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DISCOUNTED CONTINUOUS-TIME
CONTROLLED MARKOV CHAINS:
CONVERGENCE OF CONTROL MODELS
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Abstract

We are interested in continuous-time, denumerable state controlled Markov chains
(CMCs), with compact Borel action sets, and possibly unbounded transition and reward
rates, under the discounted reward optimality criterion. For such CMCs, we propose a
definition of a sequence of control models {-M,,} converging to a given control model
M, which ensures that the discount optimal reward and policies of M;, converge to those
of M. As an application, we propose a finite-state and finite-action truncation technique
of the original control model M, which is illustrated by approximating numerically the
optimal reward and policy of a controlled population system with catastrophes. We study
the corresponding convergence rates.
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1. Introduction

When solving a control problem by following the dynamic programming approach, one
usually ends up with a so-called optimality equation (also known as the Bellman or the
Hamilton—Jacobi-Bellman equation, depending on the nature of the control problem under
study). Except for some particular cases (such as, e.g. linear-quadratic control problems), such
optimality equations cannot be explicitly solved because they are ‘highly’ nonlinear.

One usual tool to obtain numerical solutions to the optimality equation is by means of the
Markov chain approximating method. The idea is to define, starting from the original control
model, a controlled Markov chain (CMC) with finite state space whose optimal reward and
policies approximate the optimal reward and policies of the original control model. Such
methods have been developed to approximate, e.g. controlled diffusions [7], [13], average re-
ward continuous-time CMCs [11], discrete-time finite-horizon and infinite-horizon discounted
CMCs [8], [15], average reward discrete-time CMCs [9], and discrete-time control models
involving constraints [1], among others.

In this paper we are concerned with a continuous-time CMC model M with denumerable
state space, under the discounted reward optimality criterion. As for the already mentioned
control problems, the corresponding Bellman optimality equation cannot be explicitly solved.
There exist, however, algorithms that are shown to converge to the optimal reward and policies
of M. These include the value iteration algorithm—developed in [3] and [5] for discounted
CMCs—and the policy iteration algorithm—introduced in [4] for average CMCs, and in [11]
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for discounted CMCs. For our CMC model M with denumerable state space, however, the
value iteration and the policy iteration algorithms are not viable in practice because they
require a ‘denumerable’ number of calculations at each step. Hence, as in the Markov chain
approximation scheme [7], this suggests the idea of considering finite-state and finite-action
control models M, whose optimal reward and policies we can explicitly compute (by using,
e.g. the value or the policy iteration algorithm). Then, the optimal reward and policies of M,
are used as approximations of those of the original control model .M. Following this approach,
in this paper we introduce a finite-state and finite-action truncation technique to obtain the
approximating control models M,,. Similar discretization procedures can be found in, e.g. [1],
[6], and [11].

In addition to the convergence of the truncation technique itself, we are interested here in a
more general framework. More precisely, our goal in this paper is to propose a definition of the
convergence of discounted CMC models. Namely, given continuous-time, denumerable state
CMC models M and M, for n > 1, the idea is to give a suitable definition of the convergence
M, — M ensuring that the optimal reward and policies of M,, converge to those of M. Such
an approach can be found in [8] for finite-horizon and infinite-horizon discounted discrete-time
CMCs, in [2] and [14] for constrained discrete-time models, and in [11] for average reward
continuous-time CMCs. Then, as a particular case, we will prove the convergence of the
finite-state and finite-action truncations M, of our original control model M.

The rest of the paper is organized as follows. In Section 2 we introduce the control model
we are interested in, and recall some useful results on discount optimality. In Section 3 we give
the definition of convergence of CMCs, and prove our main result. The applications are given
in Section 4, in which we solve numerically a controlled population system.

2. Model definition

We are concerned with the control model M := {S, A, (A(i)), (gij(a)), (r(i, a))}, which is
defined by the following elements.
e The state space of the system is the denumerable set S. We supposethat S = {0, 1,2, ...}.
e The action space A is a complete and separable metric space.

e The action set in state i € S is A(i), which is a measurable subset of A. (In this paper,
measurability is always referred to the corresponding Borel o-field.) The family of
feasible state-action pairs is defined as

K:={(l,a) e SxA:ie€S,aeA@l)}.

o Let g;j(a) be the transition rate from the state i € S to the state j € S under the action
a € A(i). We assume that a +— g;j(a) is measurable for each fixed i, j € S. The
transition rates verify that g;;(a) > O for every (i,a) € K and j # i. Finally, we
suppose that the transition rates are conservative, i.e.

Z‘Zij (@) =0 forall (i,a) € K,
JjEeS
and stable, i.e.

q@@) = sup {—qii(a)} <oo foralli € S.
acA(i)

e The reward rate function  : K — R is assumed to be measurable.

This continuous-time CMC model can be found in, e.g. [3], [5], and [11].
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2.1. Control policies

Our next definition uses the notation B(X) for the Borel o-field of X. Let ® be the family
of functions
e={p(B|i):t>0,i€S, BeB(A®))}

that verify the following properties.

(i) The mapping B +— ¢:(B | i) is a probability measure on (A (i), B(A(i))) foreacht > 0
andi € S.

(ii) The function ¢ — ¢, (B | i) is measurable on [0, co) for every i € S and B € B(A(i)).

We say that ¢ € ® is a randomized Markov policy, or a Markov policy for short.

