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Abstract. The genus spectrum of a finite group G is the set of all g such that G
acts faithfully on a compact Riemann surface of genus g. It is an open problem to
find a general description of the genus spectrum of the groups in interesting classes,
such as the Abelian p-groups. Motivated by earlier work of Talu for odd primes, we
develop a general combinatorial method, for arbitrary primes, to obtain a structured
description of the so-called reduced genus spectrum of Abelian p-groups, including the
reduced minimum genus. In particular, we determine the complete genus spectrum for
a large subclass, namely, those having ‘large’ defining invariants. With our method we
construct infinitely many counterexamples to a conjecture of Talu, which states that
an Abelian p-group is recoverable from its genus spectrum. Finally, we give a series of
examples of our method, in the course of which we prove, for example, that almost
all elementary Abelian p-groups are uniquely determined by their minimum genus,
and that almost all Abelian p-groups of exponent p? are uniquely determined by their
minimum genus and Kulkarni invariant.

2010 Mathematics Subject Classification. 20H10, 20K01, 30F35, 57S25.

1. Introduction.

1.1. Genus spectrum. Given a compact Riemann surface X of genus g >0, a
finite group G is said to act on X, if G can be embedded into the group Aut(X) of
biholomorphic maps on X. While Aut(X) is infinite as long as g < 1, by the Hurwitz
theorem [5] we have |Aut(X)| < 84 - (g — 1) as soon as g > 2. Thus, in the latter case,
there are only finitely many groups G, up to isomorphism, acting on X.

But conversely, given a finite group G there always is an infinite set sp(G) of integers
g > 0, called the (genus) spectrum of G, such that there is a Riemann surface X of
genus g being acted on by G; in this case, g is called a genus of G. Note that we are
in particular including the cases g < 1. In [10], the problem of determining sp(G) is
called the Hurwitz problem associated with G, and the problem of finding the minimum
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genus min sp(G) of G, also called its strong symmetric genus, has stimulated particular
interest. For more details we refer the reader to [1, 12], and the references given there.

To attack the Hurwitz problem, let A(G) := ex‘gb, where exp(G) denotes the
exponent of G, that is the least common multiple of the orders of its elements. Then,

let the reduced (genus) spectrum of G be defined by

g—1
A(G)

$py(G) = { €7 :ge sp(G)},

where the number % is called the reduced genus associated with g. It follows from
[6], together with a special consideration of the case g = 0, that

1
spe(G) € S = @ -({—=1} UNp)

is a co-finite subset, where €(G) divides gcd(2, |G]) and can be determined from the
structure of G, as is recalled in (2.2). A word of caution is in order here: In [6] the
notion of reduced genus is defined differently, by taking €(G) into account as well,
while our choice leads to fewer case distinctions.

The reduced minimum genus of G, that is the reduced genus associated with the
minimum genus of G, equals uo(G) := min spy(G). Moreover, following [7], the reduced
stable upper genus oo(G) of G is the smallest element of S such that all elements of
S \ spy(G) are less than op(G); the genus o (G) associated with oy(G) is called the stable
upper genus of G. The elements of S \ sp,(G) exceeding wo(G) are called the reduced
spectral gap of G; the associated genera form the spectral gap of G. Hence, solving
the Hurwitz problem for G amounts to determining 11o(G) and o(y(G) and the reduced
spectral gap of G.

1.2. Our approach to Abelian p-groups. We now restrict ourselves to p-groups,
where p is a prime. Not too much is known about the genus spectrum of groups within
this class, even if we only look at interesting subclasses, for example, those given by
bounding a certain invariant, such as rank, exponent, nilpotency class, or co-class; see
[12].

This still holds if we restrict further to the class of Abelian p-groups, which are the
groups we are interested in from now on, their general form being

C=Z) @) 8Ly,

where e> 1, r;>0for 1 <i<e—1, and r, > 1. We point out that, in particular,
contrary to [9, 13], we are allowing for arbitrary primes p > 2 throughout.

We give an outline of the paper: In Section 2 we recall a few facts about Riemann
surfaces and their automorphism groups.

Section 3 is devoted to prepare the combinatorial tools featuring prominently later
on: Given a prime p, and a non-increasing sequence « := (ay, . .., 4.) of non-negative
integers, the associated p-mainline integer is defined as p(a) := Y, a;p*~". Moreover,
given any non-increasing sequence s := (sy, ..., S.) of non-negative integers, let P(s)
be the set of all p-mainline integers g(a), where a is bounded below component-wise
by s. The connection to Abelian p-groups with defining invariants (r1, ..., r.) is given
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by letting the sequence s be defined as
s,-::l—i—er for 1<i<e.
=i

We are interested in the structure of P(s), whose minimum obviously equals g(s). It
can be shown that P(s) is a co-finite subset of the non-negative integers, and thus the
combinatorial problems arising are to determine the smallest 7 such that all integers
from m on actually are elements of P(s), and to describe the gap consisting of the
non-mainline integers between g(s) and m.

Having these preliminaries in place we turn our attention to Abelian p-groups
and their genus spectrum: Our starting point in Section 4 is Talu’s approach [13]
towards a general description of the genus spectrum of Abelian p-groups, in the case
where p is odd. Building on these ideas, we describe the smooth epimorphisms, in
the sense of (2.1), onto a given Abelian p-group, where p is arbitrary. The resulting
general necessary and sufficient arithmetic condition for their existence, which we still
refer to as Tualu’s theorem, is given in Theorems 3 and 4; in proving the latter, we in
particular close a gap in the proof of [13, Theorem 3.3]. In Section 5, this is translated
into a combinatorial description of the domain of the reduced genus map, yielding
a structured description of the reduced spectrum of G, which is presented in Section
5.3, and leading to a method of computing the reduced minimum genus o(G) of
G culminating in Theorem 5, which says that uo(G) is given as the minimum of at
most e + 1 numbers, given explicitly in terms of the defining invariants (r1, ..., r.). In
particular, in Section 5.6, we obtain an independent proof and an improved version of
Maclachlan’s method [8, Theorem 4] for the special case of Abelian p-groups.

Having these combinatorial tools in place, in Section 6, we turn to Abelian p-
groups with ‘large’ invariants, by assuming that

ri=p—1 for 1<i<e—1, and r,>max{p—2,1}.

In these cases, we are able to determine both the reduced minimum genus p((G) as well
as the reduced stable upper genus o((G) in terms of the defining invariants (ry, ..., r.)
of G. More precisely, our main result says the following.

MAIN THEOREM. Let G have ‘large’ invariants as specified above. Then, the reduced
minimum and stable upper genus of G is given as

1 ¢ )
@ =@ = 5 (= 1=+ Y07 =71,

i=1

In particular, the reduced spectral gap is empty.

We point out that, in contrast, the main focus of [13] is on Abelian p-groups having
‘small’ invariants, fulfillings; < (e—i+1)-(p—1),forl <i<e.

In Section 7, we turn to an aspect of the general question of how much information
about a group is encoded into its spectrum, at best whether its isomorphism type can
be recovered from it. Since in view of the examples in [9] this cannot possibly hold
without restricting the class of groups considered, the class of Abelian p-groups seems
to be a good candidate to look at. More specifically, Talu’s conjecture [13] says that,
whenever p is odd, the spectrum of a non-trivial Abelian p-group already determines
the group up to isomorphism. Moreover, although this cannot possibly hold in full
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generality for p = 2, in view of the examples considered below, one might expect that
it still holds true up to finitely many finite sets of exceptions.

But, as a consequence of Main Theorem 1, we are able to produce infinitely many
counterexamples to Talu’s conjecture (both for p odd and p = 2), that is pairs of
non-isomorphic Abelian p-groups having the same spectrum. We present two distinct
kinds of counterexamples, consisting of groups having the same order and exponent,
and of groups where these invariants are different, in Section 7.1 and Sections 7.2-7.4,
respectively. This even shows that there cannot be an absolute bound on the cardinality
of a set of Abelian p-groups sharing one and the same spectrum, even if we restrict
ourselves to groups having the same order and exponent.

In order to show the effectiveness of the combinatorial methods developed, in
Sections 8 and 9, we work out various explicit examples, where in particular we get
new proofs of a number of earlier results scattered throughout the literature:

In Theorem 7, we determine the Abelian p-groups of non-positive reduced
minimum genus, where we recover the Abelian p-groups amongst the well-known
finite groups acting on surfaces of genus g < 1, see [11, Appendix] or [2, Section 6.7].
In particular, the non-cyclic Abelian groups of order at most 9, which have to be
treated as exceptions in [8, Theorem 4], reappear here naturally. In Theorem 8§, we
deal with cyclic p-groups, whose smallest genus > 2 we determine. In particular, we
recover the results in [4] and [6, Proposition 3.3], and we show that such a group
is uniquely determined by its smallest genus > 2, with the exception of the groups
{Z,, 74, Zg}. Similarly, in Theorem 9, we consider Abelian p-groups of rank 2, for
which we also determine the smallest genus > 2. In particular, we improve the bound
in [6, Proposition 3.4], and we show that such a group is uniquely determined by
its smallest genus > 2, with the exception of the groups {Z, ® Z4, Z, ® Zs, Zﬁ}. For
Abelian p-groups of cyclic deficiency 1, where p is odd, we recover part of [9, Theorem
5.4] and [9, Corollary 5.5]. Finally, in Sections 8.1 and 8.2, we completely determine
the spectrum of the Abelian 2-groups of order dividing 16, and of the Abelian 3-groups
of order dividing 27, respectively.

In Theorem 10 and Proposition 7, we determine the reduced minimum genus of
elementary Abelian p-groups, and we show that such a group is uniquely determined by
its minimum genus, with the exception of the groups {Z, Z3}; for p odd this is claimed
in [9, Corollary 7.3]. Similarly, in Theorem 11 and Proposition 8, we determine the
reduced minimum genus of Abelian p-groups of exponent p>, and we show that such a
group is uniquely determined by its minimum genus and its Kulkarni invariant, with
the exception of the groups {Zﬁ, 7y ® Z4}; for p odd this is claimed in [13, Theorem
3.8].

In particular, these results imply the following theorem related to Talu’s conjecture:

THEOREM. Talu’s conjecture holds within the following subclasses of the class of
non-trivial Abelian p-groups (including the casep = 2).

(a) the class of cyclic p-groups (with the exception {Z,, Z4, Z3}),

(b) the class of Abelian p-groups of rank 2 (with the exception {Zy ® Z4, 7> ® Z3}),
(c) the class of elementary Abelian p-groups (with the exception {Z,, Z%} ),

(d) the class of Abelian p-groups of exponent p* (without exception).

2. Groups acting on Riemann surfaces. We assume the reader is familiar with the
basic theory of Riemann surfaces, as is exhibited, for example, in [1, 2], so that here
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we are just content with recalling a few facts. The connection between geometry and
group theory is given by the following well-known theorem. We point out that it is
often only used for g > 2, in which case the ‘groups with signature’ occurring are the
Fuchsian groups, but it actually holds for all g > 0; see, for example, [1, Section 1], [2,
Chapter 6] and [11].

THEOREM 1. A4 finite group G acts on a compact Riemann surface X, if and only if
there is ' < Aut(U), where U is a simply-connected Riemann surface and U is a group
with finite signature in the sense of Section 2.1, and a smooth epimorphism ¢ : I’ — G,
such that X is isomorphic to the orbit space U/ker(¢).

2.1. Smooth epimorphisms. We keep the notation of Theorem 1. A group I is
said to be a group with (finite) signature if it has a distinguished generating set

la, by 1<k<h U {¢:1=<j<s)
for some %, s € Ny, subject to the order relations

¢/ =1, where njeN\{l}

for 1 <j < s, and the ‘long’ relation

h

[Tl bid- [T =1,

k=1 j=1

where [a, b] := a~'b~'ab denotes the commutator of @ and b. More generally, there
might also be order relations of the form ‘¢c®™ = 1°, that is no order relation for the
generator ¢ at all; but, since we are requiring X to be compact, and hence the orbit
space X /G to be compact as well, these cases do not occur here; see [11, Appendix].

An epimorphism ¢ : ' — G with torsion-free kernel is called smooth. This is
equivalent to the condition that ¢(c;) € G has order n;, for all 1 < j < s. In this case,
the (s + 1)-tuple (ny, ..., ng h) is called a signature of G, with periods ny, ..., n, > 2
and orbit genus h > 0. The orbit space X/G has genus /, and the branched covering
X — X/ G gives rise to the Riemann—Hurwitz equation

e-1=ia (1123 (1-))

i=1

2.2. Kulkarni’s Theorem. To describe the structure of the genus spectrum of a
finite group G, in [6], a group theoretic invariant N(G) € N, now called the Kulkarni
invariant of G, 1s introduced, such that

sp(G) \ {0} € 1+ N(G) - N,

and sp(G) \ {0} is a co-finite subset of 1 + N(G) - Ny. Moreover, we have
1 G|

MO =6 =pe)

where € = €(G) € {1, 2} is determined by the structure of G as follows.
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If |G| is odd, then € := 1;if |G| is even, letting G be a Sylow 2-subgroup of G, then
€ := 1 provided the subset {a € G;|a| < exp(G)} € G forms a subgroup of G of index
2, otherwise € := 2.

