined with the commutativity of the diagram above, this implies that H% P[m’f;.]

is contained in the exact annihilator of Hg plm%]. We can check

O p[mb]] = [0 /mi,
and using Tate’s Euler characteristic formula, we can check that the size of the exact annihilator of
Hg,p[m’}é] is
[H Ky, Tp /b To)| | O3/mb0% ,
0 L = L = |OP / mP|'
[Hp, p[mp]] Op/mp
Thus, we can conclude that ]H[% plm%] is the exact annihilator of Ha plmb]. O

4.3 Iwasawa theory techniques
Let Vp = Tp ®0, Frac(Op).

DEFINITION 4.12. For a finite place v of K not lying over p, we define the local conditions at v as
follows (see [Rub00, Definition 1.3.4]; for the definition of H. ., see [Rub00, Definition 1.3.1]):

Hp(K,, Ap) := im(H.} (K,,Vp) — H'(K,, Ap)),
HY(K,,Vp)

H} (K,,Vp))’

Hy(K,, Tp/mpTp) = im(Hz(K,, Tp) — H'(K,,Tp/mpTp)).

H}(K,,Tp) := ker <H1(Kv,Tp) —

As we identify Ap[m%] with Tp/mkTp by multiplication by 75, we identify HL(K,, Ap[m%))
with H:(K,, Tp/m5Tp).

Remark 4.13. Note that we have H,, (K,,Vp) = 0, hence we have H}(K,, Ap) = 0.

Rubin [Rub00, Lemma 1.3.8(i)] stated that H (K., Ap[mk]) is the inverse image of H:(K,, Ap)
under the natural map

HY(K,, Ap[m}]) — H'(K,, Ap).
This implies that for any two integers 0 < k < &/, we have
Hp(K,, Ap[mp]) = ker(H' (K, Ap[mp]) — H'(K,, Ap[mp])/H}(K,, Ap[mp])).
On the other hand, Definition 4.12 implies that we naturally have
HE(K,, Aplmb]) = im(HE(K,, Aplm}]) — H'(K,, Ap[mb))).

Thus, the local condition at v for Ap[m%] satisfies hypothesis (H2) for any k. If we define
HL(K,,Tw(Ap[m%])) in the same way, we can check that HL(Ky Ap[mk]) is the image of
HL(K,,Tw(Ap[m%])) under the map HY(K,, Tw(Ap[mk])) — HY Ky Aplm%]) defined in
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hypothesis (H3). Then, by [Rub00, Proposition 1.4.3(ii)], we can see that the local condition at
v satisfies hypothesis (H3) as well.

DEFINITION 4.14. For a prime p of K lying over p, we define
HE(Ky, Ap) = HD p,
HE Ky, Al i= H pfmb.
Since H' (K, Ap[m’]) — H'(K,, Ap[m/%])[m%] is an isomorphism, we can easily check one part
of hypothesis (H2). To check the other part of hypothesis (H2), consider the following map:

K —k

HY(K,, Ap) ~2— H'(K,, Ap).

K —k
This map induces Hg’ P LN Hg p» Which is surjective because Hg p = Homo, (Op, Dp) is divisible.
K —k
Thus, we have a surjective map Hx(K,, Ap[m’]) r HL(K,, Ap[mk]).

In the previous section we checked that this local condition satisfies hypothesis (H3).

Because K., = C, we do not have to discuss local conditions at infinite places. Using Theorem 4.5,
we obtain the following proposition.

PrRoPOSITION 4.15. We have
Hy(K, Ap[mp]) = (Op/mpOp)" & M?
for an Op/mII%Op-module M and an integer €.