If ¢ € @ is a Markov policy such that ¢;(B | i) does not depend on ¢ > 0, and, moreover,
the probability measure ¢(B | i) is a Dirac measure, then we say that ¢ is a deterministic
stationary policy. The class of deterministic stationary policies can be identified with the
family of functions f: S — A with f(i) € A(i) foralli € S. The set of such functions will
be denoted by F.

2.2. The controlled Markov process
The transition rates of the Markov policy ¢ € ® are defined as

qij(t, ) :=/ gij(@)p,(da | i) foralli,je S, t>0. 2.1)
A(i)

The so-defined transition rates are finite because the g;;(a) are conservative and stable (recall
the definition of the control model M). If f € [ is a deterministic stationary policy then the
corresponding transition rates will be written ¢;; (f) := g;; (f (i) fori, j € S.

For each Markov policy ¢ € &, consider the matrix [g;; (¢, ¢)];,; for + > 0, which
is a nonhomogeneous Q%-matrix. By Proposition C.4 of [5, Appendix C], there exists a
nonhomogeneous transition function P;? (s,t) fori,j € Sandt > s > 0 whose transition
rates are given by (2.1). To ensure that this transition function is unique and regular, we impose
Assumption 2.1(a) below.

Assumption 2.1 uses the notion of a Lyapunov function. We say that w: § — [1,00) is a
Lyapunov function on § if w is monotone nondecreasing and, in addition, lim;_, 5, w(i) = oo.
Next, we state all our hypotheses on the control model M.

Assumption 2.1. There exists a Lyapunov function w on S such that the following hypotheses
hold.

(a) There exist constants ¢ # 0 and b > 0, with b > c, such that

> gij@w(j) < —cw(@) +b forall (i,a) € K.
jes

(b) Foreachi € S, q(i) < w().

(c) There exist constants ¢’ € R and b’ > 0, with b’ > ¢/, such that

> gqij@w(j) < —=cw?@) + b forall (i,a) € K.
jes
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(d) There exists an M > 0 such that |r(i, a)| < Mw(i) forall (i,a) € K.

(e) For each fixed i, j € S, the functions a — r(i,a) and a — gq;j(a) are continuous on

A(ID).
(f) The action set A(i) is compact for every i € S.

Let us make some comments on Assumption 2.1. As already mentioned, Assumption 2.1(a)
ensures that the transition function {P;? (s, 1)} is regular for each ¢ € ®; see [5, Theorem 2.3].
Hence, for each Markov policy ¢ € ® andevery initial statei € S, there exists aregular S-valued
Markov process, denoted by {x¥(#)};>0, or {x(¢)};>0 when there is no risk of confusion, with
transition rates (2.1). The corresponding expectation operator will be denoted by E;p. As a
consequence of Assumption 2.1(a) and [5, Lemma 6.3], we have

. b .
E;.p[u)(x(t))] <e “wi@)+-(1—e) forallped icsS, t>0. 2.2)
c

Assumption 2.1(b) and (c) are needed to ensure that the Dynkin formula holds; see [5,
Appendix C.3].

Assumption 2.1(d) ensures that the growth of the reward rate function r (i, @) is bounded by
w (i) uniformly in a. We will also need the following notation. For a Markov policy ¢ € &, let

r(t, i, @) :=/ r(i,a)p;(da | i) forallt >0,i € S.
A()

For a deterministic stationary policy f € F, we will simply write r(i, f) := r(i, f(i)) for
ies.
Finally, Assumption 2.1(e)—(f) are the standard continuity and compactness conditions.
We now introduce some notation and terminology. Let 8B, (S) be the family of functions
u: S — R such that

. ()|
l[ull = sup .
ies L w(@)
is finite. We observe that || - ||, is a norm, with respect to which 8B,,(S) is a Banach space. We
will call || - ||, the w-norm.

2.3. The total expected discounted reward optimality criterion
We suppose that the rewards depreciate at a constant discount rate o« > 0, which satisfies
the next condition.

Assumption 2.2. The discount rate o« > 0 satisfies o + ¢ > 0, where c is the constant in
Assumption 2.1(a).

The total expected discounted reward (or discounted reward) of the Markov policy ¢ € ®
when i € § is the initial state is defined as

v(i, ) ;== EY [/ e rt, x(1), @) dt].
0

It follows from Assumptions 2.1(d) and 2.2, together with inequality (2.2), that the discounted
reward verifies
Mw(i) bM

i < foralli € S, o. 2.3
|v(z<p)|_a+c+a(a+c) oralli € S, ¢ € 2.3)
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Therefore, the optimal discounted reward, defined as

v*(@i) := supv(i,p) foralli € S,
ped

is finite, and we say that a Markov policy ¢ € @ is discount optimal if v(i, ¢) = v*(i) for all
i € S. We note that, as a consequence of (2.3), and letting C := M (b + o)/ (c + ), we have

lv(, @) llw < C forallg € ®, and |v*|l, <C. 2.4)

Our next result summarizes the main results on the dynamic programming optimality equa-
tion for M and the existence of discount optimal policies. Regarding Theorem 2.1(a) below
and as a consequence of Assumption 2.1, for every u € By (S), the function r(i,a) +
ZjeS gij(a)u(j) is continuous in a € A(i) for each fixedi € §.

Theorem 2.1. Let the control model M satisfy Assumptions 2.1 and 2.2.

(a) The optimal discounted reward v* is the unique solution in By (S) of the discounted
reward optimality equation (DROE)

au(i) = aléljlé){r(i, a) + j;qij(a)u(j)} foralli € S.

