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EXTENSIONS OF CLOSURE SPACES 

K. C. CHATTOPADHYAY AND W. J. THRON 

1. Introduction. Extension theory has been intensively studied for com­
pletely regular spaces and is fairly well developed for TVtopological spaces. 
(See, for example, [1] and [5]). However, except for definitions of some of the 
basic concepts in [4] and results on embedding of closure spaces in cubes in [2] 
and [7], ours is the first study of the general theory of extensions of Go-closure 
spaces. (Definitions will be given following these introductory paragraphs). 

The main results of this article are the following. In Section 2 we give essen­
tially (except for one condition) all Go-extensions of a given G0-space with a 
prescribed dual trace system X*. In Section 3 we study some special closure 
operators and consider the question when an extension is topological. In Section 
4 we obtain results on separation properties of extensions, and in Section 5 we 
are concerned with compact extensions. 

Though a good many of the results parallel corresponding theorems for 
extensions of topological spaces there are also some substantial differences. In 
particular the concept of a "base for the closed sets of a space" has no meaning­
ful analogue for closure spaces and, partly because of this, there appears to be 
no extension, which plays the role of the principal extension of a topological 
space, in the general case. It is also of interest to see the topological extensions 
of a topological space in relation to all possible extensions of that space. 
Finally, we develop the theory in terms of closure operators and adherence 
grills rather than in terms of neighborhoods and neighborhood filters. 

A function c: ty(X) —» ty(X) is called a closure operator on X if it satisfies 
the following three conditions: 

d: c(0) = 0, 
C2: c(A) ~J A, 

C3: c(A U B) = c(A) \J c(B). 

A pair (X, c) where c is a closure operator on the set X, is called a closure space. 
These concepts are generalizations of the more familiar Kuratowski closure 
operator and topological space, respectively. A Kuratowski closure operator is 
assumed to satisfy C\ to C3 as wTell as: 

C4: c(c(A)) Cc(A). 

A pair (X, c), where c is a Kuratowski closure operator on X, is called a 
topological space. 
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Closure spaces were introduced by Cech [2]. They form the basic spatial 
structures in his treatise. One advantage of this approach is that it provides a 
convenient basis for the study of general proximity and uniform structures. 

In our development, which is strongly influenced by the articles of Gagrat 
and Naimpally [3] and Thron [6], the concept of a grill plays an important role. 
A grill on X is a collection (g of subsets of X satisfying 

Gi: 5 3 4 G <£=># G <£, 
G2: A U B G <g => A G g or B G (5, 
G3: 0 $ <S. 

Let (X, c) be a closure space. Then a grill @ on X is called a c-grill with respect 
to (X, c) if 

4 G (g ^ c(4) G (g. 

Dual to the concept of neighborhood filter of a point is that of adherence grill of 
a point x. By it we mean the grill 

<gc(*) = \A:x G c{A)}. 

Since 

c(A) = [x:A Ç <gc(*)] 

it is clear that knowledge of all 6c(x), x Ç l , determines c completely just as 
knowledge of c determines all (gc(x). The following lemma is an easy conse­
quence of the appropriate definitions. 

LEMMA 1. / / (X, c) is a closure space then Sc(x) is a grill on X,for all x G X. 
If for each x G X the family &x is a grill on X containing [x], then the operator 
g: y(X)->W(X) defined by 

g(A) = [x:A G (gj 

is a closure operator on X. If (X, c) is a topological space then all @c(x) are c-grills. 
If all (Sx are g-grills then (X, g) is a topological space. 

A closure space (X, c) shall be called a Go-space if 

S c ( * l ) = @c(*2) => Xi = X2. 

