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Lorsqu'une g a l a x i e compacte e t massive se s i t u e e n t r e un o b s e r -
va teur 0 e t une source de lumiere S, i l se peut que par d e f l e c 
t i o n g r a v i t a t i o n n e l l e , l a lumiSre su ive d i f f e r e n t s t r a j e t s de 
durees d i f f e r e n t e s pour p a r v e n i r a 1 ' o b s e r v a t e u r . Si l a source 
e s t v a r i a b l e i l e s t p o s s i b l e de mesurer l a d i f f e r e n c e de temps 
At e n t r e l e s durSes des t r a j e t s . Cela nous donne l a p o s s i b i l i t y 
de de te rminer l e s d i s t a n c e s cosmologiques d 'une facon purement 
g§ometrique. Les problemes l i § s a l a d i s t r i b u t i o n inconnue des 
masses e t l e s p o s s i b i l i t § s o b s e r v a t i o n n e l l e s son t d i s c u t § s . 

We consider a light source S (for instance a QSO) which is ly

ing behind and close to the line of sight of a distant massive galaxy B. The 

light from S to the observer O can then, due to the gravitational deflection 

of light follow two different paths, 1 and 2, as indicated on Fig. 1, see 

Refsdal (1964a). B which has a mass M is assumed to be spherically sym

metric. According to Einstein's theory of relativity, the deflection of a 

ray of light when passing B at a distance r is 

v = 4GM/c2r (1) 

The angle OC between the two images S. and S is 

<* "J*o + P 2 <2» 
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The two light r a y s from S to O and the wavefronts I, II and III 
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where 

°<o 

n 

c r ^ a 8 

= a S / ( a S " a B ) 

and 

(4) 

Here a„ and a R a r e the dis tances to S and B, respect ive ly , and A 

is the angular separat ion between S and B in the absence of any deflec-
9 12 

tion. For values of a = 10 pc, M = 10 M and n = 1 we get 
a © 

Oi = 5 . 7 " . The apparent luminosity of S and S a r e (Refsdal 1964a). 
O J. c* 

Li - r <2 + f + - k > LN <5) 

and 
L2 = 4 - <-2 + y + ^ r » L N <6» 

where L i s the normal apparent luminosity of S (without lens effect). 

The light t rave l t imes for the two paths can differ by up to one 

year or m o r e and this difference A t can be measu red if S i s varying, 

see Refsdal (1964b), hereaf ter r e f e r r e d to as Paper I. There has been 

some confusion a s to how A t was calculated in Paper I, and we therefore 

briefly d iscuss this point. We consider then the wavefronts which a r e 

drawn in Fig . 1. At the observer the two wavefronts I and II with light t r a 

vel t imes t. and t„ , respect ive ly , a r e indicated. Wavefront III c r o s s e s 

wavefront I at E which l ies on the extension of the l ine SB. Because of 

symmet ry the light t rave l t ime from S to E must be the same for al l 

r ays reaching E and wavefront III has therefore a lso light t rave l t ime t 1 . 

The distance between wavefronts I and III ( distance E E ' ) is therefore 

equal to c ( t - t . ) = c A t. Since K < 0 . 4 Q( in c a s e s of prac t ica l 

in te res t (otherwise L 9 < 0. 27 L , see Eq (6) ) we neglect t e r m s of o r -
2 * 2 

d e r ft / 0< a n d s e e t h e n f r o m F i S - * ( < E D E ' = © O 

A t - c " 1 c< x (7) 
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where x is the distance from O to E. By measur ing 0( and A 1 we 

can therefore de termine x which plays the ro le of a basel ine in this case . 

F rom Eqs . (3) and (7) we get 

16 G Q A M 

A t = # _ £ _ M = 2 . 5 - (8) 
c <* CK l O ^ M 

o o © 

It i s c lear that the value of A t derived h e r e co r rec t ly takes into account 

the difference in the length of the light path and also the change in the 

photon-velocity due to the gravitat ional field of the deflector, see Cooke 

and Kantowski (1975). An expression for the Hubble constant H in t e r m s 

of observable quantit ies can now easi ly be derived, (see Paper I). 

Z Z <X ( < * - < * ) 
H = 2 ° 1 £ _ (9) 

At ( Z s - Z B ) 

Z and Z a r e the redshif ts of S and B, respect ively , and &(., and 

0<„ the angles between S. and B and S and B respect ively . Since 

( 0<1 - 0<„ ) could be pret ty difficult to de termine accura te ly , an 

a l ternat ive expression can be derived (see Paper I). 

H 
Z S Z B « 2 W V L 2 - l! (10) 

A t ( Z s - Z B ) ( V f L 1 / L 2 + 1) 

When the redshif ts a r e l a rge a correc t ion t e rm depending on 

the cosmological model has to be included in Eqs . (9) and (10). For 

Z R ft; 1 this correct ion can typically amount to ± 20 %, and this gives us 

a possibil i ty of test ing cosmological models , see Refsdal (1966). 