This yields the description of the non-negative part of the reduced spectrum spy(G)
as stated earlier. As for its negative part, the well-known description of finite group
actions on compact Riemann surfaces of genus g = 0, see [11, Appendix] or [2, Section
6.7], says that in this case G'is cyclic, dihedral, alternating or symmetric of isomorphism
type in {Z,, Dihy,, Alts, Sym,, Alts}; hence, we indeed get A(G) = €(G).

2.3. The case of p-groups. We turn to the case of interest for us: Let G be a
p-group of order p" and exponent p¢, where e < n € Nj.

If ¢ : ' — G is a smooth epimorphism, then all the periods are of the form p’,
where 0 < i < e. Hence, we may abbreviate any signature (ny, ..., 1, h) of G by the
(e + 1)-tuple (x1, ..., x.; h), being called the associated p-datum, where

xii= {1 <j<s;m=p eN.

The set D(G) of all p-data of G, being afforded by smooth epimorphisms, is called
the data spectrum of G. Then, the Riemann—Hurwitz equation gives rise to the genus
map g : D(G) —> sp(G) defined by

gx1s s Xes ) :=1+p"e‘((h—1) r +— le(pe “)).

Letting the cyclic deficiency of G be defined as
8 =4(G) :=1og,(A(G)) =n—e e Ny,

- p%@ Then, the reduced

in view of Kulkarni’s theorem (2.2), we have N(G) = ﬁ P

genus map

1
g0 : D(G) — spy(G) € — (G) ({—1}UN0)§§'({—1}UN0),

given by associating the reduced genus g € spy(G) with any g € sp(G), reads

|-~ ;
Qo1 x B = = 1) p 4 5 3l = p )
i=1

3. Mainline integers. In this section, we consider sequences of non-negative
integers from a certain purely combinatorial viewpoint. We develop a little piece of
general theory, as far as will be needed in Sections 5 and 6.

3.1. Integer sequences. Given finite sequences a = (ai,...,a.) € N§ and b=
(b1, ..., b.) € Nj of non-negative integers, of length ¢ > 1, we write ¢ < b, and say
that b dominates a, if a; < b; for all 1 < i < e. We will be mainly concerned with the set
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of non-increasing sequences
N=Ne)={a=(a1,...,a) eN] : a1 >--->a,}.

We introduce a few combinatorial notions concerning integer sequences: To this end,
we fix p € N; later on p will be a prime, but here is no need to assume this.

(i) For an arbitrary sequence a = (ai, ..., a.) € N, let

p@) =g, ....a) =Y ap" €Np.
i=1

Then, the (p-)mainline integers associated with g are defined as
P(a) =Plai,...,a):={pb)eNy : be N, a<b}

Note that we allow for arbitrary g to start with, while the sequences b used in the
definition of P(a) are required to be non-increasing. It will turn out that there
always is a non-increasing sequence affording a given set of mainline integers.
The hull sequence a = (a1, ..., a.) € N of a is defined recursively by letting &, :=
a, and

a; = max{a; 1, q;} for e—1>i>1;

note that this definition is actually independent of the chosen integer p. Hence,
we have a < &, where a = &, if and only if a € NV;

(ii) Given a non-increasing sequence a = (ay, ..., a,) € N, its p-enveloping sequence
a=(a,...,a) € N is defined recursively by a, := a, and

ai:=max{ag; . +@—1),a} for e—1>i>1;

hence, we have ¢ = a < a, wherea = aifp = 1.
Moreover, whenever e > 2 let
llall = [l(a1, ..., a)ll :=minfa; — a4y : 1 <i<e—1},
and let ||a|| := oo for e = 1; note that, despite notation, || - || is not a norm in
sense of metric spaces. In particular, we have ¢ = a if and only if ||¢|| > p — 1.
PROPOSITION 1. Given a € N, then we have P(a) = P(a).

Proof. Let b= (by,...,b.) e N. If @ <b, then from « < a we also get a < b.
Conversely, if @ < b, then we have a, = a, < b,, and recursively fore—1>i> 1 we
get ;1 < b1 < b;and a; < b;, hence a&; < b;; this implies that g < b.

O

PROPOSITION 2. Given a € N, the set Ny \ P(a) is finite.

Proof. We consider the p-enveloping sequence & = (a1, ..., 4) € N of a, and we
show that any m > g(a) is a mainline integer: To this end, write m — g(a) in a partial
p-adicexpansionasm — @(a) = Y ._, bip*~', where b; > Osuch thatb,, ..., b, <p —1,
but b; might be arbitrarily large. Then, we have m = > ¢_,(@; + b;)p°~". Since for 1 <
i<e—lwehaved; —ai .1 >p— 12> by — b;, thus a; + b; > a1 + bi11, this implies
that m € P(a). ]
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3.2. Combinatorial problems. The general aim now is to investigate the structure
of P(a), for a given sequence a € N§: By Proposition 1, we have

w(a) := min P(a) = min P(a) = p(a),

where a € N is the associated hull sequence. Moreover, by Proposition 2, the set
P(a) = P(a) is a co-finite subset of Ny. In consequence, the problems associated with
a are to determine the smallest integer o (a) € Ny such that all m > o (a) are elements
of P(a), and to determine the gap {u(a) + 1, ..., 0(a) — 1} \ P(@).

Note that by the proof of Proposition 2, we have u(a) < o(a) < gp(a), where a is the
associated p-enveloping sequence. Hence, in particular we have shown the following.

THEOREM 2. Given a € N such that ||a|| > p — 1, then we have u(a) = o(a) = p(a),
that is the associated mainline integers are given as P(a) = Ny + gp(a).

4. Talu’s theorem revisited. In this section, we develop our approach to describe
the smooth epimorphisms onto a given Abelian p-group. We first prepare the setting.

4.1. Abelianisations. Let I' be a group with signature, given by the p-datum
(x1,...,x7;h), where h > 0, f > 0 and x; > 0; note that we are allowing for the case
f =0, where the p-datum becomes (—; #). Thus, I is generated by the set

{ag, b - 1<k<hl U {¢:1<i<fi1<j<xi},
subject to the order relations
c‘;i:l, for 1<i<f and 1<j<ux;,
and the long relation
h Ve

H[ak, bi] - l_[ l_[ ¢ =1

k=1 i=1 j=1
Let 0 < f” < f be defined as follows:

. 0 SRRt
max{l <d <f : Z{:d x> 2}, if Z{zl x> 2.

In other words, we have f” = 0 if and only if the p-datumis (—; #) or (0, ..., 0, 1; ),
while otherwise we have /" = f"if and only if xy > 2, and if xy = 1then 1 <f”" < f'is
largest such that xp > 0.

It follows from the above presentation that the Abelianisation H := I'/[[, '] of T,
where [T, '] denotes the derived subgroup of I, can be written as

7, iff' =0,
H=leryorie oL if =/
rery®lye---eL;, ifl<f <f.
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Indeed, identifying the elements of I" with their images under the naturalmapI' — H,
we conclude that H is generated by the set

CIZC()UC1U---UCf,1UCf,

reflecting its decomposition as a direct sum of cyclic subgroups, where

Co = {ar,bke H : 1<k<h}
Ci = {geH:1<j<xl, for 1<i<f-1,
Cr = {cyeH : 1=<j=<xr—1}.

4.2. Abelian groups. Let G be a non-trivial Abelian p-group given by
G211, ® @7,
wheree > 1,andr; > 0for1 <i <e—1,and r, > 1. Moreover, let
{gf 1 1<i<e 1<j<r}

be a generating set reflecting the decomposition as a direct sum of cyclic subgroups.
Proceeding similarly as above, let 0 < ¢’ < e be defined as follows:

0, if Y =1,
max{l <d <e: Y., ,rn>2}, if >0 ,r>2.

Thus, we have ¢’ = 0 if and only if G = Z,. is cyclic, while otherwise we have ¢’ = e if
and only if r, > 2, and if r, = 1 then 1 < ¢ < e s largest such that r, > 0.

In particular, letting Q,_1(G) := {g € G : g = 1}, we observe that Q,_(G) is a
subgroup of G of index p if and only if ¢ < e. Hence, using the notation of Kulkarni’s
theorem 2.2, we have €(G) =2 ifand onlyif p =2 and ¢ = e.

For the remainder of this section, we keep the notation fixed in Sections 4.1 and
4.2. Now, since any group homomorphism from I" to an Abelian group factors through
H, from Section 2.1, we get the following:

PROPOSITION 3. There is a smooth epimorphism ¢ : ' — G if and only if there is
an epimorphism ¢ : H :=T'/[I", '] — G such that ¢(cy) has order p', for 1 <i < f and
1 <j<x,and ]_[]Y;Il @(cy;) has order p’.

We also call such an epimorphism ¢ : H —> G smooth. Having this in place, we
are prepared to state a necessary and sufficient arithmetic condition for the existence
of a smooth epimorphism ¢ : ' —> G. By Proposition 3, this amounts to giving such
a condition for a smooth epimorphism ¢ : H —> G, which is done in (3) and (4)
for necessity and sufficiency, respectively. We call this collection of statements Talu’s
theorem, for the following reasons.

We pursue a strategy similar to the one employed in [13, Lemma 3.2] and [13,
Theorem 3.3], where the statements of Theorems 3 and 4 are proven for the case p odd.
Here, we are developing a general approach, which covers the case p = 2 as well, and
with which we recover the results in [13] in a more unified manner. In particular, we
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close a gap in the proof of [13, Theorem 3.3], where the element there playing a role
similar to the element ‘g’ in our proof of Theorem 4 is incorrectly stated.

THEOREM 3. If there exists a smooth epimorphism ¢ : H — G, then we have f =
[ < e, and the following inequalities are fulfilled:

S e ¢
2+ =1+ Y . for L<i<f and 2h=Y 1.

J=i J=i Jj=f+1
Moreover, if p =2 and ¢’ < f, then Xy is even.

Proof. For0<i<eletQi(G)={geG: g =1}andB(G)={g" € G : g€ G}
be the characteristic subgroups of G consisting of all elements of order dividing p/,
and of all p’-th powers, respectively. In particular, ;(G) is an F,-vector space, where
[, denotes the field with p elements.

Now, the existence of the smooth epimorphism ¢ : H — G implies /' = f < e.
We have U.(H) < ker(p), thus letting

H=HU(H) =L} ©L5® & z;;’*l oz

yields an epimorphism ¢ : H —> G. Hence, dualising we get a monomorphism
¢* : G* := Hom(G, C*) — Hom(H, C*) = H*, that is G = G* is isomorphic to a
subgroup of H* = H. Thus, ©;(G) and U;(G) can be identified with subgroups of
Qi(H) and U;(H), respectively, and hence we have

dimg, (21(U(G))) < dimg, (1 (U,(H))).
Now, for 0 < i < e — 1 we have
QUGN =2 ol oLy,
which yields
dime, (21(B(G)) = Y 7.
j=i+1
Similarly, for 0 <i < f — 1 we have

QG ZZ 0Ty 007 07 o7

P’

yielding

s
dimg, (Q(G(H) =2h— 1+ > x;,
J=i+1

while for f <i <e— 1 we get

dimg, (Q1(Ui(H))) = 2h.
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Finally, let p = 2 and ¢’ < f* < e. Then, G has the form
G=Z7 01} - 0L &1,
and thus
Q(G)) Q-1(G) Z Zyes [ Lne-y+1 = 7.
Now, we observe that ¢(cj) € Qr(G)\ Q2r_1(G), for 1<j<xr—1, where
1. L' w(cy) & _1(G) as well, implying that x; — 1 is odd. O

THEOREM 4. Let [’ = f < e, where in case p = 2 and ' < f we additionally assume
that xy is even, such that

f e e
2h+2szl+2rj, for 1<i<f, and 2h> er.

J=i J=i j=f+1
Then, there exists a smooth epimorphism ¢ : H — G.