(b) A policy f € T is discount optimal if and only if it attains the maximum in the DROE,
ie.

av*(i) = arg%{m, a)+Zqi,»<a)v*<j>} =ri, )+ qij(/H*(j) forallies.

jes jes

The proof of Theorem 2.1 given in [3, Theorem 3.2] and [5, Chapter 6] uses the value
iteration algorithm. In [10, Theorem 1], however, Theorem 2.1 is established by showing the
convergence of the policy iteration algorithm.

3. Convergence of control models

Suppose that {:M,},>1 is a sequence of control models that converges (in a suitably defined
sense) to the control model M in Section 2. We want to find conditions on the sequence { M}, },>1
of ‘approximating’ control models ensuring that the optimal discounted reward of M, say v},
converges as n — oo to the optimal discounted reward v* of .M, and that, in addition, discount
optimal policies for M, converge to discount optimal policies for M. Such approximation
procedures have been studied for continuous-time CMCs under the average reward optimality
criterion in [11], and for discrete-time constrained control models in [1], [2], and [14].

For each n > 1, the control model M, is

My = {Sp, A, (An(D)), (q}3(a)), (ra (i, @)},
with the following elements.

e The state space S,, which is assumed to be a subset of S. (Note that S, may be finite or
infinite.)

e The action space A, which is the same as the action space of the control model M defined
in Section 2.
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e The action sets A, (i) fori € §,,, which are measurable subsets of A(i). Also, let K, be
the family of state-action pairs for M, i.e.

K, :={(i,a) e Sx A:i €S, ac A,@i)}.

e The transition rates ql."j (a), which are assumed to be measurable on A, (i) for each fixed
i, j € S,. The transition rates are conservative and stable, that is, ) jes, ‘1;1/' (a) = 0 for
all (i, a) € K,,, and

gn(i) == sup {—gji(a)} <oo foralli € S,.
agA, (i)

e The reward rates r,, (i, a), which are measurable in a € A, (i) for each fixed i € S,,.

Next, we state our hypotheses on the sequence {:M,},>1 of approximating control models.
Roughly speaking, we will suppose that the conditions in Assumption 2.1 hold ‘uniformly’ in
n>1.

Assumption 3.1. Let w be the Lyapunov function in Assumption 2.1.
(a) Foreveryn > 1,
> gl @w(j) < —cw() +b forall (i,a) € Ky,
JESn
where the constants ¢ = 0 and b > 0 are as in Assumption 2.1(a).
(b) Foreachn > 1 andi € S,, g,(i) < w(i).
(c) Foralln > 1,
n 2/ r 20 ’ .
Y a@w() < —cw D) +b forall (i) € Ky,
JESn
with ¢’ € R and b’ > 0 as in Assumption 2.1(c).

(d) Foreveryn > 1and (i, a) € K,, we have |r, (i, a)| < Mw(i), with the constant M > 0
as in Assumption 2.1(d).

(e) Foreachn > 1 and each fixedi, j € Sy, a — ry(i,a) and a — qi"j (a) are continuous
on A, (i).

(f) Foreveryn > 1 andi € S, the action set A, (i) is compact.

Our definitions in Section 2 can be easily modified to account for the control models M,,.
For instance, given u: S, — R, its w-norm is defined as

) lu(i)]
lullw := sup (>
ieS, w(i)
and By, (Sy) is the family of functions on S, with finite w-norm. The class of Markov policies
for the control model M, is denoted by ®,. Also, we denote by F,, the set of deterministic

stationary policies for the control model M,,; thatis, f: S, - AisinF, if f(i) € A, (i) for
alli € S,. The expectation operator under the control model .M, for the control policy ¢ € ®,,
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given the initial state i € §,,, is denoted by Efn. Notation such as, e.g. {x?(#)};>0, orr, (¢, i, ¢)
forp € ®,,i € S, and ¢ > 0, is given the obvious definition.

We suppose that the discount rate o > 0 satisfies Assumption 2.2 (that is, @ + ¢ > 0, with ¢
the constant in Assumptions 2.1(a) and 3.1(a)). The total expected discounted reward of the
policy ¢ € ®,, for the control model M,,, n > 1, is defined as

o
v (i, @) = E;./fn |:/(‘) e Y, (t,x(1), @) dti| foralli € S,.

Obviously, each control model M, satisfies Assumption 2.1 and, therefore, the results in
Section 2 hold for every :M,,. In particular, the optimal discounted reward of the control model
M, which we will denote by v}}, is the unique solution in B,,(S,,) of the corresponding DROE.
Moreover, a policy in [, is discount optimal for M, if and only if it attains the maximum in
the DROE of the control model M,,. Furthermore, as in (2.4), we obtain the bounds

[vaC.@)llw <C forallg € ®, and [v,llw =< C, 3.1

where the bounding constant C := M(b + «)/a(c + «) is uniform in n > 1 because the
constants b, ¢, and M are the same for every control model M, (recall Assumption 3.1).

Lemma 3.1. Suppose that the control models M,, for n > 1 verify Assumption 3.1(b)—(c).
Given i € S and ¢ > 0, there exists K > i such that, for every n > 1 withi € S, and all
ac An (i)>
> @) <e.
JESn, j=K
Proof. We suppose thati € S and ¢ > 0 are fixed. If K > i and n is such that i € §,,, then,
foralla € A, (i),

1
Y g@uwi) s —— > gl@uw() (3.2)
jesirzk W) gtk
1 n 20\ _ 1 2
= m(gnqﬁ(a)w () = gii@w (z))

- —wr i) + b + w3@)
- w(K)

; (3.3)

where (3.2) is derived from the fact that g.(a) > 0 because j > K > i, while (3.3) follows
from Assumption 3.1(b)—(c). Finally, it is clear from (3.3) that we can choose K large enough
(note that K depends only on i and ¢, and not on n or a) such that

> gf@w() <e
JESn, j=K
for all (i, a) € K,,.