We note that the condition 

Xi G £([#2]) a n d #2 G c([#i]) => Xi = %2, 

which is the IVseparation axiom, implies but is not equivalent to, the Go-
axiom. We will have more to say about separation axioms for closure spaces in 
Section 4. In what follows there is always an underlying nonempty set X and 
frequently also a set Y D X. It will be convenient to denote elements of X or Y 
by x, y} . . . , subsets by A, B, . . . . Families of subsets will be denoted by 21, 
93, . . . . In particular, 21, 93 will be used for ultrafilters and S for grills. Letters 
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a, 0, 7, . . . shall be used for collections of families of sets (i.e., a C ^(ST3(X))). 
There will be some exceptions to these conventions. 

2. Extensions of closure spaces. Let \p : X -> F be an injection ; let c be 
a closure operator on X and & be a closure operator on F. Then E = (^, ( F, ft)) 
is called an extension of (X, c) if 

(1) iKc(i4)) = ife(iKi4)) ^ * ( * ) , for all i C I , 

and 

(2) HHX)) = F. 

Since ^ is an injection, (1) insures that \p is a homeomorphism from (X, c) 
onto (xPiX),^), where ft1 (5) = ft(£) H ^(X), for all 5 C f(X), is the closure 
operator induced on \p(X) by the closure operator ft on F. Condition (2) insures 
that \p{X) is dense in (F, ft). 

Two extensions Ei = (i/'i, (Fi, fti)) and £ 2 = OA2, (F2, ft2)) of the same space 
(X, c) are called equivalent if there exists a homeomorphism x from (F1} fti) 
onto ( F2, ft2) such that on X, x o \pi = fa. The extension Ex is said to be greater 
than the extension £ 2 if there exists a continuous function 6 from (Fi, fti) onto 
( F2, ft2) such that on X, 6 o \[/i = \J/2. 

Associated with each extension is its dual trace system 

X* = X*(£) = [r(y,E):y G Y], 

where 

r(y) = r (y ,£ ) = [ i : y Ç *(*0*))]-

We speak of dual trace systems X* and Jz/a/ traces r(y) since the terms "trace 
system" and "trace" are usually reserved for the families of filters and indivi­
dual filters, respectively, which are the traces on X of the neighborhood filters 
of y on F. 

The adherence grills on Fare related to the dual traces r{y) as follows: 

<g*(y) = [B:y£ k(B)] 

= [B:y£ k((B H *(X)) KJ (B ~ *(X)))] . 

If we set A = yfr1{B) we obtain 

(3) <gt(y) = [5 : y 6 £ ( ^ ) W (5 ~ *(X)))] 

= f-B: y Ç fc(^))] U [ B : y Ç k(B ~ ^(Z)) ] 

= [ 5 D *G4): 4̂ € T(y)] VJ [5 : y € jfe(B ~ ^(X))] . 

The following lemma is easily established. 

LEMMA 2. (a) For all extensions E and ally <E Y the trace r{y,E) is a grill on X. 
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( b ) r (*(*) ,£) = dc(x). 
(c) Equivalent extensions have identical dual trace systems. 
(d) If (F, k) is a topological space then all dual traces r(y) are c-grills. 

We are now able to state and prove our main result. 

THEOREM 1. Let (X, c) be a given Go-closure space. Let X* be a collection of 
grills on X satisfying 

[<£e(x):x£ X] C I * . 

Define 

A* = [g: g € X*,A 6 g], 

<?:X->X* by <p(x) = gc(x) 

Ar(a) = (^-1(«))* U r(a — ^(X)) , a C I * 

wfterer: )̂3(X* — <^(X)) -><i|3(X*) m / w / ^ 

(4) r ( 0 ) = 0 , r(/S) Z) /3, r(ft U /32) = f (ft) U r(j32). 

77zew (<p, (X*, hT)) is a Go-extension of (X, c) with dual traces r (g) = g, for all 
g Ç X*. Moreover all extensions of (X, c) on X* with dual traces r (g) = g, 
for all g G X*, can be obtained by suitable choices of r. 

Proof. Clearly p is an injection into X*. Moreover 

hT(<p(X)) = X*\Jr(<t>) = X* 

so that <p(X) is dense in X*. Since r (g) = \B\ g G fer(^(J3))] the condition 
r (g) = g = [B: B e g] is equivalent to 

B e g < ^ g G hT{ç{B)). 