Proof. By the inequalities assumed, we have

e e
ICoUC UC 1 U UC| =Y 1y, for 1<i<f and |Col= ) r.
J= j=f+1

where the latter sum is empty if e = f. Thus, we may choose a subset Dy, < Cy of
cardinality Zj‘;f 17 qu§equently, forf > i > 1, we may recursively choose, disjointly
from Dy, pairwise disjoint sets

D; = {di,lv--wdi,r,-} ECQUCfUCf_l U---uUg

of cardinality r;. Let

i f+1
c;::ci\<UDj) for 1<i<f, and cg::co\(UDj).
j=1

J=1

We are going to define a homomorphism ¢ : H —> G by specifying the image of C:
The direct summand (Dy41) of H is a free Abelian group of rank » .., r;, hence
choosing ¢(c) appropriately, for ¢ € Dyy; € Co, the direct summand ‘

G = (gj :f+1§i§e,1§j§r,~)EZ1’;’,f,@ZI’;’,E@M@Z;

of G becomes an epimorphic image of (Dy). Thus, letting ¢(c) := 1 for ¢ € C;, we are
done in the case f = 0. Hence, we may assume that /" = f* > 0; thus, we have x; > 2
and Cr # ¢, where we may assume that Cy N Dy # @ whenever ry > 0.

Now, for dj € Co ND;, where 1 <i < f, we let ¢(d;) := gz. Moreover, for dj €
CkND;, where 1 <i<k<f <e, welet p(dy) :=gj g{’r_k, while for ¢ € C, we let
o(c) = g’;,;k To specify ¢(c) for ¢ € C; we need some flexibility:

For dj e C; N'D;, where 1 <i <f, we let ¢(djy) = g; - ¢, for some ¢’ € G, while
for c C;- we just write ¢(c¢) = ¢’. Then, we have to show that the elements ¢’ can be
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chosen suitably to give rise to an epimorphism such that all ¢(c), where ¢ € Cy, as well
as g := [ e, ¢(c) have order p/.

In particular, ¢(c) will have order p/, if ¢ € C; \ Dy and ¢’ € G is chosen to have
order p/, orif ¢ € C; N Dy and ¢ € G is chosen to have order dividing p/. Moreover, ¢

will be an epimorphism whenever /' < eand we choose ¢’ € G' forallc € Cr N (U’;:1 D).
The order condition on g will be checked by showing that the image of g under a
suitable projection of G onto one of its direct summands already has order p/. We now
distinguish various cases as follows:

(i) Let /' < ¢ <e. Then, pick ¢y € Cr, and let ¢, := gj:i, while for ¢y # ¢ € Cy let

ot . .
¢ :=gb,, ;note that fqr ¢ = ewehaver, > 2. Then, projecting g onto (g, ) yields
¢, which has order p/.

(i) Letf =€ < e. Then, since ry = r» > 0, we may assume that d,; € Cr N Dy. For

e~

ceC\Dsletc :=gb, ,whileforce C,NDyletc := l;notethatforf =¢ =e
we have r, > 2, and d,,, € Co U Cy implies that ¢ is an epimorphism. Projecting g
onto (g, 1) yields g1, which has order .

(i) Let ¢’ < f < e. Then, for c € Cr let ¢ := (gi,’:/ )%, where a. is chosen coprime to

p. Projecting g onto (g.;) yields (gﬁjf )¢, where a :== Y __._. a.. The latter element

ceCy
has order p/ if and only if @ is coprime to p. If p is odd, this can be achieved by
picking any ¢ € Cy and replacing a. by a. + 1 or a. — 1, if necessary. If p = 2, then
a. is odd for all ¢ € Cr, which, since |C¢| = x; — 1is odd, implies that a is odd;

(iv) Let ¢ < f =e. Then, since ry =r, =1, we may assume that C; N Dy = {d.1}.
For c € Cr let ¢ := ng1> where a, is chosen co-prime to p for ¢ # d, 1, while for
¢ = d, 1 wechoose a, such that 1 4 a, is co-prime to p. This implies that ¢(d, ;) has
order p/ and that ¢ is an epimorphism. Projecting g onto (g,.1) yields ge.1» where
a:=143}.cc ac. The latter clement has order p/ if and only if @ is co-prime to
p. If p is odd, this can be achieved by picking ¢ € C, and replacing a. by a. + 1 or
a. — 1, if necessary. If p = 2, then a. is odd for all d. | # ¢ € Cr, and 1 + a. is odd
for ¢ = d, 1, which, since |Cs| = xy — 1 is odd, implies that a is odd.

O

5. Transforming to mainline integers. In this section, we show how mainline
integers, as introduced in Section 3, can be used for the problem of determining the
reduced genus spectrum of Abelian p-groups. In order to be able to reformulate the
results of Section 4, we have to introduce quite a bit of notation, which we do in a
series of steps.

5.1. Translating to non-increasing sequences. We define « : Nf)“ — Ng“ by

e e
a(x1, ...\ Xe3 X0) 1= (in +2X0, ) Xi + 2X0, - -, Xe + 2X0, 2XO),
i=1 =2

which is injective and has image, using the notation from Section 3.1,

im@)=N(e+1):={(ai,...,ae1) e Nle+1) : a4 € 2Ng}.
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The inverse map ™' : N'(e + 1) — Ng“ is given by

-1 . L et
a (ap, ..., 01) = al—az,...,ae—aeH,T .

5.2. Translating the reduced genus map. We continue to assume that G is a non-
trivial Abelian p-group of exponent p°. Letting D(G) C Ng“ be the data spectrum of
G as introduced in Section 2.3, let

A(G) == a(D(G)) c N§™.
Then, the reduced genus map gy : D(G) — % - ({—1} U Np), given by
1< |-~ »
go(x1, .., Xesh) = —p° + <h+ 3 ;xi) VR ;xipe g
can be rephrased as y = gooa™! : 4(G) — % - ({—1} U Np), where explicitly

Aoy -1
62+ +pT-sO(a1,...,ae),

vy, ..., 0e1) = —p°+

where still p(ai, ..., a) =Y o ap.

Moreover, as will become clear below, elements of the form
(x1,.-,xi,0,...,0;h) € D(G), for some 0 <i<e, are of particular importance.
These translate into elements of the form (ay, ..., a;, 2a, ..., 2a) € N'(e + 1). For the
latter, we have

—1
y(al,...,ai,2a,...,2a):—pe+a+pT-p(al,...,ai,Za,...,2a),

where the argument of g is a sequence of length e, and yields

e—i—1

i
oay,...,a;,2a,...,2a)=p"- Zajpi*j+2a- Z r.
Jj=1 =0
From that, we get

. -1
y(al,...,ai,Za,...,Za)=—pe—i—pe_’-(a—i—pT-p(al,...,ai)).

In particular, for i=0 we get y(2q,...,2a)=(a—1)-p°, while for i=e
we recover y(ai,...,d.,2a)=—p°+a-+ p%l -g(ay, ..., a.). Note that we have
y(ay,...,a;,2a,...,2a) € Z, unless p =2 and i = ¢ and a, odd, in which case we
have y(ay, ..., a., 2a) € %Z \Z.
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5.3. Translating Talu’s theorem. Let again G = 7 Z;ZZ ® - ®Zy, where e >
1,r;>0forl <i<e—1,andr, > 1. Moreover, for 1 <i <e+ 1 we fix

e
S; = 1 + Z}"j.
J=i

Hence, we have s := (s, ..., Ser1) € N(e+ 1) such that s, > 2 and s..; = 1. Now
rephrasing Theorems 3 and 4 yields the following structured description of A(G):

(1) For p odd, we have
A(G) =AU A U---UA,,
where for 0 < i < e we let, setting a¢ := oo,

Ai = {aeNe+1) : (a,...,a;) > (s1,...,5),

Aip) = -+ = dey1 = Sip1 — 1, a; — a1 > 2},
In particular, we have
dp={aeN(e+1):a = =day =5 —1}
and
Ae={aeN'e+1) : (a,...,a0) > (S1,...,5), e — dey1 > 2}.
For 0 <i <j < e, the sequences in 4; satisfy a; = a;;1, while those in A4; satisfy
a; — aj41 > 2; hence, 4; N A; = §J; thus, A(G) is partitioned by the A4;.
(i1) For p = 2, letting 0 < ¢ < e be as defined in Section 4.2, we get
AG)=AUAU---UA,UA,  U---UA,
where for 1 < i < e, we let
A, :={a€ A; . a;— aiy) € 2N}.
In particular, for i = e, we get
A,:={a€ A, : a. € 2N}.
Note that we have y(4,) € 1Z and y(4,) € Z, thus we recover Kulkarni’s theorem
(2.2) in the case of Abelian p-groups. The above partition of 4(G) now gives a way
to compute the reduced minimum genus of G, but we need some more notation.
5.4. Towards the minimum genus. As we have seen above, for p odd, we have
#o(G) = min{min y(4;) : 0 <i<e},
while for p = 2, we get

o(G) = min ({min y(4;) : 0 <i<e}U{miny(4)) : ¢ <i<e}).
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(1) We proceed to derive formulae, in terms of the sequence s = (si, ..., Set1)
associated with G, to determine min y(A4;), for 0 < i < e: To this end, let

5= (sls,2LS'%1J2LS’%IJ) eN(e+1)

and

st = (sl,...,si_l,s,»+e,~,2- L%}JZ L%J) e N'(e+ 1),

where ¢; € {0, 1, 2} is chosen minimal such that s; +¢; — 2 - LS’%‘J > 2, that is

o ifs =i > 2,
, ifsi — s =1, 541 odd,
, ifs; — s = 1, 54 even,

if s; = Sit1, Sip1 0dd,

0
0
¢ =11
1
2

, ifs; = 850, Sipp even.

Note that for i = ¢ we have s.y; = 1 and s, > 2, and thus ¢, = 0; moreover, for
i=0weletey =0.

It now follows from the description of A;, and Proposition 1, that min y(4;) is
attained precisely for the hull sequence

g"+=<§1,...,§,»,2-L%J,...,Z-L%J)ef\/’(eﬁ”)’

of s+, where the prefix (31, . .., 5;) of length i is determined as follows:
Fori>1,let0 < i’ <i < i be both maximal such that s; —s; > 1 and sp — s; >
2; hence, if i’ < 7, then we have sy — s;,1 = 1, and // = 0 and i” = 0 refer to the

cases s; = §; and 51 — s5; < 1, respectively. Then, (51, ..., 5;) is given as
(S1, .05 8), ife; =0,
(15 eeer Sy Sprr+ 1,000,085+ 1), ife; =1,

Sty ey sy s+ 1,000, sp+ L spg +2,.0..,8+2), ife=2.

Thus, letting

) i S -1
wi=y)=-p°+p"- (LilJ +2= - p(s1, ...,s,-)>,

2 2
we get
Wi, ife; =0,
min y(4) = yE*) = { wi+ 5 - @ —p), ife; =1,
wi + % A (pefi” +pefi’ _ 2pefi)’ if € = 2.

In particular, we have

. . -1
min y(A4,) = e = —p° —i—pT o081, ..., Se),
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being attained precisely for (s1, ..., s, 0), and

min y(A4o) = po = (L%J - 1) P

being attained precisely for (2 |3 ],...,2- [3]).

(it) It remains to consider min y(4}), fore¢’ <i <e,inthecasep =2:Fore <i <e,
we have s; = s, = 2;hence,5; =4and2 - LS’%‘J = 2,whilefore’ < i = e, wehave
se =2 and s,y = 1; hence, 5, =2 and 2 - L‘Y"T“J = 0. Thus, the above description
for ¢ < i < eyields

min y(4;) = min y(4;) = y3"),
implying that the reduced minimum genus of G, just as for p odd, is given as
1o(G) = min{min y(4;) : 0 <i<e}.

We are now prepared to prove the following.

THEOREM 5. Keeping the above notation, we have
uo(G) = min{y; : i € Z(G)},

where, letting sy := 00,
I(G)={0<i<e:si—sp1 22} U{0<i<e: si—sy1 =1, 541 odd}.

In particular, we always have {0, e} € Z(G), but if s is even, then to find puo(G), it
suffices to consider i € Z(G) \ {0} only.

Proof. We have already seen that po(G) = min{min y(4;) : 0 <i < e}, where
min y(4;) = y(3). We aim to show that 19(G) can be determined by taking the
minimum over a suitably chosen subset of indices 0 < i < e. To this end, we consider
the cases where ¢; # 0; hence, we have 1 <i<e— 1.

(1) If s,y is even and s; = 541, then we have

st = (s sien s 28080,
DR = sty Simn €t Si Sis e S0,
where €¢;_; = 0 whenever s;,_; > s; + 2, and 5,1 + €;_1 = s; + 2 otherwise.

(i1) If s,y iseven and s; — s;.; = 1, then we have

s = (s1,...,8-8s+1Ls—1,...,85—1),
i—1
s = sy, s e si— Lsi— 1, s — 1),
where ¢;_; = 0 whenever s;_; > s; + 1, and s;_; + ¢;,_1 = 5; + 1 otherwise.

(ii1) If ;41 is odd and s; = 5,41, then we have
st = (S5, 8-Lsi+1Lsi—1,...,85—1),
i—1
g(’ = (1, e Sim1 €, si— 1, si—1,...,85—1),

where ¢;_; = 0 whenever s;_; > s; + 1, and s;_; + €;,_1 = 5; + 1 otherwise.
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In either of these cases, going over to hull sequences yields 5+ > 3~V implying
min y(4;) = y3*) =y ") = min y(4,-1),

so that min y(4;) need not be considered in finding 1o(G).