We have till now assumed that v/%*r which i s valid as long 

a s axial symmet ry i s re ta ined and the r a y s pass outside the deflecting 

m a s s . If only the first condition is fulfilled, the deflection is directed to

wards the symmet ry ax is , v = v ( r ) , and a s a f irs t approximation we can 

wri te 
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£ - 1 
v ~ r C (11) 

where £ is a p a r a m e t e r which will usually be between 0 and 1. 

Instead of Eqs . (9) and (10) we now get ( 0 < £ < 1 ) . 

H 
Z s Z B 0 < ( 0 < 1 - CC2) 2 - £ 

1 ( z s " V 
(1-2) 

zszBo<2 ( V V U , l t 6 1 - ' 
^ « z s - z B , « V L / - 5 < ^ » + 1 

For cases without axial symmet ry a r ay t rac ing method turns 

out to be m o r e convenient than analytical methods, and At i s mos t easi ly 

found by integrat ing along the light r a y s , see Cooke and Kantowski(1975). 

Application of Eqs . (9), (10) or (12) would now give incor rec t values of H, 

and one must in some ca se s expect e r r o r s l a r g e r than a factor 2. This 

problem is present ly being investigated in Hamburg. For l a rge redshif ts 

the effect of a lumpy universe and the empty light cone effect should a lso 

be investigated in this connection, see Zel'dovich(1964),Bertotti(1966) , 

Gunn(1967), Kantowski(1969), Refsdal(1970) and Dyer and Roeder(1974). 

The possibil i ty of observing the effect depends on the number of 

suitable light sources and on the distr ibution and m a s s e s of suitable deflec

to rs . Res t r ic t ing ourse lves to c a s e s with $ < 0 . 4 < X we get for each 
t~\ 2 ° 

deflector an effective solid angle of ±L= 0.16TTO^ within which the back

ground object must be located. F r o m Eq. (3) we then find for n = 1 that 

£2.= 8 G M / ( c a ) , i. e. is proport ional to the gravitat ional potential <̂ ) 

of the deflecting m a s s at the obse rve r . By adding the (J) -values for all 

suitable deflectors out to a cer ta in distance (or redshift Z ) we find 
_ max 

that the total effective solid angle i s about 47T 6 J Z (Z .£0 .5) 
" d m a x 2 max 

where O j i s the density p a r a m e t e r ( <£,= 4TT G p / 3 H ) cor respond-
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ing to the smeared-out density P . of the suitable def lec tors . Denoting the 

number of suitable background objects over the whole sky by N we find 

that the expected number of ca ses with fl<. 0 , 4 O ( i s 
•^ o 

P = N 6 . Z = 350Z (13) 
d max max 

We have h e r e assumed that o , i s one percent of the density pa r ame te r 

C? of luminous ma t t e r ( 0 = 0 . 035), and that N = 10 (this i s the num-
s 5lS 

ber of QSO with m < 21 and Z < 2 . 5 according to the 10 density 

evolution law of Schmidt (1972). It can therefore not be ruled out that the 

effect should be possible to observe for re la t ive smal l values of the deflec-

tor redshift (Z < 0 . 1). Since a sea rch for the effect among 10 back-

ground objects would be ext remely t ime consuming however, a s imple 

method for identifying mass ive compact galaxies s e e m s n e c e s s a r y in o r 

der to make the s ea rch reasonably effective. 

Some possibly observed c a s e s have a l ready been repor ted in 

the l i t e r a tu re , see Gott and Gunn (1974) and Sanitt (1976). These a r e how

ever st i l l in the speculative s tage . We finally point out that the luminosity 

i n c r e a s e s which would typically occur in the c a s e s d iscussed h e r e a r e 

very much sma l l e r than the factor 50 or m o r e which is needed to "explain" 

QSO as lens images of nuclei of Seyfert ga laxies . 
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DISCUSSION 

K. RUDNICKI: I did not understand what kind of observations and what 

accuracy of them you do need to apply your method for estimation of 

distances? 

S. REFSDAL: One must observe the quantities given on the right hand 

side of Eq(9) and /or Eq. (10). The main uncertainty will probably 

come from the factor (a, - ap) in Eq. (9) and L /L in Eq. (10). In 

addition to the observational errors come the uncertainties due to the 

unknown mass distribution, which usually will be more important. 

J.E. GUNN: Gott and I found in a similar study that the time delay 

depends crucially on the unknown density distribution of the deflector, 

so the test is not likely to be very useful. Also, the density required 

to make two images is higher than is likely to exist even in compact gal

axies . 

S. REFSDAL: It is true that the mass distribution in the deflector is 

very important. Since in the paper with Gott you did not take into 

account the slowing down of the photons close to the deflector you got 

wrong values of At, see Cooke and Kantowski (1975). The correct At 

depends less critically on the mass distribution than the At used in 

your paper, so the situation is somewhat better than your results 

indicate. Also, the fact that we have two different expressions for H 

makes it in principle possible to get some information on the mass distri

bution, and thereby reduce the uncertainty. The number density of gal

axies which are massive enough and compact enough for our purpose is 

rather uncertain, but I do not think that the estimate a, = 0.01 aT can 
d L 

be ruled out at the moment. 
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