This is the case if and only if hr(<p(B)) = JB*. 
If /̂  is any closure operator on X* then it is additive and hence 

h (a) = A (a H ^(X)) U A (a ~ <?(X)). 

Now a r\ ç(X) = ip((p~l(a)) and hence the requirement r (g) = g for all 
g G X* is equivalent to 

h(a r\ <p(X)) = (<p-l(a))* and /*(<?U) — <p(X)) = h(0) = 0. 

Thus we can write 

Ar(«) = ( ^ W ) * U r ( a - ^ ( I ) ) , 

where r is defined on S$(X* ^ <p(X)) with values in $(X*) and is arbitrary 
except for satisfying the condition (4). We now note that 

hripU)) C\ <p(X) = A* n <p(X) 

= [g: g = 8 . W M G g] 
= [®e(x):x G c(4)] = <p(c(A)). 
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Hence <p is a homeomorphism onto (<p(X), hr
l) where hr

l(P) = hr(P) P\ <p(X), 

and (<p, (X*, hr)) is an extension of (X, c). 

Note tha t it follows from (3) tha t for every S G X* 

g , r ( @ ) n ^ ( X ) ) = MA): A e @]. 

T h u s g ^ g ' implies ®*r(®) ^ . . ( M @ ' ) and hence (X*, hr) is a Go-space. 
Finally, if (\p, ( F , k) is an extension of (X, c) with dual trace system X* then 

the function r : F onto X* may not be a bijection. Such extensions are not 
included among the ones discussed above. However, if r is bijection onto X*, 
then it is equivalent to an extension on X*, and hence is subsumed under the 
extensions described above. 

3. Specia l cho ice s for r a n d topologica l e x t e n s i o n s . From now on we 
shall assume tha t all spaces (X, c) are Go-spaces. Choosing r((3) = (3, for all 
13 C X*, is a permissible choice for r in hr. Since the identi ty mapping from 
(X, c) to (X, c') is continuous if c' (A) D c(A), for all A C X, we conclude tha t 
the extension {<p, (X*, hi)), where 

hx(a) = (cp-l(a))*yj (a~<p(X)) = fa-1 (a))* U a, 

is the largest among all extensions (<p, (X*, hi)) of (X, c). I t is called the 
simple extension of (X, c) with dual trace system X*. Similarly (<p, (X*, /z0)) 
where 

Ao(a) = ( ^ (<*))* W r0(/3), and r„(0) = 0, r0(/3) = X* if /3 ^ 0, 

is the smallest among all extensions (<p, (X*, /^ r)). 
Let (^, ( F , &)) be an extension of (X, c) with trace system X*. Then r from 

F to X* is continuous from ( F , &) to (X*, /&), provided h (a) = T ^ T - 1 ^ ) ) ) , 
for all a C X*. Since r is 1 — 1 on \j/(X) the pair (r o \p, (X*, A)) is an exten­
sion of (X, c). We note t ha t r o yp = <p and t ha t the dual traces of the points Ê 
in (r o i/s (X*, A)) are exactly the grills (5 themselves. I t follows tha t every 
extension of a GVspace (X, c) with trace system X* is larger than the extension 
(<£>, (X*, ho)). We thus have established the following result. 

T H E O R E M 2. Let (X, c) be a Go-space. Then the simple extension (<p, (X*, hi)) 
w the largest among all extensions [<p, (X*, frr)). T ^ extension (<p, (X*, /&0)) is 
£&e smallest among all extensions of (X, c) ?^7ft rfwaZ /race system X*. 

While in many respects the extension theory for closure spaces parallels tha t 
of topological spaces, there are some impor tan t differences. The concept of a 
base for the closed sets has no analogue for closure spaces, and largely because 
of t ha t there is no significant general closure operator tha t corresponds to the 
Kuratowski closure operator 

d(a) = f i [A* :a C A*]. 
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Now consider 

hd(a) = (<p-i(a))*Ud(a) 

= ( p - H « ) ) * U d ( a ~ ¥>(*)). 