Remark 3.1. We note that, as a consequence of Assumption 2.1(b)—(c), the resultin Lemma 3.1
is also valid for the control model M. More precisely, for arbitrary i € S and ¢ > 0, there
exists K > i such that ijK gij(@w(j) < eforalla € A(D).

Next, we give the definition of the convergence of control models.
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Definition 3.1. Suppose that M is the control model defined in Section 2, and let {M},>1
be the sequence of control models defined above. We say that {M,},>1 converges to M as
n — oo, which will be denoted by M,, — M, if the following conditions are satisfied.

(a) The sequence {S,},>1 of state spaces is monotone nondecreasing, and S, 1 S.

As a consequence, if, for each i € S, we define n(i) := min{fn > 1:i € §,}, we have i € S, if
and only if n > n(i).

(b) For each i € S, the action sets A, (i) converge to A(i) as n — oo in the Kuratowski
sense. Equivalently, for alli € S,

lim inf{ds(a,a’): a’ € A,(i)} =0 foralla € A(i),
n—>oo

where d4 is the metric in the action space A.

(c) For each fixed i, j € S, if the sequence a, € A, (i) for n > n(i) Vv n(j) converges to
a € A(i) asn — oo, then qi”j(an) — gij(a).

(d) For each fixed i € S, if the sequence a, € A, (i) for n > n(i) converges to a € A(i) as
n — oo, thenr,(i,a,) — r(i, a).

The condition in Definition 3.1(b) is equivalent to the following statement. For each fixed
(i,a) € K and every subsequence {n’}, there exists a further subsequence {n”} and actions
ay» € Ay (i) for all n”” > n(i) such that a,» — a as n” — oc.

The conditions in Definition 3.1(c) and (d) state, roughly speaking, that r, (i, a) and qu (a)
converge to r (i, a) and g;;(a), respectively, uniformly in a for each fixed states i and j.

Remark 3.2. Let us comment on Definition 3.1. Note that we allow all the elements of the
control models M, (namely, the state space, the action sets, and the transition and reward rates)
todepend onn > 1.

When dealing with similar definitions of convergence of control models, the state space is
usually allowed to depend on n; see [1], [6], and [11]. The transition and reward rates may as
well depend on n. In this case, the uniform convergence property in Definition 3.1(c)—(d) is
a usual requirement; see, e.g. Condition (2) of [1, Theorem 6.1], and Assumptions 3.1(c) and
3.3(c) of [2].

The notion of the Kuratowski convergence for the approximation of control models was used
in [8]. Let us also mention that the Kuratowski convergence of the action sets A, (i) is related to
the discretization of the state space made in [6, Section 6.3] for a discrete-time Markov control
process. We note however that in [1], [2], [6], and [11] the action sets of M, are the same as
the action sets of the original control model M.

Before stating our main result, we prove the following preliminary fact.

Lemma 3.2. Suppose that the control models M and M,, for n > 1 satisfy Assumptions 2.1
and 3.1, respectively, as well as Definition 3.1(a). Also, let the discount rate a verify Assump-
tion 2.2, and let v € By, (S,) and f,} € I, be the optimal discounted reward and a discount
optimal policy for M, n > 1, respectively. Then the following statements hold.

(a) There exists a subsequence {n'} and some u € B,,(S) such that

lim v}, (i) =u(@@) forallie€sS.
n’'—o00
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(b) There exists a subsequence {n'} and a policy f € T with
lim f5() = f(@) forallies§. (3.4)
n’—o00

In this case, we say that f is a limit policy of { f,\ }n>1-

Proof. (i) Note that, for each fixed i € S, and as a consequence of (3.1), the sequence of
optimal discounted rewards v (i) for n > n(i) is bounded. Therefore, it has a convergent
subsequence. Moreover, by using a diagonal argument we deduce that, for some further
subsequence, denoted by {n'}, the sequence {v},} converges pointwise to some u € By (S).
More explicitly, there exists u € 8B,,(S) such that, for every i € S, the sequence {v), (i)} >n (i)
converges to u(i). Moreover, (3.1) yields |ju|, < C.

(ii) Fix i € S, and suppose that n > n(i), that is, i € S,. Then we have f,"(i) € A,(i) C
A(i). Thus, the sequence { f,"(i)},>x() is a sequence in the compact space A(i). Therefore,
it has a convergent subsequence. Hence, as in the proof of (i), it follows that there exists a
subsequence {n'} and f € T such that the sequence { S (@)} =n@i) converges to f (i) for all
ies.

Finally, we state our main result.

Theorem 3.1. Suppose that the control models M and {M,},>1 satisfy Assumptions 2.1 and
3.1, respectively, and let the discount rate o > 0 satisfy Assumption 2.2. If M, — M then the
following statements hold.

(a) Foreveryi € S, lim,_o vy (i) = v*(i).

(b) If [} € F,, for n > 1 is a discount optimal policy for M, then any limit policy f* € F
of { £, n=1 is discount optimal for M.

Proof. Suppose that {n'} is a subsequence such that {v},} converges pointwise to some
u € By(S) (with, necessarily, [u]l, < C), and such that {7} converges to some f* € T;
recall (3.4). The existence of such {n’} is given by Lemma 3.2.