We define H (K, Ap) as

HY(K, Ap) = ker(Hl(Kg/K, 4p) = 1 Hl(Kw,Ap)/H}(Kw,Ap))
wEN

Then we have the following.
PROPOSITION 4.16. There is an integer rp and a finite O p-module M (P) such that we have
HL(K,Ap) = (Dp)"" @ M(P)>.
Proof. As mentioned after Definitions 4.12 and 4.14, for any integer £ and any finite place v,
HL(K,, Ap[mk]) is the inverse image of Hx(K,, Ap) under the natural map
HY(K,,Ap[mb%]) — HY(K,, Ap).
Also we have H(K, Ap[mk]) = HY(K, Ap)[mk], thus we have
Hp(K, Ap[mp)) = Hp(K, Ap)[mbp];
therefore, by Proposition 4.15 we obtain our claim. ]

Proposition 2.5 gives a A-isomorphism
pN1
Shy : H'(Kp, Hom(A, A)) = [ H' (Keoqir A).
i=1
DEFINITION 4.17. For a prime p of K lying above p, we define H}(Kp,Hom(A, A)) as the inverse
image of H, under Shy.

For any other finite place v, we define
H:(K,,Hom(A, A)) := H] (K,,Hom(A, A)).
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In addition, we define

1 om
s s < L)

vex T F

Recall that P is a prime ideal generated by an irreducible element not divisible by p. We let
xp denote this element. Note that zp is (possibly) different from 7p, a uniformizer of the maximal
ideal mp of Op. For the fixed generator v of I', we let . : A — A be the involution map given by
v — v~ ! and identity on Z,. Let P* := +(P). We identify Sp with Homo,, (Sp., Op:) as G g-modules.
We construct the following map

ace

SP = HOIHOPL(SPL Opb) r_} HomZp(SpL ) — HOIHZP(A/PL,ZP).

This map is injective, and the cokernel is finite. This map tensored by A gives
Ap=A®Sp — Hom(A/P*, A) = Hom(A, A)[P']

(the last group is the kernel of the multiplication by z'5). This map is surjective and its kernel is
finite.

For n > 1, let P, be an ideal of A generated by zp, = xp + p", which is irreducible if n is large
enough. In §2 we defined a map

r
7 @Hl ,Qm —>H0m< @Hl 00,051 >,

and, by Proposition 2.5, j o Shy is equal to the following natural map

T

p™1 r
H'(K,, Hom(A, A)) <@H1 Koo.g;, Hom(A, A))) —N—>Hom< @Hl 0,01 )

=1
Therefore, the image of HL(K,, Hom(A, A)) under this map is j(H,) = Hom(A, H,)""
We consider the following commutative diagram whose vertical maps are isomorphisms.

HY(K,, Ap,) — H(K,,Hom(A/P:, A)) =~ H'(K,,Hom(A, A))[P!]

I |
<Spn®@H 0.0 >F—>Hom<A/ @H .05 >

By our discussion, the map Hx(Ky, Ap,) — Hx(Ky, Hom(A, A))[P:] in the top is equal to a natural
map (Sp, ® Hy)'' — Hom(A/P:, Hy)" in the bottom. We can check that as n >> 0 varies this map
has finite kernel and cokernel whose orders are bounded. We have the following proposition.

T

PROPOSITION 4.18. The kernel and cokernel of
Jr: HY(K, Ap,) — HE(K, Hom(A, A))[P}]
are finite and bounded as n varies.
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Proof. We consider the following commutative diagram.

H HY(K,,Ap,)

vEX H;:(KU’ AP")

- l !

1 1
0~ HEE, Hom( A, AV [ES) —— (s, Hom(A 4)25) —— ] g o)

0 HEK,Ap) — ——  H\Kg/K,Ap)  ——

vEX

It is proven in the proof of [MR04, Proposition 5.3.14] that the center vertical arrow has kernel
and cokernel whose orders are finite and bounded as n > 0 varies. Hence, we only need to show
that the right vertical arrow has a finite kernel whose order is bounded as n > 0 varies.

For any place v we consider the following diagram.

HY(K,, A
0— H:(K,, Ap,) - HY(K,,Ap,) Hl(( A’;"))
F o, AP,

K,
! om

To show that the right vertical map f, has a finite kernel whose order is bounded as n > 0 varies,
we want to show that the orders of the cokernel of the left vertical map and the kernel of the middle
vertical map are finite and bounded as n > 0 varies.