The equality follows from the fact that d(a) is always a closure operator and 
hence d(a) = d(a ~ ç(X)) U d((p(ip~l(a))), together wTith the observation 
that 

d(<p(A)) CA* 

always holds. In general d(<p(A)) ^ A*. However if (X, c) is a topological 
space, which insures that all 6c(x) are c-grills, and if in addition all other 
g Ç X* are also c-grills then A* = (c(A))* for all A CX. Now <p(A) C B* 
Ï=ÏAC c{B) ^ c(A) C c(B) if and only if 

A* = (c(A))* C (c(B))* = 5*. 

Thus finally, d((p(A)) = A* if all (5 g X* are c-grills. Hence in this case hd = d 
and thus all r(S) = @ so that (<p, (X*, d)) is a topological extension of (X, c) 
with dual trace system X*. 

If h' is any other Kuratowski closure operator on X* with dual trace system 
X* (we are continuing to assume that all S £ X* are c-griJls) then we must have 
h'(<p(A)) = A* and hence A* = h'(A*), for all A CX. Thus all ,4* are 
closed sets in (X*, h) and hence h'(a) C d{a), for all o: C X*. 

It follows that (cp, (X*, d)) is the smallest topological extension of (X, c) 
with trace system X*, all of whose elements are c-grills. The extension (<p, 
(X*, d)) is known as the principal (strict) topological extension of the IV 
topological space (X, c). 

If not all elements of X* are c-grills then the extension (<p, (X*, hd)) has no 
known extremal properties, but it does yield a compactification under a certain 
additional condition (see Section 5). 

We conclude this section by observing that, except in trivial special cases, 
the extension (<p, (X*, h0)) is not topological even if all S £ X* are c-grills. 

4. Separation axioms of extensions. Separation axioms on closure spaces 
have different implications than the identically stated axioms have on topologi­
cal spaces. In order to avoid confusion it thus appears to be desirable to assign 
other letters to them. A closure space (X, c) is called a DQ-space if 

x É c([y]) and y £ c(\x~]) =» x = y. 

A closure space is a Di-space if 

c([x]) = [x], for all x 6 X. 

Before defining the Z}2-axiom it will be helpful to introduce further results 
and notation about grills (for more details see [6]). Grills are always unions of 
ultrafilters and every union of ultrafilters is a grill. By 12(X) we shall mean the 
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set of all ultrafilters on X. If @ is a grill on X then 

<g+ = [21: 21 € 12(X) ,2 lCg] . 

Thus g + C 12(X). For convenience we shall write gc
+(x) instead of (@c(x))+. 

If/: X - * F and 21 g 12(X) then 

/(2l) = [B: B C Y, B Df(U) for some U G 21] 

is an ultrafilter on F. Moreover, if/ is an injection, then 

21 ^ 3 3 ^ / ( 2 1 ) ^ / (33 ) . 

Let i C ^ then Q(X) can be decomposed into two disjoint sets 

12 (X) = 12/ (X) \JQ2
A(X), 

defined as follows 

12/(X) = [21: ,4 6 21 6 12(X)], 

12/(X) = [21: X - ^ e 21 6 12fX)]. 

The Hausdorfï separation axiom for topological spaces can be stated as 
follows: 

*i, x2£ X,X!^x2 => ^ 21 Ç 12(Z) such that ^ U 9U C «. 

The dual of this statement is 

Xly 0C2 £ X,Xi 5* x2 => ® c
+ (Xi ) H g c

+ ( x 2 ) = 0, 

and we shall use it as our definition for a D2-space for general closure spaces. 
That there are D2-spaces which are not topological is shown in [2, 27B9(c)]. 

An inspection of the Do-axiom yields the following theorem. 