Thus, we are left with the cases 0 < i < e such that ¢; = 0, that is precisely those
in Z(G); for the latter we indeed have min y(A4;) = ;. Recalling that ¢y = ¢, = 0, we
always have {0, ¢} € Z(G). But, if s; is even, then since s; > --- > s, > 2, we have

—1 s s
pe=—p +1 = plst s < P = 1) < (—1—1) P = o
2 2 2
hence, in this case, min y(A4y) need not be considered in finding wo(G). ]

In other words, finding u((G) is reduced to computing the minimum of |Z(G)| <
e+ 1 numbers, which are given explicitly in terms of known invariants of G. In
particular, this method to determine o(G) will feature prominently in the proof of
our main result, i.e., Main Theorem 1. Moreover, to underline the effectiveness of
these techniques, in Sections 8 and 9, we give detailed example treatments of the
Abelian p-groups of rank at most 2, and of the Abelian p-groups of exponent at most
p?, respectively.

5.5. Translating back. We translate the results back, to express u; = min y(4,),
for i € Z(G), in terms of the p-datum giving rise to u;, which by Section 5.2 is given as

5"=(x1,...,xe;h):=of1 (sl,...,si,2~L%J,...,IL%D.

(i) If r; = s; — s;11 > 2 and s;4; is even, then we have

i . ) .Si+1
§_<11,...,r,,0,...,0,—2),
yielding
Sis1 [ 1
Mizpe'<7—1+§‘j§_1’j(1—ﬁ>>.

(i) If r; = s; — 5,41 > 1 and s;4; 1s odd, then we have

) |
z’:(rl,...,r,-1,r,-+1,0,...,0;sl+lT),

yielding

S — 1 1 < 1.1 1
i=p° 4o Y =)+ S (1= 2)).
= ( 2 +2 j=1 g P/)+2 ( P’)

In particular, the case i = 0 is encompassed by the above cases, depending on

whether s, is even or odd, respectively, by x° = (0, ..., 0; L3 1), where this case
need not be considered if s; is even. Moreover, the case i = e, since s, = 1, is
subsumed in the second of the above cases, by x* = (r1, ..., Fe_1, Fe + 1;0).
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Finally, we observe that the various u; = min y(4;) to be considered belong to
pairwise distinct orbit genera, as follows.

PROPOSITION 4. The map
IG) — 7 i L%J

is strictly decreasing, hence in particular is injective.

Proof. If both i — 1, i € Z(G), then we have s; — s;+1 > 1 anyway, where for s; odd

and s;11 even from s; — siy1 > 2, we get [ ] = —X'El > =[] 0

5.6. Maclachlan’s method. We compare our approach with the method to
compute the minimum genus for arbitrary non-cyclic Abelian groups given in [8].

To this end, let foramoment G = 7, 2, ® --- ® Z,,, where s > 2and 1 < n; |
n | -- - | ng; hence, the exponent of G equals ny. Let v, € Ny be the reduced minimum
genus afforded by all signatures of G with fixed orbit genus 4 > 0. Then, by [8, Theorem
4], the reduced minimum genus of G equals

Mo(G):min[vh :0<h< \é”,

where the numbers v, can be computed explicitly as

1 s—2h 1 1 1
=ng-(h—14+ =" 1 —— —(1- .
= ( 3 ; ( nk) "3 ( ﬂxzh))

In our case of Abelian p-groups this reads as follows: We have

(nl,...,ns)z(p,...,p,pz,...,pz, N AN OB

where the entry p’ occurs r; times, for 1 <i < e; hence, we have s = Zle ri=s; — 1.
Thus, we are able to improve [8, Theorem 4], for non-cyclic Abelian p-groups, as
follows.

By the injectivity of the map Z(G) — Z : i+ |*#!], see Proposition 4, for i €
Z(G) we have v, Sy = i and thus by Theorem 5, we may compute o(G) as a minimum

over a set of cardinality |Z(G)| < e + 1 instead of one of cardinality LSIT_IJ + 1, as
wo(G) = min{vLa%lJ : i€ I(G)}.

Recall that whenever sy is even, the case i = 0 need not be considered, so that
we always get a subset of the indices used in [8], where from the formulae in Section
5.5 to compute y; in terms of p-data, we recover the formulae for v s, given in
there. Moreover, our approach is also valid for cyclic p-groups, which are excluded
in [8]. And since only genus g > 2 is considered there, the case s = 2 and some small
Abelian groups have to be treated as exceptions; these reappear in Theorem 7, where
we consider Abelian p-groups of non-positive reduced minimum genus.
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6. The main result. We keep the notation introduced in Section 5, in particular,
let

G=Z)0l)&® &L,
wheree > 1,r;>0forl <i<e—1,andr, > 1.

PROPOSITION 5. Suppose that

p(ri+17‘-"r€)2pe_i_ 17

forall 0 <i <e—1suchthat siy is odd. Then, we have uo(G) = .
If's; > sipy forall 1 <i <e—1such that sy is odd, then the converse also holds.

Proof. By Section 5.4, we have min y(4,.) = ., and min y(4y) = wo, while for
1 <i<e—1 we have min y(4;) > ;. Moreover, for p =2 and ¢ < i < e we have
min y(A;) = min y(4;). Thus, it is sufficient to show that under the assumptions made
we have u; > p., forO0 <i<e—1.

Now, u; > . is equivalent to saying

2 [T = 0= D ol

The right-hand side of this inequality being equal to

e—1
S0 = 5ot Y (51— P = s = 1= (i),
Jj=i+1

we thus have u; > ., if and only if

Si e—i
(Si+1 -2 L%J) P = L+ p(rig, . Te).
The latter inequality clearly holds if s;.; is even, while if s;4; is odd then it holds if and
only if o(rit1, ..., r.) > p*~ — 1. This proves the first assertion.

For the second assertion, let 0 < i < ¢ — 1 such that s;,; is odd. Then, for i 0
the assumption s; — s;1; > 1 implies €; = 0, using the notation of Section 5.4, while we
have €y = 0 anyway. Thus, we get u; = min y(A4;) > uo(G) = u., which by the above
observation implies the second assertion. ]

We are now in a position to prove our main result.

MAIN THEOREM 1. Let G be a non-trivial abelian p-group of form
~ I T Fe
G=7Z) @szzéB'“@Zpe,

such that

r>=p—1 for 1<i<e—1, and r,>max{p—2,1}.

(a) Then, the reduced minimum and stable upper genus of G is given as
1 ‘ 4
(G) = 00(G) = 5 - (—1 —p Y- r,«) .
i=1

In particular, the reduced spectral gap is empty.
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(b) Letting 0 <j < e be chosen smallest such that (rit1,...,r.))=@—1,....,p—=1),
where j = erefers to the caser, # p — 1, the reduced minimum genus 11o(G) is afforded
precisely by the p-data

1
(rl,...,ri_l,l‘,'—f-1,0,...,O;§(€—i)(p—1)),

where j < i < e is arbitrary for p odd, but restricted to the cases where e — i is even
for p = 2. In particular, uo(G) is always afforded by

(1’1, ceesle—1, re+ 130)

Proof.

(a) By Sections 5.4 and 5.5, we have

1 ¢ ) 1
5(_1 _pe"i_;(p()—pe_l)'ri) =—pe+T'§)(S1,...,sg)=,ue.

Note that u, € %Z, where u, € %Z \ Z if and only if p = 2 and s, is odd. Since,
1o(G) < 0p(G) anyway, it suffices to prove oy(G) < u. and p, < wo(G).

(i) We first show o¢(G) < pn.: By assumption, we have s; —s;y; =1 > p—1

for 1 <i<e—1,thatis ||(s],...,S)|| = p — 1. Hence, for any m € Ny, by
Theorem 2, there is a sequence (ay, ..., a.) € N(e) such that (ai, ..., a.) >
(s1,...,8.)and p(ai, ..., a.) = o(s1,...,5.) +m.

Let first p be odd, and o € Z such that o > p,. Then, there are m € Ny and

r € Np such that r < 1%1 and

-1 -1
o:,ue—f—m-pT+r:—pe+pT~(p(sl,...,sg)+m)+r.

Let (ay,...,a.) such that p(a,...,a.)=@(s1,...,8)+m, and a.y| ;=

2r, then, a, — dey1 > (ro+1)—2- ‘%3 > 2 implies (ay, ..., de11) € A.. Since
y(@ay, ..., der1) = —p°+r+ ’%1 -p(ay, .. .,a,) = o,from Section 5.3, we get
o € spo(G).

Let now p=2, and o € %Z, such that o > p.. Let m:=2(0c — p.) € Ny.
Let (aj,...,a.) be as above such that p(aj,...,q.) = @(s1,...,S.) +m,
and g, := 0, then, a, — @41 > r. + 1 > 2implies (ay, .. ., det1) € A.. Since
y(ay, ..., dep ) = =24+ % -p(ai,...,a,) = o, thus, if ¢ = e from Section

5.3, we get o € spy(G).

If ¢ < e, then we have ¢ = ¢ — 1 and s, = 2, and hence y(4(G)) = y(A4y) U
y(A)U---Uy(de_1)Uy(4,) € Z. Since p, = min y(4,), we may assume
that o € Z, thus m := 2(0 — u.) € Ny is even. Hence, we get

a.=p(ay,...,a,) = o1, ..., 8)+m=s,+m=0 (mod 2),
implying that (a1, ..., d.+1) € 4., and from Section 5.3, we get o € spy(G).
(if) We show . < uo(G): Since s; — ;.1 =r;>1, for all 1 <i<e—1, by

Proposition 5, we have to show p(rig1, ..., 7.) = p*~ — 1, forall0 <i<e—1
such that s;; is odd.
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For p odd we have r;>p—1 for 1<j<e—1, and r,>p—2,
where Z;:m r; = si+1 — 1 being even implies that (riy1, ..., re—1,7e) # (p —
1,...,p—1,p—2). Thus,

P, ) > =1+ (=1 Y p=p~ -2
J=itl

For p =2 we have r; > 1 for 1 < j < e, directly yielding

OFigts oo Te) = i rj-2"—f > i De=j — pe=i _ 1

j=itl j=i+1

(iif) We determine when po(G) is attained: By (5.4), min y(A4,) = . is attained

precisely for (sq, ..., s, 0), corresponding to the p-datum (ry, ..., re_1, 7. +
1;0).
Now, for 0 <i <e—1, by the proof of Proposition 5, we have u; > .
Moreover, replacing inequalities by equalities in the proof of Proposition 5
shows that t; = . isequivalent to s,y beingodd and p(riq1, ..., 1) = p¢~ —
1. Since (rig1,...,Te-1,te)>@—1,...,p— 1, max{p — 2,1}), the latter
equality holds if and only if (r;1q,...,r.)=(p —1,...,p — 1). Since, in this
case, siy] — 1 = ij:m r; = (e — i)(p — 1), we have 5,41 odd if and only if p is
odd or ¢ — i is even. Hence, we conclude, by Section 5.4 again, that in these
cases min y(A4;) = u; is attained precisely for

Si Si
(sl,...,s[,2-L%J,...,lL%J)=(sl,...,,€i,s,~+1—1,...,s[+1—1),

corresponding to the p-datum, using the notation of Section 5.5,

; 1
z1:(7’1,...,7,’,1,}’,’4—1,0,...,0;5(6—1')(17—1)).

Note that we have Z(G) = {0, ..., e} for p odd, while for p =2 we at
least get {0} U {e — 2 - L%J, ...,e—2,e} CI(G); hence, theindices0 < i < e
affording po(G) are indeed elements of the index set Z(G), in accordance with
Theorem 5.

]

EXAMPLE 1.

(i) For p odd and (ry,...,7e_1,re)=(—1,...,p— 1, p — 2), that is the extremal
case, we get

HolG) = () = 5 ((e@ —1)=3) -+ 1>.

Thus, we recover [13, Corollary 3.7], where oy(G) is determined.
(ii) For p arbitrary and (ry,...,7._1,7.) =@ —1,...,p—1,p — 1), we get

1o(G) = 00(G) = 5 - (e(p — 1) = 1) - p°,

N —
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which for p = 2 specialises to uy(G) = % - 2¢.

As an immediate consequence of Main Theorem 1, invoking Kulkarni’s theorem
2.2, we are able to describe the complete (reduced) spectrum of the groups in question.

COROLLARY 1.

(a) The reduced spectrum of G is given as

spo(G) = wo(G) + No, ifpoddorr, =1,
PO = o(G) + INo,  ifp=2andr, = 2.