Fix an arbitrary state i € S, an action a € A(i), and ¢ > 0. By Definition 3.1(b) (recall
the comment after Definition 3.1), there exists a subsequence n” > n(i) of {n'} and actions
a,» € A, (i) such that a,» — a as n” — oo. To ease the notation, and without loss of
generality, this subsequence will still be denoted by {n’}. For such n’, from the DROE for the
control model M, we obtain

vy (i) = i an) + Y gl (aw)v) (). (3.5)
JES,

Now, by Lemma 3.1 and Remark 3.1, there exists K > i (which depends only on i and ¢) such
that

<C D gijl@w()) < Ce
j=K

> aij@u())

j=K

and, by (3.1), for all n’ > n(i),

<C Y ganw()) < Ce.
JES,, j=K

> gl @)

jESn/‘jZK
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Hence, from (3.5), we deduce that, for all n’ > n(i),
avh () Zrwan + Y gl @nvi () + Y qip@u() —2Ce. (3.6)
jE€Sy. j<K =K
Observe now that, as a consequence of Definition 3.1(c) and (d),
rp(i,ay) — r(i,a) and qu/(an/) — qij(a)

as n’ — o0. On the other hand, for large n’, we have {0, 1,..., K — 1} C S,/. Finally, for
every state 0 < j < K, the limit v}, (j) — u(j) as n’ — oo holds. Hence, taking the limit as
n’ — oo in (3.6) yields

au(i) = r(i,a)+ Y gij(@u(j) + Y _ gijl@u(j) —2Ce = r(i,a)+ Y _ gij(@u(j) —2Ce.

j<K =K jes

Since ¢ > 0 and (i, a) € K are arbitrary, it follows that

au(i) >r(i,a) + Zqij(a)u(j) for all (i, a) € K.
jes
Hence, from [5, Theorem 6.9] we conclude that v* < u.

Let us now prove the reverse inequality. Recall that we are assuming that there is a
subsequence {n'} and a policy f* € F such that fo@) — f*(@) foralli € S. Fix a state
i € S, and suppose that n’ > n(i). With the policy f; € I, being discount optimal for the
control model M/, by Theorem 2.1(b) we have

vy (i) = rw (i, [+ Y @l (Fvs (). 3.7

jES”/

Given ¢ > 0, by Lemma 3.1 and Remark 3.1 again, there exists K > i (which depends only
on i and ¢) such that

> ai (FHul))

Jj=K

<C Y qij(fHw() < Ce,

j=K

where u € B,,(S) is the pointwise limit of {v,}, and, for all n' > n(),

<C > gifHw() < Ce

jeSy =K

S at (v

j€Sy, j=K

Thus, as a consequence of (3.7),

avl () <l F)+ Y. ab (D) + Y qi (fF)u(j) + 2Ce.

jeSy, j<K jzK
Letting n” — o0 in the above inequality, and recalling that (see Definition 3.1(c) and (d))

rw(is 7 = (i, %) and gt (f5) = i (f).
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and also that vY,(j) — u(j) forall 0 < j < K, it follows that

au(i) < ri, f*)+ Y qij(f*u(j) + 2Ce.

Jjes
With the state i € S and the constant ¢ > 0 being arbitrary, we conclude that

aui) < r(i, 5+ Y qij(fHu(j) foralli €.

j€s

From [5, Theorem 6.9] we obtainu < v(-, f*) < v*. Combined with the previously established
inequality v* < u, we find that u equals the optimal discounted reward v*. In addition, we find
that f* is discount optimal. Hence, we have shown that the pointwise limit of {v},} through
any convergent subsequence is necessarily v*. Therefore, the whole sequence {v;'} converges
pointwise to v*. This proves part (a) of the theorem, while part (b) is a direct consequence of
the arguments above.

Remark 3.3. Theorem 3.1 gives the pointwise convergence of the optimal discounted rewards
v} of M, to v*, and also the convergence of the optimal policies of M, to an optimal policy of M.
There still remains one important open issue, which is to study the speed of this convergence,
or to give bounds on the approximation errors. For some particular cases, such convergence
rates can be explicitly determined—see the example in Section 4. For general control models,
however, determining the convergence rates is an open problem.

4. Application to finite approximations

Suppose that M is a control model whose optimal discounted reward and policies we want
to approximate. The simplest way of obtaining a sequence {:M,},>1 of control models that
converges to M is by the finite-state and finite-action truncation procedure defined next.

Let M = {S, A, (A(i)), (gij(a)), (r(i,a))} be the control model in Section 2, assumed to
satisfy the conditions in Assumption 2.1. For each n > 1, define the control model

My = {Sn, A, (An (D)), (q]}(a)), (rn (i, @)}
as follows.
e The state space is S, := {0, 1, ..., n}.

e Foreachi € S, let A, (i) be a finite subset of A(i). In addition, suppose that the sets
A, (i) verify the condition in Definition 3.1(b).

e Givenstatesi € S, and0 < j < n, let
q-(@) == gij(a) and gf(a) =) _gij(a)
j=zn
fora € A, (@).
e The reward rate is r,,(i,a) :=r(i,a) fori € S, anda € A, (i).

Roughly speaking, the control model M, consists in restarting the control process at state n
when it reaches the set {n +1,n +2,...}.
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Proposition 4.1. Suppose that M is a control model that satisfies Assumption 2.1. If {My}n>1
is the sequence of finite-state and finite-action control models defined above, then the M, for
n > 1 satisfy Assumption 3.1, and, moreover, M,, — M.