Let v be a non-archimedean place such that v { p. A short exact sequence

L

0 — Hom(A/P!, A) — Hom(A, A) —2% HY(A, A) — 0
induces (from the long exact sequence of H*(K,, ) groups)

Hom(A, A)%xe

1 . 1 .
— PnL HOH](A, A)GK’U — H (KvyHOHl(A/Pn,A)) — H (Kv,Hom(A,A))[Pn ] = 0. (5)

On the other hand, we consider a short exact sequence

0 — Hom(A/Py, A™v) — Hom(A, A< ) “ Hom(A, A%0) — 0

(we have the right exactness because A/P} is a free Z,-module). This induces (from the long exact
sequence of H*(K!"/K,, ) groups)

HOII](A, Alky )Gal(Kz’j’"/KU)

1 ur L Ik,
0= B Hom(h, Alxo G iy H (KT Ko, Hom(A/ By, A7)
— HYKY /K,,Hom(A, Al%))[P,"] — 0. (6)
Since v is unramified over K. /K, we have Hom(A, Alxv)Gal(K/Ky)  — Hom(A, A)Cxo.
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Thus, as we consider the following diagram:
Ker1 Ker2 Ker3

| | |

H'(K,,Hom(A/P:, A
0 — H}, (K, Hom(A/P:, A)) —— H'(K,,Hom(A/P}, A)) — ((K Hom((A//Pb A))))

! ! |

1 m
0 — H} (K,,Hom(A, A))[P:] —— H'(K,, Hom(A, A))[P!] 1{1{1 ((I;: ?{Zm((AA, i))))

Cokq
we can see that Ker; = Kers from (5) and (6), and Cok; = 0 from (6). Therefore, Kers is trivial.
It is not hard to see that the order of the kernel of
H'(K, Ap,)  H'(K,Hom(A/Ps, A))
Hy, (Ky, Ap,)  Hy(Ky, Hom(A/ P, A))
is finite and bounded as n > 0 varies. From [Rub00, Lemma 1.3.5] we can see that H. (K,, Ap,)/

HL(K,,Ap,) is finite and its order is bounded as n > 0 varies. Thus, we can see that f, has a finite
kernel whose order is bounded as n > 0 varies.

As discussed before this proposition, the map Hy(Ky, Ap,) — Hx(K,, Hom(A, A))[P;] has
a finite cokernel whose order is finite and bounded as n > 0 varies. We can easily check that
HY(K,,Ap,) — H'(K,, Hom(A, A))[P;] has finite kernel and cokernel whose orders are bounded as
n > 0 varies. Thus, f, has a finite kernel whose order is bounded as n > 0 varies.

— 0

Thus, f£ has finite kernel and cokernel whose orders are bounded as n > 0 varies. O

Write X for Hj(K,Hom(A, A))Y.
Consider the following:
Hp(K, Ap,) — Hyx(K,Hom(A, A))[P!] — H3(K,Hom(A, A))[P.] ® Op,.
(The tensor product in the last term is over A/P). Also note that Op, is a A/P}-module through

L

A/P. — A/P, — Op,.) Proposition 4.18 states that this map has kernel and cokernel whose orders
are finite and bounded as n > 0 varies.

Then, by taking a Pontryagin dual, we can see that
(X/ P, X)tor ® Op, — Hom(H}.—(K, Ap,), Dp, )tor (7)
has kernel and cokernel whose orders are bounded as n varies. By Proposition 4.16, the last group
is isomorphic to M(P,)? for a finite Op, -module M (P,,).
Similar to [How04, Theorem 2.2.10(b)] we can prove the following.

PROPOSITION 4.19. Suppose that K is an imaginary quadratic field where p splits completely, and
let K, is the anti-cyclotomic Z,-extension of K. Then there are an integer r and a A-torsion module
Y such that we have

HLE(K,Hom(A, A))Y ~ A" ©Y?

where ~ is a pseudo-isomorphism.