(b) Letting § = 8(G) :=Y_:_,(ir; — 1) be the cyclic deficiency of G, then, the minimum
genus and the spectrum of G are given as (G) = 1 + p® - uo(G) and

(G) = 14+ 9% - 10(G) + p° - No, ifpoddorr, =1,
PO=V142 wo(G) + 27 No, ifp=2andr, = 2.

Moreover, for certain suitable co-finite sets of positive integers we are conversely
able to provide Abelian p-groups having the specified set as their reduced spectrum:

THEOREM 6. Let p be a prime, let e > 1, and let m € N such that

m >

(Qe—1p*=2-L= +1, ifpodd,
(e—1)-2¢t1 42, ifp=2.

Then, there is a group G of exponent p° such that puo(G) = —p°® + 1%1 -m and

(G) = no(G) + Ny,  if poddor meven,
SPol&) = 1o(G) + INo, if p =2 and m odd.

Proof. We consider the sequence (ay, ..., a.) € N given by a, := max{p — 1, 2},
anda, ;:=a,+i-2(p—1)forl <i<e-—1.

(1) We first show that the lower bound for m given above coincides with p(ay, . . ., @.):
To this end, let first s.(p) := >_;_, ip'. Then, we have

e—1
4 4 i
se(m:—l-(ep —Zp),
r= i=0

which is seen by induction: The case e = 1 is clear, and s.;(p) = (e + l)peJrl +
sep) = 27+ ((e4+ Do = Dp* + @ = X5 p') = 27 - ((e+ D! = Yo p)-
In particular, for p = 2, we get 5,(2) = (e — 1) - 21 4 2.

Now, for p odd, we have

plar,....a)=(p—1)-Y (2e—i)+p*’
i=1

e

e—1
N T
p i=1 i=0
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which using the above expression for s.(p) can be rewritten as

e—1

e—1
p(al,...,ae):l(qf—Zpi) —p"+l:(2e—1)p"+1—2-2pi.
i=0

i=0

Forp=2,wegetp(ar,...,a,)=2-Y  (e—i+1)-2°" =30 1i-2"=5,(2).
(i1) The strategy of proof now is reminiscent of the proof of Theorem 2:

Given m > gp(ay, ..., a.), then we write m — gp(a;,...,a,) in a partial p-

adic expansion as m— p(ay,...,a.) =Y . bip*, where b; >0 such that

by, ..., b, < p, but by might be arbitrarily large. Hence, letting s; := a; + b; for

l<i<ewehavem =Y 7 s;p*". Thus, for1 <i<e—1we get

ri=Si— s =2 -+ bi = b)) =p—1,

and r, := s, — 1 > a, — 1 = max{p — 2, 1}. Hence, by Main Theorem 1, for the
Abelian group of the form G = Z)} @ Z;zz G---b Z;‘; we have

X —1 —1
00(G) = po(G) = pe = —p° +pT'5O(S1,...,S8)= —pe—‘,—T -m.
Moreover, for p = 2, we have a, = 2, and thus if mis even, we get b, = 0 and hence
r. = 1, while if m is odd, we get b, = 1 and hence r, = 2. Thus, the statement on
spy(G) follows from Corollary 1. O

7. Talu’s conjecture. In general, we wonder which invariants of a non-trivial
Abelian p-group G are determined by its spectrum. Given the latter, this determines
the Kulkarni invariant N = N(G), and hence the cyclic deficiency § = §(G) = log,(N)
is known as well whenever p is odd, while § € {log,(N), 1 +log,(N)} for p = 2. Thus,
the spectrum also determines the reduced minimum and stable upper genus whenever
p is odd, while the latter are known up to a factor of 2 for p = 2.

In this spirit, Talu’s conjecture says that if p is odd, then even the isomorphism
type of G is determined by its spectrum. Here, we include the case p =2 as well,
by conjecturing this to hold true up to finitely many finite sets of exceptions; we
cannot possibly expect more, for example, in view of the sets of groups {75, Za, Z%, 73},
(7, ® 74,735, 7> ® Zs}, and {Z3 & Z4, 73} presented in Section 8.1 and Table 3.

As for evidence, restricting to certain classes of Abelian p-groups, in Sections
8 and 9, we show that Talu’s conjecture (including the case p = 2) holds within the
class of cyclic p-groups with the exception of the groups {Z,, 74, Zg}; within the class of
Abelian p-groups of rank 2 with the exception of the groups {7, ® Z4, Z, & Zs}; within
the class of elementary Abelian p-groups with the exception of the groups {Z,, Z3};
and within the class of p-groups of exponent p> without exception.

We proceed to prove a further finiteness result.

PROPOSITION 6. Let G be a set of groups (up to isomorphism) fulfilling the
assumptions of Main Theorem 1 and having the same reduced minimum genus. Then, G
is finite.

Proof. Since the only admissible cyclic groups are Z, and Z3, we may assume that
the groups under consideration are non-cyclic, that is have an associated sequence
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(St -5 8) #(2,...,2). We show that, given any m > 0, there are only finitely many
e > 1 and sequences s; > --- > s, > 2, where 51 > 3, such that

p—1
Me:_pe+T'KJ(Sl,...,Sg)§m.

This is seen as follows: The above inequality is equivalent to

pr—1 <2(m—i—l)
p—=17" p=-1~

1 —2,...,5%—2)=p(s1,...,5)—2-

): hence, since s; > 3, we infer that e is bounded.

This implies (s; —2) - p*~! < 2(]7)11_+11 .

Fixing e, we get (s; —2) - p*~' < %, bounding s; as well, for 1 <i <e. O

In view of this, there necessarily are groups fulfilling the assumptions of main
Theorem 1 whose reduced minimum genus exceeds any given bound. Hence, the point
of Theorem 6 is to add some precision to this observation. But here positive results
come to an end.

In Sections 7.1-7.4, we are going to construct counterexamples to Talu’s conjecture
(both for p odd and p = 2), consisting of pairs of groups having the same order and
exponent, and pairs where these invariants are different, respectively. Moreover, by the
results in Section 7.1, there cannot be an absolute bound on the cardinality of a set of
Abelian p-groups having the same spectrum, even if we restrict to groups having the
same order and exponent.

7.1. Counterexamples with fixed exponent. We construct non-isomorphic
Abelian p-groups G and G having the same order, exponent and spectrum, thus, in
particular, having the same Kulkarni invariant, cyclic deficiency, minimum genus and
reduced minimum genus.

In view of the results in Propositions 7 and 8, we let e := 3, and look at groups

G=7) o707 and G=Z) 07,07
of exponent p? fulfilling the assumptions of Main Theorem 1, that is coming from
sequences r = (r1, 12, r3) and 7 = (71, 7o, 73) such that ry, r,, 7,7, > p— 1 and r3, 73 >
max{p — 2, 1}. Then, by Corollary 1, the groups G and G are as desired if and only if
they are non-isomorphic such that |G| = |G| and uo(G) = wo(G), and in case p = 2,
we have r; = 1 if and only if 73 = 1.
Now, |G| = |G| translates into

rL 4 2r2 + 3r3 = log,(IG]) = log,(|G|) = F1 + 27, + 373,

and wo(G) = uo(G) translates into

3 3
YO - =) @ -p)
i=1 i=1

https://doi.org/10.1017/50017089518000265 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000265

STRUCTURED DESCRIPTION OF THE GENUS SPECTRUM 405

Hence, we conclude that we have |G| = |G| and wo(G) = po(G) if and onlyiff —r e Z°
is an element of the row kernel of the matrix

L p=p
P=1|2 p3 —p e Z3><2 C @3><2.
3 p-1

Now, P has Q-rank 2, and its row kernel is given as ker(P) = {p)q, where

B::(p+2,—2p—l,p)eZ3.

Since ged(p + 2, —2p — 1, p) = 1, we conclude that ker(P) N Z3 = (p)z.

In conclusion, we have |G| = |G| and 110(G) = uo(G) if and only if F = r+k - p
for some k € Z, where G and G are non-isomorphic if and only if k # 0. Thus, this
provides a complete picture of the counterexamples to Talu’s conjecture in the realm
of Abelian p-groups of exponent p* fulfilling the assumptions of Main Theorem 1.

In particular, for any / € N, there is a set of isomorphism types of cardinality at
least / + 1 consisting of groups having the same order and reduced minimum genus:
Givenr; > p— landr; > p — 2,such thatr; > 2 forp = 2, and lettingr, :=(p — 1) +
[-(2p + 1), all the sequences r + k - p, where 0 < k < [, give rise to groups as desired.
The smallest counterexamples, in terms of group order, are given by choosing r as
small as possible for the case / = 1.

(i) For p odd, this yields

r=p-13p,p=2) and F:=r+p=02p+1,p—1,2p-2),

giving rise to groups such that
- ~ 1
1GI=1GI =p""" and  po(G) = jo(G) = 5 - (5p* = 5p* = 2p* = p+1).

Hence, in particular, for p = 3, we get r = (2,9, 1) and ¥ = (7, 2, 4), giving rise to
groups such that |G| = |G| = 3% and uo(G) = no(G) = 125.
(i1) In order to cover the case p = 2 as well, for p arbitrary, we may let

r=@p-13p,p) and F=2p+1,p-1,2p),

giving rise to groups such that
o - 1
Gl =161 =p"" and  o(G) = po(G) = 5 - (5p* =3p’ = 2> —p— ).

Hence, in particular, for p = 2, we get r = (1, 6,2) and i = (5, 1, 4), giving rise to
groups such that |G| = |G| = 2" and 110(G) = po(G) = %.

7.2. Towards counterexamples with varying exponent. We construct non-
isomorphic Abelian p-groups G and G just having the same spectrum, thus, in
particular, having the same Kulkarni invariant and minimum genus; hence, for p odd
also having the same cyclic deficiency and reduced minimum genus.

To do so, we look at groups afforded by sequences r = (r,...,r.) and 7 =
(F1,...,7:), where 1 < ¢ <e, fulfilling the assumptions of Main Theorem 1, that
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isr;>p—1forl<i<e—1l,and 7 >p—1forl<i<eé-—1, as well as r,, 7z >
max{p — 2, 1}. We indicate the heuristics we are using.

Let § > —2e+ @ -(p — 1) whenever p is odd, and § > @ for p=2, in
each case the lower bound being the cyclic deficiency associated with the smallest
admissible sequence (p — 1, ..., p — 1, max{p — 2, 1}); note that smaller values of § are
not achieved at all. We now aim at varying r within the set of admissible sequences,
such that log,(|G|) = § + e = }_[_, ir; is kept fixed, but

e € e e—i
e+ 1=—p + Y (= p ) ri=—p'+ ZI% -ir;
i=1 i=1

is maximised and minimised, respectively.
To this end, we observe that the arithmetic mean of the first i entries of the

— . . —1 . € __pe—i .
sequence (p¢~',...,p, 1) is given as % -Zj:(,_ip/ = % . ”p_”l , for 1 <i < e; hence,
e—1

the sequence (”e_f’ , pﬂ_é’y 2, e 1767_1) is strictly decreasing. Thus, 2u, + 1 becomes
largest (respectively smallest) by choosing the last (respectively first) e — 1 entries of
r as small as possible, and adjusting the first (respectively last) entry such that r has
cyclic deficiency § associated with it.

We now distinguish the cases p odd and p = 2.

7.3. Counterexamples with varying exponent for p odd. We keep the setting of
Section 7.2, and let p be odd.
Then, maximizing yields 2u, + 1 < 2u.(a,p—1,...,p—1,p —2) + 1, where

(e+2)(e—1)

=8+ 2e—
a + 2e 5

p=1).

Note that by the choice of §, we conclude that a > p — 1; hence, the right-hand side of
the above inequality is achieved. By a straightforward computation, we get

Qe+ 1 < (5 n (6—1)2(e+6) _ e(e—l;(p—l)) o
—(5+952) p 42
Similarly, minimizing yields 2u. + 1 > 2u.(p — 1,p—1,...,p — 1, b) + 1, where

5§ e—1
b:=-—
e 2

(p—1+1.

Note that here b in general is not integral, so that the right-hand side of the above
inequality might not be achieved. By a straightforward computation, we get

2Me+12(§+w_1>.pe+w_§_
e 2 2 e

Hence, we have to ensure that the above upper bound for 2u; + 1, applied to some
1 < e < e, is at least as large as the lower bound for 2, + 1.