Proof. Before proceeding with the proof itself, note that the particular definition of g (a)
means that
> qlita)=0 forall (i,a) € K,,
JESn
so the transition rates of .M, are conservative. Their stability will be proved below, together
with Assumption 3.1(b).
Let us check that Assumption 3.1(a) is satisfied. Recall that the Lyapunov function w, as
well as the constants ¢ # 0 and b > 0, are taken from Assumption 2.1. Given n > 1 and

(i,a) € K,,
Yo af@w(i) = )Y qi@wi)+ Y qijl@wn)
JESn 0<j=n j>n
< > qij@w() + Y qi@w()) (4.1)
0<j=n j>n
=Y aij@w(j)
Jjes
< —cw()+b, “4.2)

where (4.1) follows from the monotonicity of w and the fact that g;;(a) > 0 for j > n > i,
while (4.2) is derived from Assumption 2.1(a). Hence, Assumption 3.1(a) is satisfied, and,
obviously, Assumption 3.1(c) is derived similarly.

Concerning Assumption 3.1(b), note that, by Assumption 2.1(b), giveni € S, anda € A, (i),

—ql(a) = —qii(a) <w() for0<i<n,

while —¢q),(a) < —gqun(a) < w(n). Therefore, for every n > 1 and i € §,, we have
gn(@) < w(@).

Assumption 3.1(d) is a straightforward consequence of the definition of r,, and Assump-
tion 2.1(d). Finally, Assumption 3.1(e) and (f) hold because the action sets A, (i) forn > 1 and
i € S, are finite.

To conclude the proof of this proposition, let us check that M,, — M asn — oo. Itis clear
that the conditions in Definition 3.1(a) and (b) are satisfied. Regarding (c) and (d), suppose
that, given i, j € S, the sequence a,, € A, (i) for n > i converges to a € A(i). Since, for large
n, we have ql”j (an) = gij(an), the convergence qi"j (an) — gij(a) follows from the continuity
of the transition rates g;; (a) in Assumption 2.1(e). In the same way, we can prove that r,, (i, a)
converges to r (i, a). Hence, we have shown that M,, — M.

By using the policy iteration algorithm—see [10]—we can explicitly obtain the optimal
discounted reward v;; of M, as well as the corresponding optimal policies f,* € F,. This is
because, with the state space S,, and the action sets A, (i) being finite, the set IF;,, of deterministic
stationary policies is finite, and so the policy iteration algorithm converges in a finite number
of steps.

Finally, Theorem 3.1 ensures that v} — v*, the optimal discounted reward of M, and that
any limit policy in IF of { f,*},>1 is discount optimal for M.
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4.1. A population system with catastrophes

Our next example is a generalization of the population system proposed in [5, Example 7.2];
see also [11, Section IV].

The state space is S = {0, 1, 2, ...}, which stands for the size of the population. The birth
and death rates of the population are A > 0 and . > 0, respectively. We suppose that the
decision maker controls an immigration rate a € [0, a;] for some a; > 0. When the population
sizeisi € S, we assume that a catastrophe occurs at arate d(i, b) > 0. This rate is controlled by
the action b € [b1, by] chosen by the controller. We will suppose that the function b +— d (i, b)
is continuous on [b1, b>] for each fixed i € S, and that there exists C > 0 such that

sup d(i,b) <C(i+1) foralli eS.
belby,ba]

Let y;(j) for 1 < j < i be the probability that j individuals perish if a catastrophe happens
when the size of the population is i > 0. We have, obviously,

i
Z)’i(j) =1 foreachi > 0.
=1

We will denote by E,, the expectation operator associated with the distribution {y; (j)}1<j<i,
and by X; the random number of perished individuals.
The action sets of our control model are A(0) = [0, a»] and

A= A@l) =10,ay] x [b1,by] foralli > 0.
The system’s transition rates in state i = 0 are given by
qoi(a) = a = —qoo(a) foralla € A(0),

while, fori > 0 and (a, b) € A, they are given by

0 for j >i+1,

Mta forj =i +1,
gij(a,b) =3 —(A+wn)i —a—d@,b) forj=i,

ui +d(@, b)y;(1) forj=i—1,

d, b)yii —Jj) forO0<j<i—1.

When the population size is i € S, the controller receives a reward at a rate pi for some
p > 0. The cost rate for controlling both the immigration and the catastrophe rates is c(i, a, b).
We assume that the function c(i, -, -) is continuous on A (i) for each i € S and, furthermore,
that, for some constant C’ > 0,

sup |c(i,a,b)| < C'i+1) forallieS.
(a,b)eA(i)

We will consider the net reward rate r (i, a, b) = pi — c(i, a, b) fori € S and (a, b) € A(i).
Proposition 4.2. The controlled population system M verifies Assumption 2.1.

Proof. For some constant R > 1 such that R > A + p + as + C, we consider the Lyapunov
function w(i) = R(i + 1) fori € S.
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It is easily seen that the conditions in Assumption 2.1(b) and (d)—(f) are satisfied. Hence, it
remains to show that Assumption 2.1(a) and (c) hold.
By a direct calculation we obtain, for states i > 0 and actions (a, b) € A,

Xi .
Zqzj(a, bw(j) = (K —pn—d(i,b)Ey, [me(l) +R(a—A+p)

jesS
] < (= W) + R@ — A + ) 43)
and
S gija, by (j) = (2@ — W)+ dG,b) (En [(li—l)z] —2E, [i i‘J)
jes
M::\L—TM>w2(z‘) +R*a—Xx—p)
< <2(,\ — )+ w>w2(i) + R*(ar — » — ).

Assumption 2.1(a) and (c) easily follow from the above inequalities.