4.4 The corank of Selmer groups

We let ¥ be the set of bad reduction primes for £ of K, primes of K l_ying above p, and infinite
places, and containing none else. We borrow the notation p, p, @J;, and @; from §4.2.
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DEFINITION 4.20. Let n > Ny and let B~ (K, g,) denote EA_(mKn’Qi).
For i = 1,...,p™"" we define H}(Kn,Qi,A) = B~ (Kpnq,) ® Q/Zy, and define H}(K a4

n

similarly. For a place v of K,, not lying above p, we define H}(Kn,v, A) = E(Kp,) @ Qp/Z,.

We define minus-Selmer groups over K,, (n > Nj) as

HY(K,,,A)
- _ 1 n,v
Sel. (E/K,) = ker<H (Kx, /Ky, A) — u f| |lEE (R ) WA)>,

and Sel, (E/K) as the direct limit of them over n.

We define a Selmer group over K, as

HY (K, A) >
Sely (E/K.,) = ket H(Ks /K, A) — EY ’
el,(E/K,) er< (Kx/ ) Ul}:[uezE(Kn’v)®Qp/Zp

and define Sel,(E/K«) as the direct limit of them over n.

When x is a character of Gal(K,, /Ky, ), we let Zy[x] := Z, [x(v*"*)] and for a G,,-module M let
MX := (M ® Zp[x])X. We say that x is a primitive character of Gal(K,,/Kp,) if x(Gal(K,/K,_1))
is not 1.

LEMMA 4.21. Assume that n is larger than Ny. If n — Ny is odd and x is a primitive character of
Gal(K,,/Kn,), we have

coranky, ,)(Sel,(E/Kp)X) = coranky, [,)(Sel, (E/Ky ) )X,

Proof. From the definition we can check that the cokernel of Sel, (E/K,)X — Sel,(E/Ky)X is
contained in
pM

H( B(Kng,) ® Qp/Z, ) H( E(K,z7) ® Qp/Zy )
B~ (Knq,) © Qp/Z, =1 E_(Kn,@) ® Qp/Zy

i=1
We can easily check

E(KnQ) ® Q/Zy ., E(Kng)

- = — ® Qp/Zy.
E_(Kn,Qi) ®QP/ZP E_(Kin) v
We have
E(K.q,) >X < E(Knq,) >X
corank —® Z = rank -
Zp [X} <E_ (Knle) @p/ P ZP[X] E_ (Knle)

= ranka[x](E(Kn,Qi) ® QP)X - ranka[X](E_ (Kn,Qi) ® Qp)x
— pNz—N1 _pNz—Nl -0.
Thus, we can conclude that coranky, \jSel, (E/Kp)X = coranky, [,Sel,(E/Ky)X.
On the other hand, consider the following diagram.
0 —— Sel, (B/K,) —— H'Kg/EKnyA) —— [] H (Knw A)/H}(Kpv, A)
v|lleT

! ! l

0 —— Sel, (E/Kx)'» —— HY(Ky/Koo, A)f" —— H HY(Koow, A)/H} (Koo w, A)
wll,lex
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The middle vertical map has trivial kernel and cokernel. For a place v t p of K,,, the kernel of
H (K, A) H (Koo, A)
- 11
B(R) ® Qp/Zy L2 ERoow) © Qy/Z,

is finite by [Gre99, Lemma 3.3].
The kernel of

< Hl(K’%Qi? A) )X - < HI(KOQQN A) )X
E~(Knq;) @ Qp/Zyp E~(Kw,q,) ® Qp/Zy
is

((E_(Km,Qi) ® Qp/Zp)™ >X
E-(Kn@) ©Qp/Zy )

Because we have B~ (Ko, g,) ® Q,/Z," = 7,[[Gal(Kw/KN,)]], the x-parts of the numerator and

the denominator of this group have the same corank. Thus, this group is finite.

Therefore, the cokernel of Sel, (E/K,)X — (Sellj(E/Koo)F")X is finite as well. O

We let N denote the conductor of E. For the rest of this section we assume that K is an
imaginary quadratic field such that every prime [ dividing N splits completely in K (the so-called
‘Heegner hypothesis’). In addition, we assume that p splits completely in K. We define Heegner
points of E over the ring class field extensions of K of conductor p” as follows (see [Gro84]).