Viewing the upper and lower bounds as linear functions in §, in order to have
an unbounded range of candidates § to check, the slope of the upper bound function
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should exceed the slope of the lower bound function. This yields

-1yt = L
e

in other words

e

ez Y plertEh — ef:pi n Z)il:p—i _
i=0 i=1

i=1

pL’*(?Jrl -1 e—1

p—1 i=1

implying

Thus, we are led to consider the case ¢ = ¢ — 1. Then, the smallest possible choices,
so that the upper bound function actually is at least as large as the lower bound
function, are e := p 4+ 2 and & := p + 1. This leads to the following specific examples,
which actually have been found by running an explicit search for odd p < 11, using the
computer algebra system GAP [3], and observing the pattern arising:

Let

r=@p-1...p=1lpp+p -2,
thus having p consecutive entries p — 1, and for p > 5, let
F=0'+3p+2p°—p—Lp—1,....p—Lppp—1p-2),
thus having p — 4 consecutive entries p — 1, while for p = 3, let
Fe=0' 430 +2p" —p.p.p— 1. p—2)lpes = (177,3,2, 1);

a few explicit cases are given in Table 1.
Then, by a straightforward computation, we indeed have

N 7 5
§=8=p*+-p+3p*—Zp—6,
PSP+ 3p = 5p
and
1
/Le(£)=ua(z)=5~((p3+2p2—4)~p”*2—p3—p2+1).

Thus, r and J give rise to groups G and G, respectively, by Corollary 1 having the same
spectrum, but having distinct exponents p**? and p’*!, respectively.

7.4. Counterexamples with varying exponent for p = 2. We keep the setting of
Section 7.2, and let p = 2. Since our approach involves sequences r, such that r, > 2,
for 7 we distinguish the cases 7; > 2 and 7; = 1:

(i) Let first 7; > 2. Then, by Corollary 1, the groups G and G associated with
these sequences have the same spectrum if and only if they have the same cyclic

https://doi.org/10.1017/50017089518000265 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000265

408 JURGEN MULLER AND SIDDHARTHA SARKAR

Table 1. Counterexamples with varying exponent for p odd

L] r P |
3 (2.2,2,3,34) (177,3,2, 1)
5| (4,4,4,4,4,5,148) (1044,4,5,5,4,3)
716, 6, 6, 6, 6, 6, 6, 7, 390) (3520,6,6,6,7,7,6,5)

11| (10,...,10,11, 1450) (18864, 10,...,10,11,11,10,9)
13| (12,...,12,13,2364) (35476,12,...,12,13,13,12,11)
17| (16,...,16,17,5200) (98820, 16,...,16,17,17,16,15)

[l 3 el
35 189 4964
5| 7) 1119 6679613
7| 9| 3725 8817262934
1113} 19629 27083067676913144
13|15| 36719 64775747609331851801
17]19{101535(655895227302212659718161655

deficiency and reduced minimum genus. Thus, a similar analysis, as in Section
7.3, yields 2u, + 1 < 2ue(a, 1,..., 1)+ 1, wherea :=§ — w; hence, we get

Ce=2e=3)

2u.+1< (8
M+_( !

1) 20
Similarly, we get 2u, + 1 > 2u.(1,...,1,b) + 1, where b := g — %, yielding

8 -3 1 4
2pe+12 (2 + 22 ~2"+eJr - -
e 2 2 e

Again comparing slopes with respect to § of the upper and lower bound functions
yields 267! > 2L—6f1, which is the same formula, as in section 7.3, specialised to
p = 2. Hence, we obtain the condition e > 2¢¢+!. Hence we are led to consider
the case ¢ = e — 1, where the smallest possible choices turn out to be e := 4 and
e=3:

An explicit search using GAP yields, as smallest cases with respect to 8,

r:=(1,1,1,18) and 7:=(69,1,?2).
Then, we get

« 287
§=8§=74 and Me(ﬁ):,u@(Z)ZT

Thus, r and 7 give rise to groups G and G, respectively, by Corollary 1 having
the same spectrum, and both fulfilling the ‘¢’ = ¢’ property, but having distinct
exponents 16 and 8, respectively.

(ii) Let now 7; = 1. Then, by Corollary 1, the groups G and G associated with the
sequences 1 and 7 have the same spectrum if and only if for the associated cyclic
deficiency and reduced minimum genus, we have

[e21]

=8—1 and () = 2u.(r).
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Considering again the slopes with respect to § of the upper and lower bound
functions, from 2u:(F) + 1 = 4pe(r) + 1 =2 Qu.(r) + 1) — 1, we get 281 > 2.
Q , implying e > 2¢7¢*2 thus leading us to consider the case & = ¢ — 1, where
the smallest possible chowes turnouttobee:=8ande =7:

An explicit search using GAP yields, as smallest cases with respect to 8,
r:=(,1,1,1,1,1,1,1025) and 7:=(8199,1,1,1,1,1,1).

Then, we get

§=8220=3+1 and pu.(r) = 131328 = = - ys().

l\)l'—‘

Thus, r and F give rise to groups G and G, respectively, by Corollary 1 having the
same spectrum, precisely one of them fulfilling the ‘¢’ = ¢’ property, and having
distinct exponents 256 and 128, respectively.

7.5. Counterexamples with fixed exponent again. We keep the setting of Section
7.4(i1), in order to remark that the above approach can also be used to find
counterexamples fulfilling & = e:

Actually, by Propositions 7 and 8, there cannot be counterexamples for 1 < ¢ =
e <2, except the groups {Z,, Z3}. Indeed, the latter is a specific counterexample, for
8 = 1, but our approach aims at finding 1 < ¢ < e allowing for an infinite range of
candidates §. Moreover, it turns out that for ¢ = ¢ = 3 and any § > 0 the upper bound
for 2, + 1 is smaller than the lower bound for 2 - (2, + 1) — 1, excluding this case.
Hence, we are led to consider the case e := 4:

An explicit search using GAP yields, as smallest cases with respect to &,

r:=(1,1,1,21) and 7:=(80,1,1,1).

Then, we get

§=86=5+1 and p.(r)=166= = - us(?.

l\)l'—‘

Thus, r and 7 give rise to groups G and G, respectively, by Corollary 1 having the same
spectrum, precisely one of them fulfilling the ‘¢’ = ¢’ property, and having the same
exponent 16.

8. Examples: Small rank. In the remaining two sections, in order to show that
the method developed in Section 5 actually is efficient to find the minimum reduced
genus, and in suitable cases even all of the reduced genus spectrum, we explicitly work
out some ‘small” examples. Moreover, we show that Talu’s conjecture (including the
case p = 2) holds within the various classes of Abelian p-groups considered.

In this section, now, we deal with the Abelian p-groups of minimum genus at most
1, with those of rank at most 2, for which we are particularly interested in finding the
smallest positive reduced genus, and with a few explicit Abelian 2-groups and 3-groups,
whose genus spectrum we determine completely.
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Table 2. Non-positive reduced minimum genus

| [6 Tl _pedatum)
S1 =S¢ =2|Lpe 0((0,...,0;1)
SI=58.=3 Zﬁy 0/(,..., 0;1)

$1=3> 50 =220 ®Zpe|| 0/0,....0;1)

[G H ug[ p-datum]

51 =S = 2|Zpe —1/(0, ...,0,2:0)

p=3e=1, 51 =323 0 (3;0)
p=2e=1, 51 =323 -1 (3:0)
p=2e=1, 51 =473 0 (4;0)
p=2,e=251=3>5=2{Z®Z| 0 (1,2;0)

THEOREM 7. The non-trivial Abelian p-groups G such that u(G) € {0, 1} are given
as follows:

(a) We have u(G) = 0, that is uo(G) € {—1, —%}, if and only if
G=7Z, or G=175.
(b) We have u(G) = 1, that is uo(G) = 0, if and only if
G=ZZe ®Lyfore <e, or GZL forp"+#2, or G=1.

Proof. We have u; < 0, for i € Z(G), if and only if

p—1 i
—— o0 <p - |

Si+1
2 -

2
Froms; > --->5,>2- LS‘%‘J + 2, we get
S . —1
e N VR R}

hence assuming u; < 0 yields

5 ) ) 5

L+ =) < p = 22,
2 2

that is LS’%'J -p' <1, acontradiction for 1 <i<e—1.

Fori=0,weget o < Oifand onlyif [ 3| < 1, orequivalently 2 < s; < 3, yielding
the cases as indicated in the first part of Table 2, where 1 < ¢’ < e.

For i = e, we get . < 0 if and only if ”%1 -o(s1, ..., 8) < p° hence, since 5| >
... >s, > 2 implies p¢ — 1 =1%1 c92,...,2) < ’%1~5o(sl,...,se), we get the cases
indicated in the second part of Table 2. O

Note that the explicit cases for p < 3 are precisely the non-cyclic Abelian groups
of order at most 9, which are treated as exceptional cases in [8, Theorem 4].

This compares to the well-known description of finite group actions on compact
Riemann surfaces of genus g < 1, see [11, Appendix] or [2, Section 6.7], as follows:
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The cases of u, < 0 are precisely the Abelian p-groups amongst the groups with
signature of positive Euler characteristic, and belong to branched self-coverings of
the Riemann sphere. The cases of wyp =0 and u, = 0 are precisely the Abelian p-
groups being smooth epimorphic images of the groups with finite signature of zero
Euler characteristic, belonging to unramified coverings of surfaces of genus 1, and to
branched coverings of the Riemann sphere by surfaces of genus 1, respectively.

The groups occurring in Theorem 7 encompass all non-trivial Abelian p-groups
of rank at most 2. These we next consider in more detail, and determine their smallest
genus u*(G) > 2, or equivalently their smallest reduced genus ug (G) > 0.

THEOREM 8. Let G = Z,. be a non-trivial cyclic p-group, for some e > 1. If p°® #

2,3, 4, then the smallest genus u*(G) > 2 is given as
|
p(@=5-p" -1,

while for p¢ € {2, 3, 4} we have u*(G) = 2.

Proof: Note that u*(G) = uf(G) + 1, and (s1, ..., s.) = (2, ..., 2). We have

Ay =1{Qa,...,2a) : a>1},

and hence y(2a, ...,2a) = (a — 1) - p¢ yields min y(4y) = o = 0 and

min (y(4o) \ {0}) = p°.

For 1 <i < e— 1, using the notation of Section 5.4, we have i/ =" = 0 and ¢; = 2;
thus, we have u; = 0 and

min y(4;) = p* = p*~ = p° = p = min y(4)).
Moreover, for p = 2, we have ¢/ = 0 and min y(A4;) = min y(4;). Now leti = e:
(1) Let first p be odd. Then, we have
A ={(a1,...,a0,2a) : a1 >--->a,>2a+1)};

hence, comparing y(aj,...,a.2a)=—p°+a+ ”%1 -p(ar,...,a,) with
y(2,...,2,0) =min y(4,) = pn, = —1 yields

1
min (y(4)\ {(=1}) = 3 T p=1—1>0,

being attained precisely for (3,2, ..., 2, 0). We have p*~! - (p — 1) = 2 if and only
if p=3and e = 1. Thus, if p # 3, then we have uJ(G)=%-p - (p—1) — L.
The case p® = 3 is presented in Section 8.2) and Table 4.

(i) Let, now, p = 2. We have

A, ={(a1,...,a,,2a) : ay>--->a,>2a+1), a, even}.

We assume that e¢>3. Comparing y(ai,...,de,2a)=—-2+a+3-
pag,...,a.)withy(2,...,2,0) = u. = —1, we get

min (y(A)\ {=1}) =22 =1 > 0,
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being attained precisely for (3, 2, ... ., 2, 0). Hence, we conclude g (G) = 272 — 1.
The cases p® = 2, 4 are presented in Section 8.1 and Table 3. (]

Hence, we recover the results in [4] and [6, Proposition 3.3]. Moreover, we conclude
that a cyclic p-group is uniquely determined by its smallest genus ™ (G) > 2, with the
exception of the groups {Z,, Z4, Zs}, which by Section 8.1 and Table 3, indeed have the
same spectrum. In particular, Talu’s conjecture (including the case p = 2) holds within
the class of cyclic p-groups.

THEOREM 9. Let G = Z,,v & Z)c be an Abelian p-group of rank 2, for 1 < ¢ < e.
(a) If e’ < eand (p°, p°) # (2,4), then the smallest genus u*(G) > 2 is given as

1 ,
W@ = (500 1) 07 1.

while n*(Z, ® Z4) = 3.
(b) If ¢ =e, thatisG = Z;,, and p¢ # 2,3, then w*(G) is given as
WG =3 D+,
while u*(Z3) = 2 and p*(23) = 4.
Proof. Note that £ (G) = p¢ - nd(G) + 1, and
(S1y vy Sy Setls-ver8e)=03,...,3,2,...,2).
We have
Ao =1{Qa,...,2a) : a=>1},
and hence y(2a, ...,2a) = (a— 1) - p° yields min y(A4y) = uo = 0 and
min (y(4o) \ {0}) = p°.