Remark 4.1. The proof of Proposition 4.2 shows that the constant ¢ in Assumption 2.1(a) is
equal to u — A. Consequently, for the discounted control problem, we can choose a discount
rate ¢ > O such that @ > A — p. In particular, if . > X (that is, the death rate is larger than or
equal to the birth rate) then we can choose any o > 0.

Under some additional hypotheses, however, we can make a sharper choice for ¢. Suppose,
for instance, that there exists D > 0 such that

inf d(i,b) > Di foralli > 0. 4.4)
belby,ba]

From (4.3), it follows that the constant ¢ in Assumption 2.1(a) is equal to u + D — X. In this

case, the discount rate « > 0 must be such that« > A — u — D. So, if u + D > X (and, in

particular, this allows the birth rate X to be larger than the death rate 1) then we can choose an

arbitrary discount rate o > 0.

Now, we give the definition of the truncated control models M, for n > 1. The state space

is S, = {0, 1, ..., n}. Regarding the action sets, let
Lian
An(0) = 0t <Py
P,
and

An(i) = {(ﬁ b+ 2 —b1)> L0<£,0 < Pn} fori > 0,
Pi’l Prl

where {P,},>1 is an arbitrary sequence of positive integers such that lim, P, = oo. Thus, the
action sets A, (i) consist of a finite grid of points in A (i), which are the vertices of rectangles
with dimensions a> / P, X (b —b1)/ P,. In particular, the action sets A, (i) verify the Kuratowski
convergence property in Definition 3.1(b). The transition and reward rates of M, are defined
as at the start of this section. Hence, it is clear that the truncated control models M, verify
Proposition 4.1.
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We choose a discount rate o > 0 according to Remark 4.1. We can use the policy iteration
algorithm to obtain explicitly the optimal discounted reward v} and a discount optimal policy
f,F of M,. By Theorem 3.1, v} converges pointwise to the optimal discounted reward of M,
and the limit policies of { f,*},>1 are discount optimal for M.

4.2. Convergence rate results

Consider the control model M and the finite truncations M, defined above, and suppose
that, in addition, the condition in (4.4) is satisfied. Given an initial state i € S, our goal now is
to give lower bounds of v*(i) based on the approximations v} (i). As we shall see, such lower
bounds can be established with a certain level of generality. Upper bounds will be obtained
later for a particular choice of the functions r (i, a, b) and d (i, ).

Given a real number 8 > 1, direct calculations similar to those made in the proof of
Proposition 4.2 yield some constant D,g > 0 such that

Y aijla. byw(j) < —B(u+ D — NwP (i) + DgwP~' () forall (i,a,b) e K. (4.5)
jes
If w+ D > A then choose any discount rate @ > 0 and an arbitrary By > 1, whileif u+D < A,

choose a discount rate « > A — u — D and let B satisfy

o
1 SEE— 4.6
<ﬂ0<A—M—D (4.6)

From (4.5) we derive the existence of D > 0 such that
> qija. byw?(j) <aw (i) + D forall (i,a,b) € K. (4.7)
Jjes
In what follows, we fix an arbitrary initial state i in S and n > i. Given a policy ¢g in ® or

®,,, define the stopping time 7, (¢g) as the hitting time of {n, n+ 1, ... } (or, equivalently, since
the population augments at most by one individual at each transition, the hitting time of {n}):

T, (o) ;= inf{t > 0: x¥°(¢) > n} = inf{r > 0: x(¢t) = n}.

Given a policy ¢ € @, (defined on the states of S,), consider an arbitrary extension ¢
of ¢ to ® (i.e. to the states of S — S,,). It is clear that, for the initial state i < n, we have
T, = Tu(@) = 1,(¢), and that x?(¢) and x‘;(t) coincide on 0 < t < t,,. Therefore, for the
control model M,

T o0
vn(i,go):Ef,i[/O e_mrn(t’xw(t)»@)d[}+E:f,i|:/ e‘“’rn(t,x*"(t),w)dt]
Tn

- Tn -
=E/ |:/0 e Yr(t, x%(1), ) dti| + Ez’i[e_“f”]vn(n, ®)

~ Tn - ~
EY [/ e “r(t, x? (1), 9) dt} + Ef[e™*™ ua (n, ¢). (4.8)
0
On the other hand, for the control model M,

v(i, ) = E?Ur e~ r(t, x% (1), §) dt} + Ef[/w e r(t, x% (1), P) dt}
0 T,

n

- E‘ZU et 57 (1), ) dt} +EV [ v (n, §).
0
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Now, recalling (2.4) and (3.1), we have [v(n, )| < Cw(n) and |v,(n, ¢)| < Cw(n). Therefore,
lva (i, @) — v(i, @)| < 2Cw(n)E?[e—ar,,].

(We note that the above calculations do not exclude the possibility that 7, = oo with positive
probability.)