DEFINITION 4.22 (Heegner points). Let Ok be the ring of integers of K. We may choose an ideal
N of Ok such that Ok /N = Z/NZ. For an integer ¢ > 1, we let O. = Z + ¢cOk denote the unique
order of Ok of conductor c. It is known that H. = K(j(O,)) is the ring class field of conductor ¢
over K. If (¢, N) = 1, then N. = O. NN is an invertible ideal in O, satisfying O./N. = Z/NZ.
The cyclic N-isogeny

[C/OC - (C/Nc_l]
defines a non-cuspidal point on the modular curve Xy (V), which is defined over H.. The image of
this point under the modular parametrization

m: Xo(N)— FE

is denoted by z. € E(H.) and called a Heegner point of conductor ¢ on E.

The union of the ring class fields of conductor p™ for n > 0 Hp~ = |J Hp» contains the anti-
cyclotomic Z,-extension Ko, of K, and its Galois group has decomposition

Gal(Hp=/K) = Gy x Gal(K/K)
where Gy is the finite torsion subgroup of Gal(Hpe~/K). For n > 0 we have
Gal(Hpni1/K) = Go x Gal(Kyyp/K),
for some fixed number ng. We define a Heegner point for K, ,, by
Tngng = Tern+1/K'n+nO (Zpnt1) € E(Kpgng).
The Heegner points z,, satisfy the following distribution property
Trg, .. /K, (Tn+1) = apTp — Tp—1

for n > ng + 1 where the local Euler factor of £ at pis 1 —a,X + pX 2. Since p is a supersingular
reduction prime and p > 3, we have a, = 0.

THEOREM 4.23 [Vat03, Theorem 1.4]. The y-component of x, is non-torsion for all but finitely
many primitive characters x of Gal(K, /K) as n > ng varies.
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Proof. We recall that we have the decomposition
Gal(Hp~/K) =2 Gy x Gal(K/K).

Let x/ be a character of Gal(Han /K). When p is a good supersingular reduction prime, Vatsal
[Vat03] proved that the x'-component of Z,n+1 is non-torsion if the order of the character x’ on
the tame part (= Gp) is prime to p and n is large enough (the condition on Gy is not stated in
[Vat03, Theorem 1.4], but it is used in the proof). In our case the character x on the tame part is
trivial, therefore our claim follows. Cornut and Vatsal have produced a much more general result
on CM-points of Shimura varieties [CV05, CVO07]. O

Because we assume the Heegner hypothesis, the discriminant of K is prime to the conductor of
FE, hence E does not have CM by K. Then we have the following.

THEOREM 4.24 (see [Nek06b]). Let x" be a character of Gal(Hn+1/K). If x'-component of Tn+1 is
non-torsion, then the corank of x'-part of Sel,(E/Hyn+1) is 1.

Combining all of the discussed results, we obtain the following.

PROPOSITION 4.25. We have
corankp Sel, (E/K) = 1.

Proof. For an integer n > N, let x be a primitive character of Gal(K,/Ky,). The x-part of
Sel,(E/Ky) is the sum of x'-parts of Sel,(E/K,,) when x’ runs over all characters of Gal(K,/K)
whose restriction on Gal(K,/Kn,) are equal to x (and these characters are certainly primitive
for Gal(K,/K)). Thus, if n is large enough, by Theorems 4.23 and 4.24 we obtain
coranky, ,)Sel,(E/ K, )X = N2 Combined with Lemma 4.21, this implies that the A-corank of
Sel, (E/K) is equal to 1. O

Now we want to relate Sel, (E/Ko) with HL(K,Hom(A, A)).

PROPOSITION 4.26. We have
Hz(K,Hom(A, A)) = Sel, (E/Kx).

Proof. Since a prime in ¥ — {p} splits completely in K by assumption and H,n+1 is the ring class
field for Z+p" 1O, that prime does not split completely over K., /K (without this property we will
get a homomorphism with a cokernel whose exponent is finite, although its order might be infinite;
this is not a huge problem for proving the parity conjecture, but it certainly is a technicality we
want to avoid). Thus, when a prime w of K, lies above such a prime v, Ko /K, is a Zy-extension.