Let 1 <i < e — 1. Using the notation of Section 5.4, for 1 <i < ¢/, we have

: 3 . 1 o
Mi=—pe+17“~<1+§'(p'—1)> =§'PH'(PI—1);

hence, from i/ = 0 and ¢; = 1, we get

. 1 e—i i e—i i
man(A,-)=ui+§~p P =D=p7"- =1

Fore¢ <i<e—1, wehave

P = 1)

N =

VA
pi=—p°+p"- (p’+ R 1)) B

hence, from i = ¢ and i’ = 0, as well as ¢; = 2, we get

: 1 e—e' ¢ e—i e—i i
min y(dj) = pi+ 5 - p7° - QF + D= pT =p (0 D).
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Thus, forall 1 <i <e— 1, we have
min y(4;) =p° —p' = p* —p*' = min y(4)).

Moreover, for p =2 and ¢’ < i < e — 1, we have min y(A4;) = min y(4,).
Hence, let i = e. We have

1 , ,
min y(4,) = pe = -1+ B P =1,
where . < 0 if and only if p*=¢ - (p° — 1) < 2, which holds if and only if ¢ = 1 and
p° € {2,3,4}. Hence, for p® > 4, or p° = 4 and ¢’ = ¢, we have u, > 0.
Assume that p¢ —p ! < pe=—1+ % -(p¢ — p=¢), then we have p¢- (1 — 1% +
#) < —2, implying that 1 — % + [% < 0, or equivalently 1% — 1% > 1, a contradiction.

Thus, for 1 < ¢ < eand (p°, p°) # (2, 4), we conclude that
1, ,
W2y @2, = 14 5 (7~ 1),

and for p¢ > 4, we have
+ 72 1 e
WZ) =50 =3).

The cases (p¢, p¢) = (2, 4), (2, 2) are presented in Section 8.1 and Table 3, and the
case (p¢, p°) = (3, 3) is presented in Section 8.2 and Table 4. ]

Note that the cases with e < 2 will reappear in Section 9. Moreover, this improves
the general bound given in [6, Proposition 3.4]; and for the cases of cyclic deficiency
8 = 1, where p is odd, we recover the relevant part of [9, Theorem 5.4] and [9, Corollary
5.5].

We conclude that an Abelian p-group of rank 2 is uniquely determined by its
smallest genus u*(G) > 2, with the exception of the groups {Z, & Z4, Z, & Zs, Z3};
where by (8.1), Table 3, the groups Z, @ Z4and Z, & Zg indeed have the same spectrum,
which differs from that of Z2. In particular, Talu’s conjecture (including the case p = 2)
holds within the class of Abelian p-groups of rank 2.

8.1. Small 2-groups. We compute the reduced genus spectrum of the non-trivial
Abelian 2-groups of order at most 16. The results are collected in Table 3. We consider
the cases not covered by Corollary 1 in turn:

(i) Let G = Z4; hence, (¢, ¢) = (0, 2), that is (sq, s2) = (2, 2). We have
Ay ={(a1, a2, 2a) : a1 > a» > 2(a+ 1), ap even}

and y(ai, a2, 2a) = =4 +a+a; + 5. From y(a;,2,0) = a; — 3, for a1 > 2, we
conclude that y(45) = {—1} U Ny, thus we get

spg(Z4) = {—1}UNy and sp(Z4) = No;

in particular, we recover a special case of [7, Corollary 6.3].
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(if) Let G = Zg; hence, (¢/, e) = (0, 3), that is (s1, 52, 53) = (2, 2, 2).
We have

Ay = {(a1, a2, a3,2a) : a1 > a» > a3 > 2(a+ 1), as even}

and y(a1, a2, a3, 2a) = =8 + a + 2a; + a, + %. From y (a1, 2, 2, 0) = 2a; — 5 for
a; = 2,and y(a, 3,2,0) = 2a; — 4 for a; > 3, we conclude that y(4;) = {—1} U
N. Since, by Theorem 8, we have y(4y) = 8Ny, we conclude that

spo(Zs) = {—1}UNp and sp(Zg) = No;

in particular, we recover a special case of [7, Corollary 6.3].
(iii) Let G = Z¢; hence, (¢, ¢) = (0, 4), that is (sq, 52, 53, 54) = (2, 2, 2, 2). We have

Ay ={(ar, az, a3,a4,2a) © ay > ay > a3 > as > 2(a + 1), a4 even}
and y(ay, a, a3, ag,2a) = —16 + a+ 4ay + 2a; + as + “—2“ Writing m € Z as

_15+4.’"T+9+2.2+2, ifm=3 (mod 4),
—15+4- 22 +2.342, ifm=1 (mod 4),
—15+4- 2 42.3+3, ifm=2 (mod 4),
—15+4.- 24 +2.443 ifm=0 (mod4)

shows that any m € ({—1} UNg)\ {0, 1, 2,4, 8} can be written as m = —16 +
day + 2ar + a3z + % for some a; > a» > a3 > 2, while none of {0, 1, 2, 4, 8} is of
the form —16 + a + 4a; + 2a> + a; + % forany (a1, az, as, as, 2a) € A),. Thus, we
have

Since, by Theorem 8, we have y(A4¢) = 16Ny, and min y(4)) = min y(4;) =
16 — 2% for 1 <i < 3, we conclude that

spo(Z1s) = ({(—=1} UNo) \ {1, 2,4} and sp(Zis) = No \ {2, 3, 5};

in particular, we recover a special case of [7, Corollary 6.3].
(iv) Let G = Z, & Zs; hence, (¢, ¢) = (1, 3), that is (s1, 52, 53) = (3, 2, 2). We have

Ay = {(a1, a2, a3, 2a) : a1 > max{3, a2}, a» > a3 > 2(a + 1), az even}
and y(ay, a2, a3, 2a) = =8 + a + 2a; + ay + 5. Writingm € Z as

—742- 22 42, ifmodd,
m =
-74+2- '”T*“—}—& if m even
shows that m = —8 + 2a; + a» + % for some a; > a, > 2 such that a; > 3. Thus,
we have y(4%) = N. Since, by Theorem 9, we have y (4y) = 8Ny, and min y(4;) =

8 — 23~ for 1 <i <2, we conclude that

spo(Z2 ® Zs) =Ny and  sp(Zy & Zs) = 1 + 2N.
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Table 3. Small 2-groups

¢ 1 spo(G)] sp(G)]
7, {—1}UNp No
Z4 {—1}UNp No
7 {(-11u Ny No
Zg (-1} UNy No
Ir ® 74 No 1+ 2Ny
z iNg 142N
Zy6 ({=1}UNo)\ {1,2,4}] No\{2,3,5}
VAR EWA No 1+ 2Ny
z; (3No) \ {1}{ (1 + 2Np) \ {5}
Z% 6924 N 5+4N0
7 iN 54 4Np

(v) LetG= Zﬁ; hence, (¢/, ) = (2, 2), that is (s1, 52) = (3, 3). We have
Ar ={(ar1, a2, 2a) : a1 > a; > max{3, 2(a + 1)}}
and y(ay, a2, 2a) = % (=8 42a+ 2a; + ay). Writing m € Z as
—8+2- 25 43, ifmodd,
| -8+2-mH 44, ifmeven
shows that any m € N \ {2} can be written as m = —8 + 2a; + a;, for some a; >

a, > 3, while 2 is not of the form —8 + 2a + 2a; + a, for any (a, as, 2a) € A,.

Thus, we have

1
y(A2) = (EN) (1),

Since, by Theorem 9, we have y(4y) = 4Ny and min y(4,) = 2, we conclude that

1
Spo(zzzt)=<§No)\{1} and  sp(Z2) = (14 2N)\ (5).

8.2. Small 3-groups. We compute the reduced genus spectrum of the non-trivial
Abelian 3-groups of order at most 27. The results are presented in Table 4. We consider
the cases not covered by Corollary 1 in turn:

(i) Let G = Zy; hence, (¢/, e) = (0, 2), that is (s1, $2) = (2, 2). We have

Ay = {(a1, az, 2a)
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and y(ay, a2, 2a) = =9 4+ a+ 3a; + a. Writingm € Z as

—9+43.27 42 ifm=2 (mod3),
m={-9+3-22 43 ifm=0 (mod3),
—943-25 44 ifm=1 (mod3)

shows that any m € ({—1} UNjy) \ {0, 1, 4} can be written as m = —9 + 3a; + @,
for some a; > a, > 2, while none of {0, 1, 4} is of the form —9 + a + 3a; + a, for
any (a1, ay, 2a) € A,. Thus, we have

y(42) = (=1} UNp) \ {0, 1, 4}.
Since, by Theorem 8, we have y(4¢) = 9Ny and min y(4,) = 6, we conclude that
spp(Zo) = ({—1}UNp) \ {1,4} and sp(Zy) = Np \ {2, 5};

in particular, we recover a special case of [7, Corollary 5.3].
(if) Let G = Z3 @ Zo; hence, (¢, ) = (1, 2), that is (51, 52) = (3, 2). We have

Ay = {(a1, a2, 2a) : a; > max{3, ay}, ax > 2(a + 1)}
and y(ay, a3, 2a) = =9 4+ a + 3a; + ap. Writingm € Z as
—9+3.- 2742 ifm=2 (mod3),
m=1{-9+3-2£ 43 ifm=0 (mod 3),

—9+43-25 44, ifm=1 (mod3)

shows that any m € Ny \ {0, 1, 4} can be written as m = —9 + 3a; + a; for some
a; > max{3, a} and a, > 2, while none of {0, 1, 4} is of the form —9 + a + 3a; +
ap for any (a1, az, 2a) € A;. Thus, we have

y(42) =No\ {0, 1, 4}.
Since, by Theorem 9, we have y(4y) = 9Ny and min y(4;) = 6, we conclude that
SpO(Z3 ®7Zy) =Ny\{1,4} and Sp(Z3 ® Zy) = (1 4+ 3Np) \ {4, 13},

thus recovering [9, Corollary 5.5].
(iii) Let G = Zy7; hence, (¢, ¢) = (0, 3), that is (sq, 52, 53) = (2, 2, 2). We have

Ay ={(a1,a2,a3,2a) 1 ap > ar > a3 > 2(a+ 1)}
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and y(ay, az, as, 2a) = =27 + a + 9a, + 3a; + a3. Writingm € Z as

—27+9-m2 43.242 ifm=8 (mod9),
—2749- 218 +3.342 ifm=2 (mod?9),
—274+9- 215 +3.343, ifm=3 (mod?9),
27495 +3.442, ifm=5 (mod?9),
m={-27+9-2124+3.443 ifm=6 (mod?9),
—27+9- 21 4+ 3.444 ifm=7 (mod?9),
—274+9-22 +3.543, ifm=0 (mod?9),
274928 43.54+4, ifm=1 (mod9),
274925 43.6+4, ifm=4 (mod?9)

shows that any m € ({—1} UNp) \ &', where
S :=10,1,2,3,4,5,6,7,9,10,13, 14, 15,16, 18, 19, 22, 27, 28, 31, 40}
can be written as m = —27 4+ 9a; + 3a; + a3 for some a; > a; > a3 > 2.

Hence, it remains to check which of the elements of the finite set S’ are contained
in U?:o y(A4;), where A3 and y (a;, a», a3, 2a) are as given above, and

Ay = {(a,a,2a,2a) : ay > a, >2(a+1) >4},
A1 = {(a1,2a,2a,2a) : ay = 2a+1) >4},
Ay = {Qa,2a,2a,2a) : a>1},

and

y(ay, az, 2a, 2a) —27 4+ 3a +9a; + 3as,
y(2a,2a,2a,2a) = =27+ 27a.

Since all integers ay, az, a3, a occurring are non-negative and bounded above
by L%J =7, this amounts to a finite number of checks, which are
straightforwardly done using GAP. It turns out that S'Ny(43) =0 =8N
y(A43), while S’ N y(A4;) = {18,27} and S’ N y(A4y) = {0, 27}. Thus, we conclude
that spy(Z27) = ({—1} UNp) \ Sand sp(Z27) = {go + 1 € N; go € spy(Z27)}, where

S§:=8\1{0,18,27} ={1,2,3,4,5,6,7,9,10, 13, 14, 15, 16, 19, 22, 28, 31, 40};
in particular, we recover a special case of [7, Corollary 5.3].
9. Examples: Small exponents. In this section, we consider Abelian p-groups of
exponent at most p>. In particular, we ask ourselves whether their reduced minimum

genus has a ‘generic’ description in terms of the defining invariants of the group in
question.
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Table 4. Small 3-groups

(G I spo(G)] sp(G)]
73 (-1} UNg No
Zy (=1} UNo)\ {1, 4} No \ {2, 5}
Z% No 1+ 3Ny
Za7 (—1JUN)\S|No\ {m+1 : me S}
73® 79 No\{1,4}| (1+3Np)\ {4, 13}
z N 10 + 9Ny

§={1,2,3,4,5,6,7,9,10, 13, 14,15, 16, 19, 22, 28, 31, 40}

THEOREM 10. Let G = Z, be a non-trivial elementary Abelian p-group, and let
s :=r+ 1. Then, the reduced minimum genus j1o(G) is given as

(s —3), if sodd and s < p,

(s—2)—3, ifsevenors>p.