Now we use (4.7) and Dynkin’s formula [5, Appendix C.3] for the function (z,i) +—
e~ wPo (i) (which indeed applies because (4.5) holds for all 8 > 1) to obtain, for arbitrary
T >0,

~ AT R ~
Ef[e ™ "D who(x (7, A T))] < wh (i) +EY [/ e‘”Ddt] <wf@)+ Do
0

In this inequality we let 7 — oo and, by dominated convergence, we obtain

EP[e™™ wf (n) 1{z, < 00}] < wf (i) + Do,

and so 5 -
Pe—at, w0 (@) 4+ Da™
E/[e 1< oo o . 4.9)
Since ¢ € @, is arbitrary, we deduce that
. . 2Cwh ) + Dot
sup |va (i, @) —v(i, 9)| < (4.10)

ped, who=1(n)

Finally, let ¢ = f,* be an optimal policy for M, and let fn* be an extension of f,* to &. By
(4.10),

2C(wh (i) + Da™1)

wP—T(n) (4.11)

Vi) = v, £ 4 oGy £1) —vG, f7) < v*0) +

Therefore, we obtain a lower bound of v*(i) at a rate 1/nf0~1 as n — oco. Recall that By > 1
is arbitrary if © + D > A, while if u + D < A, the maximal convergence order is given by
a/(h — pu — D) in (4.6). Finally, let us mention that the argument above cannot be used to
derive an upper bound of v*(i). Indeed, the restriction to S, of a discount optimal policy for M
might not be in ®,, because the corresponding actions need not belong to the action sets A, (i)
fori € §,.

4.3. Numerical results

For the numerical experimentation, we fix the values of the parameters as
A =3.05, n =3, ay =5, by =5, by = 8.

The catastrophe rate is given by d(i, b) = ib/10 fori > 0 and b € [5, 8]. The distribution
{yi(j)} of the catastrophe size is a truncated geometric distribution with parameter y = 0.8;
more precisely, giveni > 0,

YTl d—y)

= forl <j <i.

vi(j) =
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FIGURE 1: The optimal rewards v} (i) for i = 5, 10, 15.
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(a) The optimal actions a;; (i) (b) The optimal actions b3 (i)

FIGURE 2: The optimal policies f,/(i) fori =5, 10, 15.

Finally, the net reward rate is
r(i,a,b) = (10— (a —2)> — 0.5(b — 8))i.

The interpretation of the term (a — 2)? is that we suppose that there is a natural immigration
rate (which equals 2), and that augmenting or diminishing this natural immigration rate implies
a cost for the controller. Similarly, the term (b — 8)2 means that there is a natural catastrophe
rate (which equals 8), and the controller incurs a cost when decreasing it. The discount rate is
o = 0.1 and P, in the definition of the finite action sets A, (i) is equal to 2n.

For every 1 < n < 70, we solved the discounted control problem for M,. Given the
initial states i = 5, 10, 15, the discount optimal rewards v} (i) and actions a; (i) and b} (i) are
displayed in Figures 1 and 2, respectively, as functions of n. Empirically, we observe that the
optimal reward and actions quickly converge, and become stable for relatively small values
of n.

4.4. Convergence rate results (revisited)

Finally, we study the issue of the upper bounds for v*(i) for a given i € S. We suppose
that the functions r (i, a, b) and d (i, b) are as defined above. Let f* € F be a discount optimal
policy for the control model M. Given an initial state i € S andn > i, let v, (i, f*) be the total
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expected discounted reward of the policy f* up to time 7, (f*), that is,

- T (f%) "
Wi, f*) = E/ [/ e (e, x0T (1), f*)dt}
0

with, in particular, ¥, (n, f*) = 0. By arguments similar to those used to derive (4.10), we

have R

Cwho (i) + Da™")
who—1(n) ’

Also, since {0, (-, f*)}ics, is the expected discounted reward of a policy with transition rates
equal to g (f*) for0 < j <nand 0 < k < n, and equal to 0 if j = n, and reward rates equal
tor(j, f*) for0 < j < n and equal to O for j = n, v,(-, f*) verifies (see Theorem 6.9.c of

(5D

[V (@) — (i, O] < (4.12)

abn (o [N =70 f+ D qie(fHBnlk, f*) forall0 < j <n.

0<k=<n

Foreach 0 < j < n,let f,(j) € A,(j) be the closest point to f*(j) € A(j). In particular,
N () — fa()HI < B/Py,, where || - || stands for the Euclidean norm and the constant B > 0
does not depend on n. In this way, we define a policy f, € [F,,. Using the mean value theorem
[12, Theorem 5.10], it can be shown after some elementary calculations that, for some constant
B > 0 that does not depend on n,

Bn?

(o f5) <GS+ Y @i f5) + —— forall0 < j <n.
0<k<n n
Equivalently,
. Bn? . 3 Bn? ,
a(vn(J, - aP”) <mG. f)+ Y, q}‘k(fn)(vn(k, M- aP”) forall 0 < j <n,

0<k<n

from which [5, Theorem 6.9.b], for0 <i < n,

L. énz Tu (fn) _
Up (i, f*) — P = E‘,fﬁ [fo e “’rn(t,xf"(t),fn)dt]
n

Now, proceeding as in (4.8) and (4.9), we obtain

Bn’ Po(i) + Da™! Bo(iy 4+ D!
B0 i, gy + S+ De )SU::(i>+C(w;felo)_1+a§a .

Ui, ) = aP, who—1(n)

Together with (4.12), this yields

2C(wh i)+ Da™')  Bn?
who—1L(n) aP,’

V() < v +

Therefore, recalling (4.11), it follows that, for sufficiently ‘fine’ partitions of the state space (in
particular, we can choose P, = O(n'*+Fo)), we obtain

(i) — v*(i)] = O~ Fo= D)y,
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Hence, the convergence of v} (i) to v*(i) is of order By — 1, where
e fBo > lis arbitrary if u + D > A; and
e Bo<a/(L—u—D)if u+ D < X; recall (4.6).

Remark 4.2. We note that the main feature of the functions r (i, a, b), d(i, b), and g;;(a, b)
used to derive the above upper bound of v*(i) is that they are Lipschitz continuous on A (i),
with a Lipschitz constant that is O(7).
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