THEOREM 3. An extension (<p, (X*, hr)) of a Go-space (X, c) is a D0-extension 
if and only if all of the following conditions are satisfied: 

(a0) (X, c) is a D^-space, 
(bo) [x] 6 (S G X* ~ <p(X) => gc(x) <2 r ([<£]), 
(co) gc(3>) G r([(g]), g f P - * ( * ) =» [y] g g, 

(do) g * g', g, e ' a * - ^(x) a«d g' e r([g]) => s g rcre']). 
For r0 we have for all g £ X* ~ <p(X) 

ro(m) = X*, 

and hence, if \X* ~ <p(X)\ ^ 2, (<p, (X*, h0)) is not a ZVextension. It is, how­
ever, as we saw in Theorem 1, a Go-extension. 

To study Di-extensions we note that 

r U ^ j ; \r(r<g]) if S € X* — <p(X). 
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Thus (X*, hr) is a Di-space if and only if 

[*]* = [gc(%)] for all x G X 

and 

r([g]) = [g] for all g G X* ~ ^(X) . 

The first condition is equivalent to: for all g G X*, [x] G g if and only if 
g = Sc(x). This condition insures that (X, c) is a Pi-space. Theorem 4 now 
follows easily. 

THEOREM 4. An extension (<p, (X*, hr)) of a Go-space (X, c) is a Di-extension 
if and only if the two conditions below are satisfied. 

(ai) for all g G X*, [x] G g if and only if g = gc(x), 
(a2) r([g]) = [Œ], for all® G X* ~ <p(X). (<p, (X*, hr)) will be a D^extension 

only if (X, c) is a Di-space. 

From the expression obtained for g^fj) in (3) it follows immediately that a 
necessary condition for (\p, (Y, k)) to be a Z^-extension is that yi ?* y2 => 
(T(yi))+ ^ (^(3;2))+ = 0- Hence r: F —» X* must be a bijection and all D2-
extensions are equivalent to extensions of the type (<p, (X*, fer)). 

Formula (3) yields 

g, r+(g) = [>[«]: SI G g+] 

W [93: 93 G 12(X*), ^(X) (Z 93, W G 23, g G r(/3 - <p(X))]. 
Introduce 

I \ (g ) = |>(3t): SI G g+] 

and 

T2(g) = [93: 93 G Û(X*) f <p(X) d 93, V/3 G 93, g G r(0 - <p(X))]. 

Then I \ (g ) C ^ ( X ) ( ^ * ) a n d T2(g) C ^ ^ (X*) and hence T^gO H T2(g2) 
= 0 for all gi, g2 G X*. It follows that 

@»r
+(@i) n g,r+(g2) = ( r^go n i\(g2)) u (r2(go n r2(g2)). 

Since T^gO r\ I \ (g 2 ) = 0 if and only if gx+ H g2+ = 0, we have now proved 
the following theorem. 

THEOREM 5. In order that an extension of a Go-space (X, c) with trace system 
X*, be a D2-extension it is necessary that (X, c) be a D^-space and that the exten­
sion be equivalent to one of the form (<p, X*, hr)). In order that (<p, X*, hT)) be a 
D2-extension it is necessary and sufficient that, for all g] , g2 G X*, 61 9e g2, 

g,+ n g2+ = 0 and r2(gi) n r2(g2) = 0. 

The condition g i + P\ g2
+ = 0 is a condition on X* alone. The second require­

ment depends on both r and X*. 
In particular we have for fti, T2(g) = [93(g)], where 93(g) = [0: g G /3 G X*] 
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is the principal ultrafilter of 6 in X*. Hence (<p, (X*, hi)) is a /^-extension if 
and only if &+ P\ @2+ = 0 for all &, @2 G X*, & ^ g2. 

5. Compactifications. An extension (^, ( F, &)) is a compactification if ( F, &) 
is a compact closure space. Cech [2,4143] defines a closure space to be compact 
if and only if every filter has a cluster point. Using his definition of a cluster 
point we are thus led to the statement: 

A closure space (X, c) is compact if, for every filter % on X, 

PI [c(F) : ^ g ] ^ 0 . 