1o(G) = [

[SIRSIESTS]

Proof. We have e = 1 and Z(G) = {0, 1}, where Theorem 5 says that 0 € Z(G) can
be ignored whenever s > 2 is even. Still, by Section 5.4, we have

% —p, ifseven,

min y(A4y) = =
7/( 0) Mo {%s_%p’ ifSOdd,

and

. ps s
A)=pu =—=—=—p.
miny(d)) = == -5 -p
Thus, we have o < p if and only if s is odd and s < p, with equality if and only if
s = pisodd. O

In particular, for p odd, we thus recover, and at the same time correct [9, Section
7, Remark], where 11o(G) is erroneously stated for s < p.

We call the cases where s is odd such that s < p the ‘exceptional’ ones, and the
remaining the ‘generic’ ones; then, there are only finitely many ‘exceptional’ cases,
which do not occur at all for p = 2. In particular, as part of the ‘generic’ region we
have o(G) = u; for s > max{p — 1, 2}, in accordance with Main Theorem 1.

PROPOSITION 7. We keep the notation of Theorem 10. Then, G is uniquely determined
by its minimum genus u(G), with the exception of the groups {Z>, Z%}.

Proof. We distinguish the cases p odd and p = 2:
(1) For p odd, viewing uo and w; as linear functions in s, with positive slope ’5’
and ’%1, respectively, and since po(s + 1) — ui(s) = 5 > 0,for2 < s < peven, we
conclude that zo(G) is strictly increasing with s, and thus u(G) = 1 + p*=2 - 11o(G)

is as well. A few values are given in the first part of Table 5, where the ‘exceptional’
cases are given in bold face.

https://doi.org/10.1017/50017089518000265 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000265

STRUCTURED DESCRIPTION OF THE GENUS SPECTRUM 419

Table 5. Elementary Abelian p-groups

s||2 3 4 5 ... p=3 p-2 p-1 V4 p+1
w@|-1 0 p—2 p . OB P9 bl D) ppD-]
s 2 345 6 7 8
w@l-1 =+ o 1 1 3 2
WG 0 0 1 5 17 49 129

(i) For p =2, we have puo(G) = uy = 5 — 2 for all s > 2; thus, uo(G) is strictly
increasing with s, and hence u(G) = 1 4+ 2572 . uo(G) is as well for s > 3. A few
values are given in the second part of Table 5. O

By Section 8.1 and Table 3, the exceptions mentioned indeed have the same
spectrum. In particular, Talu’s conjecture (including the case p = 2) holds within the
class of elementary Abelian p-groups.

THEOREM 11. Let G = Z};l ® Z;é, wherery > 0 andry > 1, be an Abelian p-group of
exponent p*, and let s :=r| +ry + 1 and t := ry + 1. Then, the reduced minimum genus
uo(G) is given as

1’7?.(‘;_3), if (s odd and p(s — t) + 1 < p?),

%.(s—2)—1§’-(s—t+l), zf(sevenors—tzp—l)
wo(G) = and (t odd and t < p),

1’72.(5_2)_12_’.(3_1)—5, if(sevenorp(s—t)—i-tzpz)

and (t evenort=sort zp).

Proof. We have e = 2 and {0, 2} € Z(G) C {0, 1, 2}. Moreover, we have s = r; +
m+l=siandt=r,+1=usy; hence, 1 € Z(G) if and only if s — > 2, or s —t =1
and 7 is odd. Additionally, Theorem 5 says that 0 € Z(G) can be ignored whenever s is
even.

Still, in order to obtain a complete overview, by Section 5.4, we explicitly have

26 .
B —p?  ifseven,

min y(Aoy) = po = { s 3102’ if s odd,

2 2
and

Ps _ p=t) _ 2 iftreven, s—1>2
o tn2
K s—1 1
p%r_%z_g_p{ iftodd, s—1>2,
JACR i —I=

min y(4;) =13 3 P73 if teven, s— =1,
s _ 2 ifrodd, s—1=1
> — P =D, 1rodd, s -
2 .
1%_19’ if teven, s = ¢,
3 2
ps P i =
e iffodd, s =1t
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and

. P’s ps—t) t
min y(42) = pa = 7 5 5 P

Now, we compare the various minima:

0 vs. 2: We have g < u» if and only if s is odd and p(s — ) + ¢ < p?, with equality
if and only if s is odd and p(s — 1) + t = p*.

1 vs. 2: We have (min y(A4;)) < u if and only if ¢ is odd and ¢ < min{p, s}, with
equality if and only if t = p is odd and ¢ < s.

0 vs. 1: We have o < (min y(A4;)) if and only if we are in one of the following
cases:

s = f even,
sodd, teven, s —t < p,
sodd, todd, s—t<p—1,

with equality if and only if s is odd, and s —t = podd ors — t = p — 1 even.

In particular, we have equality po = (min y(4;)) = u; throughout if and only if
t=poddands=2p— 1.

Thus, there are three cases, in which wo(G) coincides with either of wg, ©; and o,
where the intersection of these cases is described by equating the associated p;:

(i) Let s be odd such that p(s — f) 4+ ¢ < p?, in particular, implying s — ¢ < p. Then,
we have uo < uy and o < (min y(4;)), hence we get uo(G) = wo.

(i1) Let ¢ be odd such that ¢ < p, and let s be even or s — t > p — 1. Then, we have
(min y(A41)) < u2 and (min y(41)) < o, hence we get

2
w@=m="56-2-5 -1+

(iii) Let s be even or p(s — 1)+t > p?, and let ¢ be even or t = s or ¢ > p. Then, we
have u; < o and py < (min y(A4,)), hence we get 1o(G) = usz. Il

Then, case (i) consists of finitely many pairs (s, ¢), while in case (ii) s is unbounded,
but ¢ is still bounded. Hence, we again call these the ‘exceptional’ cases, as opposed
to the ‘generic’ case (iii), where both s and ¢ are unbounded. In particular, as part of
the ‘generic’ region, we have uo(G) = u; for t > max{p — 1,2} and s—¢t>p—1, in
accordance with Main Theorem 1.

In particular, for p = 2, case (i) consists of the pairs (s, ) = (3, 3) and (s, ) = (3, 2),
that is G = Zf‘ and G = 7, @ Z4, respectively, case (ii)) does not occur at all, and all
pairs except (s, ) = (3, 3) belong to case (iii).

To further illustrate the idea of distinguishing between ‘generic’ and ‘exceptional’
cases, the various cases forp = Sand 2 < ¢t < s < 27 are presented in Table 6: The Cases
(1), (1) and (ii1) are depicted by ‘x’, ‘e’ and °-’, respectively, the intersections ‘1)Niii)’,
‘i)Niil)” and ‘1)Nii)’ are indicated by ‘x’, ‘o’ and ‘®’, respectively, and ‘1)Nii)Niii)’ is
denoted by ‘®’. In particular, ‘1)Nii)’ consists of (s, 7) € {(7, 3), (9, 5)}, and ‘1)Nii)Niii)’
consists of (s, 1) = (9, 5).

The closed interior of the cone emanating from (s, ) = (8, 4) indicates the realm
of applicability of Main Theorem 1; actually, this turns out to be the largest cone
being contained in the ‘generic’ region, saying that in a certain sense this result is
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Table 6. ‘Generic’ and ‘exceptional’ cases for p = 5
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% @ % © M0 © © © 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o
H e X
s
1 5 10 15 20 25

best possible, at least for the cases considered here. Moreover, within this cone, the
‘generic’ case (iii) refers to the case j = 2 in the notation of Main Theorem 1, while the
‘exceptional’ intersection ‘ii)Niii)’ refers to j < 1, that is the pairs (s, 5) such that s > 9,
and finally the intersection ‘i)Nii)Niii)’ refers to j = 0, that is (s, 1) = (9, 5).

PROPOSITION 8. We keep the notation of Theorem 11. Then, G is uniquely determined
by its Kulkarni invariant N = N(G) and its minimum genus w(G), with the exception of
the groups {Zﬁ, Dy ® 24},

Proof. We distinguish the cases p odd and p = 2:

(1) Let first p be odd. The cyclic deficiency § = 8(G) and the reduced minimum
genus /49(G) of G are known from § = log,(N) and uo(G) = % We have
8§ =11+ 2r, — 2 =5+t — 4; thus, we may view g in case of Theorem 11(i), w4
in case of Theorem 11(ii), and p, in case of Theorem 11(iii) as linear functions in

https://doi.org/10.1017/50017089518000265 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000265

422 JURGEN MULLER AND SIDDHARTHA SARKAR

s, depending on parameter §:

o = Lo
0 B 2,
2
_(p pd+3)
_(p—1y @P-DG+4 ,
M2 = T'SﬁLf—P-

As these functions have positive slopes, they are strictly increasing; hence, we look
for coincidences across the cases (Theorem 11(i), (i1), (iil)):

(i) vs. (ii): Let, first, w (s, £) = pno(3, 7), where (s, ¢) belongs to case Theorem
113Gii), and (5,7) belongs to case Theorem 11(i). Then, we conclude
that §=s—5’++1+1; hence, we have s—t=kp—1 for some k=>1.
From this, we get s= % -(0+3+kp) and t= % (8 +5—kp), implying
S=s—k+1=1-(6+5-2k+kp) and T1=6+4—5=1-(8+3+2k—kp).
Thus, we get 5—7=1+k(p —2). Hence, § —7 < p — 1 yields k = 1, and thus
3 =sand 7 = t. Note that in this case both s and 7 are odd such that # < p and
s —t = p — 1, indeed yielding u(s, t) = po(s, ?).

(i) vs. (iii): Let, next, ua(s, £) = wo(3, 7), where (s, t) belongs to case Theorem
11(ii1), and (3, 7) belongs to case Theorem 11(i). Then, we conclude that § =
s+ % + 1; hence, we have t = kp for some k > 1. Thus, we infer that p
divides k(p — 1) — s; hence, we get s = k(p — 1) + Jp for some / > 1. This yields
S=k+Dp—1+1landi=s—5+1t¢=kp+1— 1. Hence, we have p5§ —7) +
i=Ilp—1)+2p—1<p? implying/ = 1; thus,5 = s = (k + 1)p — k and hence
7 =1t. Note that in this case s is odd, where s — ¢t = p — k and t = kp > p, hence
p(s — t) + t = p?, indeed yielding s (s, 1) = po(s, ).
(ii) vs. (iii): Let, finally, u,(s, t) = w1(3, 7), where (s, ¢) belongs to case Theorem
11(ii1), and (3, 7) belongs to case Theorem 11(ii). Then, we conclude that (p — 1)5 +
i—1=(p- l)s—i—"%1 - t; hence, we have t = kp for some k > 1, and thus7 — 1 =
(—1D(+k—3)>p—1. This yields =5+ k — 1 and 7= p. Hence, we get
s+hkp=s+t=8+4=5+7T=s+k—1+p, implying (k — 1)p = k — 1; thus,
k =1, and hence 5§ = s and 7 = ¢. Note that in this case t = p is odd, and s is even
or s > 2p — 1, in particular, yielding wu,(s, £) = ui(s, 1).

(i1) Let now p = 2. We first consider case Theorem 11(iii), where, usings +¢=6 — 4
again, we have

t s 6
—s+-—4d=S+4--2
m2 s+2 2+2

We distinguish the cases t = 2 and ¢ > 2: If 1 = 2, then we have log,(N) =§ =
s — 2 = uy + 1; thus,

M(G) = p2-2° +1=(logy(N) — 1)- N + 1,
while if # > 2, then we have log,(N) = § — 1; thus,
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Hence, we are able to decide in which of these cases we are, and to determine §
and subsequently s, in the former case from N and in the latter case from N and
w(G).

Finally, we consider the pair (3,3), that is G = Z3, which is the only pair
not belonging to case Theorem 11(iii), but just to case Theorem 11(i): We
have ug(Zi) = 1o(3, 3) = 0; hence, its minimum genus equals M(Zﬁ) = 1. For
pairs (s, #) belonging to case Theorem 11(iii), the statement u(G) = 1 translates
into wa(s, 1) =0, that is s+ 5 =4, being equivalent to (s, ) = (3, 2), that is
G =7, ® Z4; note that (3,2) is the other pair belonging to case Theorem
11(i). Moreover, for G = 72, we have log,(N) =8 — 1 = 1, and for G = 7, & Z4,
we also have logy(N) = § = 1. Thus, {Z], Z, & Z4} are the only groups under
consideration, which cannot be distinguished by N and u(G). O

By Section 8.1 and Table 3, the exceptions mentioned can be distinguished by their
spectrum. In particular, Talu’s conjecture (including the case p = 2) holds within the
class of Abelian p-groups of exponent p?; thus, for p odd, we recover [13, Theorem
3.8].
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