The maps in §2 give isomorphisms
Sh: H'(Ks/K,Hom(A, A)) — H' (K% /Ku, A),

pM1

Shy + H' (K, Hom(A, A)) — [[ H'(Kw2:» A)
i=1
Shy « H' (K, Hom(A, A)) — [ [ H (Ksow, A).
wlv
By definition Shp(H]l_-(Kp,Hom(A, A))) =Hl, » and, discussed in §2, Shv(H&r(Kv,Hom(A, A)))
= Hw\v HLILT(KOO,UM A).
By [Rub87, Lemma B.3.3], H} (Ksw, A) = 0. Since v { p, E(Keow) ® Qp/Z, = 0. Our claim
follows. O
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Combining Propositions 4.19, 4.25, and 4.26, we obtain the following.
COROLLARY 4.27. We have
Sel, (E/Ks) ~ A Y?,

for a A-torsion module Y.

4.5 Main result

The proof of this section follows [Nek01] very closely. We assume the underlying hypothesis on K
stated before Definition 4.22.

PROPOSITION 4.28. We have that corankz, Sel,(E/K) is odd.
Proof. First we examine the kernel and cokernel of Sel,(E/K) — Sel, (E/ Koo)' For a place v {p
and a place w|v of K we check that ker(H'(K,, A) — H (Koo, A)) = H}.(K,, A) is finite.

The kernel of H' (K, A)/E(K,) ® Qp/Zy — [1o; HY (Keo0:r A)/Hy is (Hy)'/E(Ky) © Qy/Z,-
It is 0, since (Hy)' 2 Q,/Z, and E(K,) ® Q,/Z, is divisible and of corank 1. Since H(K, A) —
HY(K, A)Y is an isomorphism, Sel,(E/K) — Sel, (E/ Koo)' has finite kernel and cokernel.

From Corollary 4.27 it follows that the Z,-corank of (Sel, (E/ Koo)' is odd, thus we obtain our
claim. O

THEOREM 4.29. We have
corankz, Sel,(E/K) = ords=1 L/ (E,s) =1 (mod 2).
Proof. On the algebraic side we have
corankz, Sel,(E/K) =1 (mod 2)

by Proposition 4.28. On the analytic side, K satisfies the Heegner hypothesis, which implies that
the root number of the functional equation is —1. Therefore, we have

ords=1L,g(E,s) =1 (mod 2). O

When D is a negative square-free integer, let Ep be the quadratic twist of E by the nontrivial
character of Gal(Q(v/D)/Q). Then we have

corankz,, Selp(E/Q(\/E)) = corankz, Sel,(£/Q) + corankz, Sel,(Ep/Q), (8)
ords—1L ;0 /py(E; s) = ords—1Lg(E, s) + ords—1 L jg(ED, 5). 9)
We can finally obtain our main result.

THEOREM 4.30. Let E be an elliptic curve over QQ with good supersingular reduction at p > 3.
Then we have
corankz, Sel,(E/Q) = ords=1Lg(F,s) (mod 2).
Proof. When ords=1Lg(E,s) is odd, by [Wal84] there are infinitely many negative square-free
integers D such that the Heegner hypothesis holds for Q(v/D), p splits completely in Q(v/D), and
ords=1L,g(Ep,s) = 0. By the results of Kolyvagin [Kol90], we have
corankz, Sel,(Ep/Q) = 0;

thus, from Theorem 4.29 and (8), it follows that corankgz,Sel,(£/Q) is odd.
When ords—1 L /Q(E, s) is even, choose a negative square-free integer D such that the Heegner

hypothesis holds for Q(v/D), p splits completely in Q(v/D), and p { D. Then Ep has obviously good
supersingular reduction at p, and from (9) it follows that ords=1Lg(Ep,s) is odd. Previously we
showed that if ords—1Lg(Ep, s) is odd, then corankz,Sel,(Ep/Q) is odd. From Theorem 4.29 and
(8) it follows that corankgz,Sel,(£/Q) is even. O
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