For our purposes the following characterization of compactness is even more 
useful. 

LEMMA 3. A closure space (X, c) is compact if and only if [Sc
+(#) : x £ X] is 

acoverof£l(X). 

Proof. H [c(F): F £ %] 9e 0 if and only if there exists an x such that x Ç 
H [c(F): F Ç %]. This is equivalent to g C @c(#)- Since every filter is con­
tained in some ultra filter, g C ©c(#) is equivalent to 21 C Sc(^)> and hence 
every 21 G 12(X) must be an element of some Sc

+(x). 

In terms of it we have: 

THEOREM 6. An extension (\f/, (F, k)) of a Go-space (X, c) is a compactifica­
tion of (X, c) if and only if the two conditions below are satisfied: 

(a) the family [r+(y): y £ F] covers 12 (X), 
(b) the family fV (y):y £ Y] covers Q2+

(X) ( Y). 
Herea(y) = [B:ye k(B ~ \fr(X))]. 

Proof. We note that a(y) is a grill on F and that every element of it has a 
non-null intersection with F ~ \p(X). Hence <r+(y) C 12/ (X)(F). Similarly, 

[BC*{A):A G r(y)]^C^^X)(Y). 

In order that [Ê^(y): y £ F] cover 12(F) it is therefore necessary and sufficient 
that the sets a+(y) cover 12/ (X)(F) and the sets [B Z) *P(A): A £ r(y)]+ cover 
12/ (X)(F), as y ranges over F. The second requirement is equivalent to condi­
tion (a) of the theorem. 

The extension (<p, (X*, h0)) is a compactification provided [®+: © G -X"*] 
covers 12(X), for in this case a+ (y) = T2(S) = 122^

(X)(X*) and hence condition 
(b) is also satisfied. 

(<p, (X*} hi)) cannot be a compactification if X* ~ <p(X) is infinite. This is 
true since o-+(g) = T2((g) = [35(g)] in this case, but S2**<*>(X*) does contain 
non principal ultrafilters. 
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A collection X* of grills is said to satisfy property P if 

%n C 21, |SW < Xo, 3 <£ 6 X* such that %h C <g 

=> 3 (So 6 X* such that 31 C (So. 

It is known that property P is satisfied by the family of maximal II-clans with 
respect to a given proximity II (see, for example [3]). 

For a collection X* satisfying property P and the additional condition that 
for every x G X there exists a 6 ^ I * with [x] G Sx (this is the case when 
[@c(x): x ^ I J C X*), let 21 be an arbitrary ultrafilter. If 21*- is any finite sub-
collection of 2t then H [»: E7 € « J D M and hence 21* C ®xk. Thus ] @ f I * 
such that 21 C 6 and B(X) is covered by the family [g+: g 6 X*]. 

We conclude this section with the following theorem. 

THEOREM 7. Let (X, c) be a Go-space and let X* be a trace system on (X, c) 
satisfying property P. Then (X*, d) is a compact space and (p, X*, hr)) is a 
compactification of (X, c) provided hr{a) D d{a),for all a C -X"*. In particular 
(<p, (X*, hd)) is a compactification of {X, c). 

Proof. (X*, d) is a topological space and the sets A* form a base for its closed 
sets. To prove its compactness it therefore suffices to consider filters with base 
elements A*. If [A*: i G I] forms a base of a filter on X*, then there exists 
d e CMA ik*: k = l, . . . n\. Hence [A ik: k = 1, . . . , n] C @. Property P then 
insures the existence of a @o £ X* such that |yl {: i Ç J] C @o- This, however, 
is equivalent to ©o G Pi [-4 t*: i Ç / ] and hence (X*, d) is compact. The second 
assertion of the theorem follows from the fact that continuous images of 
compact spaces are compact. For closure spaces this is proved in [2, 41414]. 
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